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Chapter 1

Introduction
One of the main goals of random matrix theory is to study the asymptotic
spectral properties of matrices with random entries when the size of the matrices goes to infinity. Random matrices were introduced by Eugene Wigner in
nuclear physics in 1950. In quantum mechanics the discrete energy levels of a
system of particles, bound together, are given by the eigenvalues of a Hamiltonian operator, which embodies the interactions between the constituents. For
a complex nucleus, instead of finding the location of the nuclear energy levels
through untrustworthy approximate solutions, Wigner proposed to study the
statistics of eigenvalues of large matrices, drawn at random from some ensemble. The only constraint is to choose an ensemble which respects the symmetries
that are present in the original problem, leading to the definition of Hermitian,
real symmetric (and also quaternionic) random matrices. The statistical theory
then attempts to describe the general properties of the sequences of energy levels, quite successfully. This program became the starting point of a new field,
which is now widely used in mathematics and physics for the understanding of
quantum chaos, disordered systems, fluctuations in mesoscopic systems, random
surfaces, zeros of analytic functions, and so forth.
Actually the first study of the spectrum of random matrices was probably
achieved in mathematical statistics. The theory of Principal Component Analysis founded by Hotelling (1933) requires the knowledge of statistics of the
spectrum (and mainly extreme eigenvalues) of random sample covariance matrices. The pioneering work of Wishart (1928) lays actually the foundation
of the theory of random matrices. Recently there has been some renewed interest in the applications of random matrix theory to mathematical statistics,
due to the amount of data that is nowadays available (see Johnstone (2001),
El Karoui (2003)). Random sample covariance matrices with large dimensions
are currently quite widely encountered in mathematical finance, climate studies,
genetic data...
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In this dissertation, we are mainly concerned with two particular classes of
ensembles of random matrices.
Let µ (resp. µ0 ) be a centered probability distribution on C (resp. R). We
consider the following ensembles:
• Hermitian (or real symmetric) random matrices
1
HN = √ (Hij )N
i,j=1 ,
N

(1.1)

where the Hij , 1 ≤ i < j ≤ N are i.i.d. complex (or real) random variables
with distribution µ. The entries on the diagonal are i.i.d. real random
variables independent of the Hij , 1 ≤ i < j ≤ N . Their probability
distribution µ0 is independent of N , is centered and has a finite variance.
• Sample covariance matrices
1
XX ∗ , X = (Xij ), i = 1, . . . , N, j = 1, . . . , p, with p = p(N ),
N
(1.2)
where the Xij ’s are i.i.d. random variables with distribution µ. Here
we also assume that there exists some constant γ ∈ [0, ∞] such that
lim p/N = γ. Such sample covariance matrices are said to be white.
MN =

N →∞

More generally, given a N × N symmetric positive definite matrix Σ (the
true covariance of the sample), we may also consider sample covariance
matrices in the form
1
MN (Σ) = Σ1/2 XX ∗ Σ1/2 ,
(1.3)
N
where X is defined as above. We may refer to matrices as in (1.3) as non
white sample covariance matrices.
The two above models define the two fundamental classes of random matrices
with independent entries (modulo the symmetry assumption). The study of
spectral properties of such random matrices is two-fold: one can consider the
spectrum as a whole and study the global properties of the spectrum. This is
the field where the first famous results of random matrix theory were obtained.
We briefly review hereafter these results. One can also investigate finer (or
local) properties of the spectrum and study interactions between neighboring
eigenvalues or the behavior of extreme eigenvalues. The latter is the main point
of this thesis.
From a global point of view, the spectral statistics of such random matrices
H
H
is now quite well understood. Denote by λH
1 ≥ λ2 ≥ · · · ≥ λN the ordered
eigenvalues of HN and define
µH
N =

N
1 X
δ H.
N i=1 λi
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Theorem 1 (Wigner (1955)). Assume that µ has a finite variance, which we
denote by σ 2 . Then, almost surely, one has that
lim µH
N = σsc ,

N →∞

(1.4)

where σsc is the semi-circle distribution with density with respect to Lebesgue
measure given by:
dσsc
1 p 2
4σ − x2 1[−2σ,2σ] (x).
=
dx
2πσ 2
One usual way to prove Wigner’s theorem when µ has compact support (for
ease of exposition) is to consider the moments
E

R

xk dµH
N

1
k
ETrHN
N
1
= 1+k/2
N
=

X


E Hio i1 Hi1 i2 · · · Hik−1 i0 . (1.5)

io ,...,ik−1 ∈[1,...,N ]

The asymptotics of (1.5) as N → ∞ can be obtained using the fact that the
Hij , i ≤ j are centered independent random variables. One can then show that,
for any fixed (independent of N ) integer k,
Z
Z
lim
xk dµH
=
xk dσsc a.s.,
N
N →∞

yielding Therem 1 (using Carleman’s condition e.g.). Another proof is to show
that the normalized trace of the resolvent
1
rN (z) = Tr(HN − zI)−1 , =(z) 6= 0
N
R 1
a.s. converges to the Stieltjes transform, rsc (z) = x−z
dσsc (x), of the semicircle distribution. A review of these methods can be found in Bai (1999).
In Theorem 1 and throughout the paper the distribution µ0 does not play a
significant role: we will assume (unless specified) that µ0 satisfies the same
moment (and symmetry if needed) assumptions as µ to ease the exposition.
The counterpart of Wigner’s theorem for sample covariance matrices has been
proved by Marchenko & Pastur (1967) (see also Bai (1999)). We here consider
the case where Σ = Id and the variance of µ is σ 2 (or equivalently µ has variance
sc
sc
1 and Σ = σ 2 Id). Let λsc
1 ≥ λ2 ≥ · · · ≥ λN be the ordered eigenvalues of MN
PN
1
sc
defined in (1.2) and µN = N i=1 δλsc
be the associated spectral measure.
i
√
Theorem 2 (Marchenko & Pastur (1967)). Set u± = σ 2 (1 ± γ)2 . One has
that
p
(u+ − x)(x − u− )
dρM P (x)
sc
lim µN = ρM P a.s. where
=
1[u− ,u+ ] (x).
N →∞
dx
2πxσ 2
(1.6)

8

The limiting probability distribution ρM P is the so-called Marchenko-Pastur
distribution. Actually Theorem 2 has been established for a much wider class of
random sample covariance matrices MN (Σ) as given in (1.3). In this case, the
spectral measure of Σ is assumed to converge to some probability distribution
P . The limiting spectral distribution of MN (Σ) is then in general different from
the Marchenko-Pastur distribution (1.6), unless P = δ1 . Some references are
given in Bai (1993).
Theorem 1 and Theorem 2 will here be used to introduce a concept that
will be discussed many times throughout this report. Both Theorems 1 and 2
are to be understood as the statement of a so-called universality result. Indeed,
the above convergence of the spectral measure holds under the sole assumption
that the variance of the entries is finite. The limiting spectral distribution
is parametrized by the sole variance also. In the spirit of a Central Limit
Theorem, the asymptotic global behavior of the spectrum of (Hermitian and
real symmetric) Wigner random matrices and of (complex and real) sample
covariance matrices does not depend on the detail of the distribution µ.
It is not the scope of this report to detail global statistics of the spectrum of
random matrices. One may simply indicate that they have been precised and
extensively studied (rates of convergence, large deviations...). We refer to the
review Bai (1999) and to Péché (2003) for detailed results and references.
Our work, exposed thereafter, is mainly concerned with local properties of the
spectrum of large random matrices. More precisely, we study the asymptotic
behavior of the largest eigenvalues of random matrices, with the most interest in
asymptotically universal properties of the largest eigenvalues. The first motivation for such a study comes from mathematical statistics and is thus concerned
with largest eigenvalues of sample covariance matrices.
For instance, the behavior of Principal Component Analysis as the dimensions
of the data grow to infinity is of interest. A huge literature deals with the case
where the sample size p → ∞, while the dimension N is fixed, which is now
quite well understood. Contrary to the traditional assumptions, it is currently
of strong interest to study the case where N is of the same order as p, due to
the large amount of data available.
Moreover, the limiting behavior of the largest eigenvalues of MN (Σ) is important for testing hypotheses on the true covariance matrix Σ. Consider the simple
case where the null hypothesis is Ho : Σ = Id and the alternative hypothesis is
Ha : Σ 6= Id. One can study the asymptotic distribution of extreme eigenvalues
under the Ho so as to propose a test of Ho .
The study of asymptotic properties of the largest eigenvalues of sample covariance matrices and Wigner random matrices has many other applications. We
refer the reader to Johnstone (2001) and El Karoui (2005) for a review of statistical applications. Other examples of applications include genetics (Patterson,
Price & Reich 2006), mathematical finance (Amaral, Gopikrishnan, Guhr, Plerous, Rosenow & Stanley 2002), (Bouchaud, Cizeau, Laloux & Potters 2000),
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(Malevergne & Sornette 2004), wireless communication (Telatar 1999), physics
of mixture (Cuesta & Sear 2003), and statistical learning (Hoyle & Rattray
2003). As a motivating example, we here quote a simulation from mathematical
finance due to Bouchaud et al. (2000). The sample covariance matrix XX ∗ of
the daily returns over 5 years of N = 406 stocks from the S&P 500 is considered. Here p ≈ 1000. On Figure 1.1, the empirical eigenvalue density of
1
∗
−1
where y is a random variable with
p XX is compared to the density of yγ
the Marchenko-Pastur distribution and γ = p/N . One can note that the fit is
good, except that a few eigenvalues exit the support of the Marchenko-Pastur
distribution. We will see that the presence of these large eigenvalues can actually
be explained by Random Matrix Theory. We will provide two possible expla-
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Figure 1.1: Empirical eigenvalue density derived from the returns of the S&P
500.
nations (which may not be the only ones): the returns are heavy-tailed random
variables or the true covariance of the sample has a few large eigenvalues.
Before entering the detail of the asymptotic properties of the largest eigenvalues, one shall start with the following observation, which will be our starting
point. The above Theorems 1 and 2 provide (few) information about the limiting behavior of the largest eigenvalues. Denoting generically by u+ the top edge
of the support of both the semi-circle and the Marchenko-Pastur distributions,
one readily deduces from the above Theorems that almost surely
lim inf λ1 ≥ u+ .
N →∞

A few questions readily come to mind:
• Do the largest eigenvalues almost surely converge to u+ ?
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• What is the limiting joint eigenvalue distribution of the largest eigenvalues?
• Is the limiting distribution of the largest eigenvalues some kind of universal
object, as the semi-circle or the Marchenko-Pastur distributions are?
• If so, what is the class of universality of this limiting distribution?
Some answers to these questions are given in the sequel.

