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1. Introduction

Let Xy,..., X, be a sample of i.i.d. random variables with common density

f{z), = € R'. Consider the problem of estimation of the unknown entropy

(11) AU = - [ fa)inf(a)da.

This problemn has various applications in hypothesis testing and information the-
ory, and was studied in many papers starting from Dobrushin (1958) and Tarasenko
(1968). There exist two main approaches to the construction of entropy estima-
tors. First, the “plug-in” approach which consists in substitution of f(z) in (1.1)
by suitable nonparametric density estimators (see Gyorfi and van der Meulen
(1987,1990), Dudewicz and van der Meulen {1987), and the references therein).

We shall not pursue this approach here.

The second approach is based on spacings. Let X, 1 < X, 0 < ... < X, be
the order statistics of Xy, ..., X,. Consiclgr the statistic

R ] o n
(12) Hm_n. - ; ; In (E(Xﬂ,i-i-ﬂl - Xﬂ.,i)) 3

where m is a positive integer less than n. [l turns out that under appropriate
conditions this statistic is a consistent {in probability or a.s.) and asymptotically
normal estimator of I{{f) as n — oo. In fact, a simple heuristic argument suggests

™m
that X, i1 — Xpi & ———
o ’ nf(Xn,:')

empirical approximation for FI{f).

if m/n — 0 as n — oo. Thus, Hp o is a kind of

The asymptotic properties of ﬁm'n (and versions of it based on spacings of
order 2m} have been studied by Cressie (1976), Vasicek (1976), and Dudewicz and
van der Meulen (1981). Note that (1.2) is a special example of a more general

statistic

1= n
1.3 T = — h(-— Xpiom—X )
(1.3) , n; —(Xnism = Xng)

where h is some measurable real-valued function. Statistics of type (1.3) have been
investigated by Bickel and Breiman (1983), Hall (1984,1986), Beirlant and van
Zuijlen (1985), Beirlant {1986), Khashimov (1989) and van Iis (1992) under various

conditions on h, that sometimes include the case h{z) — Inz, and sometimes not.
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Let us give here a brief summary of the results concerning the asymptotic
behaviour of F{m‘n as n — oo0. We distinguish between the two cases: )m—

as n — og, and 2) m is fixed.

1) m — oco. This case was considered in the papers of Vasicek (1976),
Dudewicz and van der Meulen (1981), Beirlant and van Zuijlen (1985), Hall (1986),
Beirlant (1986), Khashimov {1989), van Es (1992).

The asymptotic properties of the statistic (1.3) were studied under various
assumptions on h and the density f. For our case of h{z) = Inz it was proved that
ﬁm,n (or one of its modifications) is a consistent (in probability or a.s.) estimator
of H{f) provided m,n — o0, " 0, and f satisfies some general couditions
(Vasicek (1976}, Beirlant and vag Zuijlen (1985)). The asymptotic distribution of

ﬁmjn was derived under the following assumption on f:
(1.4) f is ¢ bounded density which s bounded away from zero on its support.

Hall (1986, Th. 3) and van Es (1992, Th. 4) show that if (1.4) holds and
m — m, — oo, then under some additional regularity conditions and conditions
_on the speed with which 7n — oo, one has
£ %
(1.5) vV Hp o — H(f)) = N(0, Var (In f(X1))),
as n — oo. The variance Var {In f{X)} is the smallest possible variance for
entropy estimators in the local asymptotical minimax sense {Levit (1978)). Hence

o~

H,. » proves to be an asymptotically efficient entropy estimator if 7 — oo

2} m fized. It turns out that for m tixed ﬁm,n is not a consistent estimator

of entropy and has asymptotically the constant bias Y{m) — Inm, since
{1.6) ﬁnhnﬂﬂ(f)ﬁ—‘l’(m)—lnm, m=12 ..,

in probability, as n — oo, where ¥ denotes the digamma function,
¥(z) = —(InT'(z))". In particular, ¥(1) = ~Cg where Cg is the Euler constant:

)
Cp—— -/ e tlni dt — 0,5772 .. .. The result {1.6) was proved by Hall (1984) for

o
densities satisfying (1.4). For the uniform density f this was known earlier (see

Tarasenko (1968) and Cressie (1976) and the references therein). Clearly, (1.6)

suggests that for m fixed we can correet our estimator, and consider
Hyn=Hpupn—¥(m)+Inm
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which is a consistent cniropy estimator.

