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Abstract

We consider the problem of nonparametric estimation of signal singularities from
indirect and noisy observations. Here by singularity we mean a discontinuity (change—
point) of the signal or of its derivative. The model of indirect observations we consider
is that of a linear transform of the signal, observed in white noise. The estimation
problem is analyzed in a minimax framework. We provide lower bounds for minimax
risks and propose rate-optimal estimation procedures.

Résumé

Cet article a pour but d’étudier le probleme d’estimation non-paramétrique de sin-
gularités d’un signal a partir des observations indirectes et bruitées. Les singularités que
nous considérons ici sont des points de discontinuité (points de rupture) du signal ou
de ses derivées. Nous étudions le modele ot ’on dispose d’observations indirectes d’une
transformée linéaire du signal dans le bruit blanc gaussien. Le probléeme de ’estimation
est analysé dans un cadre minimax. Nous obtenons des minorations du risque minimax

et nous proposons des estimateurs qui sont optimaux en vitesse de convergence.

1 Introduction

Let us start with three estimation problems which motivate our study.

Problem 1. [Estimation of a change-point in derivatives.] Consider the Gaussian white
noise model

dY (t) = f(t)dt + edW (1), t € [0,1], (1)

where f is an unknown periodic function on [0,1], € > 0, and W is the standard Wiener
process. Assume that f is o times differentiable, and f(® is smooth apart from a single
discontinuity of the first kind at the point 6 € [0,1]. We are interested in estimating the
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change-point 6, and the amplitude a of the jump. When « is not integer then f(® is
understood as the Weyl fractional derivative of f. Let m = |«] (here |a] stands for the
integer part of o). We say that f (™) has a cusp of the order o — m at 6.

Problem 2.  [Change—point estimation in the convolution white model.] The white noise
convolution model is given by the equation

dY (t) = (K f)(t)dt + edW (t), t € [0,1], 2)

where f is a periodic function on [0, 1], € > 0, W is the standard Wiener process, and the
operator K is that of the periodic convolution on [0, 1]:

1
(K F)(t) = /0 K(t— s)f(s)ds.

The function f is assumed to be smooth apart from a single discontinuity at 6 € [0,1]. The
goal here is to estimate the change-point # and the jump amplitude a.

Note that the derivative change-point estimation is a special case of Problem 2. Indeed,
assume without loss of generality that f has zero mean value. Then for any o > 0 the
operation of Weyl’s fractional integration is expressed in terms of convolution:

Co) = (KO = [ Kt i K= S
FE0 = (KNO = [ Kalt =311 0= 3 o

In this case estimating a change—point in f from observations (2) amounts to estimating a
changepoint in f(® from observations (1). For more details on fractional derivatives and
integrals of periodic functions we refer to Samko, Kilbas and Marichev (1993, §19).

Problem 3. [Delay and amplitude estimation.] Let S be a known periodic signal. Assume
that we observe the trajectory Y = (Y (t)), t € [0,1] where

dY (t) = [aS(t — 0) + q(t)|dt + edW (), t < [0,1], (3)

a € R\{0} is unknown nuisance parameter, § € [0,1], ¢ is an unknown smooth periodic
nuisance function, ¢ > 0, and W is the standard Wiener process. We are interested in
estimation of the delay parameter # and the signal amplitude a. To ensure that 6 is
identifiable in this setup, some additional conditions on ¢ should be imposed. For instance,
one can require that function ¢ is smoother, in a certain sense, than S.

Change-point estimation and detection is one of most important tasks of statistics and
as such it retained much attention of statistical and signal processing community (cf. the
books Ibragimov and Has’minski (1981), Basseville and Nikiforov (1993), and the references
therein). This problem is also well represented in the literature on nonparametric regression
estimation (cf. the works of Korostelev (1987), Yin (1988), Miiller (1992), Wang (1995),
Raimondo (1998), Gijbels, Hall and Kneip (1999), Antoniadis and Gijbels (2002), among
many others). Certainly, among the estimation problems, presented above, it is Problem 1
that was treated most extensively. For instance, Korostelev (1987) considered minimax
estimation of the change-point in f from direct observations (v = 0). A remarkable result
in Korostelev (1987) states that the minimax risk over the class of functions having a single
change-point and satisfying the Lipschitz condition away from the change-point is €2, while
the minimax rate for the sequential (Markov) estimator is e2lne~!. In the problems of
sequential estimation of a change-point in the signal (o = 0), or in its derivative (o = 1),
precise asymptotic expressions for the minimax risk have been obtained in Freidlin and
Korostelev (1995). It has been proved there that minimax rate of sequential estimation
of the change-point in the derivative (o = 1) from observations (1) is (¢2lne~1)'/3. The



problem of minimax estimation of cusps and change-points in derivatives (o > 0) is much
less studied. For instance, Raimondo (1998) has developed a suboptimal wavelet estimator,
some suboptimal change—point estimators were proposed recently by Huh and Carriere
(2002) and Park and Kim (2004).

A problem of change-point estimation closely related to Problem 2 has been stud-
ied by Neumann (1997). In particular, the minimax rates of convergence for change-
point estimation in the density convolution model are derived in that paper. Namely,
for the class of probability densities which are Lipschitz-continuous away from the change-
point, Neumann (1997) shows that the minimax rate of estimation of the change-point is
min{n~2/(2#+3) ,n~1/26+1)} where n is the size of the observation sample, and 3 is the
ill-posedness index of the convolution. With usual calibration n=/2 = ¢ this result can be
translated to the white noise convolution model. Recently Goldenshluger, Tsybakov and
Zeevi (2006) have studied the problem of change-point estimation in the convolution model
(2). They have extended the results of Neumann (1997) to the classes functions which are
smooth, except at the point of discontinuity and provided a number of minimax results for
this problem.

In the statistical literature Problem 3 is mainly studied under parametric assumptions,
i.e. when ¢(t) = 0 (see, e.g. Ibragimov and Has'minski (1981, § 7.2), Kutoyants (2004)). For
some related models we refer also to Golubev (1989) and Dalalyan, Golubev and Tsybakov
(2006).

In this paper we propose a unified framework to study Problems 1-3. We show that
estimation of the change—point 6 and the jump amplitude a in Problems 1-3 can be reduced
to the problem of recovering the frequency and the amplitude of a complex harmonic
oscillation in the presence of random noise and a deterministic nuisance. To be more
precise, consider the following sequence space model

yr = aexp(2mikd) + gi + ok, k€ N,

where g = (gx) € CN is an unknown nuisance sequence, o = (03) € CN is a given sequence,
and € = (&) € CN is a sequence of independent standard complex-valued normal random
variables.We demonstrate below that this model includes the aforementioned Problems 1-3
as special cases. Then we concentrate on the study of theoretical accuracy limitations in
estimating 6 and a, and develop corresponding rate-optimal procedures. Our frequency
domain estimation technique is closely related to spectral analysis of time series and fre-
quency estimation. There is vast literature on estimation of complex harmonic signals from
noisy observations (see, e.g., Hannan (1973), Rice and Rosenblatt (1988), and the recent
book Quinn and Hannan (2001) for further references). In the forthcoming second part
of this paper (Goldenshluger, Juditsky, Tsybakov and Zeevi (2006)) we develop adaptive
estimators of # and a that do not require prior knowledge of regularity of the nuisance
sequence (gg)-

The rest of the paper is organized as follows. In Section 2 we formulate the estimation
problem in the sequence space and establish its relationship to Problems 1 — 3. We define the
estimator of the jump amplitude and study its properties in Section 3.2. Finally, Section 3.3
is devoted to the change—point estimation. Proofs of main results are given in Section 4,
auxiliary results are relegated to Appendix.

2 Sequence space problem formulation

Consider the following model in the space of sequences
yr = aexp(2mikl) + gr + coii, k €N, (4)

where a € R, 6 € [0,1] are unknown constants, g = (g;) € CN is an unknown nuisance
sequence, 0 = (03) € CN is a given sequence, and ¢ = (&) € CN is the sequence of



independent standard complex-valued Gaussian random variables: (R&g, S&) ~ N(0,1).
The goal is to estimate 6 and a using observations yi, k € N.
For a real-valued function f € Ls[0, 1] we denote (fj) the sequence of Fourier coefficients

of f:
1
fe= / f()e*™*at, ke Z.
0
Note that, as f(t) is real, f_, = fx (here Z is the complex conjugate of x). This is why, in
what follows, we only consider the part of the sequence (fx) for & > 0.

We will assume that the nuisance sequence (gx) belongs to the Sobolev ellipsoid G(L),
s>—1,0<L <o,

Gs(L) = {g e CN| i lgi |2k < L2}.
k=1

We will refer to the function f to belong to the ellipsoid G4(L) if the sequence of its Fourier
coefficients is in G4(L). The sequence (o) is assumed to satisfy the following assumption:

Assumption (A). Forsome f>1/2and0<o <7
ok < |op| <TK°, VkeN. (5)

The general scheme that we develop in this paper can be applied to a variety of cases, in-
cluding the setup of infinitely smooth nuisance functions and /or severely ill-posed problems
when |oj| grows exponentially with k. These extensions do not introduce major conceptual
difficulties and require only a technical care. They are left beyond the scope of our work.