Chapter 2

Standard ensembles of
random matrices.
2.1

Invariant ensembles

The natural tool to investigate the (asymptotic) distribution of the largest eigenvalue of a general random matrix would be the joint eigenvalue distribution.
Invariant ensembles are the ensembles of random matrices (with non necessarily independent entries) for which the joint eigenvalue density can be explicitly
computed.
Definition 1. A complex (resp. real) invariant ensemble is the distribution
µ(N ) of a Hermitian (resp. real symmetric) random matrix such that
µ(N ) (U M U ∗ ) = µ(N ) (M ), ∀U ∈ U(N ) (resp. U ∈ O(N )).
For instance, a Hermitian ensemble admitting the density :
dµN (H) =

N
Y
Y
1
exp {−N V (H)}
d<Hij d=Hij
dHii ,
ZN
i<j
i=1

where V is a monic polynomial of even degree and ZN is the normalizing constant, is an invariant ensemble. The computation of the joint eigenvalue density
is straightforward, using the polar decomposition of H.

2.1.1

Gaussian Ensembles

The archetypal ensembles of invariant ensembles for both Wigner and sample
covariance matrices correspond to the case where µ = N (0, 1), that is the com-

2.1 Invariant ensembles

12

plex or real standard Gaussian distribution. The corresponding ensembles are
defined as follows:
• the Gaussian Unitary Ensemble (resp. Gaussian Orthogonal Ensemble)
for Hermitian (resp. real symmetric) Wigner ensembles. The entries of
H above the diagonal are i.i.d. standard complex (resp. real) Gaussian
random variables. The entries on the diagonal are real Gaussian random
variables with variance 1 (resp. 2). The induced joint eigenvalue distribution has a density with respect to the Lebesgue measure on RN which is
given by
fG (λ1 , . . . , λN ) =

1
ZN

Y

|λi − λj |β

1≤i<j≤N

N
Y
i=1

exp {−

Nβ 2
λ },
4 i

(2.1)

where β = 2 (resp. β = 1) in the complex (resp. real) case and ZN is the
normalizing constant.
• the Laguerre Unitary Ensemble (resp. Laguerre Orthogonal Ensemble)
for sample covariance matrices. These latter ensembles are also called
complex or real Wishart ensembles, after the pioneering work of Wishart
(1928). In this case, the entries of X are i.i.d. complex (resp. real)
standard Gaussian random variables. The induced joint eigenvalue distribution admits a density with respect to the Lebesgue measure on (R+ )N
which is given by (keeping the same notations for β as above):
fL (λ1 , . . . , λN ) =

1
ZN

Y
1≤i<j≤N

|λi − λj |β

N
Y

β
λα
i exp {−N λi },
2
i=1

(2.2)

with α = p − N if β = 2 and α = (p − N − 1)/2 if β = 1.
More generally, when µ = N (0, σ 2 ) (and µ0 = N (0, (2)σ 2 )), we also denote the
corresponding ensembles by the GUE, the LUE, the GOE or the LOE.
From now on, we essentially focus on complex random matrices for ease of
exposition. Due to the squared Vandermonde in both (2.1) and (2.2) in the case
where β = 2, complex Gaussian ensembles are easier from a mathematical point
of view. Indeed, they induce a so-called Determinantal Random point Field as
defined by Soshnikov (2000). We briefly recall the definition in the following.
Let PN be a symmetric probability distribution on RN with probability density
f (x1 , . . . , xN ).
Definition 2. Let 1 ≤ m ≤ N be given. The m−point correlation function
induced by PN is defined by
Z
N
Y
N!
Rm (x1 , . . . , xm ) =
f (x1 , . . . , xN )
dxi .
(N − m)! RN −m
i=m+1

2.1 Invariant ensembles
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The m-point correlation function of the joint eigenvalue distribution is its
m-dimensional marginal, or more precisely the probability density function of
m of the N unordered eigenvalues. In particular, this definition occurs naturally
in the computation of the expectation of spectral functions of random matrices,
that is symmetric functions of the eigenvalues λi . Indeed, given a bounded
continuous function g : R −→ R and a complex number z, one has that


Z Y
m
m
N
N
Y
Y
X
zm


g(xi )Rm (x1 , . . . , xm )
E
dxi .
(1 + zg(λj )) =
m! Rm i=1
m=0
i=1
j=1
We now turn to the definition of determinantal random point fields. Let X be
the space of finite or countable configurations on Rd . A cylinder set is defined
to be
CnB = {ξ ∈ X : ](ξ ∩ B) = n},
where B is any bounded Borel set in Rd and n is an integer. Let B be a σ-algebra
generated by these cylinder sets. A Random Point Field on Rd is a probability
measure P on (X, B).
Definition 3. A random point field is determinantal iff there exists a nonnegative locally integrable function K : R2 −→ R such that the n-point correlation functions are given by
Rn (x1 , . . . , xn ) = det(K(xi , xj ))ni,j=1 , ∀n.

(2.3)

Remark 2.1.1. An important class of Determinantal Random Point Fields are
associated to random walks (or more generally Markov processes) conditioned
never to collide. This can be seen as a consequence of the classical theorem of
Karlin & Mac Gregor (1959), or its discrete analogue due to Gessel & Viennot
(1985). A wide class of random walks conditioned never to intersect (and their
relationship to classical orthogonal polynomial ensembles) are studied in Konig,
O’Connell & Roch (2002). Another reference is Johansson (2005b).
It can be shown that for both the GUE and LUE, correlation functions are
given by the determinant of a so-called correlation kernel. Indeed, there exists
G(L)U E
(·, ·) such that, for any 1 ≤ m ≤ N,
a correlation kernel KN

m
G(L)U E
G(L)U E
Rm
(x1 , . . . , xm ) = det KN
(xi , xj )
.
i,j=1

To be more precise, we consider the GUE. Let φN be the normalized orthogonal
polynomials with respect to the weight function exp {−N x2 /2} on R (or rescaled
Hermite polynomials) and let κN be its leading coefficient. Then, it can be
shown (Gaudin & Mehta (1960), Mehta (1991)) that
GU E
KN
(x, y) =

x2 + y 2
κN −1 φN (x)φ0N (y) − φN (y)φ0N (x)
exp {−N
}.
κN
x−y
4

The Laguerre correlation kernel can similarly be expressed in terms of rescaled
Laguerre orthogonal polynomials (Bronk (1965)).

2.1 Invariant ensembles
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Remark 2.1.2. For the GOE (resp. LOE), the correlation functions are instead
given by the Pfaffian of some skew symmetric matrices, whose entries can also be
expressed in terms of Hermite (resp. Laguerre) rescaled orthogonal polynomials.
Regarding the distribution of the largest eigenvalue, the structure of determinantal random point field greatly simplifies the mathematical problem. Using
an inclusion-exclusion formula, one can then deduce that the cumulative distribution function of the largest eigenvalue is given by the following Fredholm
determinant
P (λ1 < x) = det(I − KN )L2 ([x,+∞[) .
(2.4)
Using the asymptotics of the classical orthogonal polynomials, it is then possible
to obtain uniform asymptotic expansions of the adequate correlation kernel at
the edge, that is close to (and above) u+ , yielding the asymptotic distribution
of the largest eigenvalue of Gaussian invariant ensembles. This is fully obtained
in Tracy & Widom (1994).
We here state the complete result established by Tracy & Widom (1994)
for both real and complex ensembles. To this aim we need a few definitions.
Let Ai denote the standard Airy function and q denote the solution of the
∂2
3
Painlevé II differential equation ∂x
2 q = xq(x)+2q (x), with boundary condition
q(x) ∼ Ai(x) as x → +∞.
Definition 4. The GUE (resp. GOE) Tracy-Widom distribution for the largest
eigenvalue is defined by the cumulative distribution function
Z ∞

2
TW
F2 (x) = exp
(x − t)q (t)dt
(GUE)
Z ∞ x

−q(t) (x − t) 2
F1T W (x) = exp
+
q (t)dt
(GOE).
2
2
x
TW
The densities of the complex and real Tracy-Widom distributions F2(1)
are
plotted on Figure 2.1 below. An alternative useful (and more intuitive in view
of (2.4)) definition of the GUE Tracy-Widom F2T W is

F2T W (x) = det(I − KAi )L2 ([x,∞[) ,

(2.5)

where KAi is the so-called Airy kernel
KAi (x, y) =

Ai(x)Ai0 (y) − Ai0 (x)Ai(y)
=
x−y

Z

∞

Ai(x + t)Ai(y + t)dt.