For the asymptotic normality of ﬁm‘n with m fixed we refer to Cressie (1976},
Dudewicz and van der Meulen (1981), Hall {1984) and Beirlant (1986), who prove

that under some conditions including (1.4) we have

Vi(Hmn ~ H()) Y (0, (2m? = 2m } 1)¥'(m) — 2m + 1 + Var [In FXDD,
as n — oo. In particular, ¥/(1) — =2 /6, and thus for m =1
~ T ?T2
Va(Hpn — H(f)) 2N (0, T 1+ Var []nf(Xl)]) )
]
We note that
(2m? — 2m -t DV (m)—2m+1>0, m=23,. .

Therefore, ﬁ'm‘ﬂ is not an asymptotically efficient entropy estimator for m fixed.

»

Note that the results on the asymptotic normality of ﬁm,n and H, mn Telate
to the densities satisfying (1.4) which is a rather restrictive class. For densities
with unbounded support there are for f]m'n only the consistency results by Vasicek
(1976) and Beirlant and van Zuijlen (1985) available. So far no rates of convergence
were given. In this paper we establish the J/r-convergence result for another

entropy estimator based on spacings on a class of densities with unbounded support.

We study the estimator which is somewhat different from H, mn and is defined
by

1 TL
1.7 HY = =31 O+ 1n2+ Ck
( ) n n;n(np)'{ ni+Gg

where C'g 1s the Euler constant,
pi = min{an, min |X; — X;|},
J#

and @, — 0 is a sequence of positive numbers. In the following we assume
that an = 1/v/n. Definition (1.7) gives a truncated version of the estimate of
Kozachenko and Leonenko {1987), who considered the case p; = I'H;J‘l 1X; — X5
In the Kozachenko Leonenko estimator we have, instead of the dii%ercnce of two

order statistics of the type X,.;;1 — X, or of the type Xnir1 — Xnio1 (as in
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?Im,ﬂ for the case m = 1 or m = 2, respectively), the minimum of two differences
of two order statistics of the first kind, viz. min{Xn 41 — Xniy Xni— Xnia1}-
This estimator may therefore be interpreted as intermediate between the versions
of ffm,n for m — 1 and m = 2. In fact, the additive term In2 is analogous to the
case m — 2, which is due to the fact that in each p; the order statistics Xni-1
and X, ;41, which are separated by two steps, are present. However, the Euler
constant appears as in the case of m — 1 since H? depends on the spacings of

order }.

For technical reasons it is more convenient to consider the estimator which s

the slightly modified version of (1.7}:
(1 8) H. - 1 ic
- n n Fr i

where ¢; = In{2p;v(n — 1)},v = exp{Cg}. Note that, the \/n-consistency of the
estimator (1.8) entails the y/n-consistency of (1.7}.

The advantage of the Kozachenko-Leonenko estimate is that its definition
can be easily extended to the case of V _dimensional X;, in contrast to the usual
entropy estimators ﬁ'l__,,, o 1,n based on one-dimensional spacings. Kozachenko
and Leonenko (1987) prove the mean squared consistency of their estimator under
rather general conditions on the density f in the multivariate case.

-

In this paper we consider the estimator H,, in the one-dimensional case only.

1
In Theorem 1 we prove that the bias of H, is of order O (7_—> , n — 0. In
n

1
Theorem 2 we show that the variance of H,, is of order 0 (—) Thus, our esti-
Tt
1 .
mator H, converges to IT{f) with the rate O (—) which is the best possible

Jn

rate for the estiruation of density functionals in the asymptotical minimax schnse
(Levit (1978)). However, we don’t specify the constant factor which multiplies the
rate of convergence. Qur results hold for densities f with unbounded support and

ezponentially decreasing tails, such as the Gaussian density.