Let us show that Problems 1 — 3, formulated in Section 1, can be expressed in terms of
the observation model (4).

Problem 1. If f(&) has a single discontinuity of size a at 6 € [0, 1], then it can be uniquely
represented as

FO) =aV(t—0)+qt), telo,1], (6)

where V(t) = 1/2 — ¢ — [¢] is the “saw-tooth” function, and ¢ € G4(L), s > 1. We note
that (6) is the standard way of representation of discontinuous functions in the theory of
Fourier series [see, e.g., Zygmund (1959, p. 9)]. Then the model (1) is equivalent to the
sequence-space model (4) where

g€ Gs_1(2nL), o} = (2rk)** T2 (7)
Indeed, as .
Vi = { (27?@&) , k ;igz
and, due the periodicity of f, go = 0, the Fourier coefficients of the function f(® in (6) are
f,ga) = a(2mik)"te®™*0 4 g, ke NT, and féa) =0.
On the other hand, the model (1) is clearly equivalent to
2= fr+eme, k=0,1,2..

where z, = fol e? kY (t), and ny are ii.d. standard complex-valued Gaussian random
variables. Note that
£ = (—2mik)* fp, keNT.
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Thus we obtain for g = (=1)*(2mik)* ™ 21, g, = (2mik)q and & = (=1)**F 1y,

yp = ae®™ 0 L gp + ope&y, ke Nt

with (o) and (gx) which satisfy (7).
Note that the problem of estimating the change—point in f from observations (1) [as in
Korostelev (1987)] corresponds to the model (4) with oy = 27k, i.e. 8= 1.

Problem 2. Suppose, as above that the decomposition f(t) = aV(t — 6) + ¢(t) hold,
and ¢ € G4(L). Assume that the Fourier coefficients (K}) of the kernel K do not vanish,
moreover, let for some o > 1/2 and 0 < ¢ < C' < oo the kernel K satisfy:

ck® < |(Kp)7Y < Cke.

When using the same arguments as above we conclude that the model (2) can be equiva-
lently rewritten in the form (4) with

o =21k |(Ky)7Y, ke NT; ge G, 1(2nL).

Observe that the relation (5) holds with 3 =« + 1 and ¢ = 2wc and 7 = 27C.
Problem 3. Suppose that in the model (3) g € G5(L) and for some 3 < o < s and
O0<e<(C<o
ck* <|S; ' < Ck*, keNT.
Obviously, the model (3) is equivalent to (4) with
or =S, ke N, geGo(CL),

with ck® < o, < Ck*.

3 Main results

Our objective in this section is to bound the minimax complexity of the problem of esti-
mating parameters a and 6 in the model (4). With some terminology abuse we will refer
to 0 and |a| as change-point and jump amplitude. Let us first introduce some notation.

3.1 Preliminaries

Complexity measures. Let 6 be an estimator of § based on observations (yk), asin (4).
We measure the accuracy of 8 with the maximal risk

~ ~ 1/2
Rf:Go(D)]= s (BE@-07)"
9€GS(L), 0€[0,1]
(here E(-) = FEjp4(-) stands for the expectation with respect to the distribution of (&)).
The minimax complexity Rj[Gs(L)] of the estimation problem (the minimax risk) is defined
by
RylGs(L)] = inf Ry[0; G (L)),
8

where the infimum is taken over all estimators 6 (i.e., measurable functions of observa-
tions). Note that the minimax risks of #-estimation depend on |a|, but we do not indicate
this explicitly to alleviate the notation. Similarly, in the problem of estimating the jump
amplitude |a|, we define

Ra[a@: Gs(L)] = sup (B@ - la])®)"?, R:G(L)] = inf Ra[@; Gs(L)).
geGs(L),0€(0,1],aeR a

The following construction underlies the estimator design:



Contrast functions. Let N be a positive integer number, a design parameter to be
chosen. Consider the following random functions:

7. - _omikt |

In) = | > me ™| el (8)
k—N+1

Hy(t) = Z Z — Dyrgie 2T EDE e o,1]. 9)

k=N+1j=N+1

In fact, J, ~ is nothing but the rescaled periodogram of the data yj, confined to the spectral
window {N +1,...,2N}. Observe also that Hy(t) = —Jx(t). We denote

2N N
In(t) = a2‘ Z eXp(—Zwik(t—H))‘
k—N+l
Hy(t) = 2mia? Z Z ) exp(—2mi(k — j)(t — 0)).

k=N+1j=N-+1

Note that Jy and Hy correspond to the functions, defined in (8) and (9), when y, =
aexp(2mik®). Let

t) = ‘ 221\5 —27T’ik‘t‘2 _ (SiIl?TtN)2 U (t) = _F! (t) (10)
- k—N+1e “\sinat /0 OV T TANYD

Fn(-) is the standard Fejer summability kernel up to a normalization (Zygmund 1959). It
is easily seen that

In(t) = a®*Fn(t —0), and Hy(t) = a*Un(t —6).

The parameters 6 and a admit useful characterization in terms of functions Jy and Hy. In
particular, # is the unique global maximizer of Jy, and the corresponding maximal value
is a2N?2. Furthermore, let §_ and 6, be, respectively, the (unique) global maximizer and
the unique global minimizer of Hy. Then 6 is the unique zero of Hx on the segment with
the endpoints at 6_ and 6, (}:E is also the midpoint of this segment). Further, as we show
in Section 4.1, the functions Jy and Hy converge to Jy and Hy uniformly on [0, 1].
Construction of our estimates for a and 6 is based on statistics Jy(t) and Hy(t) and
exploits the aforementioned properties of their “ideal counterparts”, Jy (t) and Hy(t).

3.2 Jump amplitude estimation

Now we turn to the problem of the jump amplitude estimation. We set

iy = N~ max \/Jn(t).
te(0,1]

Theorem 1 Suppose that Assumption (A) holds true. Let a, be the estimate, associated
with
N =N, =min{N : eVIne~lo,(N) > (v/3/2)LN~*+1/2}, (11)
where oy(N) = 233N v, 07. Denote
281 2541

e = — poe (O’E\/ Ine~ > e (12)

Then there exists a constant C = C(8,s) such that for all0 < e <1
Rulas; Gs(L)] < Cpe,  for any a € R. (13)



Our next result is the lower bound on the minimax risk.

Theorem 2 Suppose that Assumption (A) holds. Denote
26-1 shias
e = L25+2 (ge\/ln 5—1> . (14)
Then there is ¢ = ¢(3,s) > 0 such that for any € small enough the minimaz risk satisfy

RZ [GS(L)] > COe.

Remarks:

1. When comparing the bounds of Theorems 1 and 2 we conclude that the estimator a, of
|a| is rate minimax. This result comes without much surprise. Consider, for instance,
the problem of recovering the amplitude of the discontinuity in the derivative f(%).
In this case the rates ¢, and ¢., coincide, up to a constant, with the minimax rate of
estimating the function f(® in the uniform norm from observations (1) or (4).

2. The derived minimax rate of convergence follows from the fact that in our definition
of the minimax risk the supremum is taken over all ¢ € R. In particular, the lower
bound of Theorem 2 is achieved on worst—case signals with jump amplitude a tending
to zero as ¢ — 0. If in the definition of the minimax risk the supremum is taken
over all |a| separated away from zero by a given constant, then the minimax rate of
convergence is faster by the logarithmic factor.

3. In the case when an estimate of the sign of a is also required the corresponding
estimator can be easily constructed. To this end, let us consider the random function

9N,
My, (t) = R Z ype 2R
k=Na+1

and set the estimator § of signa as follows: 5 = sign(]\/i N, (7)), where T is a global
maximizer of Jy, (t). Note that My, is a perturbed version of the “ideal” function

S sin mN,(t — 0)
MNa (t) =aR k:%:—i_l Yk eXp(—QTFZk'(t - 9)) = am COS[(3Na+1)7T(t—9)]

One can show that P(s # signa) converges to zero exponentially as € goes to zero.

The aggregate M N, can be of interest on its own. It can be proved that the estimator

~ -1 Y
a = N, " max |Mp,(t
7 s |, ()
obeys the bound of Theorem 1. This study is, however, beyond the scope of the
present paper.

3.3 Change—point estimation

Estimator construction. The proposed estimation procedure is based on the represen-
tation of # as the unique zero-crossing of the function Hpy on the segment delimited by the
global minimizer and the global maximizer of Hy. Therefore, the estimation algorithm is
two—staged: at the first stage a localization for the “active segment” of Hy is computed



using the global extrema of the empirical function H ~; then 0 is taken as a zero of H N on
the localizer.
Let

~

0 = in Hy(t), 0, = Hy(t). 15

arg min, N(t), 04 =arg max n(t) (15)
Consider the localizer 7. = [min(a_, §+),max(§_,§+)]. The estimator Oy is defined as a
root of the equation Hy(6n) = 0 in the interval Z.:

/H\N S ﬁN(é\N) =0.