(2.6)

0

Tracy & Widom (1994) obtain a complete description of this distribution. The
GUE (resp. GOE) Tracy-Widom distribution for the joint distribution of the
K largest eigenvalues (for any fixed integer K) has been also defined. We
refer the reader to Tracy & Widom (1994) and Tracy & Widom (1996) for a
K
precise definition. We denote by F2(1)
the Tracy-Widom distribution for the
joint distribution of the K largest eigenvalues.

2.1 Invariant ensembles
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Theorem 3 (Tracy & Widom (1994)). Assume that µ = N (0, σ 2 ), µ0 =
N (0, σ 2 ) (resp. µ0 = N (0, 2σ 2 )) and let λ1 ≥ λ2 ≥ · · · ≥ λK be the K largest
eigenvalues of the GUE (resp. GOE). Then
!
2
2
2
N3
N3
N3
lim P
(λ1 − 2σ) ≤ x1 ,
(λ2 − 2σ) ≤ x2 , . . . ,
(λK − 2σ) ≤ xK
N →∞
σ
σ
σ
K
(x1 , x2 , . . . , xK ).
= F2(1)

0.4
0.3
0.2
0.1

-6

-4

-2

2

4

6

Figure 2.1: Left (resp. right) curve: complex (resp. real) Tracy-Widom distribution for the largest eigenvalue.
This result has then been extended to Wishart ensembles. Johansson (2000)
studied the LUE or complex Wishart ensemble and Johnstone (2001) the real
Wishart ensemble when 0 < γ < ∞. El Karoui (2003) extended both their
results to the cases where γ = 0 and γ = +∞.
Theorem 4 (Johansson (2000), Johnstone (2001), El Karoui (2003)). Assume
that µ = N (0, σ 2 ) and define
γN =

p
,
N


2
1/2
ρN p = σ 2 1 + γN
,

σN p =


1/3
σ2 
1/2
−1/2
.
1
+
γ
1
+
γ
N
N
N 2/3

Then, if N and p → ∞ in such a way that limN →∞ γN ∈ [0, ∞], one has that


λ1 − ρN p
λ 2 − ρN p
λK − ρN p
lim P
≤ x1 ,
≤ x2 , . . . ,
≤ xK
N →∞
σN p
σN p
σN p
K
= F2(1)
(x1 , x2 , . . . , xK ).
Theorem 4 shows some kind of robustness of the limiting Tracy-Widom
distribution. Indeed, while the limiting spectral measure of sample covariance
matrices differs from that of Wigner random matrices, the suitably rescaled
largest eigenvalues exhibit in the large-N -limit the Tracy-Widom statistics.
It is also interesting to compare the result of El Karoui (2003) to the classical
Central Limit Theorem, yielding the asymptotic behavior of λ1 when p → ∞
and N is fixed.

2.1 Invariant ensembles

2.1.2
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Invariant Ensembles: general case

More general classes of invariant ensembles on the set of Hermitian or real
symmetric matrices have been investigated. Let the so-called unitary ensembles
be defined by
dPN (HN ) =

N
Y
Y
1
exp {−N TrV (HN )}
dHii
d<Hij d=Hij ,
ZN
i=1
i<j

where V is a polynomial with even degree (and positive leading coefficient)
and ZN is the normalizing constant. One shall first note that for general V ,
such a distribution no longer corresponds to a random matrix with independent
entries (unless V (x) ∝ x2 ). The sole unitary invariance is maintained here,
by comparison with Gaussian ensembles. Similarly to Gaussian ensembles, the
statistical properties of such random matrix ensembles can be analytically investigated, as the induced joint eigenvalue density can be made explicit (see
e.g. Deift, Kriecherbauer, McLaughlin, Venakides & Zhou (1999a) and Deift,
Kriecherbauer, McLaughlin, Venakides & Zhou (1999b)). From a global point
of view, it can be shown that the spectral measure of such random matrices
weakly converges to a limiting distribution, which we here denote by ρ. The
distribution ρ is the solution of the minimization problem
Z
Z
Z
I(ρ) = min
ds dt ln |t − s|−1 dµ(t)dµ(s) +
V (t)dµ(t),
µ∈M1

R

R

R

where M1 is the set of probability distributions. In particular, ρ may differ
from the semi-circle distribution. Nevertheless, the following result was proved
by Deift et al. (1999b) and Deift & Gioev (2007).
Denote by u+ the supremum of the support of the limiting distribution ρ.
Theorem 5 (Deift et al. (1999b), Deift & Gioev (2007)). There exists a constant
C depending on V such that


TW
lim P CN 2/3 (λ1 − u+ ) ≤ x = F2(1)
(x).
N →∞

This important result stresses again the robustness of the Tracy-Widom distributions at the edge of the spectrum. The fact that the entries of the random
matrices considered therein are not independent is indeed quite striking, since
it suggests that the Tracy-Widom distribution is some kind of universal limiting
distribution of the largest eigenvalue of a general random matrix. The class of
universality of the Tracy-Widom distribution including invariant ensembles so
far shall now be described and enlarged in the next Section.
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Universality of the Tracy-Widom distribution

Starting from numerical simulations, it has been conjectured that the suitably
rescaled largest eigenvalues of random matrices (Wigner or sample covariance
matrices) should exhibit the Tracy-Widom statistics for a wide class of distributions µ. The precise conjecture is stated hereafter.
Conjecture 1. Let K be a given integer. If
Z
Z
Z
0
(0 )
2
2
xdµ (x) = 0,
|x| dµ(x) = σ and
|x|4 dµ( ) (x) < ∞,

(2.7)

then the following holds true:
• (C1) Wigner random matrices:
the asymptotic distribution of (
K
Tracy-Widom distribution F2(1)
.

H
λH
λH − 2σ
1 − 2σ λ2 − 2σ
,
, · · · , K −2/3 ) is the
−2/3
−2/3
σN
σN
σN

• (C2) sample covariance matrices:
λsc − ρN p λsc
− ρN p
λsc − ρN p
the asymptotic distribution of ( 1
, 2
,··· , K
) is
σN p
σN p
σN p
K
the Tracy-Widom distribution F2(1)
.
In both cases, the rescaling factor depends on µ only through the variance σ 2 .
In this sense, this conjecture states a universality result. Some results proving
partially this universality conjecture are exposed in the sequel.

2.2.1

Universality results in Random Matrix Theory

The first main step to prove this universality conjecture has been achieved by A.
Soshnikov in a series of 3 papers (Sinai & Soshnikov (1998a), Sinai & Soshnikov
(1998b), Soshnikov (1999)) for Wigner random matrices. Therein, it is proved
that conjecture (C1) holds true for a wide class of (complex and real) Wigner
random matrices. His universality result has then been extended to (complex
and real) sample covariance matrices in Soshnikov (2002) when γ = 1 and
p − N = O(N 1/3 ) and in Péché (2007)[8], proving conjecture (C2) for a similar
class of distributions µ. We here recall these results.
Theorem 6 (Soshnikov (1999), Soshnikov (2002), Péché (2007)[8]). Assume
0
that µ( ) is a symmetric distribution which admits sub-Gaussian tails, that is
there exists a constant τ > 0 such that for any integer k,
Z
0
(?)
|x|2k dµ( ) (x) ≤ (τ k)k .
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|x|2 dµ(x), Conjectures (C1) and (C2), for any γ ∈ [0, +∞], hold

A few comments are in order here.
This result is a major step for universality results for the largest eigenvalues for
the following reason: it is the first time that the Tracy-Widom statistics are
obtained without any invariance assumption of the random matrix ensembles
(and thus no knowledge of the joint eigenvalue density). Actually, Theorem 6
can be proved under the sole assumption that the entries (above the diagonal for
the Wigner case) are independent, have the same variance and satisfy a uniform
sub-Gaussian tail assumption.
The assumption (?) can actually be relaxed thanks to truncation techniques.
Following some of the ideas developed
R in Ruzmaikina (2006), it is possible to
show that the result holds provided |x|36+ dµ(x) < ∞ (and 0 < γ < ∞ for
sample covariance matrices). This is the best result in the direction of proving
the full Conjecture 1.
Regarding the symmetry assumption, which is not believed to be fundamental
to obtain universality results, some progress has been obtained in Péché &
Soshnikov (2007)[5] and Péché & Soshnikov (2008)[7]. It is essentially proved
that the largest eigenvalues fluctuate around u+ in a scale that does not exceed
N −6/11+ ( > 0 being arbitrarily small) with probability tending to 1. Yet,
results are much more complicated to be established due to the combinatorial
nature of the problem.
Concerning the proof of Theorem 6, two main tools are at hand a priori.
First, the normalized trace of the resolvent rN (z) := N −1 Tr(HN − zI)−1 can
be used in principle. To study the fluctuations of the largest eigenvalues, one
would need to obtain precise estimates (i.e. an asymptotic expansion) of rN (z)
close to u+ . This is out of reach so far. Instead, we use the moment approach,
which is roughly summarized hereafter. Let K be a fixed integer that does
not depend on N. For ease of exposition, we here consider complex sample
covariance matrices when 0 < γ < ∞ (the proof is almost identical for real
sample covariance matrices and Wigner matrices).
• Step 1: It is known that the largest eigenvalues of the LUE can be written
λi = u+ + CxiN −2/3 for some constant C and some random variables
xi , 1 ≤ i ≤ K for which the asymptotic joint distribution is known to be
the Tracy-Widom distribution F2K . Thus, if one would compute
mN
k (t1 , . . . , tk )

=E

k
Y
i=1


Tr

MN
u+

[ti N 2/3 ]
,

(2.8)

for any finite k, one should find some kind of Laplace transform of the
joint distribution of the largest eigenvalues.
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• Step 2: Computing the asymptotics of mN
k turns out to be a major difficulty. Thus the proof turns around this problem and becomes indirect:
one instead shows that there exists a constant C(τ, R) such that
mN
k (t1 , . . . , tk ) ≤ C(τ, R), provided |ti | ≤ R, ∀i = 0, . . . , k,
and that
N
|mN
k (t1 , . . . , tk ) − mk (LU E)(t1 , . . . , tk )| = o(1).