2. The results

Assume the following

(A0) [ f(@)|in f(z)ldz < oo.

(Al) [ is twice continuously differentiable and strictly positive on R
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(A2) [ f{@)exp(—bf(z))dz < Cb~ L.

Here and later C stands for finite positive constants, possibly different.

The following theorem gives the rate of convergence for the bias of H,.

Theorem 1. Assume (A0)-(A2). Then for the estimate {1.8) we have

1
/ n; I - O H
E(H,) — H(f) (—\/ﬁ)

as 7 -— 00.

Now we give the convergence result for the variance of /f,,. The conditions
on f for this result are in some respect less restrictive than in Theorem 1, and we

state them separately

(B1) The density f is Lipschitz continuous and strictly positive on R

sup  f(z)
(B2) There exists a > 0 such that thg integrals ff(;c) E-_rlf% dx,
- &I
sup  f(z)\’
/f(:r] lro=lse In? flz)dz are finite for 7 — 1,2, 3.
f(=)

Theorem 2. Assume (A0), (B1), (B2). Then jor the estimate (1.8) we have

E(H, — () = O (%) |

a8 n— 00,
From Theorems 1 and 2 we get the following corollary which is the main result

of this paper.

Corollary. Assume (A0)-(A2), (B2). Then the estimate {1.8) is /n-consistent

in the mean squared sense, i.e.

E ((Vr[H. — H(N))?) = O(1),

Notc that the conditions (131) and (B2) for the variance convergence are rather

general, and they hold for densities with polynomially decreasing tails. The main
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restriction is given by (A2) which, in fact, is almost equivalent to the condition
that f(z) has exponentially decreasing tails. One can easily check that if f(z) is
bounded and

C1 exp(—alzl?) < f(z) < Crexp(—alzl”)

for some constants 0 < C; < Cy < o0 a >0, 8 > 1, and |z large enough, then
(A2) is satisfied. For example, (A2) holds for the Gaussian density.

3. Proof of Theorem 1

We introduce some notation. Set,

b = 2yan(n — 1) = 29(n— 1)/ V/m,

and for every u > 0 define
u

SRR TCR)

Denote

pi = min | X = X,|,¢ = ln(2ply(n — 1))

and introduce the following conditional distributions
Fi)(u) = Plexpl < u| Xi =z} = P{min{an, min | X, - X;1) < ralu)},
FAE
Fﬂ‘x(u) = P{expC; < u | Xi = I} = P{m;n lX; - Xj| < T'."(’U.} | X‘é — I}
Jitt

-

Set a
() — 1 — exp(~f(z)u/7).
Note that F{l(u) = Fpa(u), u < by, and Fia(u) = 1, u > by (In fact,

€S < 2piv(n—1) < b,.) Using this and proceeding as in Kozachenko and Leonenko
Py g P g
(1987) we obtain

o

H(f) :/ /lnudFI(u) f(x)dz,
(3.1) ’ .
E(H,) — E(¢) —-/ [ln udF, (u)l f(z)dz,
0
and
(3.2) |H(f) - B(H,)| < /[1; + Iy + I3) f(z)dx
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where

I, — |flnud}';(u)

nudF, ;(u) — /h} ud Fp (1)),

a
bn

1
l{'
bfl
I3 — |/1n udFy, p{u) — /lnudFI(uH.
1

1

We estimate these terms separately.

