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1. Introduction

The aim of these notes is to give an introduction to some aspects of the theory of
Stochastic Partial Differential Equations. The focus will not be on generality but on
presenting interesting and useful concepts in particular cases.

First consider the SDE in Rd

dX = −1
2
∇U(X) dt+ dWt, X0 = x (1.1)

where U : Rd 7→ R is a smooth function and Wt = (W 1
t , . . . ,W

d
t ) is a d-dimensional

Brownian motion. This equation can be seen as a stochastic perturbation of the standard
differential equation ẋ = −1

2∇U(x) and it can be called a stochastic gradient system.
It turns out that (Xt, t ≥ 0) is a Markov process, and it is natural to look for its invariant

probability measures, i.e. for the probability measures µ on Rd such that (Xt, t ≥ 0) is
stationary if X0 has law µ.

It is a classical remark due to Kolmogorov, that if Z :=
∫

exp(−U(z)) dz < +∞, then
the solutions of equations like (1.1) have an explicit invariant probability measures

µ(dx) =
1
Z

exp(−U(x)) dx,

which turns out to be reversible and the only invariant probability measure. We recall that
uniqueness of invariant measures implies ergodicity and gives therefore crucial information
about the asymptotic behavior of the solutions.

We shall recall that the infinitesimal generator of X:

Lf :=
1
2

∆f − 1
2
〈∇U,∇f〉

is self-adjoint in L2(µ), we shall introduce the associated Dirichlet form, and we shall
show that the link between µ, L and equation (1.1) is encoded in the integration by parts
formula ∫

〈∇f, h〉 dµ =
∫
f 〈∇U, h〉 dµ, (1.2)

where h ∈ Rd is constant.

In this course we will show how the previous techniques can be applied to the study of
infinite-dimensional processes, including solutions of stochastic partial differential equa-
tions.

For instance, consider the space H := L2(0, 1) w.r.t. the Lebesgue measure, and the
function U : D(U) ⊂ L2(0, 1) 7→ R

D(U) := {h ∈ H : h′ ∈ H, h(0) = h(1) = 0} = H1
0 (0, 1), U(h) :=

∫ 1

0
|h′|2 dθ.

1
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Then we have formally that the gradient of U is ∇U(h) = −h′′. If we consider a complete
orthonormal basis {ek}k≥1 inH and a sequence of independent standard Brownian motions
{W k

t }k≥1, then we can write an analog of (1.1) in our infinite-dimensional setting

dX = −1
2
∇U(X) dt+ dWt =

1
2
∂2

∂θ2
X dt+

∑
k≥1

ek dW
k
t .

This is called the stochastic heat equation. The process Xt lives in a.s. in L2(0, 1):
therefore it has two natural parameters, the time t ≥ 0 and the space θ ∈ [0, 1]. It turns
out that there exists a continuous version of this process Xt,θ as function of (t, θ). However
the typical behavior of θ 7→ Xt,θ is that of Brownian bridge, in particular not more that
1
2 -Hölder continuous. Therefore the second derivative of X does not exist and the equation
has to be interpreted in a suitable way. In this case the invariant measure of X is the law
of the Brownian bridge over [0, 1]. More generally, the same techniques allows to treat
stochastic reaction-diffusion equations

dX =
1
2

(
∂2

∂θ2
X − f ′(X)

)
dt+ dWt.

The integration by parts formula (1.2) can be written also for this infinite-dimensional
setting and is the starting point of the Malliavin calculus.

2. SDEs in Rd

2.1. The equation. Let F : Rd 7→ Rd be a Lipschitz map, i.e. such that

sup
{
|F (x)− F (y)|
|x− y|

: x, y ∈ Rd, x 6= y

}
=: L <∞.

Then we have the classical

Theorem 2.1. Let x ∈ Rd, T ≥ 0 and w : [0, T ] 7→ Rd continuous. There exists a unique
continuous (Xt(x))t∈[0,T ] such that

Xt(x) = x+
∫ t

0
F (Xs(x)) ds+ wt, ∀ t ∈ [0, T ]. (2.1)

Moreover we have continuity w.r.t. the initial data:

|Xt(x)−Xt(y)| ≤ eLT |x− y|, ∀ t ∈ [0, T ], x, y ∈ Rd. (2.2)

Proof. Set B := C([0, T ]; Rd) with norm ‖f‖B := supt∈[0,T ] e
−Lt|ft|. Then (B, ‖ · ‖B) is a

Banach space. Set Γ : B 7→ B:

Γ(f)t := x+
∫ t

0
F (fs) ds+ wt, ∀ t ∈ [0, T ].

Then it is easy to see that

‖Γ(f)− Γ(g)‖B ≤ (1− e−LT ) ‖f − g‖B, ∀ f, g ∈ B

so that Γ is a contraction in B and has a unique fixed point, which is the process X we
are looking for. Moreover

X = lim
n→∞

Γn(x) (2.3)
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in the norm of B, where Γn = Γ ◦ · · · ◦ Γ (n times) and x : [0, T ] 7→ Rd is the function
constant equal to x. Finally, notice that

|Xt(x)−Xt(y)| ≤ |x− y|+ L

∫ t

0
|Xs(x)−Xs(y)| ds, ∀ t ∈ [0, T ].

Then (2.2) follows from Gronwall’s Lemma. �

2.2. Flow property. Let {B1, . . . , Bd} be independent standard Brownian motions (BM)
in R, and denote by W = (B1, . . . , Bd) a d-dimensional BM. We define the σ-algebras

Fs,t := σ{Wr −Wu, s < u ≤ r < r}, −∞ ≤ s ≤ t ≤ +∞.

Arguing as in the proof of Theorem 2.1, we obtain a double-index process (Xs,t(x),−∞ <
s ≤ t < +∞, x ∈ R), unique solution of

Xs,t(x) = x+
∫ t

s
F (Xs,u(x)) du+Wt −Ws, −∞ < s ≤ t < +∞, (2.4)

where we consider two independent standard BMs (W 1,W 2) in Rd and define the two-sided
BM

Wt :=

 W 1
t , t ≥ 0,

W 2
−t, t < 0.

(2.5)

Remark that (Wt −Ws)s,t∈R,s≤t is a centered Gaussian process such that

• Wt −Ws is independent of Wr −Wu if ]s, t[∩ ]u, r[= ∅,
• Wt+u −Ws+u has same distribution as Wt −Ws.

We also notice that (W0,u = Wu, u ≥ 0) is a standard BM. Setting Xt(x) := X0,t(x), t ≥ 0,
then this process is the solution of the usual SDE

Xt(x) = x+
∫ t

0
F (Xu(x)) du+Wt, t ≥ 0. (2.6)

Since we can construct (Xs,t(x),−∞ < s ≤ t < +∞, x ∈ R) using Theorem 2.1, which
is a deterministic construction working for fixed w ∈ C([0, T ]; Rd), then we can consider
Xs,t : Rd 7→ Rd, as a random map associating Xs,t(x) to x. This is trivial in this case,
because w plays the role of a parameter. In the case of a non-constant diffusion coefficient,
a proof is required since one has first a construction of (Xs,t(x),−∞ < s ≤ t < +∞, x ∈ R)
for fixed x and then one has to prove that it is possible to realize the process for all x on
the same event of probability 1.

Proposition 2.2. The family (Xs,t,−∞ < s ≤ t < +∞) is a stationary stochastic flow,
i.e. it satisfies

(1) For all −∞ < s ≤ r ≤ t < +∞: Xr,t ◦Xs,r = Xs,t

(2) For all −∞ < t1 ≤ · · · ≤ tn < +∞, the family {Xti,ti+1}i=1,...,n−1 is independent
(3) For all −∞ < s ≤ t < +∞ and u ≥ 0, Xs+u,t+u has same distribution as Xs,t.

Proof. This follows from uniqueness of solutions of (2.4), the above mentioned properties of
(Wt−Ws)s,t∈R,s≤t and the fact that Xr,t is constructed as the limit (2.3) of Fr,t-measurable
functions. �
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2.3. The transition semigroup. We set now Cb(Rd) := {f : Rd 7→ R bounded and
continuous}, endowed with the norm

‖f‖∞ := sup
Rd
|f |.

We set for f ∈ Cb(Rd)

Ptf(x) = E[f(Xt(x))], t ≥ 0, x ∈ Rd.

Notice that for all f ∈ Cb(Rd)
‖Ptf‖∞ ≤ ‖f‖∞.

By (2.2) we obtain that Pt : Cb(Rd) 7→ Cb(Rd), i.e. (Pt) is a Feller semigroup. We recall
the following important fact

Proposition 2.3. The family (Pt)t≥0 of operators on Cb(Rd) forms a semigroup, i.e.
PsPt = Pt+s, t, s ≥ 0.

Proof. Let f ∈ Cb(Rd). Notice that, since (Ws+t −Ws, t ≥ 0) has the same distribution
as (Wt, t ≥ 0), then (Xs,t+s(y), t ≥ 0) has the same distribution as (Xt(y), t ≥ 0), for any
y ∈ Rd. Then

E[f(Xs,t+s(y))] = E[f(Xt(y))] = Ptf(y).

By independence of F0,s and Fs,s+t we have

E[f(Xs,t+s(X0,s(x))) | F0,s] = Ptf(X0,s(x)), a.s.

and therefore
Pt+sf(x) = E[f(X0,t+s(x))] = E[f(Xs,t+s(X0,s(x))] = E[E[f(Xs,t+s(X0,s(x))) | F0,s]]

= E[Ptf(X0,s(x))] = PsPtf(x).

�

We could actually prove that X is a strong Markov process.

2.4. Invariant measures.

The case of a Markov chain. Let E be a countable set and Q : E×E 7→ [0, 1] a transition
probability matrix, i.e. such that

∑
y∈E Q(x, y) = 1 for all x ∈ E. A probability measure

µ on E is said to be invariant if

µQ(x) =
∑
y∈E

µ(y)Q(y, x) = µ(x), ∀ x ∈ E.

A probability measure µ on E is said to be reversible if

µ(x)Q(x, y) = µ(y)Q(y, x), ∀ x, y ∈ E.

A reversible measure is necessarily invariant. Let (Xn)n≥0 be a Markov chain with tran-
sition matrix Q and initial law µ. Then

• if µ is invariant, then (Xn)n≥0 is stationary: for all k ≥ 0, (Xn+k, n ≥ 0) has same
distribution as (Xn, n ≥ 0)
• if µ is reversible, then (Xn)n≥0 is reversible: for all k ≥ 0, (Xk−n, n = 0, . . . , k) has

same distribution as (Xn, n = 0, . . . , k).
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Back to (2.1). We say that a Borel probability measure µ on Rd is an invariant measure
of X if ∫

Rd
Ptf dµ =

∫
Rd
f dµ, ∀ t ≥ 0, f ∈ Cb(Rd).

We say that µ is a reversible measure if∫
Rd
g · Ptf dµ =

∫
Rd
f · Ptg dµ, ∀ t ≥ 0, f, g ∈ Cb(Rd).

Notice that a reversible measure is invariant, since for g ≡ 1 we have Ptg ≡ 1. We have
the following

Proposition 2.4. Let µ be an invariant probability measure of (Pt). If η is a r.v. with
distribution µ and independent of (Wt)t≥0 and wet set Xt := Xt(η), t ≥ 0, then the process
(Xt)t≥0 is stationary, i.e. (Xt+h)t≥0 has the same law for any h ≥ 0. If moreover µ is
reversible, (Xt)t≥0 is reversible, i.e. (Xt)t∈[0,T ] has the same law as (XT−t)t∈[0,T ] for all
T > 0.

Proof. It is enough to check equality of finite dimensional distributions. As an exercise,
revise the proofs for a Markov chain and translate it in this framework. �

Proposition 2.5. Let µ be an invariant measure of (Pt). For any p ≥ 1, Pt has a unique
extension to a contraction in Lp(µ), that we call Pt again:

‖Ptf‖Lp(µ) ≤ ‖f‖Lp(µ), ∀ t ≥ 0, f ∈ Lp(µ).

Moreover (Pt)≥0 is a semigroup in Lp(µ) and if µ is reversible then Pt is symmetric in
L2(µ).

Proof. Let f ∈ Cb(Rd) ⊂ Lp(µ). Then for all x ∈ Rd, by Hölder’s inequality

|Ptf(x)|p = |E[f(Xt(x))]|p ≤ E[|f(Xt(x))|p] = Pt|f |p(x).

Then by invariance of µ

‖Ptf‖pLp(µ) =
∫
|Ptf(x)|p µ(dx) ≤

∫
Pt|f |p(x)µ(dx) =

∫
|f |p(x)µ(dx) = ‖f‖pLp(µ).

By the density of Cb(Rd) in Lp(µ) we conclude. �

2.5. The infinitesimal generator. There are several possible definitions of the gener-
ator of a Markov process. A convenient one is the following: we define the infinitesimal
generator as the set of pairs (f, Lf) ∈ Cb(Rd)× Cb(Rd) such that

f(Xt(x))− f(x)−
∫ t

0
Lf(Xs(x)) ds, t ≥ 0,

is a (Ft)-martingale for all x ∈ Rd. By the Ito formula, if X is solution of (2.6) and
f ∈ C2

b (Rd), then

f(Xt(x))− f(x)−
∫ t

0
Lf(Xs(x)) ds =

∫ t

0
〈∇f(Xs(x)), dWs〉,

where

Lf(y) :=
1
2

∆f(y) + 〈F (y),∇f(y)〉, y ∈ Rd,

so that (f, Lf) belongs to the infinitesimal generator of X.
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3. A prototype: The Ornstein-Uhlenbeck process

Let λ > 0 and x ∈ R and let us consider the SDE in R dXt = −λXt dt+ dWt

X0 = x

where (Wt)t∈R is a two-sided BM as in (2.5). By Itô’s formula

d(eλtXt) = eλt (λXt dt− λXt dt+ dWt) = eλt dWt

so that

eλtXt = x+
∫ t

0
eλu dWu

and we obtain an explicit formula for the unique solution

Xt(x) = e−λtx+
∫ t

0
e−λ(t−u) dWu.

3.1. First properties. The law of Xt(x) is easily computed: it is Gaussian with mean
and variance:

E(Xt(x)) = e−λtx, Var(Xt(x)) =
∫ t

0
e−2λ(t−u) du =

1
2λ

(1− e−2λt)

so that

Xt(x) ∼ N
(
e−λtx,

1
2λ

(1− e−2λt)
)
.

We recall that the characteristic function of a Gaussian r.v. V ∼ N (a, q) is

E(eiV α) = eiaα−
1
2
qα2
, α ∈ R.

We can see that

lim
t→+∞

E(Xt(x)) = 0, lim
t→+∞

Var(Xt(x)) =
1

2λ
and therefore we obtain that

N
(
e−λtx,

1
2λ

(1− e−2λt)
)
⇀ N

(
0,

1
2λ

)
=: µλ. (3.1)

3.2. Flow property. We define now a double-index process (Xs,t(x),−∞ < s ≤ t <
+∞, x ∈ R), unique solution of

Xs,t = x− λ
∫ t

s
Xs,u du+Wt −Ws, −∞ < s ≤ t < +∞,

where Wt−Ws is defined as in (2.5). Applying Itô’s formula to t→ (eλtXt) we obtain the
explicit formula for the unique solution

Xs,t(x) = e−λ(t−s)x+
∫ t

s
e−λ(t−u) dWu, −∞ < s ≤ t < +∞.
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One can easily check directly that Xs,t(x) defines a stochastic flow. For instance

Xr,t(Xs,r(x)) = e−λ(t−r)
(
e−λ(r−s)x+

∫ r

s
e−λ(r−u) dWu

)
+
∫ t

r
e−λ(t−u) dWu

= e−λ(t−r+r−s)x+
∫ r

s
e−λ(t−r+r−u) dWu +

∫ t

r
e−λ(t−u) dWu

= e−λ(t−s)x+
∫ t

s
e−λ(t−u) dWu = Xs,t(x).

The other properties are consequences of the independence and stationarity of increments
of BM.

3.3. The invariant measure. By Proposition 2.3, the family (Pt)t≥0 of operators on
Cb(R)

Ptf(x) = E[f(Xt(x))], t ≥ 0, x ∈ R,
forms a semigroup, i.e. PsPt = Pt+s, t, s ≥ 0. Then we have the

Proposition 3.1. The unique invariant measure of X is µλ = N (0, (2λ)−1).

Proof. By the semigroup law and the limit (3.1), for all f ∈ Cb(R):∫
f dµλ = lim

s→+∞
Pt+sf(x) = lim

s→+∞
PsPtf(x) =

∫
Ptf dµλ.

Moreover, if ν is another invariant measure∫
f dν =

∫
Ptf dν →

∫ (∫
f dµλ

)
dν =

∫
f dµλ, ∀ f ∈ Cb(R).

�

3.4. Stationary O-U process. An interesting question is the following: since the law
of Xt(x) converges, as t → +∞, to µλ, can one expect convergence of the trajectories of
Xt(x), as t → +∞? One can see that, for instance, convergence in L2 can be ruled out,
since

Var(Xt+h(x)−Xt(x)) =
∫ t

0

(
e−λ(t+h−u) − e−λ(t−u)

)2
du+

∫ t+h

t
e−2λ(t+h−u) du

≥
∫ t+h

t
e−2λ(t+h−u) du =

1− e−2λh

2λ

which does not tend to 0 as t→ +∞. If limt→+∞Xt(x) = ` ∈ R for all ω in an event with
positive probability, then for all such ω

0 = lim
t→+∞

Xt(x)
t

= lim
t→+∞

(
x

t
− λ

t

∫ t

0
Xs,u(x) du+

Wt

t

)
= −λ `

so that ` = 0; but then the limit law µλ should give positive probability to 0, which is not
the case. Therefore, a.s. the limit of Xt(x) as t→ +∞ does not exist.