(2.9)

The way to obtain this asymptotic universality of moments is to show that
these moments only depend, in the large N limit, on the variance of the
entries of the random matrix under consideration.
• Step 3: One can then deduce that the largest eigenvalues of MN exhibit
asymptotically Tracy-Widom fluctuations, thanks to the precise asymptotics of the correlation kernel of the LUE.
The proof of (2.9) requires to compute the leading term in the asymptotic expansion of (2.8) for a general ensemble. This asymptotic expansion is obtained
through an encoding of (2.8) into statistics of some labeled Dyck paths. The
proof has a strong combinatorial flavor and may be interesting on its own (enumeration of graphs, Dyck paths).
Open Problems:
• Proving the complete universality conjecture is still open. In particular,
relaxing the moment assumption from 36 +  → 4 requires to have a good
enough control of the largest entries of random matrices and especially of
the number of large entries. The latter point is probably the main obstacle
to the complete proof of the universality conjecture.
• It would be interesting to obtain rates of convergence in Theorem 6, especially for statistical applications. In principle, this would be possible
using the moment approach. But the combinatorics probably need to be
deeply refined.
• For the particular case of sample covariance matrices, it would also be
important to prove the same universality result for sample covariance matrices in the form
1
(X − X)(X − X)∗ ,
N
where X is the empirical mean. This is indeed the form in which statisticians use sample covariance matrices. In view of simulations, such a
centering has no impact on the limiting distribution of the largest eigenvalues.
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• It would be interesting to prove Theorem 6 using the resolvent approach.
• Other ensembles of random matrices could be considered such as band
matrices and periodic band matrices, for which the Tracy-Widom statistics
are still expected at the edge of the spectrum.

2.2.2

The finite fourth moment assumption

In this subsection, we examine the fourth moment assumption (2.7) stated in
Conjecture 1 and consider random matrices with heavy tailed entries. The
asymptotic spectrum of random matrices with heavy tailed entries (with no
finite fourth moment in particular) has recently been investigated, both from a
global and a local point of view. The study of such random matrices originated in
the work of Bouchaud & Cizeau (1994) regarding the global behavior, and Biroli,
Bouchaud & Potters (2007) for the local behavior. These physical articles are
mainly motivated by financial applications: it has been observed (see Figure 1.1)
that the Marchenko-Pastur distribution fits quite well the empirical eigenvalue
distribution of sample covariance matrices of the returns of large portfolios,
except at the edge of the spectrum. It is also known that, in general, Gaussian
distributions cannot model financial returns, which have quite fat tails.
In this Subsection, we consider a real distribution µ such that
1 − F (x) := µ ((−∞, −x] ∪ [x, +∞)) = L(x)x−α ,

(2.10)

where x > 0, 0 < α < 4 and L is a slowly varying function, i.e. for all t > 0,
L(tx)
= 1.
x→∞ L(x)
lim

Here we also assume that µ0 = µ.
Before considering the edge of the spectrum, a few words are deserved to the
global spectral statistics of such ensembles. There are actually two global
regimes. In the case where µ admits a finite variance (but no fourth moment), it
is still true that the spectral measure of the suitably rescaled matrices converges
to the semi-circle or Marchenko-Pastur distribution. Conversely, the limiting
spectral measure of heavy tailed matrices when the entries do not have a finite
second moment is no longer a semi-circle distribution. The limiting spectral
measure has been recently investigated by Ben Arous & Guionnet (2008), following Bouchaud & Cizeau (1994), and Ben Arous, Dembo & Guionnet (2007).
Denote by µN the spectral measure of the rescaled real symmetric random
matrix N −1/α (Hij )N
i,j=1 when the Hij , i ≤ j are i.i.d. with distribution µ.
Theorem 7 (Ben Arous & Guionnet (2008)). Assume that 0 < α < 2. There
exists a probability distribution µα on R such that µN converges weakly in probability towards µα . The probability distribution µα has unbounded support.
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A complete characterization of the distribution µα is given in Ben Arous &
Guionnet (2008) through its Stieltjes transform. It is also proved therein that for
some well chosen subsequence (Nk , k ≥ 1), µNk almost surely weakly converges
to µα .
We now turn to the investigation of the asymptotic properties of the spectrum at the top edge. The finiteness of the fourth moment of µ has long been
known to be a prerequisite so that the largest eigenvalue exhibits Tracy-Widom
fluctuations, as we now recall.
Theorem
8 (Bai & Yin (1988), Geman (1980), Bai, Krishnaiah
R
R & Yin (1988)).
If |x|4 dµ(x) < ∞, then limN →∞ λ1 = u+ a.s. Conversely, if |x|4 dµ(x) = ∞,
then lim supN →∞ λ1 = +∞ a.s.
To understand in more detail the 4th moment threshold, we consider in the
sequel the fluctuations of the largest eigenvalue of some heavy-tailed
random
R
matrices as in (2.10). Here we assume that 0 < α < 4 and xdµ = 0 if
2 ≤ α < 4. In the rest of this subsubsection, we denote by λ̂1 ≥ λ̂2 ≥ · · · ≥ λ̂N
the ordered eigenvalues of H/XX ∗ . Set


2
∼ N 2/α (Wigner case),
bN = inf x : 1 − F (x) ≤
N (N+ 1)

1
bN p = inf x : 1 − F (x) ≤
∼ (N p)1/α (sample covariance case).
Np
(2.11)
Define also
PN
PN = i=1 δb−1 λ̂i 1λ̂i >0
N
PN
PN = i=1 δb−2 λ̂i 1λ̂i >0

and α0 = α

for the Wigner case,

0

and α = α/2

for sample covariance matrices.

Np

Soshnikov (2006) considers Wigner matrices in the case where α < 2 and the
result is extended to the complete range 0 < α < 4 for both Wigner and sample
covariance matrices in Auffinger, Ben Arous & Péché (2008)[6].
Theorem 9 (Soshnikov (2006), Auffinger et al. (2008)[6]). If α < 4, the random point process PN converges in distribution to the Poisson Point Process
α0
P defined on (0, ∞) with intensity ρ(x) = x1+α
0 . In particular, the limiting
distribution of the largest eigenvalue is a Fréchet distribution with exponent α0 :
0

limN →∞ P( b1N λ̂1 ≤ x) = exp(−x−α )

(Wigner case),

0

limN →∞ P( b21 λ̂1 ≤ x) = exp(−x−α ) (sample covariance case)
Np

Theorem 9 essentially states that the asymptotic statistics of the largest
eigenvalues of a heavy-tailed random matrix are the same as those of the extremes of i.i.d. random variables. Actually, the leading idea in the proof of
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Theorem 9 is that the largest eigenvalues are determined by the largest entries
of the random matrix. This is true for both Wigner and sample covariance
matrices. The rescalings defined in (2.11) are indeed the ones that scale the
largest entry of the random matrix H and X (depending on the Wigner/sample
covariance matrix case). Let us consider the Wigner case here. Following an
idea of Biroli et al. (2007), one can split the random matrix H into two parts:


H = Hij 1|Hij |≤N β + Hij 1|Hij |>N β ,

for some well-chosen β. One can then bound the spectral norm of Hij 1|Hij |≤N β
using standard tools of random matrix theory (mainly the moment method is
used).
√ It is reasonable to believe that this spectral radius should be in the order
of N though one gets a bound which is not so optimal (<< N 2/α ). One can
study apart the spectral radius of the other matrix (which is sparse enough).
This latter spectral radius is in the order of N 2/α , yielding the result.
Open Problem The transition from Tracy-Widom to usual extreme statistics
is an open problem. It is believed (personal communication with M. Potters)
that when α = 4, the limiting distribution should be
δu+ + N −1/2 ρ,
where ρ is a Fréchet distribution with exponent 4 (resp. 2) for the Wigner (resp.
sample covariance matrix) case. The reason for this conjecture is that the TracyWidom fluctuations are exhibited in the scale N −2/3 << N −1/2 , which is the
scale of the fluctuations of the largest entry of H. It would also be interesting to define a random matrix model where one really observes the transition
from extreme statistics to Tracy-Widom statistics, defining some interpolating
distribution. A first attempt has been achieved in Johansson (2007).