If 0 ~(+) has several roots on Z. we pick any one of them, if there are none, we set § = §+.

Risk bounds for §N. We present here the upper bounds for the maximal risk of §N. We
split the admissible range 3 > 1/2 of Assumption (A) into two zones: 1/2 < 3 < 3/2 and
B > 3/2. According to the argument in Section 2, the first zone corresponds to estimation of
a change—point or a cusp of the order < 1/2 from direct observations, while the second one
covers the problems of estimating change-points in derivatives. The choice of the window
parameter (the value of N) and the rate of convergence of 6y are quite different in those
zones. The next two theorems state the upper bounds on the maximal risks separately for
these two cases. Let us denote

2N 2N
op=0p(N)=N* Y o+ N> > Ko} (16)
k=N+1 k=N+1

Due to Assumption (A), one can easily verify that for some C, < o0, o, < C,, N p+5/2,

Theorem 3 Let Assumption (A) hold with 3 > 3/2 and let 8. denote the change-point
estimate O associated with

N = Ny = min{N : e0,(N) > 2LN~5T5/2}, (17)
-1

where o, is given in (16). Let ¢ < 6~ L(C,7)~! and

26—1 2s+1
la| > cL?+% (5e)25+25 VIne~! (18)
for some constant ¢ which depends only on (,s. Then there exists a positive constant

C =C(8,s) such that

2543
2s

Rolf.; Go(L)] < Cla|~' L7772 (5e) 272+ (19)

Theorem 4 Let Assumption (A) hold with 3 € (1/2,3/2]. Assume that

2s+1

ﬁ7
af = LB (evineT) o)

and
la| > dTevine!
for some constants ¢ = ¢(3) and ¢ = ¢ (B). Let Cn = Cn(B) be a certain positive constant

(it is specified explicitly in the proof of the theorem), and let @, be the estimator of |a|
defined in Section 3.2. Consider the estimator 0., associated with

= LCN (EE\/%Y/(?B—DJ.
Then

— 2 _3-28
Rol0.: Go(L)] < C(%) 25-1 (lne_l) 2(2ﬁ71)7 (21)

where C' depends on (3 only.



Lower bounds. We present here two minorations of the minimax risk. The first one
states that if the amplitude of the jump is less than a specific threshold, namely, the
minimax rate of estimation of |a|, then consistent estimation of € is impossible.

Theorem 5 Let
¢ = L2125 (Ee In 6—1>
(cf. also (14)). Then there is c = c(3,s) > 0 such that for any 0 < |a| < c¢s one holds :

Ry[Gs(L)] > c.

The following bounds remain valid for “large” values of |al:

Theorem 6 Let Assumption (A) hold. If f > 3/2 then for some ¢ = ¢(f3, s),

* 1283 2543
R@ [GS (L)] 2 C‘CL’ [, 2B+2s (gg) 25+20 |

If1/2 < 3 < 3/2 then for some ¢ = (f3),

oe(lne™h)"12 3 =3/2

mG.o) = { SN 1Y L

Remarks:

1. Let us consider the result of Theorem 4 along with the lower bounds in Theorems
5 and 6. We observe that in the zone 1/2 < § < 3/2 the risk of the estimator 6,
differs from the corresponding lower bound by a logarithmic factor. We are almost
certain that there is no logarithmic factor in minimax rate (cf. the result of Korostelev
(1987) for the case 8 = 1). In fact one can show the rate with the iterated logarithm.
However, we do not know if the estimator 6 can be modified to attain the minimax
rate.

It is worth to mention that in the case 1 /2 < 3 < 3/2 the preliminary estimates 0
and 6 attain the rate of convergence O([evIne=1]?/(25=1)) which differs only by the
factor VIne~! from the rate, given in (21) of Theorem 4.

2. As far as the zone 3 > 3/2 is concerned, we observe that the upper and the lower
bounds (Theorems 3 and 6) are the same up to a constant, at least in the case

when |a| > c¢.(In 5_1)% (see also Goldenshluger, Tsybakov and Zeevi (2006)).
On the other hand, we have seen (cf. Theorem 5) that in the case |a] < /¢, the
consistent estimation of € is impossible. It can be shown (and it can be readily
seen from the proof of Theorem 3) that for “intermediate” values of |al, i.e., for

28-1
cp: < |a] < ep-(Ine1)2@F+25) | the consistent estimation is possible, though the
maximal risk in this case is larger than that in (19) by a logarithmic factor.

3. Let 7 = argmax¢y jNe (t) [see the proof of Theorem 1]. One can choose T as
an estimator of the change-point 6. It can be shown, however, that this estimator
suboptimal. In particular, the maximal risk of this estimator converges to zero at
the rate ¢(2515)/(46+4s) which is worse than the minimax rate e(2513)/(26+2s) On the
other hand, the estimator 7 can be used on the preliminary stage of é\* to provide a
“good” localizer [T — Nie, T+ NLQ] for the active segment of Hpy,(-).



3.4 Application to derivative change—point estimation

Let us see how the main results in the previous section apply to Problem 1 from the
introduction.
Suppose that the derivative f (@) admits the representation

F() = aV(t—0)+q(t), te0,1],

where V' is the saw-tooth function, and ¢ € Gs(L) with some s > 1/2. The argument in
Section 2 implies that the model (1) transcribes into the sequence space model (4) with
the parameters (cf. (7))

g€ Gs_1(2nL), oF = (2rk)** T2,

Thus, the results above apply with the substitutions s — s—1, 3 = a+1, 0 =7 = (27)*+L,

Assume, for instance, that our objective is to estimate the change-point in the first
derivative of f (i.e., @ = 1), and that the nuisance regular component g belongs to G4(L).
The results of the previous section (for # = 2) imply that the minimax risk of the amplitude
estimation is of the order [ev/In e—1](2s=1/(2542) the same as the “critical” amplitude (which
bounds the zone where the consistent estimation of the change-point is impossible). The
minimax risk of estimating 0 is e2*t1)/(25+2) as soon as |a| > O(Egz—l% VIne~1). In particular,
for s = 1 we have the rates (evIne=1)"/* and £%/* respectively.

If we wish to estimate the cusp of the order, say « = 1/2, then 8 = o+ 1 = 3/2
and the minimax rate of estimating 0 is e (up to the factor vIne~!) independently of
the smoothness of the deterministic nuisance component g. At the same time, the jump
amplitude can be estimated with the accuracy [eVIn 5—1]32—;} that depends on smoothness
of g. The case of direct observations (cf. Korostelev (1987)) corresponds to a =0, § = 1.
The accuracy of the change-point estimator, proposed here, is €2vIne~1, while the jump

2s—1

amplitude is estimated with the rate (evVIne=1) = .

4 Proofs of main results

In what follows C; and ¢; stand for positive constants, which can depend only on § and s,
and which values are of no importance.
We start with some technical statements which will be used in the sequel.

4.1 Preliminary results

Now we are to establish uniform bounds on deviation of Jy(¢) and Hy/(t) from Jy(t) and
Hy(t), which are in the basis of all further developments. For this purpose we introduce
the following notation. For N > 1 let {wn(t),t € [0,1]} and {vn(t),t € [0,1]} be given by

2N 2N
wn(t) = Y opbee T uy(t) = Y koplpe TR (22)
k=N+1 k=N-+1

Clearly, {wn(t)} and {vn(t)} are zero mean complex—valued stationary Gaussian processes
with variances

2N 2N
02 =02 (N)=2 Z o, o02=0i(N)=2 Z k2o, (23)
k=N-+1 k=N-+1

Let A > 1, B be a subinterval of [0,1], B C [0, 1], we define

Aj(NN,B) = {weQ:suplwn(t)| <2 oy}, (24)
teB

Ag(A\N,B) = Aj(\N,B)N{w e Q:suplon(t)] < 2oy} (25)

teB

10



In all what follows we write A;(\; N) and Ag(A; N) for Aj(A\; N, [0,1]) and Ag(A; N, [0, 1])
respectively. The probability of events A;(A\; N, B) and Ag(A; N, B) are easily controlled;
see Lemma 6 in Appendix.

The next two statements establish upper bounds on estimation accuracy of ) ~(t) and
Hp(t) when these events occur.

Proposition 1 Assume that g € Gs(L). If w € Aj(\; N, B) then

sup [ In(t) — Jn(8)] < ps(N) + 822A\%02, + 4eM|a|Noy,
teB

where

2N 2N

20 ) lgeD)?+20alN D (gl

k=N+1 k=N+1
6L2N "2+ 4 2\/3|a| LN ~5+3/2, (26)

ps(IN)

IN

Proof: By definition of .J; ~(t) and in view of (4) we have

In(t) = a Zk N+ Z?N/VVH exp{—2mi(k — j)(t — 0)}
+ 3N N1 2= 11 9k exp{—2mi(k — j)t}
+e2 Zk N4l Z] N4l 01€ra;&j exp{—2mi(k — j)t}
+2R Zk N+l Zj N+l ae?™ kg, exp{—2mi(k j)t})
+2R Zk N+l Z] SN+ aeQ”ik‘ge&j{j exp{—2mi(k — j)t})
+2R (N Zj:N—i—l egr0;€j exp{—2mi(k — j)t})
1)
= I+ T 10,
and now we derive upper bounds on the terms IL(]l) (t),l=1,...,5.