However, one can perform a different limit procedure: let us recall that, for fixed s ≥ 0,
(Xt+s, t ≥ 0) has same distribution as (X−s,t, t ≥ 0). Now it is easy to see that

lim
s→+∞

X−s,t = lim
s→+∞

(
e−λ(t+s)x+

∫ t

−s
e−λ(t−u) dWu

)
=
∫ t

−∞
e−λ(t−u) dWu
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in L2 for all t ≥ 0, since

Var
(∫ t

−∞
e−λ(t−u) dWu −

∫ t

−s
e−λ(t−u) dWu

)
=
∫ −s
−∞

e−2λ(t−u) du =
e−2λ(t+s)

2λ
→ 0

as s→ +∞. Therefore, we define

Xt :=
∫ t

−∞
e−λ(t−u) dWu, t ∈ R.

It is easy to see that

Proposition 3.2. X is stationary (i.e. (Xt+s, t ∈ R) and has same distribution as
(Xt, t ∈ R)) solution of

dXt = −λXt dt+ dWt, t ∈ R.

The law of Xt is µλ for all t ∈ R.

3.5. Reversibility.

Proposition 3.3. The probability measure µλ is reversible for the O-U process.

Proof. The reversibility statement can be rewritten as

E
[
g(Z1) f

(
e−λtZ1 +

√
1− e−2λt Z2

)]
= E

[
g
(
e−λtZ1 +

√
1− e−2λt Z2

)
f(Z1)

]
,

for all f, g ∈ Cb(R), where Z1, Z2 are i.i.d. variables with law N (0, 1/(2λ)). Let now
θ ∈ [0, π/2] such that

e−λt = cos θ,
√

1− e−2λt = sin θ.

We introduce the rotation of R2

Tα :=
(

cosα sinα
− sinα cosα

)
, α ∈ R,

and we set Z = (Z1, Z2), Z(α) := TαZ. Notice that

Z ∼ N
(

(0, 0),
1

2λ
I

)
=⇒ Z(α) ∼ N

(
Tα(0, 0),

1
2λ
Tα · I · T tα

)
= N

(
(0, 0),

1
2λ
I

)
In particular, Z(α) is equal in law to Z for all α. The reversibility statement follows
easily. �

Exercise 3.4. Show directly the reversibility of the process X: for all T ≥ 0, the processes
(XT−t, t ∈ [0, T ]) and (Xt, t ∈ [0, T ]) have the same distribution.

3.6. Integration by parts. By Ito’s formula, it is easy to see that for all f ∈ C2
c (R) we

have that (f, Lf) belongs to the infinitesimal generator, where

Lf(y) :=
1
2
d2f

dy2
(y)− λy df

dy
(y), y ∈ R.

In this case we have a very important formula: for all f, g ∈ C2
c (R)∫

R
g Lf dµλ = −1

2

∫
R
g′f ′ dµλ =

∫
R
Lg f dµλ. (3.2)
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Indeed, by integration by parts we obtain∫
R
g(y)

(
1
2
d2f

dy2
(y)− λy df

dy
(y)
)
e−

y2

2λ dy =

=
∫

R

df

dy
(y)
(
− d

dy

(
g(y) e−

y2

2λ

)
− λyg(y) e−

y2

2λ

)
dy = −1

2

∫
R

df

dy
(y)

dg

dy
(y) e−

y2

2λ dy

and since this expression is symmetric in f, g, we obtain also the last equality in (3.2).
We shall later show that formula (3.2) is a particular case of a class of functional

relations, linking generators and Dirichlet forms, which will be defined below. For now,
notice that (3.2) encodes a symmetry property in L2(µλ), to be made more precise, and
this is clearly related to the symmetry of the semigroup, i.e. to the reversibility of µλ.

3.7. Hermite polynomials. We recall that the space L2(µλ) is a Hilbert space if endowed
with the canonical scalar product

〈f, g〉µλ :=
∫

R
f g dµλ, f, g ∈ L2(µλ).

The reversibility of µλ implies that the operator Pt : L2(µλ) 7→ L2(µλ) is symmetric in the
Hilbert space L2(µλ). We want now to diagonalize it.

Let us define for all n ∈ N and x ∈ R:

H0(x) := 1, Hn(x) := (−1)nex
2/2 d

n

dxn
e−x

2/2, n ≥ 1.

Let us set for all t, x ∈ R

F (t, x) := exp
(
tx− t2

2

)
.

Then we have by analiticity in t ∈ R

F (t, x) = ex
2/2 e−(t−x)2/2 =

∞∑
n=0

ex
2/2 t

n

n!
dn

dtn
e−(t−x)2/2

∣∣∣∣
t=0

=
∞∑
n=0

tn

n!
Hn(x).

From this expression we obtain some useful equalities. First
∞∑
n=0

tn

n!
H ′n(x) =

∂

∂x
F (t, x) = t F (t, x) =

∞∑
n=0

tn+1

n!
H ′n(x)

and by comparing the coefficients

H ′n = nHn−1, n ≥ 1. (3.3)

Moreover
∞∑
n=1

tn−1

(n− 1)!
Hn(x) =

∂

∂t
F (t, x) = (x− t)F (t, x) =

∞∑
n=0

tn

n!
xH ′n(x)−

∞∑
n=0

tn+1

n!
Hn(x)

and by comparing the coefficients

Hn = xHn−1 −H ′n−1, n ≥ 1. (3.4)

By induction on n ≥ 0, we can prove from (3.3) that Hn is for all n ≥ 0 a polynomial of
degree and the coefficient of the monomial xn is equal to 1.

Proposition 3.5. The family (Hn/
√
n!)n≥0 is a complete orthonormal basis of the Hilbert

space L2(R;N (0, 1)).
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Proof. Let Z ∼ N (0, 1). Notice that Hn ∈ L2(R;N (0, 1)), since Z has moments of all
order. Now, for all s, t ∈ R

E(F (t, Z)F (s, Z)) = E
(
eZ(s+t)−(s2+t2)/2

)
= e(s+t)2/2−(s2+t2)/2 = est

so that ∑
n,m≥0

tnsm

n!m!
E(Hn(Z)Hm(Z)) =

∑
n≥0

(ts)n

n!

which implies that
E(Hn(Z)Hm(Z)) = δnm n!,

where δnm is the Kronecker symbol, i.e. equal to 1 if n = m and to 0 otherwise.
It remains to prove the completeness, i.e. fact that if the 0 function is the only function

f ∈ L2(R;N (0, 1)) such that∫
R
f Hn dN (0, 1) = 0, ∀n ≥ 0.

Let us consider a function f ∈ L2(R;N (0, 1)) with such property; then∫
R
f(x)xnN (0, 1)(dx) = 0, ∀n ≥ 0.

We define the function G : C 7→ C

G(z) :=
∫

R
f(x) exz−x

2/2 dx

which is entire (i.e. holomorphic all over C), since z 7→ euz is entire and, by Cauchy-
Schwartz, the function x 7→ f(x)(1 + |x|)e−x2/2 belongs to L1(R; Leb). But then

G(z) =
∑
n≥0

∫
R
f(x)

xn

n!
e−x

2/2 dx = 0, ∀ z ∈ C.

For z = it, t ∈ R, we obtain that the Fourier transform of x 7→ f(x)e−x
2/2 vanishes, and

therefore f ≡ 0. �

3.8. The Ornstein-Uhlenbeck operator. Let us set

Hλ
n(x) := Hn

(
x ·
√

2λ
)
, x ∈ R, n ≥ 0,

eλn :=
1√
n!
Hλ
n , n ≥ 0. (3.5)

Then (eλn)n≥0 is a complete orthonormal basis of L2(µλ). Moreover this family satisfies
d

dx
Hλ
n =
√

2λnHλ
n−1, n ≥ 1, (3.6)

Hλ
n =
√

2λxHλ
n−1 −

1√
2λ

d

dx
Hλ
n−1, n ≥ 1. (3.7)

Let us set for all n ≥ 0

LλHλ
n(x) :=

1
2
d2

dx2
Hλ
n(x)− λx d

dx
Hλ
n(x).

For n = 0 we clearly have LHλ
n ≡ 0, while for n ≥ 1, by using first (3.6) and then (3.7)

LλHλ
n(x) =

n
√

2λ
2

(
d

dx
Hλ
n−1(x)− 2λxHλ

n−1(x)
)

= −nλHλ
n(x)
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Let us now notice that, by Itô’s formula, for any n ≥ 0

dHλ
n(Xt(x)) = LλHλ

n(Xt(x)) dt+
(
d

dx
Hλ
n

)
(Xt(x)) dWt,

so that

Hλ
n(Xt(x)) = Hλ

n(x)− nλ
∫ t

0
Hλ
n(Xu(x)) ds+

∫ t

0

√
2λnHλ

n−1(Xu(x)) dWu,

which can be solved explicitly

Hλ
n(Xt(x)) = e−nλtHλ

n(x) +
∫ t

0

√
2λn e−nλ(t−u)Hλ

n−1(Xu(x)) dWu.

By taking expectation we obtain

E(Hλ
n(Xt(x))) = PtH

λ
n(x) = e−nλtHλ

n(x), n ≥ 0, x ∈ R.

Therefore, we have indeed diagonalized Pt in L2(µλ).
Up to now, the operator L is defined only on the linear span of {eλn, n ≥ 0}. Since

(eλn)n≥0 is a complete orthonormal basis of L2(µλ), the natural domain of definition of Lλ

is

D(Lλ) =

h ∈ L2(µλ) :
∑
n≥0

n2〈h, eλn〉2µλ < +∞


Lλh := −

∑
n≥0

λn 〈h, eλn〉µλ e
λ
n, ∀h ∈ D(Lλ).

3.9. The Dirichlet form. Let us denote by Ckb (R) the space of all k times differentiable
f ∈ Cb(R) such that djf

dxk
∈ Cb(R) for all j = 1, . . . , k. We notice the following integration

by parts formula: for all f, g ∈ C1
b (R)∫

R
f ′ g dµλ = −

∫
R
f g′ dµλ + 2λ

∫
R
f g x dµλ.

It follows that for all f, g ∈ C2
b (R)∫

R
(Lλf) g dµλ =

1
2

∫
R
f ′′ g dµλ − λ

∫
R
f ′ g dµλ = −1

2

∫
R
f ′ g′ dµλ.

Let us read this equality in terms of the series expansion in the Hermite orthogonal basis:∫
R

(Lλf) g dµλ = −
∑
n≥0

λn 〈f, eλn〉µλ 〈g, e
λ
n〉µλ

and by (3.5) and (3.6)

f ′ =
∑
n≥0

〈h, eλn〉µλ
d

dx
eλn =

∑
n≥0

√
2λn 〈f, eλn〉µλ e

λ
n−1

so that indeed

−1
2

∫
R
f ′ g′ dµλ = −1

2

∑
n,m≥1

2λ
√
nm 〈f, eλn〉µλ 〈g, e

λ
m〉µλ 〈e

λ
n−1, e

λ
m−1〉µλ

= −
∑
n≥0

λn 〈f, eλn〉µλ 〈g, e
λ
n〉µλ .
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We define the positive definite symmetric bilinear form

E(f, g) :=
∑
n≥0

λn 〈f, eλn〉µλ 〈g, e
λ
n〉µλ ,

with domain

f, g ∈ D(E) :=

h ∈ L2(µλ) :
∑
n≥0

n 〈h, eλn〉2µλ < +∞

 .

Notice that D(E) is the domain of the square root of (−Lλ):√
−Lλ h :=

∑
n≥0

√
λn 〈h, eλn〉µλ e

λ
n, h ∈ D(E)

and that one has correctly

〈
√
−Lλ f,

√
−Lλ g〉µλ =

∑
n≥0

λn 〈f, eλn〉µλ 〈g, e
λ
n〉µλ = −〈Lλf, g〉µλ .

Therefore we obtain, for all f, g ∈ C1
b (R):

〈
√
−Lλ f,

√
−Lλ g〉µλ =

1
2

∫
R
f ′ g′ dµλ =

1
2
〈f ′, g′〉µλ .

Exercise 3.6. Prove that indeed C1
b (R) ⊂ D(E) and C2

b (R) ⊂ D(Lλ).

Exercise 3.7. Convince yourself that it is not true that
√
−2Lλ f = f ′.

Spectral gap. Notice that for all f ∈ L2(µλ):

Ptf −
∫
f dµλ = Ptf − 〈f, 1〉µλ =

∑
n≥1

e−tλn 〈f, eλn〉µλ e
λ
n

so that
‖Ptf − 〈f, 1〉µλ‖

2
L2(µλ) =

∑
n≥1

e−2tλn 〈f, eλn〉2µλ ≤ e
−2tλ ‖f‖2L2(µλ)

i.e. we have exponential convergence in L2(µλ) of the semigroup to the invariant measure.

4. White noises

4.1. Gaussian measures. Let a ∈ Rd and Q a symmetric d × d matrix with positive
eigenvalues. Then we can define A := −1

2Q
−1, a symmetric matrix with negative eigen-

values. The Gaussian probability measure N (a,Q) on Rd is defined by

N (a,Q)(dx) =
1√

(2π)d detQ
exp

(
−1

2
〈Q−1(x− a), x− a〉

)
dx

=
1
Z

exp (〈A(x− a), x− a〉) dx

and we have the important formula for the Fourier transform of N (a,Q): if X ∼ N (a,Q)
then

E
(
ei〈X,h〉

)
=
∫
ei〈x,h〉N (a,Q)(dx) = exp

(
i〈a, h〉 − 1

2
〈Qh, h〉

)
from which, by derivation, one obtains for all h, k ∈ Rd

E(〈X,h〉) = 〈a, h〉, Cov(〈X,h〉, 〈X, k〉) = E(〈X − a, h〉〈X − a, k〉) = 〈Qh, k〉.
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Then a is the mean and Q the covariance operator of X. Moreover one obtains the
main property of a Gaussian family {Xi}i∈I : if J,K ⊂ I, J ∩ I = ∅, and Cov(Xj ,Kk)
for all j ∈ J and k ∈ K, then {Xj}j∈J and {Xk}k∈K are independent. In particular,
if {e1, . . . , ed} are eigenfunctions of Q with respective eigenvalues {λ1, . . . , λd}, then the
variables {〈X, ej〉, j = 1, . . . , n} are independent and 〈X, ej〉 ∼ N (〈a, ej〉, λj).

4.2. White noises.

Proposition 4.1. Let H be a separable Hilbert space. There exists a process (W (h), h ∈ H)
such that h 7→W (h) is linear, W (h) is a centered real Gaussian random variable and

E(W (h)W (k)) = 〈h, k〉H, ∀ h, k ∈ H.

Proof. Let (Zi)i be a i.i.d. sequence of real standard Gaussian variables and (hi)i a
complete orthonormal system in H and set

Wn(h) :=
n∑
i=1

〈h, hi〉H Zi, h ∈ H.

Then it is easy to see that

E(Wn(h)Wn(k)) =
n∑
i=1

〈h, hi〉H〈k, hi〉H, ∀ h, k ∈ H.

Moreover for all n < m

E
(
(Wn(h)−Wm(h))2

)
=

m∑
i=n+1

〈h, hi〉2 → 0

as n,m→ +∞. The conclusion is standard. �

Notice that the application H 3 h 7→W (h) is an isomorphism of Hilbert spaces between
H and a space of Gaussian random variables.

Let now (T,B,m) be a separable measurable space, with m a σ-finite measure without
atoms. We apply Proposition 4.1 to H := L2(T,B,m). The process (W (h), h ∈ H) is
called a Gaussian white noise over (T,B,m).

If A ∈ B and m(A) < +∞, then 1A ∈ H and we denote W (A) := W (1A). If A,B ∈ B
with m(A) +m(B) < +∞ then

E(W (A)W (B)) = m(A ∩B).

In particular, if m(A∩B) = 0, then {W (A′), A′ ⊆ A} and {W (B′), B′ ⊆ B} are indepen-
dent.

It is customary to use the notation

W (A) =
∫
A
W (dt), W (h) =

∫
T
h(t)W (dt).

We have the important property, which follows immediately from the fact that W :
L2(T,m) 7→ L2(Ω) is an isometry:

Proposition 4.2. If (An)n∈N ⊂ B is such that Ai∩Aj = ∅ for i 6= j and m(∪nAn) < +∞,
then

lim
n→+∞

n∑
i=0

W (Ai) = W (∪nAn) in L2.
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Moreover, since Ai ∩Aj = ∅ for i 6= j, then the sequence (W (An))n is independent and,
since all variables W (An) are centered, the sequence is orthogonal in L2.

Notice however that W (dt) is, in general, not a signed measure, as this notation might
suggest; indeed, the process h 7→ W (h) does not always admit a modification such that
W (h) is defined on the same set of probability 1 for all h: see Remark 4.3 below; however,
it is possible to interpret W (dt) as a (random) distribution in the sense of Schwarz, see
subsection 4.10.

4.3. Finite dimensional white noise. Let us consider first the easiest case: T =
{1, . . . , d} and m is the counting measure. In this case L2(T,B,m) = Rd and the white
noise W (h) can be realized as W (h) = 〈W,h〉Rd , where W ∼ N (0, I).

4.4. Brownian motion. Let now T = R endowed with the Borel σ-algebra and the
Lebesgue measure λ1. Then for any choice of two intervals [a, b] and [c, d] in R

E(W ([a, b])W ([c, d])) = λ1([a, b] ∩ [c, d]).