Estimation of I,. By definition

0

Iy — | / In(ty/f(z))e tdt].

b F(T)/y

Consider the two cases: 1) b, f{(z)/y < 1, &nd 2) b, f(x)/y > 1. In the first case
L =] / Inte tdt| < /1]nt|e“dt <C.
b f{x) 0

In the second case

o o

Il = | / In te_tdt| < —/ €_£/2dt = QBXD( bnf )/’Y)
by f(2) b f{z)
~ E;

Since also I{b, f(z)/v < 1} <exp{l — b, f(x)/v) we have

(3.3) Iy SCHbafe)/y <1} 4 2exp(—bnf(z)/7)
< Cexp{—b,f(z)/7).

Estimation of I,.

1

1
(3.4) I, — |/lnuan_,_(u}—/lnudFI(u)]
0

0

< [ lfoatw) ~ fuwldu



where f, ; and f; are the densities of F, » aud Fr respectively. We have

fetw) = L expt= i),
@) = g P} = =570 A e ()
where
T+ra{u)
Spo{u)={1— / iy | Anz(u) = f{z +ra{u)) + flz —ralu)).
x-reu)
By (Al) we get
_ 'u,z
(35) lfﬂ‘I(u) - fn,m(u)‘ < (’m

where

Fonlu) = L 5p2(a),
B

y . X
Now we evaluate the rate of convergence of S:,;z(u) to exp (—-(—lu).

’y
Denote
4T} f( )
T)u
an = (n—1 [ fly)dy ~ ———=
) = )
2—rn{u)
Since f is twice differentiable -
(3.6) lag| < Cln— L)r3(u), Vu
]
Denote A = ——, b — f(z)u/y t a,. Using the inequality

n—1
iexp(% In{1 — bA)) — exp(—b)| < CBH{A]
{(which is true for b > 0 and A small enough) we get that for n large
(3.7) |Sn 2t (u) — exp (— (f(:)u + aﬂ))| < Cfn.
Also, by (3.6)

- o (- (22 10, ) - oo (-2 <

< |exp(—ay) — 1} < C{n = 1)r} ().
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From (3.7) and (3.8) we obtain

87 M w) — exp (__f(f;)“)[ <C (n'r (w) + l)

T

(3.9)

where (' does not depend on z. The same is true if we change the exponent n — |
in (3.9} into n — 2. Thus

510 7. (u)_exp( fte) )f[:c <c (nrd(u) ¥ 1)

¥ T

Combining (3.5) and (3.10) and using the definition of f,(u) we get

2
|f3’.(u) _fn,:::(u)‘ <C(_‘_ t-nr; ( )‘| l) < Cn_l

T

for w < 1. Substituting this into {3.4) we find

- C
(3.11) I < /|lnu|d e
T

b, bn
/ln udFy, p(u) = / {(u)) du,
1 1
b, b,
InudF,( /l 1— Frlu)) du
1 1
Therefore,
bﬂ
1
(3.12) Iy < /—’Fn_x(u) — Fz(u)ld'u.
J ou
1

I z{u) — F; (u)] we use the following simple fact: if

7 < yg where vy > 0 is a constant then there exists ( = C{wy) such that
n —

2

] n-l
(3.13) | (1 - ) - exp(——v)f < Cexp(—v)

n—1 n—1

9



Tt Th [u}

Denote v = (n — 1) f f(H)dt. If u < by, then - i

1 < Crp(u) < vp for some

z—rg{u}
constant vg. For this choice of v (3.13) gives

(3.14) |S7 2 () — exp(—v)| <
2+, () 2
-1 [ s
< Cexp(—) = el
n — 1]

< Cexp(— n 1 ((f(: ) |aﬂ[2)
< C exp{—v) — ((f - ) — l)ri(u))

where we used (3.6). Also, by (3.6

Sexp( Wu),exp Cri(w)(n —1)) —1[

< jﬁexp(—&g——), if u < by

From (3.14), (3.15) and the definitions of Fy, Fn: we find

)
(3.15) |lexp(—v) -—exp(

(316)  |Fuelu) — Fulu)| <

< Cexp (,f(:)u) {%ﬂlil [(f(:)u)zﬂn_l)ri(u}“
com (2 (2] 2

if w < b,. Substitute (3.16) into {3.12). Then we obtain

am e [ () ()

[aw ) (g}

EA

él’? HQ

exH 'u/'y) + / exp(—u'/y)du'
f(=) fi=)

(10 f () + 1)
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Now we use {3.2), (3.3), (3.11), (3.17) and (A0) to obtain the following evaluation

of the bias:
1)~ B <€ | [ Heyexpl-bost@)/ e+ Lo
This proves the Theorem since in view of {A2) the last integral does not exceed
Co L.
4. Proof of Theorem 2.

