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In their paper, Peter Bickel and Bo Li give an interesting unified view of regulariza-
tion methods in statistics. The literature on this subject is immense, so they outline
a general conceptual approach, and then focus on some selected problems where reg-
ularization is used, such as regression and classification, or more generally, prediction.
In this context, they discuss in detail a number of recently emerging techniques, in
particular, boosting, estimation of large covariance matrices, estimation in the models
where the dimension is larger than the sample size.

It is difficult to overestimate the importance of regularization in statistics, especially
in nonparametrics. Most of nonparametric estimation problems are ill-posed, and
common estimators (kernel, histogram, spline, orthogonal series etc.) are nothing but
regularized methods of solving them. The corresponding regularization parameters are
just smoothing parameters of the estimators.

The main ideas of statistical regularization can be very transparently explained for
prediction problems. Assume that X1, . . . , Xn are i.i.d. observations taking values in
a space X , and assume that the unknown underlying function f ? that we want to
estimate belongs to a space F . Consider a loss function Q : X × F → IR and the
associated prediction risk

R(f) = EQ(X, f)

where X has the same distribution as Xi. Assume that f ? is a minimizer of the risk
R(f) over F . Then a classical, but not always reasonable, estimator of f ? is a minimizer
over f ∈ F of the corresponding empirical risk

Rn(f) =
1

n

n∑
i=1

Q(Xi, f).

Clearly, if F is too large, this can lead to overfitting and the minimizers can be nonsense.
On the other extreme, if F is chosen to be too small, we cannot be sure that the true
function f ? belongs to F . So, continuing in the logic of empirical risk minimization, we
need to know rather precisely a class F (the smaller, the better) where f ? lies. This,
of course, is not very realistic in practice, but minimizing Rn over a suitable restricted
class F yields us a first way of statistical regularization. For example, we can minimize
Rn over the class of twice differentiable functions such that

∫
(f ′′)2 ≤ L where L is a

given constant. Closely related is the second way of statistical regularization where a
“roughness” penalty pen(f) is added to Rn(f), for example, pen(f) = λ

∫
(f ′′)2 where

λ > 0 is a smoothing parameter, and the estimator of f ? is defined as a minimizer of
Rn(f) + pen(f).
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These examples illustrate a construction of estimators for a given (fixed) smoothness
of the underlying function. To get adaptation to unknown smoothness or other types of
adaptation, we need one more stage of regularization, typically realized as penalization
but this time over the complexity (smoothing) parameter appearing at the first stage.
For instance, the famous Mallows – Akaike or cross-validation type schemes can be
used.

Such a two-stage procedure works well in many cases. However, it has been recently
realized that often it does not take advantage of the sparseness property. On the other
hand, sparseness is believed to be an inalienable feature of many modern problems of
signal processing and classification where “p is larger than n”, in the terminology of
Peter Bickel and Bo Li. A remedy can be then suggested in the form of alternatative
regularization procedures, with one stage only, which turn out to have optimal prop-
erties both in “classical” and “sparse” cases. One of the main ideas is to use an `1

penalization of the empirical risk or, on a closely related note, minimization of the em-
pirical risk under an `1 constraint. In its earliest and simplest form, this idea appears in
soft thresholding of Donoho and Johnstone for the gaussian sequence model. For other
models, e.g., in regression and classification, it is realized in more recent procedures,
such as Lasso, various versions of boosting or mirror averaging.

Let us focus here on boosting and mirror averaging. Consider a dictionary H of
functions on X . Assume without loss of generality that the dictionary is finite: H =
{h1, . . . , hM}, but M can be very large, for example, much larger than the sample size
n. We believe that the underlying function f ? is well approximated either by the linear
span L(H) ofH or by its convex hull C(H). The aim is then to find an estimator f̃n such

that its risk R(f̃n) would be close to the oracle risks inff∈L(H) R(f) or inff∈C(H) R(f).

To get such an estimator f̃n, we can implement `1 regularization, in particular, some
versions of boosting. We can also use the method of mirror averaging.