Then the process

Ŵt :=

 W ([0, t]), t ≥ 0,

W ([t, 0]), t < 0.
is a two-sided standard Brownian motion, i.e. has the same law as the process de-
fined in (2.5), and W (dt) is simply called white noise over R. In particular, the process
(W ([0, t]), t ≥ 0) is a standard BM.

Remark 4.3. In this case we can see very clearly why in general a white noise can no be
written as a signed measure. If was the case, this would imply that the BM (W ([0, t]), t ≥
0) has a.s. paths with bounded variation, which is notoriously false.

4.5. Multi-dimensional Brownian motion. Let now T = R×{1, . . . , d} endowed with
the Borel σ-algebra and the measure λ1 ⊗m where m is the counting measure.

Then for any choice of two intervals [a, b] and [c, d] in R and for any i, j ∈ {1, . . . , d}

E(W ([a, b]× {i})W ([c, d]× {j})) = λ1([a, b] ∩ [c, d])1(i=j).

Then the process (Ŵ 1
t , . . . , Ŵ

d
t ), defined by

Ŵ i
t :=

 W ([0, t]× {i}), t ≥ 0,

W ([t, 0]× {i}), t < 0.

is a two-sided standard Brownian motion, i.e. has the same law as the process de-
fined in (2.5), and W (dt) is simply called white noise over R. In particular, the process
(W 1([0, t]), . . . ,W d([0, t]))t≥0 is a standard BM in Rd.

4.6. Brownian sheet. If T = R2 endowed with the Borel σ-algebra and the Lebesgue
measure λ2, then

E(W ([0, t]× [0, t′]) W ([0, s]× [0, s′])) = (t ∧ t′) (s ∧ s′), t, t′, s, s′ ≥ 0.

The process (W (t, s) := W ([0, t]× [0, s]), t, s ≥ 0) is called a Brownian sheet and W (dt, ds)
a space-time white noise. One can also use the notations

W (dt, ds) =
∂2W

∂t∂s
= Ẇ (t, s).
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Notice that the same construction can be done if T = Rd: this gives a space-time white
noise with a d-dimensional space variable.

4.7. Cylindrical Brownian motion. Let H be any separable Hilbert space and (ei)i≥1

a complete orthonormal basis of H. Let us consider a sequence of independent standard
real Brownian motions (wit, t ≥ 0)i. We set for all n ∈ N:

Wn
t :=

n∑
i=1

wit ei, 〈Wn
t , h〉 =

n∑
i=1

wit 〈h, ei〉, t ≥ 0.

Now, for all h ∈ H we have for n < m

E
(
(〈Wn

t , h〉 − 〈Wm
t , h〉)2

)
= E

( m∑
i=n+1

wit 〈h, ei〉

)2
 ≤ m∑

i=n+1

〈h, ei〉2 → 0

as n,m→∞, since
∑

i〈h, ei〉2 < +∞. Therefore, for all t ≥ 0 the series

〈Wt, h〉 =
∞∑
i=1

wit 〈h, ei〉.

converges in L2(P). Notice that for all h, k ∈ H and s, t ≥ 0 we have

E (〈Wt, h〉 〈Ws, k〉) = E

 ∞∑
i,j=1

wit w
j
s 〈h, ei〉 〈k, ej〉

 =
∞∑
i=1

E
(
wit w

i
s

)
〈h, ei〉 〈k, ei〉

= t ∧ s 〈h, k〉.

(4.1)

Formally, the series

Wt :=
∞∑
i=1

〈Wt, ei〉 ei =
∞∑
i=1

wit ei, t ≥ 0

defines a Brownian motion in H. However, this series does not define a H-valued variable.
In fact, it can be seen that P(Wt ∈ H) = 0; one easily notes that

E
(
‖Wt‖2H

)
=
∞∑
i=1

E
(
(wit)

2
)

=
∞∑
i=1

t = +∞, t > 0.

Since Wt is not well defined in H, but 〈Wt, h〉 is for all h ∈ H, the process (〈Wt, h〉, h ∈ H)
is called a cylindrical Brownian motion.

4.8. Fourier construction of space-time white noise. Let now H := L2(0, 1). Then
(4.1) becomes

E (〈Ws, h〉 〈Wt, k〉) = s ∧ t
∫ 1

0
hx kx dx, ∀ h, k ∈ H.

In particular, if 1[0,y] and 1[0,z] denote the indicator functions of two intervals [0, y] and
respectively [0, z] in [0, 1], then for all s, t ≥ 0

E
(
〈Ws, 1[0,y]〉 〈Wt, 1[0,z]〉

)
= s ∧ t 〈1[0,y], 1[0,z]〉 = (s ∧ t) (y ∧ z).

Therefore, the process (〈Wt, 1[0,s]〉, t, s ≥ 0) is a Brownian sheet. Therefore we can use the
representation in terms of the space-time white noise:

〈Wt, h〉 =
∫ t

0

∫ 1

0
h(x)W (ds, dx).
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4.9. A physicist’s description. Let us start from the white noise in 1 dimension. If
(Wt, t ≥ 0) is a standard real BM, then the classical formula

E(WtWs) = t ∧ s, t, s ≥ 0,

can be interpreted by saying that

E
(
Ẇt Ẇs

)
=

∂

∂t

∂

∂s
t ∧ s =

∂

∂t
1[s,+∞[(t) = δ(t− s)

where δ(t) is the Dirac mass at 0. Since δ(t− s) = 0 if t 6= s and (Ẇt, t ≥ 0) is a Gaussian
process, then Ẇt and Ẇs are independent for t 6= s. In the case of the Brownian sheet,
we have analogously

E(W (t, s)W (t′, s′)) = (t ∧ t′) (s ∧ s′), t, t′, s, s′ ≥ 0,

and therefore

E(W (dt, ds)W (dt′, ds′)) = E
(
Ẇ (t, s) Ẇ (t′, s′)

)
= δ(t− t′) δ(s− s′).

Then, Ẇ (t, s) and Ẇ (t′, s′) are independent, unless (t, s) = (t′, s′).
The Fourier representation of the space-time white noise reads

Ẇ (t, x) :=
∂

∂t
Wt(x) =

∞∑
i=1

dwit
dt

ei(x),

where (ei)i is any complete orthonormal system in L2(R+, dx).

4.10. Random distribution. Another possible interpretation of the white noise on Rd

is the random distribution viewpoint. Notice first that the covariance structure implies,
e.g. if s ≤ s′, that

E(|W (t, s)−W (t′, s′)|2) = ts+ t′s′ − 2(t ∧ t′) (s ∧ s′) = |t− t′|s+ t′|s− s′|.

Since (W (t, s)−W (t′, s′)) is a Gaussian r.v. then there exists a constant Cm,T such that

E(|W (t, s)−W (t′, s′)|2m) ≤ Cm,T (|t− t′|m + |s− s′|m), ∀ t, t′, s, s′ ∈ [0, T ].

Therefore by the Kolmogorov criterion the process (W (s, t), s, t ≥ 0) has an a.s. continuous
modification. The same holds for (W (t1, . . . , td), t1, . . . , td ≥ 0). Now, if ϕ ∈ C∞c (Rd), then

W (ϕ) =
∫

Rd
ϕ(x)W (dx) = (−1)d

∫
Rd

∂dϕ

∂x1 · · · ∂xd
(x)W ([0, x]) dx,

where [0, x] := [0, x1] × · · · × [0, xd]. This expression gives a measurable modification
C∞c (Rd) 3 ϕ 7→W (ϕ)(ω), for P-a.e. ω, of the white noise.

4.11. Couloured noise. For the sake of completeness, we point out that the cylindrical
white noise (or space-time white noise) is by no means the only possible choice. A coloured
noise, for instance, is defined by a (possibly formal) series

BWt :=
∞∑
i=1

biw
i
t ei, t ≥ 0,

where bi ∈ R and B : D(B) ⊆ H 7→ H is the linear operator defined by Bei := biei, i ∈ N.
The covariance structure becomes

E (〈BWt, h〉 〈BWs, k〉) = t ∧ s 〈B h,B k〉, h, k ∈ D(B),
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to be compared with (4.1) (notice also that B = B∗). The noise therefore is still Brownian-
like in time, but can be more regular in space (depending on the speed of convergence of
bi → 0 as i→ +∞).

5. The law on path space of Brownian motion and Brownian bridge

5.1. Some formal computations. From the independence of increments of Brownian
motion we obtain that the law of (Bt1 , . . . , Btn), for 0 := t0 < t1 < · · · < tn ≤ 1 is

1
Zn

exp

−1
2

n∑
j=1

|xj − xj−1|2

tj − tj−1

 dx1 · · · dxn, x0 := 0.

If tj − tj−1 = 1/n for all j = 1, . . . , n, then for n large one could think that

n

n∑
j=1

|xj − xj−1|2 ∼
∫ 1

0
(ẋr)

2 dr.

As n → ∞, one obtains as a formal limit an expression for the law of the process X :=
(Bt)t∈[0,1] ∈ L2(0, 1)

X = (Br)r∈[0,1] ∼
1
Z

exp
(
−1

2

∫ 1

0
(ẋr)

2 dr

)
1{x0=0}

∏
r∈[0,1]

dxr. (5.1)

However, this formula does not make sense for several reasons:
• the typical trajectory of (Br)r∈[0,1] has no derivative in L2(0, 1), and the term in

the exponential is equal to −∞ a.s. if x is a typical trajectory of B;
• the normalizing constant Z is

Z = lim
n→∞

Zn = lim
n→∞

(2π/n)n/2 = 0;

• finally, the measure dx =
∏
r∈[0,1] dxr is not well defined. Indeed, notice that dx,

if well defined, would be a translationally-invariant measure on L2(0, 1). However,
an infinite-dimensional Hilbert space admits no non-zero translationally-invariant
measure being finite on all balls. Indeed, consider a sequence (ei)i∈N such that
‖ei‖ = 1 and ‖ei − ej‖ ≥ 1, for instance an orthonormal system; if the measure is
non-null, there is a ball B(x, r) with r > 0 and with positive finite mass; the balls
B(2r ei, r) are all contained in B(0, 4r), are pairwise disjoint and have the same
mass as B(x, r) by invariance under translations. Therefore, the ball B(0, 4r) has
infinite mass.

5.2. The covariance operator. However, something rigorous can be said about formula
(5.1). We recall that in Rd

N (0, Q)(dx) =
1
Z

exp (〈Ax, x〉) dx, (5.2)

where A := −1
2Q
−1. Therefore, we can start by studying the covariance operator Q.

It is well known that E(BsBr) = s ∧ r, and, denoting the canonical scalar product in
H := L2(0, 1)

〈h, k〉 :=
∫ 1

0
hr kr dr, h, k ∈ H = L2(0, 1),
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then we obtain

E(〈B, h〉) = 0, E(〈B, h〉〈B, k〉) =
∫

[0,1]2
s ∧ r hs hr ds dr = 〈Qh, k〉, h, k ∈ H,

where we denote

Q : H 7→ H, (Qh)r :=
∫

[0,1]
s ∧ r hs ds, r ∈ [0, 1]. (5.3)

Stated differently, we can write by integrating by parts

〈B, h〉 =
∫ 1

0
Br hr dr =

∫ 1

0

(∫ 1

r
hu du

)
dBr

and this is clearly a real Gaussian variable with 0 mean and covariance∫ 1

0

(∫ 1

r
hu du

)2

dr = 〈Qh, h〉.

Therefore

E
(
ei〈B,h〉

)
= exp

(
−1

2
〈Qh, h〉

)
,

which suggest the natural interpretation B ∼ N (0, Q) by analogy with the finite dimen-
sional case. Now, let us study more in detail the operator Q. Let h ∈ H and f := Qh.
Then we can write

fr =
∫ r

0
s hs ds+ r

∫ 1

r
hs ds, r ∈ [0, 1],

and an easy computation shows that f is the (unique) solution of the equation
−d

2f

dr2
= h,

f(0) =
df

dr
(1) = 0.

Therefore, Q is the inverse of the operator (−2A), where

D(A) :=
{
f ∈ H : f ′′ ∈ H, f(0) =

df

dr
(1) = 0

}
, Af :=

1
2
d2f

dr2
.

Notice also that, again by integrating by parts, for all f ∈ D(A)

〈Af, f〉 = −1
2

∫ 1

0
ḟ2dr + [f ′f ]10 = −1

2

∫ 1

0
ḟ2dr

where the boundary terms vanish because of the boundary conditions in the definition of
D(A). Notice that, in the last formula, the left hand side makes sense for f ∈ D(A), i.e.
with f ′′ ∈ L2(0, 1), while the right hand side is clearly well defined as long as f ′ ∈ L2(0, 1).
In fact, we can see that the closure of D(A) w.r.t. the norm

∫ 1
0 ḟ

2dr is equal to

D(E) =
{
f ∈ H : f ′ ∈ H, f(0) = 0

}
and we can define the symmetric bilinear form

E(f, g) :=
∫ 1

0
ḟ ġ dr, f, g ∈ D(E).
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Indeed, we can write

D(A) :=
{
f =

∫ ·
0
g dr : g′ ∈ H, g(1) = 0

}
, E(f, f) = ‖g‖2H .

Now, the space {g : g′ ∈ H, g(1) = 0} is dense in H, and therefore the closure of D(A)
w.r.t. to the scalar product E is{

f =
∫ ·

0
g dr : g ∈ H

}
= D(E).

Therefore, formulae (5.2) and (5.1) are indeed very close. Notice that D(E) is equal to the
classical Cameron-Martin space of Brownian motion.

5.3. A white-noise point of view. Recall that the white noise W (dt) associated with
L2(0, 1) has the property that

E(W (h)W (k)) =
∫ 1

0
hr kr dr, h, k ∈ L2(0, 1).

This means that W (dt) has covariance operator equal to the identity, and therefore law
N (0, I) on L2(0, 1). By (5.2), this means that

Y = (W (dr))r∈[0,1] ∼
1
Z

exp
(
−1

2

∫ 1

0
y2
r dr

)
dy.

Again, this is only formal, but it matches well with (5.1), since Y = Ẋ and the densities
correspond nicely to each other via this transformation:

∫ 1
0 y

2
r dr =

∫ 1
0 ẋ

2
r dr.

Let (ei)i∈N be any complete orthonormal system in L2(0, 1). Then by the property of
white noise, the sequence (W (ei))i∈N is iid with ξi := W (ei) ∼ N (0, 1). Therefore, by the
construction of the proof of Proposition 4.1, we obtain that

W (h) = lim
n

∑
i≤n

ξi 〈h, ei〉, in L2(Ω).

Since W (h) =
∫ 1

0 hrW (dr) and 〈h, ei〉 =
∫ 1

0 hr ei(r) dr, then we can again interpret for-
mally this construction as

W (dr) = lim
n

∑
i≤n

ξi ei(r) dr, in L2(Ω),

i.e. the white noise on (0, 1) corresponds to choosing any complete orthonormal system in
L2(0, 1) and then multiplying every vector of the basis by a standard normal variable from
an iid sequence and taking a formal series. This is a Fourier expansion of white noise.

5.4. Fourier expansion of Brownian motion. Since Brownian motion is a primitive
of a white noise, can we obtain a Fourier expansion for B from the previous subsection?
If we consider h = 1[0,t], then we obtain

Bt = W ([0, t]) = lim
n

∑
i≤n

ξi

∫ t

0
ei(r) dr, in L2(Ω), t ∈ [0, 1].

However, the vectors ηi(t) :=
∫ t

0 ei(r) dr, t ∈ [0, 1], do not necessarily form a complete
orthonormal system of L2(0, 1). This is true only if

〈ηi, ηj〉 = 〈Qei, ej〉 = 0, i 6= j,
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where Q is the operator defined in (5.3). On the other hand, the operator A is easily
diagonalized: this corresponds to the equation

−d
2ei
dr2

= λiei,

ei(0) =
dei
dr

(1) = 0,

and some explicit computations show that

ek(r) :=
√

2 sin((2k − 1)πr/2), r ∈ [0, 1], k ∈ N∗.

Then ek ∈ D(A) for all k ∈ N∗ and 2Aek = − (2k−1)2π2

4 ek, and this is a complete orthonor-
mal system (a fact which requires a proof...). In particular, we obtain that the sequence
(ξk)k∈N∗ is i.i.d. N (0, 1), where

ξk :=
(2k − 1)π

2
〈B, ek〉

and the following random Fourier series converges in L2(Ω;H)

B =
∞∑
k=1

2
(2k − 1)π

ξk ek.

5.5. The Brownian bridge. Let βr := Br−rB1, r ∈ [0, 1]. Then (βr)r∈[0,1] is a centered
Gaussian process. Moreover the covariance between β and B1 is E(βr B1) = 0 for all
r ∈ [0, 1], and by the main property of Gaussian vectors recalled above, (βr)r∈[0,1] and B1

are independent. Since we can write Br = βr + rB1, with (βr)r∈[0,1] and B1 independent,
then the law of (Br)r∈[0,1] conditioned on {B1 = y} is equal to the law of (βr + ry)r∈[0,1].
In particular, (βr)r∈[0,1] has the law of a BM conditioned on {B1 = 0}.