Consider the joint conditional distributions

P () = PIES <, ¢ <l K= 5, X~ o),

Fozy(uw) = P{e% <u, ¢4 <w| X =z, X;=y}
=1 — P{minly — Xi| > ral2w)} — P{min |z — Xi| = rn(u)}+
k] kA3

+ P{min {z — X 2 ra(u), ity — Xi| 2 7n(1)}.
Since €% < 2p;v(n — 1) < b, we have

(4.1) F (u,w) = Fp py{u,w), ww< b,

“‘I‘y
and Féfg,y(u, w) =1, when u > b, or w > by,

Note that

Fozylu,w)=11if Jx -yl < min{r,{u), ra(w)),
(4.2) 1— Fp pl(u)if |z — yl < raf{w),
Fn,z,y(ua w) =

1 — Fpp{w) if |z — yl < raly),

and, if |z — y| > max(rn(u), ra{w)) then

(4.3) Foay(tyw) = 1 — Fra(u) — Faylw) + (1 - / Fitydt)™
A

where A = {t : jz —t] < m(w)} U {t : ly — | <rn{w)}. Furthermore

n

(4.4) E(H, — E(H.))? = ;L-lg > (EG) - E(G)) -

i,0=1

11



To prove the Theorem it suffices to show

(45) B - (G =0 ().

i

as n — oo, uniformly in i,7 € {1, .. ., n}.

Using {4.1) we get

b bn
Bl | Xi =2, X; = y) = fflnwln wdFy o y(u, w}),
g 0
and
b, bn
we) ) = [ [If [wwimudbuz, s @
o0

Together with (3.1), (4.2}, (4.3) this entails

(4.7) B(CGy) — EHG) =
by b
= __// U;_{hl"”ln“dsz(u)an.y(w)

b bn
_ / / lnwlnuan_,;'y(u,w)j\ f(x) f(y)dzdy
d 0 "

Q1+ Q24 Ws
where

lell [ Inunwf(z) fy)dFn 2.y (u, w)dzdy,

D(u,w)

@=-/ ] [ munuf@ @R

0 0 |g—y|>rn{v)tra(w)

_dFu‘:l:,y (us ‘I,U)]dEdT},

b, ba.
as=-{/ [ w0 b oy

¢ O Diu,w)

D(u,w) = {x,y: max(rn(t), re(w)) < | — Yl < ralu) + ra{w}}

12



(Note that the inetgration is restricted to the region where |z — yl > max(ry(u),
rn{w)) in view of (4.2), (4.3)).

Lt us estimate the terms ¢;, 7 =1,2,3.
Estimation of Q1.

We have that if ,y € D{u,w) then
b
Foxgy(u,w) =1 — Fyz{u) — Foy(w)+(1— _/f(t)dt)"‘_2

where a = min{y — rn(w), = — rp(w)}, b= max{y + ra(w),  +ra(u)}, and there
exist two possibilities: 1) a = y —rp(w), b= z+ 7 (u) or 2) a = = — 7 (1),
b=y | r,(w). Since both cases are symmetric we assume in the following that
a =1y —rn{w), b=z +r,(u), and we estimate only the part of ()1 corresponding

to this choice of a,b. For this part of Q3 we have z =y —z > 0, and the density

-

of £, o 4 has the form -
fn,r,y(u:w) =
Hn-2) 1 v "
-3k 2) JOdt | Tt ) (5= ralw).