It is immediately seen that

2N 2N

o< (Y lad) s IP0OI<2aN D gl

On the set A;(\; N, B)
1P = 2wy (1)? < 4622262, |19 (1)] < 2la|N|wn ()] < 4|aleroy,.

Furthermore, noticing that \I§5) )] < |I§1)(t)\ + ]152) (t)| we finally obtain that

2N 2N

2
2( Z |gk|) + 8¢2X\%02 4 2|a|N Z lgk| + 4|aleoy,
k=N+1 k=N+1

= ps(N) +8°N%02 + 4|aledo,,

Ty (t) — I ()]

IN

as claimed. Inequality (26) is a straightforward consequence of Lemma 7 of Appendix.

|
Proposition 2 Assume that g € Gs(L). If w € Ag(\; N, B) then
sup |[Hn(t) — Hy (1) < pu(N) + 321e2 X200, + 167|alera, (27)

teB

11



where 0, = 0y(N) = N?0y, + Noy, and

2N 2N 2N
pu(N) = 81 > klgel > lgil +167[alN? D g;l.
k=N+1 j=N+1 j=N+1
< 32rLAN"27%2 4 327 L|a| N~5F%/2, (28)

Proof: By definition of Hy(t) we have

Hy(t) = 2mia® Zk N+1ZNN+1( — j)exp(=2mi(k — 5)(t — 9))
+2mi Yl N1 2= N+1(k 7)9kG; exp(—=2mi(k — j)t)
+2mie? 3N —N+1 Z N+1(k7 — J)or0 &k exp(—2mi(k — j)t)
+473 (S v ?NN 21k = jaexp(2mik)g; exp(—2mi(k — j)t))
+4med iNNH N+1( ja eXp(ka‘H)J]&j exp(—2mi(k — j)t))
ameS (T3 w1 S (5 — )08 exp(~2ri(k — j)1))

1)
= Hy()+ X0, 17t )
and we bound Ig) (t) ,l=1,...,5 from above.
First we note that

) 2N 2N
L0 < 4r D Elgl Y gl

k=N+1 j=N+1
2N 2N 2N
3 .
IO < dxlal Y kY gl +anlaN Y gl
k=N+1 j=N+1 j=N+1
2N 2N 2N
< 2WIGIN[(3N+1) > olgil+2 > j|9j|] < 16mlalN* D gl
j=N+1 J=N+1 J=N+1

Furthermore, \IS) )] < |I§)(t)| + \Ig) (t)| and on the set Ag(\; N, B)
121 < 4ane?lwn ()| [on ()] < 1672220202

2N
P 0 < dmelal(fon(®)] > k+ Nlon(0)])
k=N+1

< 16meN|a|(N?0y + Noy) = 16med|aloy,.

Combining all these inequalities we obtain (27). Inequality (28) is an immediate conse-
quence of Lemma 7. [

Under Assumption (A), 02 (N), 02(N) and o2(N) admit the following bounds in terms
of N

A NPT < 62(N) < C2a2N¥H (29)
A NP3 < g2(N) < C*F*N2P+3 (30)
Ao NP5 < 02(N) < CZEEN?PT5, (31)

Here the constants ¢, Cy, ¢y, Cy, ¢y, Cyy depend on 8 only and can be easily computed
explicitly. In what follows all these constants are regarded as known because the sequence
(o) is given. R

The next proposition establishes a bound on the accuracy of preliminary estimators 6,
and O_ (see (15)).

12



Proposition 3 Let
Ap(\;N) = pg(N) 4 167|aleroy, + 3272 X200,

where pg(N) is given in (28). Let N > 6 and X\ > 1 be such that

2N3
Ap(nN) < 2 — (32)
Then for all w € Ag(A; N)
0<B, <0+ i -2 <d <o
==Vt ey 5N ==
Proof: Assume that Ag(A; N) holds; then by Proposition 2
sup |Hx(t) — Hx(t)] < Ag(A ). (33)

te[0,1]
We prove the statement of the proposition by contradiction. Define

ty = arg max Hy(t t_ = arg min Hy(?).
+ gte[O,l] N(®), gte[O,l] N(®)
By Lemma 8 in Appendix, t; € [0,0 + %] and t_ € [0 — %, 6]. Tt is sufficient to prove the
statement of the proposition for #,; the proof for 6_ is identical in every detail.
First, assume that 6 + % <Oy <O0+1- % We have

~

Hy(ty) < Hy(04) < Hy(04) + Au(XN)

= Hy(ty)+ Ap(\N) + [Hy(04) — Hy(ty)],

where the first inequality follows from definition of §+, and the second one is a consequence
of (33). Now we observe that by Lemma 8(iv) and by the origin of Uy (t)

1
Hy(ts) — Hy(t) = a® ti) — ] > =a2N3
W)= H() =@ [Un() = max U] 2 5
so that
7 < Aw(h: V) — La2N3 1o
Hy(t+) < Hy(ty) + Ag(%N) = 5a®N® < Hy(ty) — a*N°, (34)

where the last inequality is in view of (32). Thus we have that
~ 1
|Hy(ty) — Hy(ty)] > ZaﬂN?’, Vw € Ag(A; N),

which contradicts (33) and (32). Hence 6 & (8 +1/N,6 +1 — 1/N) whenever Ag(\; N)
holds. R

Now assume that 0 € [0 + (1 —n)/N,0 + 1/N]. In this case, by the same reasoning
and by Lemma 8(iv) with choice n = 1/5 we obtain that

Hy(ty) — Hyx(t) > d?|Un(ts) — Un(t
W) = g e () 2 @ [Ux() - omex Ux(o)]
> az(gN?’—N?’):%azN?’;

13



recall that Un(-) is defined in (10). Therefore the same inequality (34) leads to the con-

o~

tradiction. It is shown similarly that on the set Ag(A; N), 64+ cannot lie in the interval
(0 — %,0); here we use the fact that

Hy(ty) — Hy(t) = Hy(t.) > 3a2N3
N( +) te[arzl?;{zv,e} N() N( +)_ a

because MaXerp 1 g) Hy(t) = 0. "

The bound of Proposition 3 indicates that on the set Ap(A; V) the preliminary esti-
mates 0, and f_ are within distance 4/(5N) from the target value 6. In other words, the
preliminary estimates localize properly the target value when Ag(A; V) occurs. Choosing A
in an appropriate way, we will ensure that the event Ay (\; N) will be of ”large” probability.
This will allow to control the probability of ”proper localization”:

~ ~ 4
_ — — 1 < (A <AL
P{I0- =01V 182 = 0] > =} < P{AZS M)}, V1 <A < dman(N),
where ]
Amax(V) = max{A > 1| Ag(\N) < Za2N3}.

4.2 Proof of Theorem 1

Let 7 = arg max;¢g ) Jn, (t); then

@3 — a®| = N 2|In.(7) = I, (6)]. (35)

The following bounds on N, follows from (11) and (29)

L 1/(B+s) L 1/(B+s)
V3(2C,7)  ———— < N, < (V3(2c,0) ' ——— +1 36
< ( ) 5\/1n6—1> a a < (2cu0) s\/lne—l) (36)
For any A > 1 we have on the set A;(\; N,)
IngF) = In(0) > Jn, (0) — As(N N, (37)
InN0) = IN,(T) = IN,(T) — Ay(A; Na), (38)
where
A\ N,) = pr(Ng) + 822X262 (N,) + 4eX|a|Nyow(Ny). (39)

These inequalities follow from definition of 7, Proposition 1, and properties of function Jy,
[see Lemma 8 (ii)]. We obtain from (37) and (38) that for all A > 1

TN, (F) = In, (0)] < Ay Ny), Vw € As(X; Ny). (40)

Therefore

BlTx ()= I OF = ElTn, () — I, 0P 1A Na))
+ ElJN, (7) = I, (0) 2 1{LAG (A No) }
= Pl + P27

where as shown above, P; < A%(\; N,).
Our current goal is to bound P». Using the fact that 6 is the point of global maximum
of function Jy, (-) we have

TN () = TN, (0) = Tn, (7) — In,(7) + I, (F) — I, (0) < I, () — I, (7).