2.3

Beyond random matrix theory

Perhaps the most striking feature in the concept of universality of the TracyWidom statistics is that these random matrix objects occur in some fields where
there is no obvious underlying random matrix model.
One of the most celebrated results in this direction is probably the Theorem
of Baik, Deift & Johansson (1999) about the length of the longest increasing subsequence. This problem has a long history in combinatorial probability
(Hammersley (1972), Logan & Shepp (1977), Kerov & Vershik (1985)).
Let SN denote the group of permutations on the set {1, 2, . . . , N }.
Definition 5. If π ∈ SN , we say that π(i1 ), π(i2 ), . . . , π(ik ) is an increasing
subsequence if i1 < i2 < · · · < ik and π(i1 ) < π(i2 ) < · · · < π(ik ).
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We denote by lN (π) the length of the longest increasing subsequence of π.
Assume that SN is equipped with the uniform distribution, which we denote by
PSN . Baik et al. (1999) prove the following result.
Theorem 10 (Baik et al. (1999)). One has that
!
√
lN − 2 N
≤ t = F2T W (t),
lim PSN
N →∞
N 1/6
where F2T W is the Tracy-Widom distribution given in Definition 4.
The proof is based on 3 main arguments. First, the well-known RobinsonSchensted correspondence maps permutations on pairs of Young Tableaux with
the same shape. Through this correspondence, the longest increasing subsequence is equal to the length of the first row of these diagrams and the distribution induced on Young diagrams is the so-called Plancherel measure, if SN is
equipped with the uniform distribution. This Plancherel measure can be analyzed using some set of non-intersecting paths, by using the theorem of Karlin &
Mac Gregor (1959)-Gessel & Viennot (1985). One can then use the machinery
of Determinantal Random Point Fields to investigate the limiting behavior of
the longest increasing subsequence.
This result is the starting point for the works of Okounkov (2001), Okounkov
& Reshetikhin (2003) on the so-called Schur measure and related growth models.
Among other applications of the celebrated Baik-Deift-Johansson’s theorem,
one shall consider Witko (2006), where it is explained why the Tracy-Widom
distribution also occurs in the Manhattan phone directory...
Another surprising connection exists with directed percolation models. Assume that independent and identically distributed random variables with distribution ρ are attached to each site of the integer lattice N2 . We consider the
last passage time:
X
L(N, p) = sup
e(i,j) ,
π∈Π

(i,j)∈π

where Π is the set of up/right paths from (1, 1) to (N, p) (see Figure 2.2). For
two special cases of the distribution ρ, the investigation of the distribution of
L(N, p) is simplified.
Theorem 11 (Johansson (2000)). Assume that ρ is the exponential distribution with parameter N , then L(N, p) has the same distribution as the largest
eigenvalue of the LUE.
Assume that ρ is the geometric distribution with parameter q < 1. For any
γ ∈ (0, 1), there exist constants w(γ, q) and σ(γ, q) such that


L([γN, N ] − N w(γ, q)
lim P
≤
t
= F2T W (t).
N →∞
σ(γ, q)N 1/3
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(N,p)

(1,1)
Figure 2.2: An up/right path from (1, 1) to (N, p).

The equality in law stated in Theorem 11 is really specific to the exponential
distribution and implies that the rescaled last passage time in this directed
percolation model exhibits Tracy-Widom statistics in the large N limit. An
explanation of this identity has been provided by O’Connell (2003), based on
some queuing theory arguments. Both the above ensembles induce a so-called
determinantal random point field, whose correlation kernel is expressed in terms
of classical orthogonal polynomials.
For a general distribution ρ, there is no obvious underlying random matrix
model, neither any determinantal random point fields. Nevertheless, Theorem
11 has then been further extended to arbitrary random variables by Bodineau &
Martin (2005) and Baik & Suidan (2005) in some restricted area of the lattice.
Theorem 12 (Bodineau & Martin (2005), Baik &
R Suidan (2005)). Assume that
ρ is centered, with variance equal to 1 and that |x4 |dρ < ∞. Then, as p and
N → ∞, with p << N 3/14


L(N, p)
√
d
√
p1/6
− 2 p → F2T W .
N
If ρ has finite moments of all orders, Theorem 12 holds true if p << N 3/7 .
The idea for the extension obtained in Theorem 12 is based on two main arguments. On the one hand, the Skorokhod representation theorem states that an
arbitrary random variable can be represented a time changed Brownian motion.
On the other hand, a famous result of Baryshnikov (2001) and Gravner, Tracy
& Widom (2001)) (see also O’Connell & Yor (2001)) states that the largest
eigenvalue of the GUE can be represented as :
sup

B1 (0, s1 ) + B2 (s2 , s1 ) + · · · + BN (sN −1 , 1),

(2.12)

0≤s1 ≤···≤sN =1

where the Bi , i = 1, . . . , N are independent standard Brownian Motions and
B(s, t) = B(t) − B(s). This formula comes from the interpretation of the joint
eigenvalue distribution induced by the GUE as the distribution of Brownian
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Motions conditioned never to collide (Grabiner (1999)). Formula (2.12) has an
obvious representation in terms of up-right paths, which can at least intuitively
explain the idea of the proof of Theorem 12.
Open problem:
As suggested in Bodineau & Martin (2005), it should be
possible to extend the validity of Theorem 12 to the range p << N 3/7 . Upon
this threshold, the approximation via Brownian motions probably needs to be
refined.
A non exhaustive list of mathematical or physical models where the TracyWidom distribution arises can be made. For instance, last passage times in
directed percolation models can be related to a variety of other fields (corner
growth models, Totally Asymmetric Exclusion Process, Queues, etc). In all
these fields, the convergence stated in Theorem 11 can be translated, showing
some other occurrences of the Tracy-Widom distribution. The Tracy-Widom
distribution also comes up in some other physical or combinatorial models
(polynuclear growth models (Praehofer & Spohn (2002)), the arctic circle boundary of a random domino tiling of the Aztec diamond (Johansson (2005a)), etc.
For this reason, all these models should fall in the same universality class.
Open problem:
The following question naturally arises after the above list
of models, where a set of non intersecting paths is always encountered. Is the
Tracy-Widom distribution a universal limiting object in the presence of a set of
non-intersecting paths or processes?

Chapter 3

Deformed Ensembles
The denomination deformed ensembles more or less refers to the distribution of
a standard random matrix which is “perturbed” by a deterministic matrix.
A deformed Wigner ensemble is for instance the distribution of the random
matrix
W N = H N + AN ,
(3.1)
where HN is a standard Wigner random matrix defined as in (1.1) and AN is
a N × N deterministic matrix. Such a model has been introduced by Brézin &
Hikami (1996), Brézin & Hikami (1997) and Johansson (2001). The model studied therein is the so-called deformed GUE (corresponding to the case where HN
is the GUE). Random matrix ensembles as in (3.1) can be used for instance to
study the asymptotic spectral properties of random matrices with non centered
entries. In this context, the first result about extreme eigenvalues of such random matrices goes back to Furedi & Komlos (1981), in relation to some graph
theory questions.
For random sample covariance matrices, it is also convenient to understand the
so-called “spiked models” as deformed ensembles. In this setting, one considers
sample covariance matrices MN (Σ) as in (1.3) when the population covariance
is a spiked matrix:
Σ = Id + AN ,
where Σ is to be seen as a small rank perturbation of the Identity matrix.
One may also consider sample covariance matrices associated to non centered
samples: M̃N = N1 (X − AN )(X − AN )∗ . The list of possible deformed ensembles
is non exhaustive.
For all these models, the question turns around the impact of the deformation
AN on the asymptotic spectral properties of random matrices. It is well-known
that if AN is a fixed (independent of N ) rank matrix, the global behavior of the
spectrum is unchanged. As explained in the sequel, the situation is drastically
different for the statistics of extreme eigenvalues.

3.1 A non stable Tracy-Widom distribution
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A non stable Tracy-Widom distribution

The robustness of the Tracy-Widom distribution has to be toned down by the
following result about the largest eigenvalue of spiked covariance matrices. In
the next theorem, one considers the complex Wishart ensemble with the covariance matrix
Σ = diag(π1 , π2 , . . . , πr , 1, 1, . . . 1).
(3.2)
It is assumed that r is an integer independent of N and that π1 ≥ π2 ≥ · · · πr > 1
are real numbers independent of N also. For ease of exposition, we assume that
the variance of the Gaussian distribution µ is 1. Baik, Ben Arous & Péché
(2005)[1] consider the complex Wishart ensemble. Paul (2007) extends some of
these results to the real Wishart ensembles.
To state the result, a few definitions are needed. Let Ax be the Airy kernel
given in (2.6) acting on L2 ([x, +∞[) and for m ≥ 1, set
(m)

s

1
(u) =
2π

Z

∞e

iπ
6

5iπ
∞e 6

a3 i

e{iua+ 3
(ia)m

}

da, t

(m)

1
(v) =
2π

Z

∞e

iπ
6

5iπ
∞e 6

e{iva+

a3 i
3 }

(ia)m−1 da,

which are integrals or derivatives of the standard Airy function. Define also
1
wc := 1 + √ .
γ
Theorem 13 (Baik et al. (2005)[1], Paul (2007)). Assume that µ = N (0, 1)
(complex) and that γ ≥ 1. Consider the sequence of sample covariance matrices
(1.3) when Σ is given by (3.2).
• If 1 ≤ πj < wc , ∀1 ≤ j ≤ r, then
 N 2/3 γ 1/6

√ 
lim P
√ 4/3 λ1 − (1 + γ)2 ≤ x = F2T W (x),
N,p→∞
(1 + γ)
where F2T W is the Tracy-Widom distribution.
• If π1 = . . . = πk = wc , and 1 ≤ πj < wc , ∀k < j ≤ r, then

 N 2/3 γ 1/6
√ 
TW
(x),
lim P
√ 4/3 λ1 − (1 + γ)2 ≤ x = Fk+2
N,p→∞
(1 + γ)


1
TW
(m) (n)
where Fk+2
(x) = det(1 − Ax ) det δm,n − < 1−A
s
,
t
>
x

.