For this reason, we expect that, in analogy with (5.1),

X = (βr)r∈[0,1] ∼
1
Z

exp
(
−1

2

∫ 1

0
(ẋr)

2 dr

)
1{x0=x1=0}

∏
r∈[0,1]

dxr. (5.4)

We can interpret this formula as in the case of BM by computing the covariance operator
of (βr)r∈[0,1]. We have

E(〈β, h〉〈β, k〉) =
∫

[0,1]2
(s ∧ r − sr)hs hr ds dr = 〈Qh, k〉, h, k ∈ H,

where we denote now

Q : H 7→ H, (Qh)r :=
∫

[0,1]
(s ∧ r − sr)hs ds, r ∈ [0, 1]. (5.5)

And an easy computation shows that f := Qh is the (unique) solution of the equation
−d

2f

dr2
= h,

f(0) = f(1) = 0.

Therefore, Q is the inverse of the operator (−2A), where

D(A) :=
{
f ∈ H : f ′′ ∈ H, f(0) = f(1) = 0

}
, Af :=

1
2
d2f

dr2
.
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Notice also that, again by integrating by parts, for all f ∈ D(A)

〈Af, f〉 = −1
2

∫ 1

0
ḟ2dr + [f ′f ]10 = −1

2

∫ 1

0
ḟ2dr

where the boundary terms vanish because of the boundary conditions in the definition of
D(A). The closure of D(A) w.r.t. the norm

∫ 1
0 ḟ

2dr is equal to

D(E) =
{
f ∈ H : f ′ ∈ H, f(0) = f(1) = 0

}
and we can define the symmetric bilinear form

E(f, g) :=
∫ 1

0
ḟ ġ dr, f, g ∈ D(E).

Indeed, we can write

D(A) :=
{
f =

∫ ·
0
g dr : g′ ∈ H,

∫ 1

0
gr dr = 0

}
, E(f, f) = ‖g‖2H .

Now, the space
{
g : g′ ∈ H,

∫ 1
0 gr dr = 0

}
is dense in the space

{
g ∈ H :

∫ 1
0 gr dr = 0

}
,

and therefore the closure of D(A) w.r.t. to the scalar product E is{
f =

∫ ·
0
g dr : g ∈ H,

∫ 1

0
gr dr = 0

}
= D(E).

In analogy with the case of BM, the space D(E) is a Cameron-Martin space for the
Brownian bridge (this analogy can be made much more precise).

5.6. Fourier expansion of Brownian bridge. We want now to obtain a Fourier ex-
pansion for β in terms of a complete orthonormal system and a sequence of iid standard
normal variables. Again, this is

Again, it is enough to diagonalize the covariance operator Q defined in (5.5). This
corresponds to the equation 

−d
2ei
dr2

= λiei,

ei(0) = ei(1) = 0,

and some explicit computations show that

ek(x) :=
√

2 sin(kπx), x ∈ [0, 1], k ∈ N∗.

Then ek ∈ D(A) for all k ∈ N∗ and 2Aek = −k2π2 ek, and this is a complete orthonormal
system (a fact which requires a proof...). In particular, we obtain that the sequence
(ξk)k∈N∗ is i.i.d. N (0, 1), where

ξk := kπ 〈β, ek〉
and the following random Fourier series converges in L2(Ω;H)

β =
∞∑
k=1

1
kπ

ξk ek.

See subsection 6.4 for related material.
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6. The stochastic heat equation

We want to study the stochastic PDE

∂u

∂t
=

1
2
∂2u

∂x2
+ Ẇ ,

u(t, 0) = u(t, 1) = 0

u(0, x) = u0(x), x ∈ [0, 1]

(6.1)

where W (t, x) is a Brownian sheet over [0,+∞[×[0, 1] and Ẇ (t, x) is therefore a space-time
white-noise. We suppose that u0 ∈ L2(0, 1).

6.1. The deterministic heat equation. Let us start from the heat equation without
noise: 

∂v

∂t
=

1
2
∂2v

∂x2
,

v(t, 0) = v(t, 1) = 0

v(0, x) = v0(x), x ∈ [0, 1]

(6.2)

where v0 ∈ L2(0, 1). We set for all k ≥ 1:

ek(x) :=
√

2 sin(kπx), x ∈ [0, 1]. (6.3)

We recall the following result:

Exercise 6.1. {ek}k≥1 is a complete orthonormal basis of L2(0, 1).

Notice that {ek}k≥1 is a complete basis of eigenvectors of the second derivative with
homogeneous Dirichlet boundary conditions:

d2

dx2
ek = −(πk)2ek, ek(0) = ek(1) = 0, k ≥ 1.

Setting

D(A) =

f ∈ L2(0, 1) :
∑
k≥1

k4〈ek, f〉2L2(0,1) < +∞

 .

Af = −
∑
k≥1

(kπ)2

2
〈ek, f〉 ek, f ∈ D(A),

we obtain a closed operator in L2(0, 1) extending 1
2
∂2

∂x2 on C2
c (0, 1). The solution of the

heat equation (6.2) is therefore

v(t, x) =
∑
k≥1

e−t
(kπ)2

2 〈ek, v0〉 ek(x), t > 0, x ∈ [0, 1].

Since |ek(x)| ≤
√

2 and
∑

k≥1 e
−t (kπ)2

2 km < +∞ for all m ∈ N, the above series converges
uniformly on [0, 1] together with all its partial derivatives in t and x. One can write more
compactly, using the semigroup notation,

vt := v(t, ·) = etAv0, t ≥ 0.
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6.2. Fourier expansion of (6.1). Let us consider the scalar product of both terms of
(6.1) and ek. Setting ukt := 〈u(t, ·), ek〉 we obtain{

duk = − (kπ)2

2 uk dt+ dW k
t ,

uk0 = 〈u0, ek〉

where

W k
t :=

∫
[0,t]×[0,1]

ek(x)W (ds, dx).

Exercise 6.2. Prove that (W k
t , t ≥ 0)k≥1 is an independent sequence of Brownian motions.

Setting λk = (πk)2/2, we obtain that (ukt , t ≥ 0)k≥1 is an independent family of
Ornstein-Uhlenbeck processes, i.e.

ukt = e−λktuk0 +
∫ t

0
e−λk(t−s) dW k

s , t ≥ 0, (6.4)

or, equivalently,

ukt = uk0 − λk
∫ t

0
uks ds+W k

t , t ≥ 0, (6.5)

An important remark is the following:∑
k

1
λk

=
∑
k

2
(πk)2

< +∞.

Since ukt ∼ N
(
e−λktuk0,

1
2λk

(1− e−2λkt)
)

, then

E

∥∥∥∥∥
m∑

k=n+1

ukt ek

∥∥∥∥∥
2
 =

m∑
k=n+1

[
e−2λkt

(
uk0

)2
+

1
2λk

(1− e−2λkt)
]
→ 0

as n,m→ +∞. Therefore the series

ut :=
+∞∑
k=1

ukt ek

converges in L2(Ω;L2(0, 1)) to a well-defined r.v. ut taking values in L2(0, 1). Formula
(6.4) becomes

ut = etAu0 +
∫ t

0
e(t−s)A dWs, u0 ∈ L2(0, 1), t ≥ 0, (6.6)

while formula (6.5) becomes

〈ut, h〉 = 〈u0, h〉+
1
2

∫ t

0
〈us, h′′〉 ds+ 〈Wt, h〉, t ≥ 0, h ∈ D(A), (6.7)

which can be interpreted as a weak formulation of

du =
1
2
∂2u

∂x2
dt+ dW.
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6.3. Path continuity. Until now we have considered ut as a L2(0, 1)-valued random
variable. However, if x ∈ [0, 1] is fixed, then

un(t, x) :=
n∑
k=1

ukt ek(x) =
n∑
k=1

〈ut, ek〉 ek(x) ∈ R

is well defined for all n ≥ 1, t ≥ 0. Let us suppose that u0 = 0, so that uk0 := 0 for all
k ≥ 1. Then

E
(
|un(t, x)− um(t, x)|2

)
=

m∑
k=n+1

E
((

ukt

)2
)
e2
k(x) ≤

m∑
k=n+1

∫ t

0
e−2λk(t−s) ds

=
m∑

k=n+1

1− e−2λkt

2λk
→ 0

as n,m→ +∞. Therefore, there exists a well defined stochastic process (u(t, x), t ≥ 0, x ∈
[0, 1]), limit in L2(P) of (un(t, x), t ≥ 0, x ∈ [0, 1]) as n→∞.

Lemma 6.3. For all m ∈ N there exists a constant Cm < +∞ such that

E
(
|u(t, x)− u(s, y)|2m

)
≤ Cm

(
|t− s|m/2 + |x− y|m

)
, ∀ t, s ≥ 0, x, y ∈ [0, 1].

Proof. Notice that (u(t, x)− u(s, y)) is a real Gaussian variable with 0 mean; in order to
estimate its moments, it is enough to compute the second one, i.e. it is enough to prove
that for some constant C

E
(
|u(t, x)− u(s, y)|2

)
≤ C

(
|t− s|1/2 + |x− y|

)
, ∀ t, s ≥ 0, x, y ∈ [0, 1].

Since (u(t, x) − u(s, y)) is the limit in L2(P) of (un(t, x) − un(s, y)) as n → ∞, then it is
enough to estimate the variance of (un(t, x)− un(s, y)) uniformly in n. First we have

|un(t, x)− un(s, y)|2 ≤ 2 |un(t, x)− un(s, x)|2 + 2 |un(s, x)− un(s, y)|2.
Now:

E
(
|un(s, x)− un(s, y)|2

)
= E

∣∣∣∣∣
n∑
k=1

uks (ek(x)− ek(y))

∣∣∣∣∣
2


=
n∑
k=1

1− e−2λks

2λk
(ek(x)− ek(y))2 ≤

n∑
k=1

1 ∧ (|x− y| k)2

k2

≤ 1 ∧ |x− y|+
∫ ∞

1

1 ∧ (|x− y| k)2

k2
dk ≤ 3 |x− y|.

With similar computations:

E
(
|un(t, x)− un(s, x)|2

)
=

n∑
k=1

e2
k(x)

[
(1− e−λk(t−s))2 1− e−2λks

2λk
+ e−2λks

1− e−2λk(t−s)

2λk

]

≤ 2
n∑
k=1

1 ∧ (|t− s| k2)
k2

≤ 2
(

1 ∧ |t− s|+
∫ ∞

1

1 ∧ (|t− s| k2)
k2

dk

)
≤ 6

√
|t− s|.

We have used the fact that

(1− e−λk(t−s))2 ≤ (1 ∧ [λk(t− s)])2 ≤ 1 ∧ [λk(t− s)].
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In order to obtain the desired result, it is enough to pass to the limit in n→∞. �

Proposition 6.4. There exists an a.s. continuous stochastic process (u(t, x), t ≥ 0, x ∈
[0, 1]) such that for all t ≥ 0, u(t, ·) = ut in L2(0, 1), a.s.

Proof. By the Kolmogorov criterion, we obtain that there exists an a.s. continuous modi-
fication of v, that we call again v, such that in particular for all ε ∈ ]0, 1[ and T < +∞

sup
x,y∈[0,1], t,s∈[0,T ]

|u(t, x)− u(s, y)|
|t− s|

1−ε
4 + |x− y|

1−ε
2

< +∞, a.s.

�

Finally, continuity of u0 = (u0(x), x ∈ [0, 1]) implies continuity of (etAu0(x), t ≥ 0, x ∈
[0, 1]), while if u0 is merely in L2(0, 1), then we have continuity of (etAu0(x), t > 0, x ∈
[0, 1]).

6.4. The invariant measure. Since ut can be written as a sequence of independent O.U.
processes, it is easy to extend properties from the single processes to ut. For instance, the
unique probability invariant measure of the sequence is necessarily ⊗+∞

k=1 µλk , which means
that the only probability invariant measure of (ut)t≥0 is the distribution of

β :=
+∞∑
k=1

1
πk

ek Zk ∈ L2(0, 1),

where (Zk)k≥1 is an i.i.d. sequence of N (0, 1) variables. Notice that

E (βx βy) =
+∞∑
k=1

1
(πk)2

ek(x) ek(y), x, y ∈ [0, 1].

Is it possible to compute explicitly this covariance function? Notice that for h ∈ L2(0, 1)
we have

f := (−2A)−1h =
+∞∑
k=1

1
2λk
〈h, ek〉 ek =

+∞∑
k=1

1
(πk)2

〈h, ek〉 ek.

Moreover, f is the (unique) solution of the equation
−d

2f

dx2
= h,

f(0) = f(1) = 0,

Exercise 6.5. Prove that

f(x) =
∫ 1

0
(x ∧ y − xy)h(y) dy, x ∈ [0, 1].

Therefore

E (βx βy) =
+∞∑
k=1

1
(πk)2

ek(x) ek(y) = x ∧ y − xy, x, y ∈ [0, 1],

which is the covariance function of a Brownian bridge on [0, 1]: βx := Bx − xB1, where B
is a BM.
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6.5. The Stochastic Convolution. The process Z defined in (6.6) above is called the
stochastic convolution. We recall that the function

gt(x, y) :=
∞∑
k=1

e−t(πk)2/2 ek(x) ek(y), t > 0, x, y ∈ [0, 1], (6.8)

where ek is as in (6.3), is C∞ for (t, x, y) ∈ ]0,+∞[×[0, 1]× [0, 1], and is called the funda-
mental solution of the heat equation on [0, 1] with Dirichlet boundary condition. Indeed,
g satisfies 

∂g

∂t
=

1
2
∂2g

∂x2
,

gt(0, y) = gt(1, y) = 0,

g0(x, y) = δ(x− y).

(6.9)

Indeed, for all t > 0 the series in (6.8) converges uniformly with all partial derivatives
w.r.t. x and by (6.3), for t > 0

∂g

∂t
(t, x) =

∂

∂t

∞∑
k=1

e−t(πk)2/2 ek(x) ek(y) = −
∞∑
k=1

(πk)2

2
e−t(πk)2/2 ek(x) ek(y)

=
1
2
∂2

∂x2

∞∑
k=1

e−t(πk)2/2 ek(x) ek(y) =
1
2
∂2g

∂x2
(t, x)

and for t = 0 and any f, g ∈ L2(0, 1)∫
[0,1]2

f(y) g(x) g0(x, y) dx dy =
∫

[0,1]2
f(y) g(x)

∞∑
k=1

ek(x) ek(y) dx dy =
∞∑
k=1

〈g, ek〉 〈f, ek〉

= 〈f, g〉 =
∫

[0,1]
f(x) g(x) dx =

∫
[0,1]2

f(y) g(x) δ(x− y) dx dy.

If we use the fundamental solution g of the heat equation defined in (6.8) and the space-
time white noise representation W (ds, dy) in terms of the Brownian sheet, then from (6.6)
we obtain yet another expression for z,

z(t, x) =
∫ 1

0
gt(x, y)u0(y) dy +

∫ t

0

∫ 1

0
gt−s(x, y)W (ds, dy).

We have the following useful estimate on g

Lemma 6.6. We have

0 ≤ gt(x, y) ≤ Gt(x, y) :=
1√
2πt

exp
(
−|x− y|

2

2t

)
, x, y ∈ [0, 1], t > 0.

Proof. Let f ∈ Cc(0, 1) be non-negative. Then by (6.9) the function

ft(x) :=
∫ 1

0
gt(x, y) f(y) dy, t > 0, x ∈ [0, 1]
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is a solution of 

∂f

∂t
=

1
2
∂2f

∂x2
,

ft(0) = ft(1) = 0,

f0(x) = f(x)

(6.10)

Let (Bt)t≥0 be a standard Brownian motion and let τx := inf{s > 0 : x + Bs /∈ ]0, 1[} for
x ∈ ]0, 1[. Then Ito’s formula applied to (ft−s(x+Bs∧τx))s≤t yields that

ft(x) = E
(
f(x+Bt)1{s>τx}

)
.

Therefore we obtain

0 ≤ ft(x) ≤ E (f(x+Bt)) =
∫ 1

0
Gt(x, y) f(y) dy

and since f ∈ Cc(0, 1) non-negative is generic, then we obtain

0 ≤ gt(x, y) ≤ Gt(x, y), t > 0, x, y ∈ [0, 1].

�

7. Martingale measures

In this section we show how to construct stochastic integrals w.r.t. a multi-parameter
white noise W (dt, dx). We follow the presentation given in [12, Chapter Two].

Let (E,B, η) be a finite measure space and W a white noise over (E × [0, T ], η ⊗ dt).
Let us define the filtration Ft := σ(W (1A×[0,s]), s ∈ [0, t], A ∈ B).

By the properties of white noises, the process t 7→W (1A×[0,t]) =: Mt(A) is a (Ft)t-BM
multiplied by (η(A))1/2, and in particular a (Ft)t-martingale. Let A,B ∈ B. Then we can
write

Mt(A) ·Mt(B) = [Mt(A ∩B)]2 +Mt(A\B) ·Mt(A ∩B) +Mt(B\A) ·Mt(A ∩B).

By the independence properties of Gaussian processes, (Mt(A\B), t ≥ 0), (Mt(A∩B), t ≥
0) and (Mt(B\A), t ≥ 0) are independent martingales. Therefore

Mt(A) ·Mt(B) = Nt + t η(A ∩B),

where (Nt)t is a martingale and we obtain that the covariance functional is

〈M(A),M(B)〉t = t η(A ∩B) = t

∫
E
1A(x)1B(x) η(dx).

We can and shall use the notation

Mt(A) =
∫

[0,T ]×E
1[0,t]×A(s, x)W (ds, dx).

The aim is to extend this stochastic integral to more general integrands.

Lemma 7.1. The process (Mt(A), A ∈ B, t ≥ 0) is a martingale measure, i.e.
(1) M0(A) ≡ 0
(2) for all A ∈ B, (Mt(A), t ≥ 0) is a (Ft)t≥0-martingale.
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(3) Mt : B 7→ L2(P) is a L2-valued measure, i.e. for all (An)n∈N ⊂ B such that
Ai ∩Aj = ∅ for i 6= j and η(∪nAn) < +∞ we have

lim
n→+∞

E

(Mt (∪kAk)−
n∑
k=1

Mt(Ak)

)2
 = 0.