Boosting. It will be convenient to distinguish between linear boosting where the
output f̃ of the procedure belongs to the linear span of H (not restricted to its convex

hull), and convex boosting where f̃ belongs to the convex hull C(H). Convex boosting
methods can be viewed as `1 penalized procedures since the set C(H) is determined by
an `1 constraint. Peter Bickel and Bo Li describe a basic linear boosting algorithm for
the problem of classification (cf. (3.8)). Clearly, it can be also written for a general
prediction problem:

• initialize: pick F0 ∈ L(H),
• for k = 0, 1, . . . , k∗, find

(γ̂k, ĥk) = argminγ∈IR,h∈HRn(Fk + γh)

and set Fk+1 = Fk + γ̂kĥk,
• output f̃n = Fk∗+1.

Here the stopping time k∗ ≤ M − 1 is a regularization parameter of the algorithm. It
can be selected by classical methods, as mentioned above, by adding a second stage
of the procedure, i.e., a minimization of some criterion penalizing for large values of
k. This is realized for the regression problem with squared loss by Bühlmann and



DISCUSSION OF REGULARIZATION IN STATISTICS 3

Yu (2005*), Bickel et al. (2006*), Barron et al. (2005), and for classification with
convex loss by Zhang and Yu (2005*) [here and below the * sign indicates references
to the bibliography of the paper of Peter Bickel and Bo Li]. Peter Bickel and Bo Li
suggest in (3.9) another boosting method which is based on `1 penalization. They also
provide its heuristic motivation. Some questions remain open here: how to choose k′

in (3.9)? Does the method require a “second stage”, i.e., a model selection step for
early stopping?

For the regression problem with squared loss and for some linear boosting procedures
f̃n, Barron et al (2005), under mild assumptions on the functions hj from the dictionary,
prove oracle inequalities of the form

(1) E{R(f̃n)} ≤ C inf
f∈C(H)

R(f) + ∆n

where ∆n > 0 tends to 0, but not faster than n−1/2, and C > 1 is a constant. This
shows that, in fact, their linear boosting procedures f̃n mimic the convex oracle.

Mannor et al. (2003), Lugosi and Vayatis (2004*) and Klemelä (2006) establish oracle
inequalities similar to (1) for some convex boosting procedures. However, there is no
evidence that boosting mimics well linear oracles. For a particular linear boosting
scheme, an inequality similar to (1) but involving linear oracle risk inff∈L(H) R(f) has
been obtained by Zhang and Yu (2005*), however, with a remainder term ∆n far
from optimality. It would be, indeed, interesting to investigate whether boosting can
achieve optimal rates of aggregation given in [9]. This can be, in principle, obtained as
a consequence of sparsity oracle inequalities, i.e., inequalities of the form

(2) E{R(f̃n)} ≤ C inf
f∈L(H)

{
R(f) +

M(f)

n
log M

}

where C ≥ 1 and M(f) is the number of non-zero coefficients in the H-representation
of f :

M(f) = min
{ M∑

j=1

I{λj 6=0} : f =
M∑

j=1

λjhj

}

An open question is whether there exist a boosting procedure f̃n satisfying (2). Note
that, in fact, (2) can be proved for other procedures: a first example is given in [2, 3]

where (2) is established for a Lasso type f̃n in the regression model with squared loss.
Mirror averaging. A competitor of boosting is the mirror averaging (MA) algo-

rithm [4, 5]. It aims to achieve the same goal as the boosting procedures discussed
above which is to mimic the convex or linear oracles associated to a given dictionary
of functions H (or to mimic the model selection oracle). The following two properties
give evidence in favor of MA, as compared to boosting:

• unlike boosting, MA is an on-line method: it is applicable with streaming data.
The computational cost of MA is of the same order or even smaller than that
of boosting;

• in the theory, at least at its actual stage, better oracle inequalities are available
for MA than for boosting.
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To define the MA algorithm we introduce some notation. For any θ = (θ(1), . . . , θ(M)) ∈
Θ ⊆ RM set fθ =

∑M
j=1 θ(j)hj and assume that Θ is convex and that θ 7→ Q(X, fθ) is

convex for all X ∈ X , with (sub)gradient ∇θQ(X, fθ). Given a sequence of positive
numbers βi, the basic MA algorithm is defined as follows:

• i = 0: initialize values ζ0 ∈ IRM , θ̄0 ∈ Θ, θ̃0 ∈ Θ,
• for i = 1, . . . , n, iterate:

ζi = ζi−1 +∇θQ(Xi, fθ̄i−1
) (gradient descent)

θ̄i = G(ζi/βi) (mirroring)

θ̃i = θ̃i−1 − (θ̃i−1 − θ̄i−1)/i (averaging)

• output θ̃n and set f̃n = fθ̃n
.