14



On the other hand, by definition of 7 we have

~

ING(F) = TN, (0) = TN, (F) = T, (0) + In,(0) = I, (6) > JTn,(0) — Jn, (6).
Combining two last inequalities we obtain

[T, (F) = I, (6)] T, (7) = TN, PV [T, (0) = T, ()]

<
< supgepo,q) |[Ina (8) — I, ()]

Therefore

P2 S 4E Sup ’jNa (t) - JNa(t)’2 ]‘{ACJ()\7 Na)}
te(0,1]

Using the same reasoning as in the proof of Proposition 1 we can write

sup |Jn, () = Jn, ()] < 2p5(Na) + 227 sup |wy, (£ +2¢[a|N, sup [wy, (1)].
te(0,1] te(0,1] te(0,1]

Denote ¢ = supcjo 1] [wn, ()]; then

E sup |Jn,(t) = Jn, (£)]* 1{AG(\ Na)}
te(0,1]

< 16p%3(Na) P{AG(X; No)} + 16" E[C11{AG(X; No)}] + 82 |af* N E[C*1{A5(X; Na)}]
= P33+ P+ Ps.

By Lemma 6 in Appendix, and by definition of N, we obtain
Py < 16A%(X\; N )P{AG(\; No)} < c1A%(N; No)AN, exp{ —2)?}.

Furthermore,

Py = 16*E[¢'1{¢ > 2\0y,}] = 8&? / P{¢* > t}dt
(2Xow)*

= 641 (2)00,)? / t3P{¢ > 2\ot}dt < coet(Aow) AN, / texp{—2)%t?}dt
1 1

[e.e]
= c354anNa/ the 2 gt < cse ol No A3 exp{—2)%},
A

and
Py < 8s2|a|2N3/ P{¢% > t}dt
(2Aow )2
= 16€2|a> N2 (2)\0y,)? / tP{¢ > 2 oyt }dt < c4e?|al> N2 (Ao )? A / t2 exp{—2\2t?}dt
1 1
< C5€2|a|2N20'3}/ 22t < cee?|al?N3o2 X exp{—2)?}.
A
Thus we get
5
Py < Z P;
=3
< erhexp(—2)?) <NGA?,(A; N,) + ' Nyod 32 + 62|a|2N5’0’12U)
< cshexp{—2)%} (NQA?]()\; N,) + et N40+3)2 4 a2ya\2N3ﬁ+4>,
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where the last inequality is a consequence of (29). Choosing A = A\, = V/cglne~! with
sufficiently large constant cg depending on (3, s, and combining the above inequalities we
obtain

1/2 1/2

{E\az —a2\2}

IN

N2 Bl () = I, (0)12)
< NZ2AYOW N + Bl < enollale +22)

a

where . is defined in (12). The last inequality follows from the fact that by choice of cg,
A% (A N,) dominates Ps, and in view of (39), (26), and definitions of N, and ¢,

Ay Na) < (203, (Na) + elslal Naow(Na)) = c12(#2 + |alpe).

To get (13) we use the elementary inequality /| —y| > |\/|z] — /|y|| and the fact
that a2 — a?| > | @, — |a|| - |a|, thus coming to

Rald; Go(D)] < e1s] e + (|l ™'62) A (lalpe) 2] < e

4.3 Proof of Theorem 2.
Let for 0 < 22 <1 ¢ = ¢ and
N =max{N € N: ¢*N>*1 < [?} (41)

L? v Lo N L? 25ies
——— ~1<N< |0 .
02e2Ine—1 ~ \o2e2Ine!

Consider the observations

so that

k= 59 + o, (42)

where (&), k = 0,1, ... are standard complex valued i.i.d. random variables (i.e., (R&x, I&)7 ~
N(0,I)). Here N + 1 signals s9), j =0,..., N are defined as follows:

s = p 2™k (k> N +1) =% — ¥ p=0,1,..., forj=1,.,N

where 0; = j/N, and s =0.
Note first that the sequences (g;g])%

g =il (0<k<N), j=1,..,N,
all belongs to Gs(L). Indeed,

[e'¢) N
Z |91i])|2k28 — o Zk2s < PN < 12
k=0 k=0

by (41).

Let now Pj, j = 1,...,N stand for the distributions of observations (42) which cor-
respond to signals from the family S = {s), j = 1,...,N}, and let = be the uniform
prior probability on S: 7; = % Let now P, denote the Bayes measure for the prior =:
P, = % Z;VZI P;. We also denote Z; = Z—Ilzg, 7j=1,..,Nand Z, = fl% the corresponding
likelihood ratios. Now consider the minimax risk R. of a N+1-point estimation problem:

-~

R.= sup Ej(y; — 1)
j=0,..,N

where ¢; =1, j=1,...,N and 9y = 0.
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Lemma 1 Raz%Q(l—E(Z"f_l)Z).

The proof of the lemma is presented in the appendix. Now the result of Theorem 2 is an
immediate consequence of the following statement:

Proposition 4 Let sc > 0 be a small enough absolute constant. Then

Eo(Zr —1)2 =0 as € —0.

Proof: Note that the likelihood ratio

00 J))2 2
|y — 8;(~C 1 — [yl
Z; = exp <— Z 2&?20]%

k=N+1

| 3 Erde P

2.2
Pyt 2e0} 2ec0}
o .
P (ng cos 2mkO; + C sin 2k0; 2
- exp< Z : ;a 2 2e202’
k=N+1 k k

where (1;,) and ({3, ) are the sequences of i.i.d. standard gaussian random variables, (1, Cx)? ~
N(0,I). Then

1 N
ZW:N;ZJ».

For obvious reason EqZ; = 1. Let us compute Ey(Z2). We have

N N oo
Ey(Z2) = ~5 Z E exp < Z %[nk(cos 21k + cos 2mk6y)
' k=N41
¢2
+Ck(Sin 27T]€9j + sin 27T]€9£)] — ﬁ)
2o}

00 2
Zexp ( Z ;f—ai cos 2mk(6; — 9@))

by defintion of 6;.

—-n

Lemma 2 Let 0 <z <n/9. Then e* < Z;-:& ?—f + \;ﬁ

The proof is postponed till the appendix.
2
Using the result of Lemma 2 we obtain for n > 9?—2 Y N1 ak_2 the bound:

N-1n—1 0 Ry

1 1 2 orkyj o7

E(Z:)? < 14— Z—[ Z oS ] +
| 2.2
N j=0 (=1 ¢ k=Ni1 S Ok N 2mn
e~ n—1 IE(Z)
= v =t 2 13

2mn ! (43)



Note that
N-1

P = 27Tkj
Ie(l) =Nz Z 2 Z cos

k=N+1

However, for k #rN, r € Z, ZJ —g COS 27;\5” = 0. Indeed,

N—

,_.

7k 27Tkj g 21k(N —1/2) . Tk
2sin W; HT+SIDW_O'
Thus
o o ¥ o Y a8
o< = > or SWZ(NJM;N)
k>N+1,k=rN,reZ - k=1
2 ¢2

-1
a2e2N28 Z (14 k) < o2e2N28 (26 -1)7".

The treatment of the generic term [a(e) is a bit more involved. We have

27k1j 2mkej

podE oy () e e
P 3 R
k1

=0 kK>N+1 Thy

where k = (k1, ..., k¢) is the multi-index. Observe that

)4 .
27Tklj o 2meTkj
H E C08 ——
= ec{—1,1}¢

Now we have for any k such that e’k # N, r € Z:

¢ N-1 .
Hcos 27Tkl] 2¢ Z Z cos 27T?;Fk‘7 =0.

=1 ec{—1,1}¢ j=0

=

I\
o

J

In other words, the non-vanishing terms correspond to such k that

¢
Zelk‘l—H‘N:O, r €.
=1

0

Therefore, the sum for Ig( can be rewritten as follows:

0 = Z Z ( >H0_22 -t Z coszﬂikj

g =0 k>N+1 ec{—1,1}*

, ¢2 y4 ¢ )

(%) ¥ Y I«
ee{-11}¥ k>N+1,reZ =1

eTk =rN
v :
—28
() S Y I

ec{-1,1}  k>N+1,r€Z,eTk=rN =1

18
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We approximate the last sum in the RHS of (44) with an integral: note that

00 00 l
oY T "k =rN}

k1=N+1 k(:N—l—l =1

= N—Wi...i ﬁ<1+%>_2 1{—k_r—£}

k1=1 ke—l =1

Nf ! dxy
< _

where = (z1,...,2)7
(

(we have used the fact that the unit volume of the hyperplane

)
T %) points). We conclude that

e’ x = a contains

0 < C(_ ¥\
I < ~N \ ZN2-1,2 2 Z Ju(e), (45)

where

Z/ / 1+x1 25 (1_fx£)2ﬁ5( x —m),

Lemma 3 There is C(8) < 0o such that Jy(e) < C*(3).