(n—1)2 (27}

—rn{u)

Thus, instead of Q; it is sufficient to estimate the integral

bn b
G = G{u,w) Inu lnwdudw
Tjows
where
Cww) = [ [ F@@ =) Sy o)
D{u,w}
yt+ra{(w) nd
(1= [ swa) @< [ e - e
T—Tn{u)
where
Tzt (w) e
L{z} = / flz 4 2)flz+ z +ra(w)) (1 - / f(t)dt) dz.
0<2<rn () + 7 {w) s—raln)

13



Denote fin(z) = sup f(z+ z). By the Lipschitz condition of f
|z/<30y

zt+ztr,(w)
(4.8) / Ft)dt > F(z)(z + ra(w) + ra(w)) — Clz 4 ralw) +ra(w)”
—ra(u)

> fla)(ra(w) +ra(u)) — Clra(w) + rafu))?
since 0 < z < r,,(u) + 7o (w). From (4.8) we find (usc 1 —x < e~ %) that

(49) L(z) < Cfl(z)exp(—(rn(u) + ra(w))f(z)(n — 4))x
x exp{C{n — 4)(ra{u) + ro(w))?)(ra(u) + ro(w))
< Cra(t) + ro(0)) F2 (2) eXP(—(ra(as) + rn(w)) S} = 4))

ifu,w < by,

This gives

te] 50[[771mu| | Ins| (r () + 7 (1)) X
0o

x exp(—(ra(t) + Ta(w))f(z)(n - 4))dudw| f(z) fi.(z)dz

Using the definition of r,, and denoting v’ =« fanlz), w' = wfon(x) we find

(4.10) |G} < —[{77% (@ fo (D] [Ia(w’ o (@) +w')x

fm(x) dez.
=)

x exp(—~C(u' + w'))du'dw }f( )

The integral here is finite in view of the following lemma which is a simple conse-

quence of (B2).

Lemma 1. Under the conditions of Theorem 2 the integrals

/f fl,,, ff fm (z}|de,

ff( f“‘ f@)de, §=1,2,3,

14



are finite for n large enough.

It follows from {4.10) and from Lemma 1 that G = O{1/n) as n — oo, and thus

1
(4.11) Q:1=0 (;), as n — oo.
Estimation of (Jy.
|z —y| > ra{u) + rafw) then

Frzy(u,w) = 1= Fpo(u) — Foy(w) + Sp22 (u,w)

where
z+rn (u) y+7a{w)
Selww) = (- [ soa- [ sow,
x—rn{u) y—rn(w)
dF, g p{u, w) = %%Amy(m) z(u)Sy x4y(u w)dudw.
Thus

¥

dFy (w)dF, y(w) — dFy 5 y(u,w) =

R
(27)?

= |G1{u, w) + Go{u, w) + Galu, w)| dudw,

(n-2)(n—3)

D z(u)Ay y(w) {S::‘;z(u)s:‘f w) - (n—1)2

Sh e y('u w)} dudw

where
G (w, ) — @%ﬁan,rgu)an,y(w) ST (w872 (w) — $772 (w, w)]
1 —-2}{n—3
Golu,w) = E (1 — (_nh(;z_{(l)T)) A2 (u)Ap (w) any(u,w),
Gau, w) = H(ET])«_)E Ay 2 {u) Ay, (W) (Snxy 0, W) 1) ‘S::fy (u,w)
and

sz_i / f hwlnw[ [ G (u,w)f (2) (y)dzdy | duduw
0 0

lz—y|=ra{w)+r, (w)
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Let us estimate Qs first. Consider G;(u,w). Note that since for every «, 820

(1=(atB)+aB) 2 =(1—(a+8)"
(n

0 <
< (n — 2)afexp(—(n - 1){a + 5 — af))

we have

(4.12) 0 < 52;2(1; Sey 2(1{)) 22 (u,w) <

) Y7 ()
<2 [ swa [ rwax

TTa(u) Y—Tn (w)

na:y

ztr, y+ra{w)

xexp[—(n—l)([ t)dt / f(t)

z—rn(u) y- rnfw)

r+r,(u) y+ra(w)