1≤m,n≤k

• If π1 = . . . = πk > wc , and 1 ≤ πj < π1 , ∀k < j ≤ r
√




π1
N
λ
−
(γπ
+
)
≤
x
= Gk (x), (3.3)
lim P q
1
1
π12
N,p→∞
π1 − 1
γπ12 − (π1 −1)
2
where Gk is the distribution of the largest eigenvalue of the unnormalized
GUE random matrix H = (Hij )ki,j=1 with standard Gaussian entries.
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Remark 3.1.1. Complex Wishart ensembles are the simplest mathematically
since the induced joint eigenvalue density can be computed thanks to the famous
Harisch-Chandra-Itzykson-Zuber integral (Harish-Chandra (1957), Itzykson &
Zuber (1980)) and furthermore induces a determinantal random point field. On
the contrary the joint eigenvalue density is not known for real Wishart ensembles. Paul (2007) uses perturbation theory ideas and the resolvent approach to
prove that if π1 > wc is simple, the largest eigenvalue of real Wishart ensembles
exhibits Gaussian fluctuations (with a different variance).
Theorem 13 shows that a single eigenvalue of the true covariance Σ may
drastically change the limiting behavior of the largest eigenvalue of sample covariance matrices. This is the reason why the Tracy-Widom distribution is
not a stable limiting object. One should understand the above result as the
statement that the eigenvalues exiting the support of the Marchenko-Pastur
distribution form a small bulk of eigenvalues. This small bulk exhibits the same
eigenvalue statistics as the eigenvalues of a non-normalized GUE (resp. GOE)
random matrix. This has been explained in a more general setting by Bai &
Yao (2008). This also explains that if one allows r to grow with N in such a way
that r << N and in the case where a bulk of r eigenvalues separates from the
main bulk, one recovers the asymptotic Tracy-Widom distribution at the edge
(see Péché (2006)[2] where the Deformed GUE is studied, exhibiting a similar
phase transition).
In Najim, Maida & Péché (2007)[4] one also attempts to derive a Large Deviation Principle (LDP) for the largest eigenvalues of the Deformed GUE/GOE
in the case where a few eigenvalues split from the bulk. A LDP is stated for
some functional of the eigenvalues of the Deformed GUE/GOE, which could in
principle be used to derive a LDP for the so-called spherical integral (in the
GUE case, the Harisch-Chandra-Itzykson-Zuber integral). This would then allow to obtain the LDP for extreme eigenvalues. Unfortunately, this attempt is
unsuccessful due to some lack of convexity of the rate function.
One question left unanswered in Baik et al. (2005)[1] is to identify the asymptotic distribution of the largest eigenvalues amongst those which do not exit the
support of the Marchenko-Pastur distribution. Assume for instance that r eigenvalues of the complex Wishart ensemble almost surely exit the support of ρM P .
What is the asymptotic behavior of the r + 1th largest eigenvalue? Using the
interlacing property of eigenvalues, it is clear that this eigenvalue a.s. converges
to u+ . Yet there is some ambiguity about the kind of Tracy-Widom distribution
it shall obey (if it does).
Assume that π1 ≥ π2 ≥ · · · ≥ πr > wc . Let λr+1 be the r + 1th largest
eigenvalue of the complex Wishart ensemble with covariance Σ as in (3.2)
Proposition 1. The limiting distribution of λr+1 is the Tracy-Widom distribution of the largest eigenvalue F2T W .
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Proof of Proposition 1:
For ease of exposition, we assume that r = 1 and
π1 > wc so that only the largest eigenvalue λ1 splits from the rest of the bulk
1
and a.s. converges to θ(π1 ) := γπ1 + π1π−1
. Let o > 0 be fixed (small enough
so that u+ + o < θ(π1 )). To investigate the distribution of the second largest
eigenvalue λ2 which should converge to u+ , we set x = u+ + x0 N −2/3 . It can
be deduced from Baik & Silverstein (2006), Theorem 1.1, (see also Theorem 14
stated below for a more complete statement of their result) that
lim P (λ1 ≤ u+ + o ) = 0,

N →∞

and, by the interlacing property of eigenvalues, that
lim P (there are more than one eigenvalue in [u+ + o , ∞) ) = 0.

N →∞

Consider
P (there is no eigenvalue in the interval ]x, u+ + o ]) .

(3.4)

The latter is a convenient expression since, using the determinantal random
point field structure, it can be written as
I
(3.4) = det(I − KN
),
I
= KN 1]x,u+ +o ] and KN (·, ·) is the correlation kernel of the complex
where KN
Wishart ensembles computed in Baik et al. (2005).

Now one has that
P (there is no eigenvalue in the interval ]x, u+ + o ])
= P (λi ≤ x, ∀i = 1, . . . , N ) + P (λi > u+ + o , ∀i = 1, . . . , N )
N
−1
X
+
P (∀1 ≤ i ≤ j, λi > u+ + o , ∀j < k ≤ N, λk ≤ x) .
(3.5)
j=1

In (3.5), the only term which does not obviously tend to 0 as N goes to infinity
corresponds to
P (λ1 > u+ + o , λi ≤ x, ∀i = 2, . . . , N ) .
Furthermore, one has that
N
−1
X

P (∀1 ≤ i ≤ j, λi > u+ + o , ∀j < k ≤ N, λk ≤ x)

j=2

≤ P (there are more than one eigenvalue in [u+ + o , ∞) ) .
Thus we deduce that
I
P (λ2 ≤ x) = det(I − KN
) + o(1).
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To derive the asymptotic distribution of λ2 , it is enough to obtain the
uniform asymptotic expansion of the correlation kernel KN in the interval
[u+ − xo N −2/3 , u+ + o ] for any real number xo .
Let qo be a positive real number such that qo < 1/π1 . Let zc =
√
(1+ γ)4/3

√
γ
√
1+ γ ,

ν=
, and set q = zc − 0 /(νN 1/3 ) for some 0 > 0 small. From (Baik
γ 1/6
et al. 2005), the correlation kernel of the complex Wishart ensemble is given by
KN (η, ζ) =

N −1
Z
Z
N
1  z p 1 − w
−ηN (z−q)+ζN (w−q)
dz
dwe
(2πi)2 Γo
w−z w
1−z
Σ

1
π1
1
π1

−w
−z
(3.6)

where Σ is a simple closed contour enclosing 0 and lying in {w : Re(w) < qo },
and Γo is a simple closed contour enclosing 1 and π11 and lying {z : Re(z) > qo },
both oriented counter-clockwise.
By a straightforward residue computation, we can first rewrite KN as
KN (η, ζ) =
N −1

Z
Z
N
1  z p 1 − w
−ηN (z−q)+ζN (w−q)
dz
dw e
(2πi)2 Γ
w−z w
1−z
Σ
!N −1
p

Z
1
N
1−w
1
+
dw e−ηN ( π1 −q)+ζN (w−q)
,
2iπ Σ
π1 w
1 − π11

1
π1
1
π1

−w

1
π1
1
π1

−w

−z

where Γ is a contour encircling the pole 1 only and does not cross Σ.
This implies that KN is a rank one perturbation of the kernel
K̃N (η, ζ) :=
N −1

Z
Z
1  z p 1 − w
N
−ηN (z−q)+ζN (w−q)
dz
dw e
(2πi)2 Γ
w−z w
1−z
Σ

.
−z
(3.7)

We first consider the above kernel (3.7). Due to the fact that Γ does not
encircle 1/π1 , the contours Σ and Γ can now be moved so that Σ lies in {w :
Re(w) < q} and Γ lies in {z : Re(z) > q}. One has that
Z ∞
K̃N (η, ζ) =
H(η + y)J(ζ + y)dy
(3.8)
0

where
Z
N
1
1
e−(η+y)N (z−q) z p
dz,
1
N
−1
2π Γ
(1 − z)
π1 − z
Z
N
1
J(ζ + y) =
e(ζ+y)N (w−q) w−p (1 − w)N −1 ( − w)dw.
2π Σ
π1
H(η + y) =

(3.9)
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This implies that K̃N is trace class as a product of two Hilbert-Schmidt operators. The asymptotics of H, J and K̃N are obtained from a saddle point
analysis, using the arguments developed in Section 3 of Baik et al. (2005). The
(degenerate) critical point is zc (instead of pc in Baik et al. (2005)). We set
ZN := eu+ N (zc −q)

(1 − zc )N −1 1
( − zc ).
zcp
π1

We then choose Γ and Σ to be the contours defined in Section 3 of Baik et al.
(2005) (replacing M with N ). It is straightforward from Baik et al. (2005) to
show that there exist constants c, C > 0, No > 0 such that
0
C
tν
) − ie t Ai(t) ≤ 1/3 e−ct ;
2/3
N
N
N
0
ν
sν
C
ZN H(u+ + 2/3 ) − (−i)e− s Ai(s) ≤ 1/3 e−cs ,
2/3
N
N
N
for all N ≥ No . Let KAi be the Airy kernel defined in (2.6). Then we deduce
that
Z +∞
ν
sν
tν
lim
K̃N (u+ + 2/3 , u+ + 2/3 ) =
Ai(s+y)Ai(y+t)dy = KAi (s, t),
N →∞ N 2/3
N
N
0