The proof is given in the appendix.
When substituting the result of Lemma 3 into (45) we obtain for 11 the bound

1/ o\
1 < N<52N(26)—1g2> (46)

Putting (46) into (43) results in

n—1 1 Cﬁ¢2 ¢

2mn =
e - C(B)yp*?
< 1 Nt — . 4
= V2mn * P <g262N2ﬁ—1 (47)
By the choice of ¢ = ¢. in (14) and (41),
) 2 | 27 _—1 2
W:% WS% Ine SC(S,/B)% In N
for £ small enough. Now the bound (47) implies that
" - C(B)y*?
E(Z.—EZy)? = EZ2-1< - N1 )
( ) ™ = onn + exp o2e2 N2B-1
—-n / 2 _
< e n exp(C'(s,B)»*InN) —1 0
2mn N
as € — 0 if 2C'(s, 3) < 1, what implies the proposition. |

19



4.4 Proof of Theorem 3
Step 1. The following bounds on Ny defined in (17) are easily derived using (31):

1/(B+s)

[2(015)_15 _15} 1/(B+s) 1

<Ny < [2(%@

(48)

Let
A = cl|a|5_1N9_ﬁ+1/2, (49)

where ¢; = ¢1(8,s,0,7) is a fixed constant. We note that A\, > 1 due to (18) with appro-
priate constant ¢. We have

E|f. — 0)> = E|f. — 0 1{Ax(\; Ng)} + E|6. — 02 1{A% (A\s; Np)}, (50)

and our current goal is to bound the two terms on the RHS. From (48), (49) and Lemma 6
we obtain

Bl — 02 1{A5 (A No)} < P{AG (A Np)}

a2 ANy eXpl{—2)\i} (51)

_ 28-3 2543 o —2stl _20-1
csla| L™ 28+2s g™ 26425 exp{—cqa”c” B+s [ B+s }.

ININIA

Step 2. Now our goal is to bound E|f, — 6/21{Ag (. Np)} from above. By definition
of Ny, and due to (48), (18), and (49) one can choose constants ¢ in (18) and ¢; in (49)
depending on s, 3,0, and @ only so that

167|aleaw (Ng) > 32rL|a|N, "2,
3212020, (Ng)o (Ng) > 32mL2N, 212,
167|aleAcoyu(Ng) > 32712 \20,, (Ng)oy (Ny).

Therefore, Proposition 2 implies that on the set Ag(As; Ng) we have

st] |Hy, (t) — Hy, (£)] < Agr(A; Np) < 64r|aled.ou(Ng). (52)
t€[o,1

Furthermore,
1
647|aleA oy (Ng) < 647CyTc1a’ Ny < Za2N5’ (53)
where the last inequality is ensured by choice of the constant c¢;. The condition ¢ <
6_(5*'3)L(Cuﬁ)_1 guarantees that Ny > 6. Thereiore Proposition 3 can be applied. Using
(52) and (53) we obtain by Proposition 3 that [0, — 6| < 4/(5Ny) whenever Ag(Ai; Np)
holds.

Now we argue that on the set Ag(As; Ng) function H N, (+) necessarily has a zero in Z..
Indeed,

A\ No) € {w . \H, (t) — Hy, (t)] < 647r\a]€A*au(Ng)}. (54)
te[0,1

On the other hand, if D denotes the event that H N, (+) has no zeros in Z, then

Dc{w: Hy,(t) — Hy, (t)] > Hy, (t)] }.
c {w: sup 1B () = Huo(0)] 2 ma 1Hoo (0 (55)

By Lemma 8 (iv), maxc(o,1) [Hn,(t)] > 34Ny, while 64r|ale.ou(Ng) < a?Nj/4. This
shows that the sets on the RHS of (54) and (55) are disjoint, so that H N, (-) must vanish
in Z. if Ag(Ms; Ng) occurs. Thus on the set Ag(\; Ng) we have

|Hy, (0.)] < 647|aleA.ou(Ng) (56)
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because H Ne(g*) =0, and in view of (52). Furthermore, (31) and (49) imply that
647|alelso (Ng)(§a2N4)_1 < 1
o 4777 T 5Ny
This along with (56) and Lemma 8(v) leads to the inequality |6, — 6] < 1/(5N).
Let 6 € (0,1/(5Ny)); then

E|0. — 02 1{Arr(\; Np)} < 02+ 3210 6222 P{(5271 < |0, — 0] < 62) N Arr(Ae; No)3,
(57)
where lg = min{l : 62! > 1/(5Ng)}. Let By = {t : 62"~ < |t — ] < 62!}, 1 =1,...,lp; then

P{(62!=1 < |0, — 6] < 62') N A (s No)}
< P{(|Hn,(0.)] > 3a>Ngd2'=1) N A (\s; No)}

< P{(supiep, [Hy, (t) = Hy, (t)] > 3a2N2627) 0 Agr (M No))
— P{(supep, [Hy, (t) — Hy, (1)) > 64xlaleo, (No)A) O Agr (A No)}

~

where the first inequality follows from the properties of Hy, and because H N,(0) =0, and
5
N = Za2N3‘62l_1[647r]a\aau(N9)]_1, 1=1,2,...,1. (58)

Choosing

28—3 2543

_ Gdrlaleoy(Ng) _ cola| NI — oot Lo B

6 =0, =
2N

and taking into account that 2/0=1 < (5Npd,)~!, we get that \; < ., VI =1,...,lp. This
along with Lemma 6 implies that

P{supp, |Hn, (t) — Hy,(t)] > 647|aleo,(No) i} P{AS,(\; No, B))}

<
< cgN|By|Ng exp{—2A7}.

Hence —~
Sy 6222 P{(62' < |8, — 0] < 62) N A (As; No)}
< 82300 9%\ | B[ Ng exp{—2)7}
< 6%(6Np) é():l 231 exp{—22-1} < ¢942.

Combining the last inequality with (57) we finally obtain
Elf. — 6] 1{An (\; No)} < c106%, (59)

We complete the proof using (59), (58), (51), (50) and taking into account (18). ]

4.5 Proof of Theorem 4
We start with the following statement:

Step 1. Let @, be the estimate of |a| defined in Section 3.2. Under conditions of Theorem 1
for any A > 1 one has

A

where Aj(A\; N) is defined in (39), and ¢; is a constant that may depend on 3, & and o
only. Indeed, the inequality (60) follows immediately from the proof of Theorem 1 [cf. (35)
and (40)], and Lemma 6.

AJ()\; Na)
|a|NZ

Gy — ]a\‘ > } < c1\N, exp{—2)\2}, (60)
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Step 2. Let A\, = \/nlne~! where n > 4/(23 — 1). Define

K = min{(327r0w0v62)_1/(25—1)’ (1671'0“5)_2/(26_1)}7

v K ()

First we show that Ag(\; N,) < a®?N2/16, provided that (20) is valid with appropriate
constant c¢. Indeed, by definition of N, we have

and let

327 (e ) 200 (N, ) oy () < 32m(eN,)2CoCy? N29+2 < 42 N3 /64,
where the last inequality follows by choice of K. Similarly we verify that
167|aleA.ou(N,) < 167|aler, CLo NPT/ < a2 N3 /64
again in view of our choice of K. The inequalities
327 L2N272 < o2N3 /64, 32nLla|N. "% < a2N3 /64

are implied by the condition (20) with appropriate constant ¢. Combining these bounds
we obtain that Ag (A Ny) < a®?N2/16 as claimed. This means that if N, could be taken
as the window parameter of the change—point estimate then all conditions of Proposition 3
would be fulfilled. However, this choice of the window parameter is not feasible because |a]
is unknown.

Step 3. Let a, be the estimate of |a| defined in Section 3.2. Recall that the estimate a,
is associated with the window parameter N, given in (11). We set

%= [ Ga) ™)

Now assume that w € Aj(A; Ny). In view of (60),

AJ()\*;N(I)

‘lﬁ*\

Using (39), (36) and (20) we obtain that

X |a| NIT3/2

28-1 25+1
2 N2 = e3(eX)|a| TENPTY2 < oyla| T L2 (eN,) B2 < 1/2
a

V= C2

where the last inequality follows from (20) with appropriate constant c. Further, because

(A = lal(en) 7 L <% 1))

we have that N, (1 —~)¥@=D < N, < N,(1 + v)2@=D on the set A;(\; N,), which, in
turn, implies that

1\2/(26-1)
(2) N., VYw € Aj(A; Na).

N, <N, < <§)2/<2ﬁ—1>

2

Therefore, by the same computation as for Ag (A, Ni) we obtain that

a’N3

8 9

Ap(Ag Ny < Vw € Aj(As; Na).
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Let Ny = (1/2)% @8-V N, N; = (3/2)> -V N, and define

N1
B = BH()\*) mAJ()\*;Na)a BH()\*) = ﬂ A()\*aN)

n=Np
We have
P{B} < P{Bj(\)}+ P{AF(X\; Na)}
N1
< >0 PLAG (O N+ PLAG(A Na) < es (N7 + No) exp{—2A%},
N=Np

where the last inequality follows from definition of Ny, N7 and from Lemma 6.

The further proof goes along the same lines as the proof of Theorem 3 with the event
B playing the role of Ax(As; Ng). Any n > 4/(2(3 — 1) guarantees that the contribution of
the error on the set B to the risk will be small. ]

4.6 Proof of Theorem 5

We provide the proof of the theorem for the particular case a,% = (27k)?%, B € N*t. The
proof for the general case is much more technical and is based on the same ideas as that of
Theorem 2.

Consider the operation of multiple integration, i.e. for 3 € N*

FEN(t) = /0 £ s = /0 (t— )77 f(s)ds

Note that f,g_ﬁ) = (—2mik)~P f;, for any periodic function f € Ls[0, 1].