Here G : IRM → Θ is a specially chosen “mirroring” mapping. When Θ is the simplex,

Θ = ΛM =
{

θ = (θ(1), . . . , θ(M)) : θ(j) ≥ 0,
∑M

j=1 θ(j) = 1
}

, a possible choice of G is

(3) G(z) =

(
exp

(− z(1)
)

∑M
j=1 exp

(− z(j)
) , . . . ,

exp
(− z(M)

)
∑M

j=1 exp
(− z(j)

)
)

,

where z = (z(1), . . . , z(M)). Remark that choosing Θ as a simplex ΛM can be viewed
as an `1 regularization, this point is in common with the convex boosting procedures.
Note also that the recursive averaging step of the MA algorithm is equivalent to

θ̃n =
1

n

n∑
i=1

θ̄i−1.

Therefore, when Θ = ΛM , the vector of weights θ̃n belongs to the simplex ΛM , so that
f̃n is a convex mixture of the functions hj with data-dependent weights.

Under the appropriate choice of βi, the MA estimator f̃n with Θ = ΛM and with
G(·) as defined in (3) satisfies the following oracle inequality [4]:

(4) E{R(f̃n)} ≤ inf
f∈C(H)

R(f) + 2
√

Q?

√
log M

n

where

Q? = sup
θ∈ΛM

E‖∇θQ(Z, fθ)‖2
∞.

Here and below ‖ · ‖p stands for the `p norm in IRM . Inequality (4) shows that the MA

algorithm mimics the convex oracle with optimal rate
√

log M
n

. It is sharper than the

corresponding bound for boosting (1) because the risk of the oracle inff∈C(H) R(f) in
(4) appears with the minimal possible constant C = 1. Furthermore, (1) is only proved
for the regression model with squared loss, while (4) is valid for any prediction model
with convex loss.

In general, MA applies to any convex loss function whereas boosting is usually op-
erational with the squared loss or with some special loss functions [an exception seems
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to be the gradient boosting of Mason et al. (2000) but not much is known about its
theoretical properties].

There are also some computational advantages of MA as compared to boosting. The
computational cost of boosting with finite dictionary of cardinality M is of the order
nM2: the cost of each iteration is of the order nM since we have to compare M different
values of Rn, and this is multiplied by M since we need to run M iterations in order to
select the stopping time k∗ by comparing their outputs. For some versions of boosting
the cost is of the order nMk∗ where the random stopping time k∗ ≤ M − 1 cannot be
evaluated in advance. The computational cost of MA is just O(nM), i.e., n iterations
with vectors of dimension M . If M is very large, for example, M À n, the difference
between the two costs becomes substantial.

For a general convex set Θ, the mirror mapping G is defined as

(5) G(z) = arg min
θ∈Θ

{
(z, θ) + V (θ)

}

where (·, ·) denotes the scalar product in IRM and V : Θ → IRM is a convex penalty
which is strongly convex w.r.t. the `1 norm in IRM . The last requirement makes it
impossible to take V as the `1 norm of θ, but a sensible choice [4] is to use a penalty
based on a norm that are quite close to the `1 norm, for example,

(6) V (θ) =
1

2
‖θ‖2

p, p = 1 +
1

log M
.

With this penalty and Θ = IRM , the mirror mapping G in (5) has the form

G(z) = −
(

M∑
j=1

|z(j)| p
p−1

)1− 2
p (
|z(1)| 1

p−1 sign z(1) , . . . , |z(M)| 1
p−1 sign z(M)

)
.

To compare, the function G with exponential weights defined in (3) is a solution of

(5) with Θ = ΛM and the entropic penalty V (θ) =
∑M

j=1 θ(j) log θ(j). This penalty also

satisfies the strong convexity property w.r.t. the `1 norm (see [4]). We see that MA
with exponential weights operates with two types of penalization: the first of them is
an `1 penalization due to a restriction of θ to the simplex Θ = ΛM , and the second one
comes with the entropic penalty V (θ).

It would be interesting to understand whether the sparsity oracle inequalities of the
type (2) can be proved for the MA algorithm. Some additional conditions on the loss
function Q, such as strong convexity, might be needed to make it possible.
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versité Paris VI, France.

E-mail address: tsybakov@ccr.jussieu.fr