The third property can be interpreted as an equality in L2(Ω)

Mt (∪kAk) =
∑
k

Mt(Ak) in L2(Ω).

Notice that the series in the right hand side converges in L2(Ω) but not necessarily almost
surely.

Proof of Lemma 7.1. The first two properties are obvious from the definitions of W and
Ft and have already been discusses above. To check the last property, let us recall that
(Mt(Ak))k∈N is an independent sequence, since it is a Gaussian family such that pairwise
covariances vanish

Cov(Mt(Ai)Mt(Aj)) = E(Mt(Ai)Mt(Aj)) = η(Ai ∩Aj) = 0, i 6= j.

Then the sequence (Mt(Ak))k∈N is orthogonal in L2(P) and a.s.

Mt (∪nk=1Ak) =
n∑
k=1

Mt(Ak).

Since

E
[
(Mt (∪kAk)−Mt (∪nk=1Ak))

2
]

= E
[
(Mt (∪k≥n+1Ak))

2
]

= η(∪k≥n+1Ak)

then we obtain the claim as n→ +∞. �

We define the covariance functional

〈M(A),M(B)〉t = t η(A ∩B). (7.1)

Then we can also say that (Mt(A), A ∈ B, t ≥ 0) is orthogonal in the sense that A∩B = ∅
implies that (Mt(A), t ≥ 0) and (Mt(B), t ≥ 0) are orthogonal martingales, i.e. the product
(Mt(A)Mt(B), t ≥ 0) is a martingale (the quadratic covariation vanishes identically).

We are going to construct stochastic integrals w.r.t. the martingale measure (Mt(A), A ∈
B, t ∈ [0, T ]). We introduce the class of elementary integrands:

f(x, s, ω) = X(ω)1]a,b](s)1A(x), x ∈ E, s ∈ [0, T ], ω ∈ Ω, (7.2)

where 0 ≤ a ≤ b ≤ T , X is bounded and Fa-measurable, A ∈ B. A simple function is a
sum of a finite number of elementary functions.

If f is an elementary function of the form (7.2) and M a martingale measure, we define
a new martingale measure f •M by

f •Mt(B) := X · (Mt∧b(A ∩B)−Mt∧a(A ∩B)), t ∈ [0, T ].

We define f •Mt(B) by linearity if f is simple.

Lemma 7.2. For any simple function f , (f • Mt(B), t ≥ 0, B ∈ B) is an orthogonal
martingale measure with covariance functional

〈f •M(A), f •M(B)〉t =
∫

[0,t]×(A∩B)
f2(x, s, ·) ds η(dx). (7.3)
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Proof. The martingale measure properties follow from linearity. Let now two elementary
functions

f1(x, s, ω) = X1(ω)1]a1,b1](s)1A1(x), f2(x, s, ω) = X2(ω)1]a2,b2](s)1A2(x),

where 0 ≤ ai ≤ bi ≤ T , Xi is bounded and Fai-measurable, Ai ∈ B. Let us set N i
t :=

Mt(Ai ∩Bi), with Bi ∈ B, i = 1, 2. Then (N i
t )t≥0 is a classical (Ft)t≥0-martingale and

fi •Mt(Bi) =
∫ t

0
Xi1]ai,bi](s) dN

i
s, t ≥ 0,

where the right hand side is a classical stochastic integral. Then we have by (7.1)

〈f1 •M(B1), f2 •M(B2)〉t =
∫ t

0
X1X2 1]a1,b1]∩]a2,b2](s) d〈N1, N2〉s

=
∫ t

0
X1X2 1]a1,b1]∩]a2,b2](s) ds η(A1 ∩B1 ∩A2 ∩B2) =

∫
[0,t]×(B1∩B2)

f1 f2 ds dη.

By linearity, (7.3) follows easily. �

Now we define the predictable σ-algebra P as the σ-algebra generated by all elementary
functions. We say that a function f is predictable if it is P-measurable. We define a norm
on all predictable functions

‖f‖M :=

[
E

(∫
E×[0,T ]

|f(y, s)|2 η(dy) ds

)] 1
2

.

As in the classical case, we can prove that simple functions are dense in the space of
predictable functions with ‖f‖M < +∞. Notice that for all simple functions

E
(
(f •Mt(B))2

)
= E

(∫
[0,t]×B

f2(x, s, ·) ds η(dx)

)
≤ ‖f‖2M . (7.4)

Indeed, this follows by considering A = B and taking expectation (7.3). Therefore, by
density, we can define the process (f •Mt(B), t ≥ 0, B ∈ B) for all (Ft)t≥0-predictable f
such that ‖f‖M < +∞. Now we have the

Lemma 7.3. For any predictable function f with ‖f‖M < +∞, (f •Mt(B), t ≥ 0, B ∈ B)
is an orthogonal martingale measure with covariance functional given by (7.3) and such
that (7.4) holds.

Proof. Since f •M is defined by density, the martingale property follows since the L2 limit
of a sequence of martingales is still a martingale. Moreover, (7.4) holds by density.

To prove that B 7→ f •Mt(B) is a L2-values measure, let us consider (An)n∈N ⊂ B such
that Ai ∩Aj = ∅ for i 6= j and η(∪nAn) < +∞. Then by (7.4)

E

(f •Mt (∪kAk)−
n∑
k=1

f •Mt(Ak)

)2
 = E

[
(f •Mt(∪k≥n+1Ak))

2
]

=
∫
∪k≥n+1Ak

η(dx) E
(∫ t

0
f2(x, s, ·) ds

)
→ 0

as n→ +∞. �
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We shall denote∫ t

0

∫
B
f(s, y)W (ds, dy) := f •Mt(B), B ∈ B, t ≥ 0.

and in particular∫
[0,t]×E

f(s, y)W (ds, dy) =
∫ t

0

∫
E
f(s, y)W (ds, dy) := f •Mt(E), t ≥ 0.

8. Non-linear SPDEs

We want to study the equation

∂u

∂t
=

1
2
∂2u

∂x2
+ f(u) + σ(u) Ẇ ,

u(t, 0) = u(t, 1) = 0

u(0, x) = u0(x), x ∈ [0, 1]

(8.1)

where W = (W (s, x), s ∈ [0, t], x ∈ [0, 1]) is a Brownian sheet and f : R 7→ R, σ : R 7→ R.
If we set Ft := σ(W (s, x), s ∈ [0, t], x ∈ [0, 1]), then u(t, ·) is assumed to be predictable.
We make the standard assumption on the coefficients that there exists a constant C such
that

|f(u)− f(v)|+ |σ(u)− σ(v)| ≤ C|u− v|, u, v ∈ R. (8.2)

A motivation for considering a nonlinear coefficient σ multiplying the space-time white
noise comes from population genetics. Indeed, a natural model of branching Brownian
motions has as scaling limit the following SPDE

∂u

∂t
=

1
2
∂2u

∂x2
+
√
u Ẇ

also known as the Super-Brownian motion equation, see [4]. On the other hand, notice
that the square root is not Lipschitz and, indeed, only uniqueness in law is known for
this equation, while pathwise uniqueness is still an open problem. This class of equations
makes sense also in dimension d ≥ 1 as a martingale problem, but u is a positive measure
without a density w.r.t. Lebesgue measure.

First we notice that, if f ≡ 0 and σ ≡ 1 then this equation is the stochastic heat
equation (6.1). In analogy with that case, we can expect that the solution can not be
regular enough to satisfy (8.1) in a pointwise sense. We first need to properly interpret
(8.1).

8.1. Mild solutions. We retain the notations of section 6. If we multiply (8.1) by a test
function h ∈ D(A) and we integrate by parts, we obtain that

〈ut, h〉 = 〈u0, h〉+
∫ t

0
〈us, Ah〉 ds+

∫ t

0
〈f(us), h〉 ds

+
∫ t

0

∫ 1

0
σ(u(s, y))h(y)W (ds, dy)
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If we choose h = ek then we obtain for ukt := 〈ut, ek〉

ukt =uk0 −
(kπ)2

2

∫ t

0
uks ds+

∫ t

0
〈f(us), ek〉 ds

+
∫ t

0

∫ 1

0
σ(u(s, y)) ek(y)W (ds, dy)

and, by applying the Ito formula to t 7→ et
(kπ)2

2 ukt , we obtain

ukt =e−t
(kπ)2

2 uk0 +
∫ t

0
e−(t−s) (kπ)2

2 〈f(us), ek〉 ds

+
∫ t

0

∫ 1

0
e−(t−s) (kπ)2

2 σ(u(s, y)) ek(y)W (ds, dy).

Multiplying each term by ek(x) and summing over k we find that (8.1) is equivalent to

u(t, x) =
∫ 1

0
gt(x, y)u0(y) dy +

∫ t

0

∫ 1

0
gt−s(x, y) f(u(s, y)) dy ds

+
∫ t

0

∫ 1

0
gt−s(x, y)σ(u(s, y))W (dy, ds)

(8.3)

where g is the fundamental solution of the heat equation (6.10). Equation (8.3) is called
the mild formulation of (8.1).

The stochastic convolution. Notice that the last term in (8.3) is a stochastic integral which
requires the theory developed in section 7. Let us check that the assumptions are satisfied.
By the previous section, the space-time white noise defines a martingale measure by

Mt(A) :=
∫

[0,T ]×[0,1]
1([0,t]×A)(s, y)W (ds, dy), t ≥ 0,

and the condition ‖f‖M < +∞ on a (Ft)−predictable process is just∫
[0,T ]×[0,1]

E
(
f2(s, y)

)
ds dy < +∞.

8.2. Existence and uniquenenss with Lipschitz continuous coefficients.

Proposition 8.1. Assume (8.2). For all u0 ∈ L2(0, 1) there exists a unique predictable
process (u(t, x), t ≥ 0, x ∈ [0, 1]) such that u solves (8.3) and

sup
(t,x)∈[0,T ]×[0,1]

E
(
u2(t, x)

)
< +∞, ∀T > 0.

Proof. We follow [12, Chapter Three]. Suppose u1 and u2 are two predictable solutions of
(8.3). Then U := u1 − u2 satisfies

U(t, x) =
∫ t

0

∫ 1

0
gt−s(x, y) (f(u1(s, y))− f(u2(s, y))) dy ds

+
∫ t

0

∫ 1

0
gt−s(x, y) (σ(u1(s, y))− σ(u2(s, y))) W (dy, ds).

(8.4)

We define
F (t, x) := E

(
U2(t, x)

)
, H(t) := sup

x∈[0,1]
F (t, x).
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By assumption, H is bounded over [0, T ]. From (8.4), for all t ∈ [0, T ]

F (t, x) ≤2T E
(∫ t

0

∫ 1

0
g2
t−s(x, y) |f(u1(s, y))− f(u2(s, y))|2 dy ds

)
+

+ 2 E
(∫ t

0

∫ 1

0
g2
t−s(x, y) |σ(u1(s, y))− σ(u2(s, y))|2 dy ds

)
≤K

∫ t

0

∫ 1

0
g2
t−s(x, y)F (s, y) dy ds.

where K := C2(2T + 1). Thus

H(t) ≤ K
∫ t

0
H(s)

∫ 1

0
g2
t−s(x, y) dy ds ≤ K

∫ t

0
H(s)

ds√
2π(t− s)

,

since by Lemma 6.6∫ 1

0
g2
t−s(x, y) dy ≤

∫ 1

0
G2
t−s(x, y) dy =

1
2π(t− s)

∫
R
e−

y2

t−s dy =
1√

2π(t− s)
.

By iterating we have

H(t) ≤ K
∫ t

0
H(s)

∫ 1

0
g2
t−s(x, y) dy ds ≤ K2

2π

∫ t

0

∫ s

0
H(u)

du ds√
(t− s)(s− u)

.

Setting v := (s− u)/(t− u) we have∫ t

u

ds√
(t− s)(s− u)

=
∫ 1

0

dv√
v(1− v)

≤ 2
∫ 1

2

0

dv√
v
≤ 4.

Therefore, by Fubini

H(t) ≤ 2K2

π

∫ t

0
H(s) ds.

By Gronwall’s Lemma

H(t) ≤ H(0) e
2K2

π
t,

and since H(0) = 0 we have H ≡ 0 and u1 ≡ u2.
We prove now existence of a solution. We define
u0(t, x) :=

∫ 1

0
gt(x, y)u0(y) dy

un+1(t, x) := u0(t, x) +
∫ t

0

∫ 1

0
gt−s(x, y) (f(un(s, y)) dy ds+ σ(un(s, y))W (dy, ds))

and
Fn(t, x) := E

(∣∣un+1(t, x)− un(t, x)
∣∣2) , Hn(t) := sup

x∈[0,1]
Fn(t, x).

Then with the same computations as above

Fn+1(t, x) ≤2T E
(∫ t

0

∫ 1

0
g2
t−s(x, y) |f(un+1(s, y))− f(un(s, y))|2 dy ds

)
+

+ 2 E
(∫ t

0

∫ 1

0
g2
t−s(x, y) |σ(un+1(s, y))− σ(un(s, y))|2 dy ds

)
≤K

∫ t

0

∫ 1

0
g2
t−s(x, y)Fn(s, y) dy ds
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and we obtain by iteration

Hn+2(t) ≤ C
∫ t

0
Hn(s) ds

where C is a constant. By induction on m ≥ 1, we find for n = 0, 1

Hn+2m(t) ≤ Cm

(m− 1)!

∫ t

0
Hn(s) (t− s)m ds.

Therefore
+∞∑
n=1

√
Hn(t) =

1∑
n=0

+∞∑
m=1

√
Hn+2m(t) < +∞.

If follows that (un) is a Cauchy sequence in C([0, T ] × [0, 1];L2(Ω)). Therefore un → u
and it is easy to show that u is a solution of (8.3) by passing to the limit in the definition
of un+1 above. �

Remark 8.2. In the existence part of the proof we have been lazy, in that we have
considered convergence in L2. It is possible to prove that for u0 ∈ Lp(0, 1), the sequence
un converges in C([0, T ]× [0, 1];Lp(Ω)), p > 1. One can also obtain the estimate

E (|u(t, x)− u(s, y)|p) ≤ C
(
|x− y|

1
2
− 1
p + |t− s|

1
4
− 2
p

)
and construct, by Kolmogorov’s Theorem, a continuous modification of (u(t, x), t ≥ 0, x ∈
[0, 1]).

8.3. Additive white noise. If the noise coefficient σ is constant, e.g. σ ≡ 1, then
existence and uniqueness of solutions are easier, since (8.3) becomes

u(t, x) =
∫ 1

0
gt(x, y)u0(y) dy +

∫ t

0

∫ 1

0
gt−s(x, y)W (dy, ds)

+
∫ t

0

∫ 1

0
gt−s(x, y) f(u(s, y)) dy ds

(8.5)

and the sum of the first two terms in the right hand side is the solution of the linear heat
equation (6.1). Then one can simply define a map Γ : C([0, T ];H) 7→ C([0, T ];H)

Γ(v)(t) :=
∫ 1

0
gt(·, y)u0(y) dy +

∫ t

0

∫ 1

0
gt−s(·, y)W (dy, ds)

+
∫ t

0

∫ 1

0
gt−s(·, y) f(v(s, y)) dy ds

and look for a fixed point. This can be done analogously to the proof of Theorem 2.1,
by introducing B := C([0, T ];H) with norm ‖f‖B := supt∈[0,T ] e

−Kt‖ft‖, for some K > 0,
and showing that Γ is a contraction in B. Notice that, as in the proof of Theorem 2.1, by
considering the difference Γ(u) − Γ(v) the stochastic parts cancel out and this simplifies
considerably the proof.

We can in fact study a more difficult class of equations, namely

∂u

∂t
=

1
2
∂2u

∂x2
+

∂

∂x
[f(u)] + Ẇ ,

u(t, 0) = u(t, 1) = 0

u(0, x) = u0(x), x ∈ [0, 1].

(8.6)
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Notice that, as for the linear equation (6.1), we do not expect u to be differentiable in
x, and therefore the nonlinearity in (8.6) has to be properly interpreted. A classical
example of equation (8.6) is when f(u) = u2, a case known as Burgers’s equation. This
is a one-dimensional version of the more important (and much more difficult) stochastic
Navier-Stokes equation.

Arguing as in the proof of (8.3), the standard way is to multiply by a test function and
integrate by parts. We obtain for h ∈ D(A)

〈ut, h〉 = 〈u0, h〉+
∫ t

0
〈us, Ah〉 ds−

∫ t

0
〈f(us), h′〉 ds+

∫ t

0

∫ 1

0
h(y)W (ds, dy)

and therefore, after choosing h = ek and then going back to the Fourier series, we obtain
the mild formulation

u(t, x) =
∫ 1

0
gt(x, y)u0(y) dy +

∫ t

0

∫ 1

0
gt−s(x, y)W (dy, ds)

−
∫ t

0

∫ 1

0

∂

∂y
gt−s(x, y) f(u(s, y)) dy ds.