Now, consider the following construction: let £ = |s|+1 (here |a| stands for the largest
integer < a). Consider a function ¢ : [0, 1] — R which is ¢ times continuously differentiable
and ||¢\¥]|o < C. Furthermore, we require

/¢(t)dt =1, /tkqﬁ(t)dt =0, k=1,2,... 5.

Now, consider for some ¢ > 0, N € N, N > 1 the function gy (t) = [Np(Nt) — 1].
Let

sn(t) = Y[o(t) — 1] — gn(t) = »[6(t) — N(Nt)].
We start with the technical result:

Lemma 4 The signal sy possesses the following properties:
1) there is co > 0 such that for any N > 1, gy € G(s, L) if 9 < coLN~5T1/2;

2) sy has 8+ 1 vanishing moments:

1

N
/ thsn(t)dt =0, k=0,...,3.
0

We leave to the reader the proof of this simple statement.
Let S be the family of translations of singnal sy:

S(])(t):sN <t—%>, jzlj...,N_l-
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With some abuse of notations we denote S,ij ), k > 0 the Fourier coefficients of s(/). Note
that ‘ ‘
Sl(g) = qp 205 _ gl(f), k=1,2,..., forj=1,...,N

where 6; = j/N.

We consider the problem of estimation of the shift parameter 6; of the signal s\ from
the noisy observations (yx), k =0, 1,2, ... of its Fourier coefficients as in (42). Recall that

Yk = S;gj) + e0k&ks

where (&), k = 0,1, ... are standard complex valued i.i.d. random variables (i.e., (R&x, I&)7 ~
N(0,1)), 02 = (27k)?5, B € N+.

Let, as above, Pj, j =0, ..., N — 1 stand for the distributions of observations (42) which
correspond to signals from the family S = {s\9), j = 1, ..., N}, and let 7 be the uniform prior

probability on S. We denote P, the Bayes measure for the prior 7, Z; = Z—g, 7j=1,..,N

and Z, = %.
Now consider the minimax risk R. of a N-point estimation problem:

R.= sup E;(6; — 6)>.
j=1,..,N

Lemma 5 For any 0 <6 < 1,

Ey (Z;V:1 ij) i

>
Re = N%(1-4)

Po(Zy>1—6)—5—

1
3

The proof of this result is put in the appendix.
Now the statement of the theorem follows from the following result:

1
1.2 26+2s
N=|—-———
(&72 In 5—1> ’

and let ¥ = co., ¢ > 0 being a small enough absolute constant, where ¢. is defined in (14).
Then

Proposition 5 Let

Eo(Zr —1)2 >0 as e — 0; (61)
N 2 1
N™Ey | Y iz | - ;0 as e—0. (62)
j=1

Proof: Observe that the observation model (42) is equivalent to the following white-noise
model:
aY; = fCOb)dt 4+ edWy, t € [0,1],

where W} is a complex-valued Wiener process. Recall that by 2) of Lemma 4, all moments of
sy (and those of sU)) are vanishing up to the order 3. If we denote u) () = KsU)(t), then
suppu?) C [%, %], and ) and v have disjoint supports. Furthermore, by construction
of s, w9 (t) < Cyy N=P+1 and

[uD[3 < C2y? N2 (63)
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The likelihood ratio

1 LouN2(4)dt 2
Zj = exp <g_1/ u(])(t)th _ M = exp (g_lunj — K > ,
0

2¢2 2¢2

where 7;, 7 = 1,...,N are ii.d. normal random variables, En; = 0, En? =1, and p =
Hu(l) |l2. Note that the likelihood ratios Z; and Zjs are independent when j # j’.
Now

2
2

N
1 1 1
B(Zx = 1) = 13 >z, -EZ;| = B2 - BE(Z)?) = Nefﬂf -0
i=1

when, for instance, p?e=? < % Further,

N 2 N 2 N 2
B\ iz = (Xi] +E|>iZ-1)
j=1 j=1 j=1
NYN+1)2 L, g2 N4
= — 1 +j§::1] et = T(l—ko(l))

if e < h“TN When taking into account the bound (63), we conclude that the relations
(61) and (62) of Proposition 5 hold true when

P? = NP2 N,

for some absolute constant ¢ > 0. [ |

4.7 Proof of Theorem 6

Consider the following 2—point testing problem: given observations yi = fr + eor€r we
would like to discriminate between two hypotheses

Hy: fi= f,go) =a, VkeNT, and
H: fi= f,ﬁl) = ek 4 g,(cl), Vk e Nt
where h > 0, and

1) _ { a(l—e2™ ) 0 <k<n
g =

0, k>n

for some integer n to be chosen in the sequel. The hypotheses correspond to the model (4)
with a(® = a® = ¢, O =0, 6V = p, g,(go) =0,Vk € NT*, and g,gl) as defined above.
We will select n in such a way that (g,gl)) belongs to Gs(L). We have

00 n
Z ’g]gl) ‘2]{325 < a2 Z ’1 _ e27rikh’2k2s < cla2 min{h2n25+3, n2s+1}’
k=1 k=1

where ¢; depends on s only. Choosing
n=n,= 62(L|a|_1h_1)2/(25+3) (64)

we obtain that (g,gl)) € G4(L), provided that n, < h™1.
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Let Py and P; denote the probability measures associated with observations (yx) in

model (4) with (fx) = ( féo)) and (fr) = ( fél)) respectively. The Kullback—Leibler diver-
gence between these measures is

[e.9]

K(Po, P1) = 2252 2|fk |2
k=1
2 2mikh |2
< 3 S k-1 — et
mln k>TL
8a (1/7‘(‘h o0
< m(r X R Y k). (65)
k=ns+1 =[(1/7h)]+1
First assume that § > 3/2. Choosing
h=ce?a 0?3 o hZC4|a|_1L%€%

we see that n, < h~!in view of (65), and
/C(Po,Pl) < C5 h2 _26+3 + h26 ! < ce < 00

for € small enough. On the other hand, |9(0) — 60 | = h; hence by the standard argument
(see, e.g., Tsybakov (2004, Theorem 2.2)) supgcq, (1, E]H 02> > c7h. This completes the
proof for the case § > 3/2.

If 3 = 3/2 then we have from (65) that K(Py, P;) < cga?c~2h?Inh~!; hence the
choice h = c¢gla|'e(Ine~)~1/2 implies that n, < h~! and guarantees the boundedness
of KK(Py, P1). This leads to the announced result. If 1/2 < 3 < 3/2 then instead of (64) we
can choose n, = clo(L/|a|)ﬁ and the second term on the RHS of (65) is dominant. Thus,
K(Py, Py) < c11a?672h?%~1 and choosing h = cllla\_lsz/(%_l), we complete the proof of
the theorem. [

Appendix

Lemma 6 Let B C [0,1] be a subinterval of [0,1], and |B| its Lebesgue measure. Then
there exists constants C7 and Cy depending on 3, o and & only such that

P{sup |on(t)| > A} < C1|BINPH2 072 exp{—A2/(202)}, VA > 20, (66)
teB

P{sup|wn(t)] > A} < CoBINPH32No2exp{—A2/(202)}, YA >20,. (67)
teB

Here {wn(t),t € [0,1]}, {vn(t),t € [0,1]}, 0o and o, are defined in (22) and (23) respec-
tively. Moreover, for all N > 1 and X > 1 one has

P{A5;(\; N, B)} < C3\|B|N exp{—2)\?},
P{A5(X\; N, B)} < C4\|B|N exp{—2\?},

where events Aj(A\; N, B) and Ag(\; N, B) are defined in (24) and (25).

Proof: In the proof ¢y, cs,... stand for positive constants that may depend on (3, ¢ and
o only. We use the general exponential inequality of Talagrand; see, e.g., Wellner and
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van der Vaart (1996, Proposition A.2.2). Clearly, Eluy(t)|* < 02, and Elwy(t)]? < o2.
Further, for ¢, s € [0,1]

2N
r2(s,t) = Elun(t) —on(s)]* = E‘ Z ko (e 2kt — o= 2miks) ’
k=N+1
2N
< an? Y Kokt — s < et — sPNPTE,
k=N+1

Then the minimal number of balls of radius v in the seminorm r(-,-) covering the index
set B C [0, 1] does not exceed ¢y|B|NP+5/2,=1 Therefore applying Proposition A.2.2 from
van der Vaart and Wellner (1996) [in their notation we put K ~ |B|N?*5/2 ¢4 = o, ~
Nﬁ+3/2] we obtain for any A > 20, that

P{sup ux (t)] > A} < esA|BINPT/202 exp{—\?/(207)}.

teB
Similarly, for {wn(t);t € [0,1]} we have for A > 20,

P{sup |wn(t)| = A} < cxA|B|NPT3/26-2 exp{—X?/(202)}.

teB
It follows from (66), (67) and (29), (30) that for any A > 1
P{sup |on(t)] > 2)\o,} < c5A|B|N exp(—2A?)
teB