ν

N 2/3 Z

J(u+ +

uniformly on [−xo , o N 2/3 ].
We now turn to the asymptotics of the second and rank one kernel
1
Z
(1 − w)N −1
e−ηN ( π1 −q) N
eN ζ(w−q)
dw.
K̂N (η, ζ) := p
1 N −1 2iπ
wp
π1 (1 − π1 )
Σ
o
The restriction of K̂N to the interval [u+ − Nx2/3
, u+ + o ] is then trace class.
Choosing the contour Σ as above, we get that
Z
N −1
N
N (u + tν )(w−q) (1 − w)
e + N 2/3
dw
2π Σ
wp
N −1
2/3
0
(1 − zc )
N
−eu+ N (zc −q)
ie t Ai(t)
p
zc
ν
C −ct (1 − zc )N −1 N 2/3 u+ N (zc −q)
≤ 1/3 e
e
zcp
ν
N
Now it is not hard to check that there exists Co > 0 such that

eu+ N (zc −q)

(1 − zc )N −1 −u+ N (1/π1 −q)
1
e
≤ e−Co N .
zcp
π1p (1 − 1/π1 )N −1

From that we deduce that there exists C 0 > 0 such that
0
ν
sν
tν
K̂N (u+ + 2/3 , u+ + 2/3 ) ≤ e−C N ,
2/3
N
N
N
when −xo < s, t ≤ o N 2/3 if o is small enough.
I
I
The above ensures that K̃N
+ K̂N
converges in the trace norm to the Airy
kernel. Using the exponential decay of the Airy function for large positive x0 ,
Proposition 1 then follows. 
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The question of universality of the result established in Theorem 13 and its
counterpart for the Deformed GUE stated in Péché (2006)[2] has been answered
at the level of a.s. convergence by Baik & Silverstein (2006) for sample covariance matrices and by Capitaine, Donati & Féral (2007) for Deformed Wigner
ensembles. For ease of exposition, we partially state here a result due to Baik
& Silverstein (2006).
Theorem 14 (Baik & Silverstein (2006), Capitaine et al. (2007)). Assume that
in (1.3) the Xij are i.i.d. with a distribution µ which is centered, of variance
1 and has a finite fourth moment. Let π1 be the largest eigenvalue of Σ and
denote its multiplicity by k1 . Then, almost surely, the k1 largest eigenvalues of
1
if π1 > wc .
MN (Σ) converge to γπ1 + π1π−1
Theorem 14 shows actually that to any eigenvalue π of the covariance Σ
which exceeds wc there corresponds an eigenvalue of MN (Σ) which exits the
support of the Marchenko-Pastur distribution and almost surely converges to
π
γπ + π−1
.
Regarding the asymptotic fluctuations of the largest eigenvalues, Bai & Yao
(2008) prove that (3.3) holds true provided µ has a finite fourth moment. Universality for the Tracy-Widom like regimes has not been proved yet (under
progress) for sample covariance matrices. This universality question is of interest for statistical applications, since statisticians build some tests to detect
factors in some populations using Theorem 13 (see e.g. Patterson et al. (2006)).
Yet, for the Deformed Wigner ensembles, the following result has been established in Féral & Péché (2007)[3]. Let AN = Nθ J where Jij = 1 ∀1 ≤ i, j ≤ N .
Assume that µ (resp. µ0 ) is a complex (resp. real) symmetric distribution with
0
variance σ 2 . We also assume that µ( ) has sub-Gaussian tails, i.e. there exists
τ > 0 such that
Z
0
|x|2k dµ( ) (x) ≤ (τ k)k , ∀k ∈ N.
Let then λ1 denote the largest eigenvalue of the complex random matrix WN ,
given by (3.1).
q
2
2
2
Theorem 15 (Féral & Péché (2007)[3]). Set ρθ = θ + σθ and σθ = σ θ θ−σ
.
2
For any real t,
Z t
2
h
i

{− u 2 }
1
1/2
G
• (1) if θ > σ, then lim P N
λ 1 − ρθ ≤ t = √
e 2σθ du,
N →∞
2πσθ −∞
 2/3


N
TW
• if θ < σ, then lim P
λG
(t),
1 − 2σ ≤ t = F2
N →∞
σ
 2/3


N
G
• if θ = σ, then lim P
λ1 − 2σ ≤ t = F3T W (t), where F3T W is
N →∞
σ
the generalized Tracy-Widom distribution of Theorem 13.
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Using the approach developed by Paul (2007), it is also possible to show that
(1) still holds true if one replaces the complex matrix HN with a real symmetric
Wigner matrix with sub-Gaussian entries (the variance of the limiting Gaussian
distribution is then divided by 2). The derivation of this result from Féral &
Péché (2007)[3] is explicited in Capitaine et al. (2007).
This universality result complements an older result due to Furedi & Komlos
(1981). Roughly speaking, Theorem 15 states that the largest eigenvalue of
Wigner random matrices with non centered√entries has Gaussian fluctuations,
√
provided the expectation of the entries (θ/ N )√exceeds the threshold σ/ N .
In Furedi & Komlos (1981), the case where θ ∼ N is investigated (exhibiting
the same kind of Gaussian fluctuations of the largest eigenvalue). Such a result
is interesting in random graph theory, since it may be useful to investigate the
spectral radius of the adjacency matrix of a random graph.
The result stated in Theorem 15 is actually true for any rank one perturbation
matrix AN (with non zero eigenvalue θ) if µ is the complex Gaussian distribution N (0, σ 2 ). This is proved in Péché (2006)[2] and follows from the unitary
invariance of the GUE. Yet the universality result in Theorem 15 is stated for a
specified shape of the deformation AN . Indeed, from a technical point of view,
the proof of this universality result is based on the moment approach as used in
Theorem 6. Thus the knowledge of the shape of AN is important to evaluate the
expectations ETr[WNsN ] for some sequence sN that go to infinity. Actually, the
restriction on the shape of AN to obtain universality results is not a technical
condition only. As suggested in Féral & Péché (2007)[3], the limiting distribution of WN may be strongly impacted by the shape of AN . Corroborating this
idea, Capitaine et al. (2007) obtain the following non universality result.
To state their results, we need a few definitions. Consider a real probability
distribution µ with finite fourth moment denoted by m4 . Assume also that µ
satisfies a Poincaré inequality, that is, there exists a constant C > 0 such that
for any C 1 function f such that f and f 0 belong to L2 (µ),
Z

Eµ |f − Eµ (f )|2 ≤ C |f 0 |2 dµ.
We here consider a random matrix as in (3.1) where:
-for real symmetric matrices, √12 Hii , i = 1, . . . , N, Hij , 1 ≤ i < j ≤ N are i.i.d.
with distribution µ,
√
√
-for Hermitian matrices, Hii , i = 1, . . . , N, 2<Hij , 1 ≤ i < j ≤ N, 2=Hij , 1 ≤
i < j ≤ N are i.i.d. with distribution µ.
Theorem 16 (Capitaine et al. (2007)). Let λ1 be the largest eigenvalue of WN
when we further choose AN = diag(θ, 0, . . . , 0) with θ > σ. Then,
√

d

N (λ1 − ρθ ) → (1 −

σ2
){µ ∗ N (0, vθ )},
θ2
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t
4



m4 −3σ 4
θ2
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4

+ 2t θ2σ−σ2 with t = 2 (resp. t = 4) in the complex (resp.

real) case.
Intuitively this result can be explained using the moment approach as follows. Using the a.s. convergence of the largest eigenvalue towards ρθ , it is clear
sN
that in the expansion of ETr[W
√ N ], the particular term W11 must arise a number of times in the order of N . This is indeed the sole entry whose moments
depend on θ. Using this idea, one can understand that the limiting distribution of λ1 does depend on the details of the distribution of W11 . The resolvent
approach used in Capitaine et al. (2007) explicits more clearly the correlation
between λ1 and W11 and also identifies the limiting distribution of the largest
eigenvalue, which is out of reach with the moment approach.
Open Problem: It would be interesting to describe the general shape of deformations AN for which Theorem 15 can be established. Obviously the number
of entries of HN which are impacted by the deformation AN plays a fundamental
role regarding universality of the fluctuations of the largest eigenvalue. It would
also be interesting to investigate non universality results for sample covariance
matrices (with centered entries).
In view of the phase transition phenomenon described in this subsection,
it is quite natural to believe that the Tracy-Widom distribution is a particular
element of a family of distributions, which can arise as limiting objects in random
matrix theory and which all have their universality class. In the next Section,
some generalizations of the Tracy-Widom distribution are investigated.