(8.7)

Actually, the last term requires some care: indeed, it is not obvious that it is well-defined,
due to the singularity of ∂

∂ygt−s(x, y). However, notice that

∂

∂y
gt(x, y) =

∞∑
k=1

e−t(πk)2/2 ek(x) k ηk(y), t > 0, x, y ∈ [0, 1],

where ηk(y) :=
√

2 cos(πky). Notice that (ηk)k≥1 is again a complete orthonormal system
in H. Then for all h ∈ H∫ 1

0
dx

(∫ 1

0
dy

∂

∂y
gt(x, y)h(y)

)2

=

∥∥∥∥∥
∞∑
k=1

e−t(πk)2/2 ek k 〈h, ηk〉

∥∥∥∥∥
2

=
∞∑
k=1

k2e−t(πk)2〈h, ηk〉2 ≤ sup
k≥1

k2e−t(πk)2 ‖h‖2 ≤ C

t
‖h‖2,

since
sup
k≥1

k2e−t(πk)2 =
1
tπ2

sup
k≥1

t(πk)2e−t(πk)2 ≤ 1
tπ2

sup
r>0

re−r =
C

t
.

Thus ∥∥∥∥∫ 1

0

∂

∂y
gt−s(·, y) f(u(s, y)) dy

∥∥∥∥
H

≤ C√
t− s

‖f(u(s, ·))‖H

and therefore if u ∈ C([0, T ];H)∥∥∥∥∫ t

0

∫ 1

0

∂

∂y
gt−s(·, y) f(u(s, y)) dy ds

∥∥∥∥
H

≤
∫ t

0

C√
t− s

ds sup
r∈[0,t]

‖f(u(r, ·))‖H < +∞.

Therefore the last term of (8.7) is well defined for all t in H. With the same estimates,
we prove now existence and uniqueness of solutions of (8.7) under a standard Lipschitz-
continuity assumption on f . We define the map Γ : C([0, T ];H) 7→ C([0, T ];H)

Γ(v)(t) :=
∫ 1

0
gt(·, y)u0(y) dy +

∫ t

0

∫ 1

0
gt−s(·, y)W (dy, ds)

−
∫ t

0

∫ 1

0

∂

∂y
gt−s(·, y) f(v(s, y)) dy ds.
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By the above estimate

‖Γ(v)(t)− Γ(u)(t)‖H =
∥∥∥∥∫ t

0

∫ 1

0

∂

∂y
gt−s(·, y) (f(v(s, y))− f(u(s, y))) dy ds

∥∥∥∥
H

≤
∫ t

0

C√
t− s

‖f(v(s, ·))− f(u(s, ·))‖H ds ≤ L
∫ t

0

CeKs√
t− s

e−Ks ‖v(s, ·)− u(s, ·)‖H ds

since f is L-Lipschitz. Therefore by multiplying both sides by e−Kt and taking the supre-
mum over t ∈ [0, T ] we obtain

‖Γ(v)− Γ(u)‖B ≤ L
∫ T

0

Ce−Ks√
s

ds ‖v − u‖B .

Therefore, for K sufficiently large Γ is a contraction in B and it has a unique fixed point.

9. Ergodic theory

Let E be a Polish space. We consider a family (Θt)t∈N of maps Θt : E 7→ E such that
(1) Θ0 = Id
(2) Θs ◦Θt = Θt+s for all s, t ∈ N
(3) the map Θt is measurable for all t ∈ N.

Such a family is called a dynamical system. Denoting byM1(E) the space of all probability
measures on E, we define the set of all invariant probability measures

J (Θ) := {P ∈M1(E) : Θ∗tP = P, ∀ t ∈ N}

where Θ∗tP is the image measure of P under Θt. For all P ∈ J (Θ) we define the σ-algebra
of all invariant sets

IP := {A ∈ B(E) : 1A ◦Θt = 1A P− a.s. ∀ t ∈ N} .

Then we have the classical Birkhoff Ergodic Theorem

Theorem 9.1. Let P ∈ J (Θ) and F ∈ L1(E,P). Then

lim
N→+∞

1
N

N−1∑
n=0

F (Θn(ω)) = E(F | IP)(ω), for P− a.e. ω ∈ E.

For a proof, see [10, section 2.2]. We say that P ∈ J (Θ) is ergodic if P(A) ∈ {0, 1} for all
A ∈ IP. In this case Theorem 9.1 yields

Proposition 9.2. P ∈ J (Θ) is ergodic iff for all F ∈ L1(E,P)

lim
N→+∞

1
N

N−1∑
n=0

f(Θn(ω)) = E(f), for P− a.e. ω ∈ E.

9.1. Applications to Markov processes. Let (Xt)t≥0 be a continuous Markov process
taking values in a Polish space T and set E := TN. Let (Pt(x,A), x ∈ T,A ∈ B(T ))t≥0 be
the transition kernel of X, and denote by (Pt)t≥0 the transition semigroup

Ptf(x) :=
∫
T
f(x)Pt(x, dy), ∀ t ≥ 0, x ∈ T, f ∈ Cb(T ).

We suppose that (Pt)t≥0 is Feller, i.e. Ptf ∈ Cb(T ) for all f ∈ Cb(T ) and t ≥ 0.
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If the initial law of X, i.e. the law of X0, is ν, then we denote by Pν the law of (Xt)t∈N
on E. If ν = δx, a Dirac mass concentrated at x ∈ T , then we denote Pδx = Px. Recall
that by the Markov property

Pν =
∫
T

Px ν(dx), ν ∈M1(T ). (9.1)

Suppose that µ is an invariant probability measure for (Pt)t≥0, namely∫
T
Ptf dµ =

∫
T
f dµ, ∀ t ≥ 0, f ∈ Cb(T ),

i.e. P ∗t µ = µ for all t ≥ 0. If X0 has law µ, then X is stationary, i.e. (Xt+s)t≥0 has the
same distribution as (Xt)t≥0. We define the shift semigroup

Θn : E 7→ E, Θn(ω) := ω(n+ ·), n ∈ N.
Then (Θn)n∈N is a dynamical system and Pµ ∈ J (Θ). We denote by

J (P ) := {µ ∈M1(T ) : P ∗t µ = µ, ∀ t ≥ 0} .
For all µ ∈ J (P ) we set

Iµ := {A ∈ B(T ) : Pt1A = 1A µ− a.s. ∀ t ≥ 0} .
We say that µ ∈ J (P ) is ergodic if Pµ is ergodic for the dynamical system (Θn)n∈N.
We need first a technical result, whose statement is intuitive, although the proof is not
completely obvious. The interpretation is that a Θ-invariant set is necessarily identified
by its projection at time 0.

Lemma 9.3. Every invariant set A ∈ IPµ is equal, for some A ∈ Iµ, to

{ω ∈ E : ωn ∈ A, ∀n ∈ N} = AN

up to a Pµ-negligible set, i.e. Pµ(A∆AN) = 0. In particular, Pµ(A) = Pµ(AN) = µ(A).

Proof. For the proof of the existence of A, see [7, Proposition 5.2, Corollaries 5.3-5.5]. Let
us prove the formula Pµ(AN) = µ(A). We claim that, for A ∈ Iµ

Px(ω1 ∈ A, . . . , ωn ∈ A) = 1, ∀x ∈ A, n ≥ 0.

We proceed by induction. For n = 0 the result being obvious, we suppose it holds for n.
Then by the Markov property

Px(ω0 ∈ A, . . . , ωn+1 ∈ A) = 1A(x) Px(ω1 ∈ A, . . . , ωn+1 ∈ A) = Px(ω0 ∈ A, . . . , ωn ∈ A).

Therefore

Pµ(ω0 ∈ A, . . . , ωn ∈ A) =
∫
A
µ(dx) Px(ω0 ∈ A, . . . , ωn ∈ A) = µ(A)

and
Pµ(AN) = lim

n→∞
Pµ(ω1 ∈ A, . . . , ωn ∈ A) = lim

n→∞
µ(A) = µ(A).

�

By Birkhoff’s Theorem, we obtain

Proposition 9.4. µ ∈ J (P ) is ergodic iff for all f ∈ L1(T, µ)

lim
N→+∞

1
N

N−1∑
n=0

f(Xn) =
∫
T
f dµ, Pµ−a.s.
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Proof. Let f ∈ L1(T, µ), and set F (ω) := f(ω(0)), ω ∈ E. Then we have

1
N

N−1∑
n=0

f(Xn) =
1
N

N−1∑
n=0

F ◦Θn,

∫
E
F dPµ =

∫
T
f dµ.

If Pµ is ergodic, then the desired result follows by

lim
N→+∞

1
N

N−1∑
n=0

f(Xn) = lim
N→+∞

1
N

N−1∑
n=0

F ◦Θn =
∫
E
F dPµ =

∫
T
f dµ, Pµ−a.s.

by Birkhoff’s Theorem. Conversely, suppose that the formula above holds for all f ∈
L1(T, µ). Let A ∈ IPµ and let A ∈ B(T ) as in Lemma 9.3. By applying the above formula
to f = 1A, we obtain by Birkhoff’s Theorem that

Pµ(A | IPµ) = lim
N→+∞

1
N

N−1∑
n=0

1A ◦Θn = lim
N→+∞

1
N

N−1∑
n=0

1(Xn∈A) = µ(A),

Pµ-a.s. Since µ(A) is non-random, it means that IPµ is trivial, i.e. Pµ is ergodic. �

Corollary 9.5. µ ∈ J (P ) is ergodic if and only if µ(A) ∈ {0, 1} for all A ∈ Iµ.

Proof. If µ ∈ J (P ) is ergodic then we obtain by the previous result that

µ(A) = Pµ(A | IPµ) =⇒ µ(A) = Pµ(A) ∈ {0, 1}.
Conversely, if µ is not ergodic, then Pµ is not ergodic, i.e. there exists A ∈ IPµ with
Pµ(A) /∈ {0, 1}. Let A as in Lemma 9.3; then µ(A) = Pµ(A) /∈ {0, 1}. �

The set of invariant measures J (P ) has an interesting structure. Indeed it is convex and
bounded in the weak-∗ topology, namely

sup
ϕ∈Cb(T )\{0}

∣∣∫ ϕdµ∣∣
‖ϕ‖∞

≤ 1, ∀µ ∈ J (P ).

We recall that µ, ν ∈ M1(T ) are said to be (mutually) singular if there exists A ∈ B(T )
such that µ(A) = 1 and ν(A) = 0.

Proposition 9.6. If µ, ν ∈ J (P ) are ergodic and µ 6= ν then they are mutually singular.

Proof. Let C ∈ B(T ) such that µ(C) 6= ν(C) and define the event

A :=

{
x ∈ T : lim

N→+∞

1
N

N−1∑
n=0

1C(Xn) = µ(C), Px − a.s.

}
.

By ergodicity of Pµ we have Pµ(W ) = 1, where

W :=

{
ω ∈ E : lim

N→+∞

1
N

N−1∑
n=0

1C(ω(n)) = µ(C)

}
.

By Fubini’s Theorem and by (9.1) we have

1 = Pµ(W ) =
∫
T

Px(W )µ(dx)

so that Px(W ) = 1 for µ-a.e. x, i.e. µ(A) = 1. Analogously we have Pν(W̃ ) = 1, where

W̃ :=

{
ω ∈ E : lim

N→+∞

1
N

N−1∑
n=0

1C(ω(n)) = ν(C)

}
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and W ∩ W̃ = ∅, so that Pν(W ) = 0. By Fubini’s Theorem and by (9.1) we have

0 = Pν(W ) =
∫
T

Px(W ) ν(dx)

so that Px(W ) = 0 for ν-a.e. x, i.e. ν(A) = 0. �

We say that µ ∈ J (P ) is extremal if it can not be written as a non-trivial convex
combination of µ1, µ2 ∈ J (P ), i.e. if

µ = (1− α)µ1 + αµ2, α ∈ (0, 1) =⇒ µ1 = µ2 = µ.

Proposition 9.7. µ ∈ J (P ) is ergodic iff µ is extremal.

Proof. Let us first prove that if µ ∈ J (P ) is ergodic and ν ∈ J (P ) is absolutely continuous
w.r.t. µ, then ν = µ. For all A ∈ B(T ), by Birkhoff’s Theorem

lim
N→+∞

1
N

N−1∑
n=0

1A(Xn) = µ(A), Pµ−a.s.

Since ν is absolutely continuous w.r.t. µ, then Pν is absolutely continuous w.r.t. Pµ and
we have

lim
N→+∞

1
N

N−1∑
n=0

1A(Xn) = µ(A), Pν−a.s.

By dominated convergence

lim
N→+∞

Eν

[
1
N

N−1∑
n=0

1A(Xn)

]
= µ(A).

On the other hand

Eν

[
1
N

N−1∑
n=0

1A(Xn)

]
=

1
N

N−1∑
n=0

ν(A) = ν(A),

so that µ(A) = ν(A). Let us now consider an ergodic µ ∈ J (P ) such that

µ = (1− α)µ1 + αµ2, α ∈ (0, 1), µ1, µ2 ∈ J (P ).

Then µ1 is absolutely continuous w.r.t. µ and therefore µ1 = µ = µ2.
Conversely, if µ is extremal but not ergodic, then there exists C ∈ Iµ such that µ(C) ∈

]0, 1[. If we define µ1 := µ(· |C), µ2 := µ(· |T\C), then µ1, µ2 ∈ J (P ) and

µ = µ(C)µ1 + (1− µ(C))µ2,

a contradiction. �

As an immediate corollary we obtain the important

Theorem 9.8. If J (P ) = {µ}, i.e. there exists a unique invariant probability measure µ,
then µ is ergodic.
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10. An existence result

Let us consider again a Feller transition semigroup (Pt)t≥0, i.e. Ptf ∈ Cb(T ) for all
f ∈ Cb(T ) and t ≥ 0. We recall that a family (µi)i∈I ⊂ M1(T ) is tight if for all ε > 0
there is a compact set Kε ⊂ T such that

sup
i∈I

µi(Kε) ≥ 1− ε.

Since T is Polish, Prohorov’s Theorem states that tightness and pre-compactness inM1(T )
are equivalent. Then we have the classical

Theorem 10.1 (Krylov-Bogolioubov). Let (Pt)t≥0 be Feller and suppose that there exists
µ0 ∈ M1(T ) such that (P ∗t µ0)t≥0 is tight in T . Then there exists an invariant probability
measure µ ∈ J (P ).

Proof. Let µt ∈M1(T ) be defined by

µt :=
1
t

∫ t

0
P ∗s µ0 ds, t > 0.

Tightness of (P ∗t µ0)t≥0 easily implies tightness of (µt)t>0. Then, by Prohorov’s Theorem
there exists a sequence tn → +∞ and µ∞ ∈ M1(T ) such that µtn ⇀ µ∞. Then for any
test function ϕ ∈ Cb(T ) and r ≥ 0 we have Prϕ ∈ Cb(T ) and

〈Prϕ, µ〉 = lim
n
〈Prϕ,Rtn〉 = lim

n

1
tn

∫ tn

0
〈ϕ, P ∗r+sµ0〉 ds

= lim
n

[
1
tn

∫ tn

0
〈ϕ, P ∗s µ0〉 ds+

1
tn

∫ tn+r

tn

〈ϕ, P ∗s µ0〉 ds−
1
tn

∫ r

0
〈ϕ, P ∗s µ0〉 ds

]
= 〈ϕ, µ〉.

�

10.1. Lyapunov functions. A classical sufficient condition for existence of an invariant
probability measure is the existence of a Lyapunov function, which means a function
which tends to +∞ at ∞ but remains bounded (in a sense to be made precise) along the
dynamics.

Let us consider a continuous Markov process (Xt)t≥0 in Rd with infinitesimal generator
(L,D(L)), in the sense that for all ϕ ∈ C2

b (Rd) we have
d

dt
Ptϕ = PtLϕ, t > 0.

A Lyapunov function is V : Rd 7→ R of class C2 such that
(1) V (x)→ +∞ as |x| → +∞
(2) LV ≤ C1 − C2V for some C1, C2 > 0.

Then we have

Proposition 10.2. If there exists a Lyapunov function then X has an invariant probability
measure.

Proof. Let us compute V (Xt). By Itô’s formula we have
d

dt
PtV (x) = PtLV (x) ≤ C1 − C2PtV (x),

so that

PtV (x) ≤ C1

C2
(1− e−C2t) + V (x) e−C2t ≤ C1

C2
+ V (x) ≤ C(1 + V (x)), t ≥ 0.
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Let now Kε := {x ∈ Rd : V (x) ≤ ε−1}, ε > 0. Since V (x) → +∞ as |x| → +∞, then Kε

is compact. Moreover by the Markov inequality

Px(Xt /∈ Kε) = Px(V (Xt) > ε−1) ≤ εEx(V (Xt)) ≤ εC(1 + V (x)),

so that the family (Pt(x, ·))t≥0 is tight. By the Krylov-Bogolioubov Theorem, we conclude.
�

A classical example is the solution of

dXt = b(Xt) dt+ σ(Xt) dWt, X0 = x,

with b and σ Lipschitz and

〈b(x), x〉 ≤ −c|x|2, ‖σ| ≤ C,
for some positive constants c, C. Then V (x) = ‖x‖2 is a Lyapunov function, since it
satisfies

LV (x) = Tr[σ∗σ](x) + 2〈b(x), x〉 ≤ C1(1− V (x)),
for some positive constant C1.

11. Uniqueness results

Let (Xt)t≥0 be a continuous Markov process in a Polish space T . We call (Pt)t≥0 its
transition semigroup.

We say that (Pt)t≥0 is
(1) t0-regular if all transition probabilities (Pt0(x, ·), x ∈ T ) are equivalent.
(2) irreducible if for all nonempty open A ⊂ T

Pt1A(x) > 0, ∀x ∈ T, t > 0.

(3) Strong Feller if for all bounded Borel ϕ : T 7→ R we have Ptϕ ∈ Cb(T ) for all t > 0.
For instance, the Brownian motion is t0-regular for all t0 > 0, irreducible and Strong Feller
in R.