- [ swa [ f(t)dt)}g

T—7n(u) y—Tn {10}

R SR ()

where we used the fact that u,w < b, and that f is Lipschitz continuous. Also
(413) 0 < An,r(u) < 2f1‘n($)'

By (4.12}, (4.13) we get

Cuw

0. Gituw) < S g2 @) ) ex (ﬁ(mu L f(y)w)) .

Thus

n bn
/ [lne| | In wiuwx
0

c\.‘r

wia) @< | [

X exp (—;(f(z)u + f(y)w)) dudw} £2 (2) f2 (y) () f ly)dady

< %f[ [ lIn u|uexp (—%f{m)u) du} X

[ /i 1nw|wexp( e )w) dw]f;"ﬂ(z)ff,;(y)f(z)f(y)dccdy.

0
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Changing variables: u' = ufon(z), w' = wfon{z), and using Lemma 1 we obtain

1
et us estimate (Qoo now. We have
—2
416 0SS <o~ e+ S )

These inequalities together with (4.13) give

|Q22] < %/[bfnb]nnm Hn wluaw x
exp( Lt + 1)) | rn(o) i) ) )y

Proceeding as in (4.14), (4.15) we prove that

1
(4.17) Q22;O(_), as n — 02C.
T
To estimate the term Q23 we use a similar argument: apply (4.13}, (4.16) and the
inequality
0<8?2_ (uw)—1< —_l—(fl (z)u+ fin(y)w)® + ———%—(fl (x}ut
- = -2 " yn—1)"""
2
fin{ylrw}) + m(fln(m)u + fin(y)w).
Thus, we get
1
(4.18) QQ:;ZO(—), as 1 — 00.
n
Combining (4.15), {4.17) and (4.18) we get
' i
{4.19) Q2=0 (—), as n — 0o,
72
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Estimation of (3

We have

|Qaf =

f Inwlnwf{z) f{y)frz () fny{w)dzdydudw) <
Df{n,w)

y
0
T+ Tn (1) +rn (W)

< EQ—lﬂgff(ﬂ:)dE / Fly)dyx

g—rp (u)—r,{w)

c\“’"

bry b
X ]/Hnu! |lnw]52;2(u)S,’:;Q(w)Aﬂ'm(u)An‘y(w]dudw,
0o

since on D(u,w) we have
£ = n(u) ~ Ta(w) Ly <z +ra(u) +ralw).

Also by this reason on D{u, w)

(4.20) Apy(w) <2 max fly+) <2 max flz +t) =2fin(2),
" and
(4.21) 0< St IQy(u w) < exp (_’y?n_—-zl) (u+ w)f(:e:)) .
In fact,
y b (w) Y+ ()
FOde > 2 (yrate) = [ V) = 2
y—rn(w) y—rn{w)
> ———f(z) - Cdj,
v(n—1)

Applying (4.13), (4.16), (4.20}, (4.21) we find

T4 7o {u)+ra{w)
Qs <C f F(2)f2 (2)dz f F(y)dy

z—rn(uw)—ralw)

n bo
X filnu[ [1nw] exp(——f(z){u + w))dudw <
0

ck\."‘

<

2O

b bn
[f z) fi () d.cff + w)|Inu| | Inw|exp( ——f( V(u + w))dudw.
. 00
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Now we act as in (4.14), (4.15) and use Lemma 1 to prove that the integral is
finite. Thus,

(4.22) Qs —~ O (-) as . — 0o,

In view of (4.7), {4.11), (4.19) and (4.22) the proof of Theorem 2 is complete.
5. Conclusion

In this paper we established the mean-squared /n-consistency of entropy
estimators for a class of densities including those with unbounded support. The
method of the paper can be generalized to the case of multivariate densities as

mentioned in the introduction. This will be the subject of our future work.
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