3.2

Related models

Complex Wishart ensembles associated to a spiked population can also be
used to study the last passage time in some directed percolation models. As
explained in Baik et al. (2005)[1], the distribution of the last passage time in
a directed
PN the exponential random variables satisfy
Prpercolation model where
EWij = k=1 δi,k πk /N + 1/N k=r+1 δk,i is the same as the largest eigenvalue
of the Wishart ensemble with covariance Σ = diag(π1 , . . . , πr , 1, . . . , 1). This
equality is interesting since it offers some interpretation of the threshold wc in
Theorem 13. We consider the case when r = 1 in Theorem 13 and assume that
p = γN for ease.
Here Wij is interpreted as time spent to pass through the site (i, j) and L(N, p) is
the last passage time to travel from (1, 1) to (N, p) along an admissible up/right
path. We denote by L̂(N, p) the last passage time when all the exponential
random variables have mean 1/N . Now, when p, N → ∞ in a such a way
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that p/N → γ ∈ (0, ∞), it is known from Johansson (2000) that L̂(N, p) is
approximately
√
( γ + 1)4/3
√
χ0
(3.10)
L̂(N, p) ∼ ( γ + 1)2 +
N 2/3 γ 1/6
where χ0 denotes a random variable with the GUE Tracy-Widom distribution.
On the other hand, note that when N = 1, the X(1, j)’s are independent,
identically distributed exponential random variables of mean πN1 . Hence the
classical central limit theorem implies that the last passage time from (1, 1) to
(1, xp) is approximately
√
γxπ1
γπ1 x + √
g
(3.11)
N
where g denotes the standard normal random variable.
Consider the last passage path conditioned to lie on the first column up to the
site (1, xp) and then to enter to the bulk (i, j), i ≥ 2 (see Figure 3.1). Then
p

xp

2
1
1

2

N

Figure 3.1: Last passage percolation when r = 1
from (3.11) and (3.10), we expect that the (conditioned) last passage time is,
to the leading order,
p
f (x) = π1 γx + ( γ(1 − x) + 1)2 .
(3.12)
An elementary computation shows that
(
√
f (0)
= (1 + γ)2 ,

max f (x) =
x∈[0,1]
f 1 − γ(π11−1)2 = γπ1 +

if π1 ≤ 1 +
π1
π1 −1 ,

if π1 > 1 +

√

γ −1

√

γ −1 .

(3.13)

√
This provides an informal explanation of the critical value wc = 1 + γ −1 of π1
as well as for the limiting distribution of the largest eigenvalue.

3.3 Generalizing the Tracy-Widom distribution.

36

It is actually possible to extend the connection between Wishart-like random
matrices and directed percolation models with exponential waiting times. The
exponential random variables can actually be deformed along both rows and
columns as follows. Let π1 , . . . , πp , π̂1 , . . . , π̂p be fixed real numbers such that
πi + π̂j > 0 for any 1 ≤ i, j ≤ p. Let W = (Wij )i,j=1,...,p be a p × p array
of independent exponential random variables with E(Wij ) = (πi + π̂j )−1 . For
any 1 ≤ N ≤ p, we consider the so-called last passage time in this percolation
model:
X
Y (N, p) := max
Wij ,
(3.14)
P ∈Π

(ij)∈P

where Π is the set of up-right paths from (1, 1) to (N, p).
Let then XN be a p × N random matrix with independent complex Gaussian
entries


1
.
(3.15)
Xij ∼ N 0,
πi + π̂j
Theorem 17 (Borodin & Péché (2008)[9]). Let λ1 be the largest eigenvalue of
∗
. Then, for any x,
XN XN
P(Y (N, p) ≤ x) = P(λ1 ≤ x).
The proof of Theorem 17 is rather indirect. The distribution of Y (N, p) is
obtained from a limiting argument in the geometric directed percolation model,
which is related to the so-called Schur measure studied by Okounkov (2001)
e.g. Interestingly enough, the directed percolation model can also be used to
study the joint distribution of the random Young diagrams obtained by the
RSK algorithm applied to matrices filled with independent but not identically
distributed exponential random variables; the expectation of the (i, j)th entry
is equal to (πi + π̂j )−1 . The computation of the joint eigenvalue density induced
∗
by XN XN
is obtained by the Itzykson-Zuber-Harisch-Chandra integral.

3.3

Generalizing the Tracy-Widom distribution.

Using the directed percolation model, we introduce hereafter some new distributions generalizing the Tracy-Widom distribution. This definition is given in the
context of processes. The Dyson Brownian Motion is a random matrix process
where the entries of the random matrices execute a Brownian Motion. This
is the natural dynamical extension of the GUE. The joint eigenvalue process
defines this time a so-called determinantal random point process, whose correlation functions are given by the determinant of some block matrix (see Borodin
& Rains (2006) Eynard & Mehta (1998) for instance). The time-dependent version of Airy kernel (given in (2.6)) is usually referred to as the extended Airy
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kernel and is defined by:
Z ∞


e−λ(t1 −t2 ) Ai(y + λ)Ai(x + λ)dλ , if t1 ≥ t2 ,

0Z
KAi (t1 , x; t2 , y) =
0


e−λ(t1 −t2 ) Ai(y + λ)Ai(x + λ)dλ , if t1 < t2 .
−
−∞

Originally obtained in Praehofer & Spohn (2002) via asymptotics of a polynuclear growth model in 1+1 dimensions, the extended Airy kernel arises virtually
in every problem where the usual Airy kernel comes up, provided that the
probability measure in question is equipped with a natural Markov dynamics
that preserves the measure. In particular, it describes the edge scaling limit
of Dyson’s Brownian motion on GUE, the change in the quadrant last passage
time when the observation point moves (see e.g. Johansson (2003)), and edge
behavior of large random partitions under the Plancherel dynamics related to
the longest increasing subsequences of random permutations (see e.g. Borodin
& Olshanski (2006)). Time-dependent extensions of kernels from this family
appeared in Imamura & Sasamoto (2007) on asymptotics of the totally asymmetric simple exclusion process (TASEP). In Borodin & Péché (2008)[9], a new
Airy-like time-dependent correlation kernel with two sets of real parameters is
introduced. It is obtained as a limit of a directed percolation in a quadrant
which has both defective rows and columns. This latter kernel generalizes all
the kernels mentioned above.
Let J1 , J2 be given integers, and X = {x1 , x2 , . . . , xJ1 }, Y = {y1 , y2 , . . . , yJ2 }
be given sets of real numbers satisfying xi > yj for any 1 ≤ i ≤ J1 and any
1 ≤ j ≤ J2 .
Definition 6. The extended Airy kernel with two sets of parameters is defined
by
KAi;X,Y (t1 , x; t2 , y) = KAi (t1 , x; t2 , y)+
!
Z
Z
3
3
J1
J2
1
eyτ −τ /3−xσ+σ /3 Y
t 2 + τ − xi Y
t 1 + σ − yi
dσ dτ
−1 ,
(2πi)2 γ
τ + t2 − σ − t1
t + σ − xi i=1 t2 + τ − yi
Γ
i=1 1
(3.16)
where the two contours γ and Γ are chosen as on Figure 3.2.
We can only show that the kernel KAi;X,Y arises as a scaling limit of the
correlation kernels of the determinantal point processes related to the directed
percolation model in a quadrant for some well chosen parameters πi , i = 1, . . . , p
and π̂j , j = 1, . . . , p. We believe the extended Airy kernel with parameters to
arise in the edge scaling limit of the joint eigenvalue process induced by the
∗
sequence of growing random matrices XN XN
, N = 1, . . . , p. Yet, we are unable
to prove this result so far.
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Figure 3.2: The contours of the parametrized extended Airy kernel.

For any fixed values of t1 and t2 , the kernel of Definition 6 is a finite rank
perturbation of the extended Airy kernel. One does not have to stop at considering finitely many perturbation parameters. By taking limits with number of xi ’s and yj ’s going to infinity, one arrives at the following kernel. Let
± ∞
± ∞
{a
Pi∞}i=1± and±{bi }i=1 be four±sequences of nonnegative numbers such that
i=1 (ai + bi ) < ∞, and let c be two positive numbers. Set
+

Φa,b,c (z) = ec

z+c− z −1

∞
− −1
Y
(1 + b+
)
i z)(1 + bi z
+
− −1 .
(1 − ai z)(1 − ai z )
i=1

(3.17)

Then the kernel
KAi; a,b,c (t1 , x; t2 , y) = KAi (t1 , x; t2 , y)


Z
Z
3
3
1
eyτ −τ /3−xσ+σ /3 Φa,b,c (σ + t1 )
+
−1 ,
dσ dτ
(2πi)2 γ
τ + t2 − σ − t1
Φa,b,c (τ + t2 )
Γ
−
where the contours are chosen so that all points 1/a+
i − t1 and ai − t1 are to the
+
−
right of γ, and all points −1/bi − t2 and −bi − t2 are to the left of Γ, is readily
seen to be a limit of kernels of Definition 6. Interestingly enough, functions
(3.17) also parametrize stationary extensions of the discrete sine kernel, see
Borodin (2007). They also appear as generating functions of totally positive
doubly infinite sequences Edrei (1953), and as indecomposable characters of
the infinite-dimensional unitary group, see Okounkov & Olshanski (1998) and
references therein.
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Open question:
It would be interesting to define a random matrix model
where this extended kernel with parameters arises in some scaling limit. It
is the most probable that the “Wishart-like” ensembles considered hereabove
would fulfill such a condition. The main difficulty with these models is the
computation of the conditional joint eigenvalue density of MN +1 given MN
if MN +1 = MN + XX ∗ , where X is a Gaussian vector independent of MN
and with independent but not identically distributed Gaussian components.
Forrester & Rains (2005) have investigated this problem when the components
are i.i.d. random variables but their techniques need to be extended to consider
the general case.
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Brézin, E. & Hikami, S. (1997), ‘Spectral form factor in random matrix theory’,
Phys. Rev. E (3) 55, no. 4, 4067–4083.
Bronk, B. V. (1965), ‘Exponential ensembles for random matrices’, J. Math.
Phys. 6, 228–237.

BIBLIOGRAPHY

44
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Péché, S. (2003), Universality of Local eigenvalue statistics for Sample Covariance Matrix Ensembles, PhD thesis, École Polytechnique Fédérale de Lausanne, Switzerland.
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