Proposition 11.1. Suppose that (Pt)t≥0 is irreducible and Strong Feller. Then
(1) (Pt)t≥0 is t0-regular for all t0 > 0.
(2) There exists at most one invariant probability measure.
(3) If µ is an invariant probability measure, then Pt(x, ·) is equivalent to µ for all t > 0

and x ∈ T .

Proof. Let us prove (1). Suppose that Pt(x0, A) > 0 for t > 0. Since

Pt(x0, A) =
∫
Pt/2(x0, dy)Pt/2(y,A) > 0

then there must be some y s.t. Pt/2(y,A) > 0. Since Pt/2(y,A) = Pt/21A(y) and Pt/21A ∈
Cb(T ) by the Strong Feller property, then there must be a non-empty open set O such
that Pt/2(z,A) ≥ δ > 0 for all z ∈ O. Now, for any other x, we know by irreducibility
that Pt/2(x,O) > 0. Therefore

Pt(x,A) =
∫
Pt/2(x, dz)Pt/2(z,A) ≥ Pt/2(x,O) · δ > 0.

Therefore Pt/2(x, ·)� Pt/2(x0, ·).
Let us prove that any invariant probability measure is necessarily ergodic. Let µ ∈ J (P )

be an invariant probability measure and Γ ∈ Iµ an invariant set, i.e. Pt1Γ = 1Γ, µ-a.e.
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such that µ(Γ) > 0. We have to show that µ(Γ) = 1. By invariance we have Pt(x,Γ) = 1
for µ-a.e. x ∈ Γ, and since µ(Γ) > 0, then there is at least a x0 ∈ T such that Pt(x0,Γ) = 1.
Since all transition probabilies (Pt(x, ·), x ∈ T ) are equivalent, then Pt(y,Γ) = 1 for all
y ∈ T . Therefore

µ(Γ) =
∫
Pt(y,Γ)µ(dy) = 1.

Let us now prove that µ is equivalent to Pt(x, ·) for any t > 0 and x ∈ T . If Pt(x,A) = 0
then Pt(y,A) = 0 for any y ∈ T and therefore

µ(A) =
∫
Pt(y,A)µ(dy) = 0.

Viceversa, if µ(A) = 0, by the same formula, Pt(y,A) = 0 for µ-a.e. y ∈ T . Since all
transition laws are equivalent, we have that Pt(y,A) = 0 for all y ∈ T .

Finally, suppose we have ν ∈ J (P ) and ν 6= µ. Then ν is ergodic and equivalent to
Pt(y, ·) for all y, therefore equivalent to µ. By Proposition 9.6, this is a contradiction. �

11.1. Uniqueness through coupling. Let us consider the stochastic differential equa-
tion (SDE)

dX = F (Xt) dt+B dWt

where Wt : [0, T ] 7→ Rd is a Brownian motion, B : Rd 7→ Rd is any linear map, and
F : Rd 7→ Rd is a Lipshitz continuous map satisfying

〈F (x)− F (y), x− y〉 ≤ −c‖x− y‖2, ∀x, y ∈ Rd,

for some positive constant c > 0. We say that F is dissipative.
We want to prove that there is at most one invariant probability measure of (Xt, t ≥ 0).

We prove actually more:

Theorem 11.2. There exists a unique invariant probability measure µ of (Pt)t≥0. More-
over, for any probability measure ν on Rd

lim
t→+∞

∫
Ptf dν =

∫
f dµ, ∀ f ∈ Cb(Rd).

Proof. Let us first notice that the function V (x) := ‖x‖2 is a Lyapunov function, since

LV (x) = Tr[B∗B] + 2〈F (x), x〉 = Tr[B∗B] + 2〈F (x)− F (0), x− 0〉+ 2〈F (0), x〉

≤ Tr[B∗B]− c‖x‖2 + C‖x‖ ≤ Tr[B∗B] +
C2

2c
− c

2
‖x‖2

where we have applied the inequality |2ab| ≤ a2 + b2 to a = ‖x‖
√
c and b = C/

√
c. Then

an invariant probability measure µ exists by (10.2).
Let Y and Z be two random variables such that Y has law µ, Z has law ν and (Y,Z,W )

are independent. Since µ is invariant for (Pt)t≥0 then for all t ≥ 0:∫
f dµ =

∫
Ptf dµ =

∫
E[f(Xt(x))] dµ(x) = E[f(Xt(Y ))].

In particular, (Xt(Y ), t ≥ 0) is a stationary solution of

dXt = −F (Xt) dt+B dWt.

Let us define now Yt := Xt(Y ), Zt := Xt(Z). Notice that Yt − Zt satisfies

Yt − Zt = Y − Z −
∫ t

0
(F (Ys)− F (Zs)) ds, t ≥ 0.
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Then we obtain by the dissipativity assumption on F that
d

dt
‖Yt − Zt‖2 = −〈Yt − Zt, F (Yt)− F (Zt)〉 ≤ −c‖Yt − Zt‖2.

Then ‖Yt−Zt‖2 ≤ e−ct‖Y −Z‖2. Let now f : Rd 7→ R be any bounded Lipschitz-continuous
function, in particular there exists K ≥ 0 such that

|f(x)− f(y)| ≤ K (‖x− y‖ ∧ 1), ∀ x, y ∈ Rd.

Then

|µ(f)− ν(Ptf)| = |µ(Ptf)− ν(Ptf)| = |E[f(Xt(Y ))− f(Xt(Z))]|
≤ K E(‖Yt − Zt‖ ∧ 1)→ 0

as t→ +∞, by dominated convergence.
Suppose now that also ν is an invariant probability measure of (Pt)t≥0. Then ν(Ptf) =

ν(f) and we obtain that
∫
fdµ =

∫
fdν, for all bounded Lipschitz-continuous function

f ; by approximation and dominated convergence we have the same equality for all f ∈
Cb(Rd). This means that µ is the only invariant probability measure of (Pt)t≥0. �

The trick of considering two copies of the solutions with independent initial condition
but with the same noise is often used and is an example of coupling, namely a pair of
processes with specified marginal distributions.

11.2. Dissipative gradient systems. Throughout these notes, unless otherwise speci-
fied, U : Rd 7→ R denotes a C3 function such that:

• there exists δ ∈ ]0, 1] with δI ≤ D2U ≤ δ−1I,
• all derivatives of U of order up to the third are Lipschitz continuous.

By the first assumption

lim inf
|x|→+∞

U(x)
|x|2

> 0, (11.1)

so that, in particular, Z :=
∫

exp(−U(z)) dz < +∞. By the second assumption, ∇U :
Rd 7→ Rd is Lipschitz continuous. Then we consider the SDE

dX = −1
2
∇U(X) dt+B dWt, X0 = x

Let us show that −∇U is a dissipative non-linearity, i.e.

−〈y − x,∇U(y)−∇U(x)〉 ≤ −δ‖y − x‖2, ∀y, x ∈ Rd. (11.2)

Set V (x) := U(x) − δ|x|2/2, x ∈ Rd. Notice that V is convex by the assumption D2U ≥
δ · Id. Then for all t ∈ [0, 1]:

V (ty + (1− t)x) ≤ tV (y) + (1− t)V (x).

Subtracting V (x) from both sides, dividing by t and letting t→ 0+, we obtain

〈∇V (x), y − x〉 ≤ V (y)− V (x)

and exchanging x with y

〈∇V (y), x− y〉 ≤ V (x)− V (y).

By summing the two inequalities one gets

−〈∇V (y)−∇V (x), y − x〉 ≤ 0,

and (11.2) is easily obtained. Therefore, Theorem 11.2 applies to this case.
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12. Differentiability properties of the transition semigroup

Let F : Rd 7→ Rd a map of class C2 such that

‖F (x)− F (y)‖ ≤ K‖x− y‖, ∀ x, y ∈ Rd,

〈F (x)− F (y), x− y〉 ≤ ω‖x− y‖2, ∀x, y ∈ Rd,

and defining for all x ∈ Rd the matrix H(x) by

〈H(x)h, k〉 := lim
t→0

1
t
〈F (x+ th)− F (x), k〉.

By the assumption on F , we have that ‖H(x)h‖ ≤ K‖h‖ and

〈H(x) · h, h〉 ≤ ω‖h‖2.
We also assume that H(·) is Lipschitz-continuous. We do not assume in this section
dissipativity of F , i.e. we not make any assumption on the sign of ω ∈ R. We want to
study the differentiability properties of the unique solution of the SDE

Xt(x) = x+
∫ t

0
F (Xs(x)) ds+BWt, t ≥ 0. (12.1)

w.r.t. the initial condition x. We set for all ϕ ∈ C2(Rd)

Lϕ(x) :=
1
2

∆ϕ(x) + 〈F (x),∇ϕ(x)〉, x ∈ Rd.

12.1. Smoothness estimates. We want to prove that the semigroup (Pt)t≥0 enjoys some
regularity properties. We start with differentiability of Xt(x) w.r.t. the initial datum x.

Lemma 12.1. Let t ≥ 0. The map Rd 3 x 7→ Xt(x) is a.s. twice differentiable. Setting

ηht (x) := lim
ε→0

1
ε

(Xt(x+ εh)−Xt(x)) ∈ Rd, h ∈ Rd,

ζh,kt (x) := lim
ε→0

1
ε

(
ηht (x+ εk)− ηht (x)

)
∈ Rd, h, k ∈ Rd,

then there exists a constant Ct ≥ 0 such that

|ηht (x)| ≤ eωt|h|, |ζh,kt (x)| ≤ Ct |h| |k|, ∀ t ≥ 0, x ∈ Rd. (12.2)

Proof. We want to prove differentiability of Xt(x) w.r.t. x. We set Yt(x) := Xt(x)−BWt.
Then

Yt(x) = x+
∫ t

0
F (Ys(x) +BWs) ds, ∀ t ≥ 0.

Then Y solves a standard ODE (with random coefficients). Since the function x 7→
F (x + Ws) is twice continuously differentiable, uniformly in s ∈ [0, T ], then by standard
considerations we obtain that x 7→ Yt(x) and therefore x 7→ Xt(x) are twice differentiable.
Moreover, the first derivatives ηht (x) solve the equation (we drop the dependence on x for
simplicity)

ηht = h+
∫ t

0
H(Xs) · ηhs ds

(notice that H is a matrix in Rd and therefore H(Xs) · ηhs ∈ Rd); the second derivatives
ζh,kt (x) solve the equation

ζh,kt =
∫ t

0
H(Xs) · ζh,ks ds+

∫ t

0
Θk
s · ηhs ds,
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where Θk
s is the matrix in Rd defined by

(Θk
s)ij =

d∑
`=1

∂2Fi
∂xj∂x`

(Xs) (ηkt )`.

We obtain that
d

dt
|ηht |2 = 2〈H(Xt) · ηht , ηht 〉 ≤ 2ω |ηht |2 =⇒ |ηht |2 = e2ωt|h|2 ∀ t ≥ 0.

Since H is assumed to be Lipschitz-continuous, then there exists a constant κ such that
supx ‖Θ(x)‖ ≤ κ. We obtain that

d

dt
|ζh,kt |2 = 〈H(Xt) · ζh,kt , ζh,kt 〉+ 〈Θk

t · ηht , ζ
h,k
t 〉

≤ ω‖ζh,kt ‖2 + eωt κ |h| |k| |ζh,kt | ≤
(
eωtκ |h||k|

)2 + (ω + 1)|ζh,kt |2

so that |ζh,kt |2 ≤ Ct |h|2|k|2. �

We denote by C2
b (Rd) the space of all twice differentiable functions on Rd which are

continuous and bounded with all first and second derivatives .

Theorem 12.2. Let f ∈ C2
b (Rd) and set u(t, x) := Ptf(x), t ≥ 0, x ∈ Rd. Then

(1) u is continuosly differentiable in t and twice continuously differentiable in x
(2) for all t ≥ 0, u(t, ·) ∈ C2

b (Rd) and

sup
x∈Rd

|∇xu(t, x)| ≤ eωt sup
x∈Rd

|∇f(x)| (12.3)

(3) for all t ≥ 0, x ∈ Rd

∂u

∂t
(t, x) = Lu(t, x). (12.4)

Proof. By Ito’s formula:

f(Xt(x)) = f(x) +
∫ t

0
Lf(Xs(x)) ds+

∫ t

0
〈∇f(Xs(x)), dWs〉, t ≥ 0.

Since ∇f is assumed to be bounded, by taking expectation we obtain

u(t, x) = f(x) +
∫ t

0
PsLf(x) ds, t ≥ 0,

so that we obtain differentiability in time. Moreover ∂u
∂t = PtLf is jointly continuous in

(t, x).
In order to prove differentiability of u w.r.t. x, we use differentiability of X w.r.t. x,

proved in Lemma 12.1; we obtain

〈∇xu(t, x), h〉 = E(〈∇f(Xt(x)), ηht (x)〉),

〈D2
xu(t, x) · h, k〉 = E(〈D2f(Xt(x)) · ηht (x), ηkt (x)〉+ 〈∇f(Xt(x)), ζh,kt (x)〉).

It follows, since f ∈ C2
b (Rd) and by (12.2), that Lu is jointly continuous in (t, x) and for

some constant CT and all x ∈ Rd, t ∈ [0, T ]:

|∇xu(t, x)| ≤ eωt sup
z∈Rd

|∇f(z)|, |D2
xu(t, x)| ≤ CT , |Lu(t, x)| ≤ CT (1 + |x|).
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In particular we have proved (12.3). We consider now, for fixed T ≥ 0, the process
[0, T ] 3 t 7→ u(T − t,Xt(x)). By Itô’s formula:

u(T−t,Xt(x))−u(T, x) =
∫ t

0

(
−∂u
∂t

+ Lu
)

(T−s,Xs(x))ds+
∫ t

0
〈∇xu(T−s,Xs(x)), dWs〉.

Notice that for all t ∈ [0, T ]

|Xt(x)| ≤ |x|+ 1
δ

∫ t

0
|Xs(x)| ds+ sup

s∈[0,T ]
|Ws|,

so that by Gronwall’s Lemma

|Xt(x)| ≤

(
|x|+ sup

s∈[0,T ]
|Ws|

)
eT/δ, ∀ t ∈ [0, T ].

Since W = (W 1, . . . ,W d) with {W i} independent,

sup
s∈[0,T ]

|Ws| ≤

√√√√ d∑
i=1

sup
s∈[0,T ]

|W i
s |2

and sups∈[0,T ] |W i
s | has the distribution of |W i

T | by the reflection principle, then we obtain

E

(
sup
t∈[0,T ]

|Xt(x)|k
)
< +∞, ∀ T ≥ 0, k ∈ N.

Since |∇xu| is uniformly bounded and

|Lu(T − s,Xs(x))| ≤ CT (1 + |Xs(x)|),∣∣∣∣∂u∂t (T − s,Xs(x))
∣∣∣∣ ≤ PT−s|Lf |(Xs(x)) ≤ CT (1 + |Xs(x)|),

then we can take the expectation in the formula above

E[u(T − t,Xt(x))− u(T, x)] =
∫ t

0
E
[(
−∂u
∂t

+ Lu
)

(T − s,Xs(x))
]
ds, ∀ t ∈ [0, T ].

By the semigroup property E(u(T − t,Xt(x))) = PtPT−tf(x) = PT f(x) = u(T, x). Hence∫ t

0
E
[(
−∂u
∂t

+ Lu
)

(T − s,Xs(x))
]
ds = 0, ∀ t ∈ [0, T ],

and taking the derivative at t = 0 we obtain (12.4). �

13. Explicit invariant measures for gradient systems

We consider now the case F (x) = −1
2 ∇U(x), where U satisfies the assumptions of

section 11.2, and B = Id. Therefore we study the unique solution of the equation

Xt(x) = x− 1
2

∫ t

0
∇U(Xs(x)) ds+Wt, t ≥ 0.

We denote
µ(dx) :=

1
Z

exp(−U(x)) dx, Z :=
∫

exp(−U(z)) dz (13.1)

so that µ is a Borel probability measure on Rd. The key point is the following integration
by parts formula.
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Lemma 13.1. Let f ∈ C1(Rd) such that |∇f(x)| ≤ c(1 + |x|) for all x ∈ Rd. Then for all
h ∈ Rd: ∫

〈∇f, h〉 e−U dx =
∫
f 〈∇U, h〉 e−U dx. (13.2)

If f, g ∈ C2
b (Rd), then Lf ∈ L2(µ) and

1
2

∫
〈∇f,∇g〉 dµ = −

∫
g · Lf dµ. (13.3)

In particular, for g ≡ 1 we obtain for all f ∈ C2
b (Rd)∫

Lf dµ = 0. (13.4)

Proof. The first formula follows from the classical Gauss-Green formula, first applied to
functions in C1(Rd) with compact support and then using dominated convergence. If
f ∈ C2

b (Rd), then the estimate Lf ∈ L2(µ) follows from the assumptions on U and the
second formula is an application of the first one:∫

g ·∆f e−U dx =
d∑
i=1

∫
g 〈∇(〈∇f, ei〉), ei〉 e−U dx

=
d∑
i=1

∫
〈∇(g 〈∇f, ei〉), ei〉 e−U dx−

d∑
i=1

∫
〈∇g, ei〉 〈∇f, ei〉 e−U dx

=
d∑
i=1

∫
g 〈∇f, ei〉 〈∇U, ei〉 e−U dx−

d∑
i=1

∫
〈∇g, ei〉 〈∇f, ei〉 e−U dx

=
∫
〈∇f,∇U〉 e−U dx−

∫
〈∇f,∇g〉 e−U dx.