P{sup |wy(t)] > 2 0w} < csA|B|N exp(—2A?).
teB

|
Lemma 7 Let N > 1. If g € Gs(L), s > —1/2 then
2N 2N
> lgrl S VBLNTT2 N kjge| < 2N, (68)
k=N+1 k=N+1

Proof: By the Cauchy—Schwarz inequality

2N 00 /2 r N 1/2 oN 1/2
Z lgx| < [ Z !gk\2k28] [ Z k—28] SL[ Z k—2s] .

k=N+1 k=N-+1 k=N+1 k=N+1
We obtain
221\5 2 — 2§N: 25 _ f: =25 < oN1-25 2172 1 < gN1-2s
k=N-+1 k=1 k=1 - 1-2s =

for all s € (—1/2,1/2), iﬁNH k71 <2In2, and

2N o) o)
Z k,—2s _ Z k’_25— Z k‘_28

k=N+1 k=N+1 k=2N+1

1 13251
S [1 - <§) ’ } < 22N 4 1)~ 2+,

27



for all s > 1/2. Thus, Z?ZNH lgx| < VBLN—5t1/2 Vs > —1/2 as claimed in the first
inequality in (68). Similarly,

2N 0 1/2 0 oN 1/2 N 1/2
> kgl < [ > |9k|27<?2$] [ > Wzs”] SL[ > k_23+2] :

k=N+1 k=N+1 k=N+1 k=N+1

and 37N v k722 < ANT2%3 for all s > —1/2 so that the second inequality in (68)
follows.

We establish some useful properties of functions Jy and Hpy.
Lemma 8 (i) Function Fy(-) is periodic on [—1/2,1/2], Fn(t) = Fn(—t).

(ii) Fn(0) = N? is the global mazimum of Fx. Moreover, Fy is decreasing when 0 < t <
1/N, and for N > 4

N2
max Fy(t) < —. (69)
It1> 3

(11i) Function Uy (-) is periodic on [—1/2,1/2], Uy (t) = =Un(—t), Un(0) = Uy(1/N) =0,
and for all N > 2, Un(t) >0, for0 <t < %

(iv) For all N > 6

3
max Un(t) > =N® and  max |Un(t)] < N>
t€[0, 5] 2 telx.3)

(v) Un(0) >0, UN(1/N) <0, Uy(-) has a unique zero in (0, =), and for all N > 6 we

have
Un(t) > 2N%, te0,—] (70)
! ’ "2N
1 1 1 1
> N5t —, =
(vi) Let 0 <n < 1/2; then for all N > 6
max  Up(t) < 5nN3.
te[* 52 5]
Proof: (ii). We prove (69). For 0 <t < 1/6, sinwt > 3t; hence
1 25N% _ N?
max FN(t)S max T_—zﬁ—
= <[tI<1/6 Lo<[t|<1/6 9Tt 97 3
For % <t<1/2, sinwt > 1/2 hence
N2
max Fy(t) <4 < —.
o<l 3
6—"—2
(iii). The proof of this statement is immediate.
(iv). Differentiating we have the following explicit formula for Un(-):
in Tt N tN inmtN
Unle) = TN (oS TIN SV )
sin 7t sin 7t sin“ mt
inmtIN
= 2#% [Sin mtN cos it — N cos 7wt N sin wt} . (72)
sin” i
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Another useful representation of Uy (-) is easily obtained from the definition:

Un(t) = Z Z ) exp|—2mi(k — j)i]

k=N+1j=N+1

2N 2N
= 21 > > (k—j)sin[2m(k — j)

k=N+1j=N+1

N-1
= 47 Y k(N — k)sin(2rkt). (73)
k=1
We have from (72)
1 1 m 16 m
> Un(=—) =2 — > —N3cos — > -N?
tén[OaX Un(?) UN(QN) T = “Pony = 2t P =3

2N

For0<t<1i 5, sinmt > 3t, so that

1 1
max [Un(t)] < 27 max 7[— +N}
+<t<i +<t<i sin 7t Lsin 7wt

< §N2(N+N/3)=i—7;N3§N3, V— <t <

Chl’—‘

1
N
If + <t <1 thensinmt > 1/2; hence we obtain from (72)
max |Un(t)] < 87(N 4 2) < N3.
52
Combining these bounds we complete the proof of (iv).
(v). The mentioned properties of Uy (-) follow from standard properties of the Fejer

kernel. To prove (70) we use (73). Note that sin(27tk) > 0 for all k = 1,...,N — 1
whenever ¢ € [0, z&|. Assume for simplicity that N is even. Then

N/2 N/2
Un(t) > 4m Y k(N — k)sin(2rkt) > 167t Y k*(N — k)
k=1 k=1
N2 N2 5 4
= —_— - >
167rt[24(N+2)(N+1) 64(N—|—2)}_127TN t,
as claimed.
Define Ry (t) = sinntN cos it — N cos wtN sin mt; then by (71)
sinmt N
Un(t) = 2mr——=—Rn(t).
sin” 7wt

Using the fact that sina > —(2/7)a + 2 for a € [1/2, 7] we obtain for t € (1/(2N),1/N)

. 2
—27tN + 2
s11‘17rtN > 7r7T + > ‘17r 2N<i—t) EEN2<i—t).
sin 7t sin 7t sin N T N

Note that Ry(t) > 0, Vt € (5%, &); in addition,

1
f . 2 . .
Ry (t) =m(N* —1)sinwtN sinnt > 0, V—2N <t< N

Thus Ry(t) is monotone increasing in (1/(2N),1/N) so that

i = ()
> V(e fy 2V ()



as claimed.

(vi). We have from (73) for all t € [—1, 1]

N-1
\UN()| = 8r? k*(N — k) cos(2mkt)
k=1
N-1 N-1 9
< 2 2 3] 2 2N2(N — 1)2.
< 87 [Nkz_:lk Hk} “mNA(N 1)

Then because Uy (1/N) =0 and N > 6

2 2
max Uy(t) < 22N} (N —1)2L < w2(§> nN3 < 5N3.
<t 3 6

z|=
[SCE )

This completes the proof of the lemma. |

Proof of Lemma 1: Clearly, R, is minorated with the Bayesian risk 7., which corre-
sponds to the prior distribution P(j =0) = P(1 <j < N)=1/2:

1~ 1 -~ 1 1~ ~
re = inf [—E0¢2 + 5 B (¥ - W} — inf - Fo |2+ Ze(¥ — 0)’] (74)
o 12 2 2
Observe that ¢ = fiZZ’; is the minimizer of (74), so that
¢2 Z7r ¢2 Z7r 1/}2 (Z7r B 1)2
= _F =By |—2r | >E (1-pm
e o U 1+z ] 224z, -1 T 4 0T ’
asp%mzl—xforx>—l. |
Proof or Lemma 2: Indeed,
N © n—1 I'j
€ :ZFSZF“‘gn(g})a
7=0 7=0
where g, (x) = %ex. By the Stirling formula,
1 T\ e "
() < (£) ente <
9n () V2mn \Nn V2mn
for 0 <a <n/9. |
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Proof of Lemma 3: Let, for the sake of definiteness, e = (1,...,1)T. We have

1 O dxy
Y Z_:/o / 1+x12ﬁ (1+£L"é)2ﬁ5( e

00 00 d$1 dl‘g 1 j+1 T
5 B 255(6 T —m)
0 o (I+z)? 7" (1+m1)% J; 1-1-33@

/-1
oo m—1
1 o dxl /OO dxg_l . .
< . ———Im—-g—-1<z1+..4+xp1<m—
- z_: (1 —1—3)25/0 (14 21)28 o (14+mxp1)? (m=J ! ! J)
m=0 j=0
oo m—1
1 /OO dxl /OO dxg_l
< : T _Im <z 4. Az <m+1
mZ:o = NP o A+z)? Sy (L4 we)? ( ' )

IN

. 00 dx; o0 dry_1 23
A+@6-1) )A EZES%”LA +ee ) = @17

Proof of Lemma 5: Again, R, is minorated with the Bayesian risk r., which corresponds
to the prior distribution P(0 < j < N —1) =1/N:

N N
- N~ 1mf Z (60— 0)*| = N~inf By | > Z;(0; — 0)? (75)
j=1 j=1
G 107 L
Observe that § = <i5——— is the minimizer of (75), and
=147
2
N ZN:19'Z' Z]y:1jZ
re = N7'E Ze;zj——< . ) ~ N73E, Zﬁz _(Zhin) ~ )
j=1 Zj:l Zj j=1 ijl Zj

Let now A ={w € Q|: Z; >1—6}. By the Cauchy inequality,

iz
re > N3E, ZJQZ — ( ! j) A)
Zj:l Zj
Note that
N N N
Eg» i*Zj1(A) = Y j°P Z (4)
j=1 j=1 =1
N3 2 al 3 3
> —-P(4) NEEZ: A) > —P(A) — N3}

On the other hand, ) ,
(2;21 ij) Eo (2;21 ij)

——v o 14) <

N
Zj:l Zj
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