�

Theorem 13.2. The measure µ(dx) is invariant for X.

Proof. Let f ∈ C2
b (Rd) and set u(t, x) := Ptf(x), t ≥ 0, x ∈ Rd. Then by Theorem 12.2,

for all t ∈ [0, T ] and x ∈ Rd:∣∣∣∣∂u∂t (t, x)
∣∣∣∣ = |Lu(t, x)| ≤ CT (1 + |x|),

∫
CT (1 + |x|)µ(dx) < +∞,

where we use the assumption that D2U(x) ≥ δI with δ > 0. Then by the theorem of
differentiation under the integral sign and by (13.4):

d

dt

∫
u(t, x)µ(dx) =

∫
Lu(t, x)µ(dx) = 0.

Then
∫
Ptfdµ =

∫
fdµ for all f ∈ C2

b (Rd) and by approximation and dominated conver-
gence for all f ∈ Cb(Rd). �

We shall see in Theorem 15.15 below that µ is in fact even reversible. This is due to
the symmetry in u, v of the left hand side of (13.3).
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13.1. An example: Random Interfaces. Let d ≥ 1 and consider the lattice Zd. Given
two points x, y ∈ Zd, we say that x ∼ y iff |x− y| = 1.

We fix a finite subset Λ ⊂ Zd and a C2 even function V : R 7→ R with 0 < c− ≤ V ′′ ≤
c+ < +∞ and set for all φ ∈ RΛ

U(φ) :=
1
2

∑
x,y∈Λ, x∼y

V (φ(x)− φ(y)).

Then U is clearly convex on RΛ and its gradient is

∇U(φ) =
(
∂U(φ)
∂φ(x)

, x ∈ Λ
)

=

 ∑
y∈Λ, x∼y

(V ′(φ(x))− V ′(φ(y))), x ∈ Λ

 .

Therefore by Theorem 13.2 we obtain that the unique solution of

dφ(x) =
1
2

∑
y∈Λ, x∼y

(V ′(φ(y))− V ′(φ(x))) dt+ dwt(x),

where (wt(x), t ≥ 0, x ∈ Λ) is a family of independent Brownian motions, has invariant
probability measure

µ(dφ) =
1
Z

exp (−U(φ)) dφ.

This is a Gibbs measure on a finite lattice. The limits as Λ→ Zd of the dynamics and the
invariant measure are a non trivial and interesting problem.

14. The Bismut-Elworthy formula and the strong Feller property

We want to prove an important property of the transition semigroup of the process X,
solution of (12.1), namely that for all Borel and bounded ϕ : Rd 7→ R:

|Ptϕ(x)− Ptϕ(y)| ≤ C eωt sup |ϕ|√
t
|x− y|, ∀ x, y ∈ Rd, t > 0. (14.1)

In particular, if ϕ is only Borel and bounded, then for positive t the function Ptϕ is
Lipschitz-continuous. This is known as the strong Feller property; recall that the Feller
property is given by Pt(Cb) 7→ Cb for all t ≥ 0, see the discussion before Proposition 2.3.

Notice that the above estimate is “constant-free”: on the right-hand side no constant
depends on the dimension or on the specific choice of U (bar the convexity assumption).

We prove in fact a stronger result, namely the Bismut-Elworthy formula

〈∇PTϕ(x), h〉 =
1
T

E
[
ϕ(XT (x))

∫ T

0
〈ηhs (x), dWs〉

]
. (14.2)

Let first ϕ ∈ C2
b (Rd) and set as usual u(t, x) := Ptϕ(x). We know, by applying the Itô

formula to t 7→ u(T − t,Xt(x)), that a.s.

ϕ(XT (x)) = u(T, x) +
∫ T

0
〈∇xu(T − s,Xs(x)), dWs〉. (14.3)

By the estimates of Lemma 12.1, |ηht | ≤ eωt|h|. In particular, by the Itô isometry we have

E

[(∫ T

0
〈ηhs (x), dWs〉

)2
]

=
∫ T

0
E
[
|ηhs (x)|2

]
ds ≤ C eωT T < +∞.
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We multiply both sides of (14.3) by
∫ T

0 〈η
h
s (x), dWs〉 and we take expectation. On the

right hand side, we obtain

E
[
u(T, x)

∫ T

0
〈ηhs (x), dWs〉

]
= u(T, x) E

[∫ T

0
〈ηhs (x), dWs〉

]
= 0,

and

E
[∫ T

0
〈∇xu(T − s,Xs(x)), dWs〉

∫ T

0
〈ηhs (x), dWs〉

]
= E

[∫ T

0
〈∇xu(T − s,Xs(x)), ηhs (x)〉 ds

]
=
∫ T

0
〈∇xE [u(T − s,Xs(·))] , h〉 ds =

∫ T

0
〈∇xu(T, x), h〉 ds = T 〈∇xu(T, x), h〉.

Then we have obtained (14.2). We prove now (14.1). By Cauchy-Schwarz and the Itô
isometry

|∇PTϕ(x)|2 ≤ 1
T 2

E
[
ϕ2(XT (x))

]
E

[(∫ T

0
〈ηhs (x), dWs〉

)2
]
≤ C eωT sup |ϕ|2

T 2
T,

and we conclude with standard arguments.
Since by the chain rule

〈∇PTϕ(x), h〉 = E
[
〈∇ϕ(Xt(x)), ηht (x)〉

]
,

then for ϕ ∈ C1
b (Rd) we obtain from formula (14.2)

E
[
〈∇ϕ(Xt(x)), ηht (x)〉

]
=

1
t

E
[
ϕ(Xt(x))

∫ t

0
〈ηhs (x), dWs〉

]
.

Notice that this is an integration by parts formula on the law of X: indeed, in the left
hand side we have an integral which contains the gradient of ϕ, while the right hand side
contains only ϕ.

Also (14.2) can be considered as an integration by parts formula: an infinitesimal vari-
ation of the initial point x of the trajectory of X is transferred to the whole trajectory up
to time t and results in a variation of the law of Xt(x) only through a density. In other
words, the law of Xt(x + εh) is approximately given by the law of Xt(x) multiplied by a
density:

E [ϕ(Xt(x+ εh))] ≈ E
[
ϕ(Xt(x)) exp

(
ε · 1

t

∫ t

0
〈ηhs (x), dWs〉

)]
as ε→ 0.

14.1. The monotone case. An important remark is that for ω ≤ 0 the estimate (14.1)
becomes uniform in the dimension d of the space. This is very important for applications
to infinite-dimensional problems, in particular SPDEs.

15. The Dirichlet form

15.1. Definition and examples.
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Definition 15.1. Let (T,B, γ) a σ-finite measure space. If D ⊂ L2(γ) is a dense linear
space and E : D × D 7→ R a symmetric bilinear function such that E(u, u) ≥ 0 for all
u ∈ D, then we call (E , D) a non-negative symmetric bilinear form, or simply a form. We
define the scalar product on D

E1(u, v) :=
∫
u v dγ + E(u, v), u, v ∈ D.

We say that
(1) (E , D) is closed in L2(γ) if D is complete w.r.t. E1, i.e. if for any sequence (un) ⊂ D

which is Cauchy w.r.t. E1 there exists u ∈ D such that E1(un − u, un − u)→ 0.
(2) (E , D) is a closable form in L2(γ) if, for any (un) ⊂ D which is Cauchy w.r.t. E1

and converges to 0 in L2(γ), we have that un converges to 0 w.r.t. E1. In other
words, closability means that if ‖un‖L2(γ) → 0 and E(un − um, un − um) → 0 as
n,m→ +∞, then E(un, un)→ 0.

Lemma 15.2. If (E , D) is a closable form in L2(γ), then there exists a unique closed form
(E , D) in L2(γ) such that

(1) D ⊂ D and D is dense in D w.r.t. E1

(2) E(u, v) = E(u, v), for all u, v ∈ D.
(E , D) is called the closure of (E , D) in L2(γ) and it is customary to denote it by (E , D(E)).

The proof of this Lemma is essentially contained in the following

Remark 15.3. Notice that, for any form (E , D), the space (D, E1) has an abstract com-
pletion (D, E1). A form is closable if and only if D has an injection in L2(γ) which extends
continuously the canonical immersion i : D 7→ L2(γ) given by the identity map. Lack of
closability means that there exists a sequence (un) ⊂ D such that un → 0 in L2(γ) and
un → v ∈ D\{0} w.r.t. E1.

Our main example is the following: we set

(T,B) = (Rd,B(Rd)), D := C2
c (Rd), E(u, v) :=

1
2

∫
〈∇u,∇v〉 dγ,

where C2
c (Rd) is the space of functions in C2(Rd) with compact support and γ is a Borel

measure on Rd. When the form (E , D) of this example is closable, then we call its closure
(E , D(E)) a Dirichlet form.

Example 15.4. Consider the case of γ equal to the Lebesgue measure on R. Then we
have

E1(u, u) = ‖u‖2L2 + ‖u′‖2L2 =: ‖u‖2H1 , D := C1
c (R).

Let (fn) ⊂ D be a Cauchy sequence for ‖·‖H1 . Then (fn) and (f ′n) are Cauchy in L2; since
L2 is complete, there exist f and g in L2 such that fn → f and f ′n → g in L2. In order to
say that g = f ′ in a weak sense, we have to prove that g only depends on f and not on
the particular sequence (fn); in other words, if any other sequence f̂n ⊂ D converges to
f in L2 and f̂ ′n converges to h in L2, then h must be equal to g. By taking the difference
fn− f̂n, this is equivalent to say that for any sequence un ⊂ D converging to 0 in L2 such
that u′n converges to w in L2 we must have w = 0.

Notice that closability of (E , D) is equivalent to closability of the linear operator ∇ :
C2
c (R) 7→ L2(R) in the norm of L2(R). Moreover, the space D(E) is the classical Sobolev

space W 1,2(R) = H1(R) of all functions in L2(R) such that the (distributional) first
derivative belongs to L2(R).
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In the following, we shall be mainly interested in the case of γ equal to the probability
measure µ defined by (13.1), and in the connection between E and the process X solution
of (12.1).

The proof of closability of (E , D) is a not very exciting but necessary technical step. A
useful criterion is the following

Lemma 15.5. Let (E , D) be a non-negative symmetric bilinear form. If for all (un) ⊂ D
such that un → 0 in L2(γ) we have E(un, v)→ 0 for all v ∈ D, then (E , D) is closable.

Proof. Let (un) ⊂ D which is Cauchy w.r.t. E1 and converges to 0 in L2(γ). Then by
bilinearity

E1(un, un) = E1(un − um, un − um) + E1(un − um, um) + E1(um, un).

For fixed n, by assumption we have limm E1(um, un) = 0. Moreover since (un) is Cauchy
w.r.t. E1, then supm E1(um, um) =: c < +∞ and for any ε > 0 we have

E1(un − um, un − um) ≤ ε

for all n,m ≥ Nε. Since

E1(un − um, um) ≤
√
E1(un − um, un − um) E1(um, um) ≤

√
c E1(un − um, un − um),

then for all n ≥ Nε

lim sup
m→∞

E1(un − um, um) ≤ lim sup
m→∞

√
c E1(un − um, un − um) ≤

√
c ε.

Then for all n ≥ Nε

E1(un, un) = lim sup
m→∞

E1(un, un) ≤ ε+
√
c ε.

�

Proposition 15.6. The form

D := C2
c (Rd), E(u, v) :=

1
2

∫
〈∇u,∇v〉 dµ,

is closable in L2(µ). Moreover C1
b (Rd) ⊂ D(E).

Proof. For all u, v ∈ C2
c (Rd) we can apply the integration by parts formula (13.3) and

obtain

E(u, v) = −
∫
u · Lv dµ.

Notice that Lv ∈ Cc(Rd) for v ∈ C2
c (Rd), and in particular Lv ∈ L2(µ).

Let now any (un) ⊂ C2
c (Rd) such that un → 0 in L2(µ). Then for any v ∈ C2

c (Rd):

lim
n→∞

E(un, v) = − lim
n→∞

∫
un · Lv dµ = 0

and we can apply Lemma 15.5.
In order to prove that C1

b (Rd) ⊂ D(E), we have to show that C1
b (Rd) is contained in

the closure of C2
c (Rd) w.r.t. E1. But this is easily obtained by approximating functions in

C1
b (Rd) with functions in C1

c (Rd) and then functions in C1
c (Rd) with functions in C2

c (Rd).
�

Remark 15.7. This is in fact only a very particular example of Dirichlet form.
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15.2. Generator and resolvent. We fix throughout this section a closed form (E , D(E))
in L2(γ). We define for λ > 0:

Eλ(u, v) := λ

∫
u v dγ + E(u, v), u, v ∈ D(E).

Proposition 15.8. For all λ > 0 and f ∈ L2(γ), there exists a unique v ∈ D(E) such
that

Eλ(v, g) =
∫
f g dγ, ∀ g ∈ D(E).

We denote v = Rλf . Moreover
(1) For all λ > 0 and f ∈ L2(γ), λ‖Rλf‖L2(γ) ≤ ‖f‖L2(γ)

(2) The bounded operator Rλ : L2(γ) 7→ L2(γ) is symmetric and injective in L2(γ).
(3) For all α, β > 0:

Rα −Rβ = −(α− β)RαRβ = −(α− β)RβRα. (15.1)

The family of operators (Rλ)λ>0 is called the Resolvent family associated with (E , D(E)).

Proof. Notice that Eλ defines a scalar product on D(E), equivalent to E1. The linear form
D(E) 3 g 7→

∫
f g dγ ∈ R is continuous w.r.t. Eλ, since∣∣∣∣∫ f g dγ

∣∣∣∣ ≤ ‖f‖L2(γ) ‖g‖L2(γ) ≤
‖f‖L2(γ)

λ
Eλ(g, g).

Therefore there exists a unique v ∈ D(E) such that

Eλ(v, g) =
∫
f g dγ, ∀ g ∈ D(E),

which is the desired result. Let us now choose g = Rλf . Then

λ‖Rλf‖2L2(γ) ≤ Eλ(Rλf,Rλf) =
∫
f Rλf dγ ≤ ‖f‖L2(γ) ‖Rλf‖L2(γ),

which yields λ‖Rλf‖L2(γ) ≤ ‖f‖L2(γ), since Rλf ∈ D(E) ⊂ L2(γ). Let now f, g ∈ L2(γ).
Then ∫

g Rλf dγ = Eλ(Rλg,Rλf) =
∫
f Rλg dγ,

which gives simmetry of Rλ in L2(γ). If Rλf = Rλg, then∫
f h dγ = Eλ(Rλf, h) = Eλ(Rλg, h) =

∫
g h dγ, ∀h ∈ D(E),

and since D(E) is dense in L2(γ), then f = g and Rλ is injective.
In order to prove (15.1), consider now f ∈ L2(γ) and g ∈ D(E). Then

Eα(Rαf −Rβf, g) = Eα(Rαf, g)− Eβ(Rβf, g)− (α− β)
∫
g Rβf dγ

= −(α− β)
∫
g Rβf dγ = −(α− β) Eα(RαRβf, g).

Since this is true for any g ∈ D(E) and Eα is a scalar product on D(E), equivalent to E1,
then we have the first equality of (15.1); the second equality is obtained by exchanging α
and β. �
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Proposition 15.9. There exists a unique operator L : D(L) ⊂ L2(γ) 7→ L2(γ) such that,
for all λ > 0, Rλ(L2(γ)) = D(L) and

(λ− L)Rλf = f, ∀ f ∈ L2(γ), Rλ (λ− L)f = f, ∀ f ∈ D(L). (15.2)

We write Rλ = (λ−L)−1. Moreover (L,D(L)) is self-adjoint in L2(γ), D(L) ⊂ D(E) and

E(u, v) = −
∫
uLv dγ = −

∫
v Lu dγ, ∀u, v ∈ D(L). (15.3)

The operator (L,D(L)) is called the generator of (E , D(E)), while (Rλ)λ>0 is called the
Resolvent family of (L,D(L)).

Proof. By (15.1) we see that Rα(L2(γ)) = Rβ(L2(γ)), for all α, β > 0, since

Rα = Rβ [I − (α− β)Rα] .

Then we define D(L) := Rα(L2(γ)) for any α > 0. If v ∈ D(L), since Rα is injective and
v ∈ Rα(L2(γ)), then there exists a unique f ∈ L2(γ) s.t. Rαf = v; at the same time, there
exists a unique g ∈ L2(γ) s.t. Rβg = v. Notice that

Rβ [(αv − f)− (βv − g)] = (α− β)RβRαf −Rβf +Rαf

which is equal to 0 by (15.1). Since Rβ is injective, then αv − f = βv − g, i.e. α−R−1
α =

β −R−1
β on D(L). Then we define

D(L) := Rα(L2(γ)), L := α−R−1
α , α > 0,

and it is easy to see that L satisfies (15.2).
Recall that the image of Rλ is in D(E) by definition. For any u, v ∈ D(L):

E(u, v) = −
∫
u v dγ +

∫
v R−1

1 u dγ = −
∫
v Lu dγ

and, by exchanging u and v, we obtain both equalities in (15.3). �

We have the easy

Proposition 15.10. The domain D(L) of L is given by

D(L) = {f ∈ D(E) : the map D(E) 3 g 7→ E(f, g) is continuous w.r.t. E1}.

15.3. The process associated with E.

Definition 15.11. Let γ be a Borel measure on Rd and (E , D(E)) a Dirichlet form in
L2(γ). A semigroup (Pt)t≥0 in L2(γ), such that [0,∞) 3 t 7→ Ptf ∈ L2(γ) is continuous
for all f ∈ L2(γ), is associated with (E , D(E)) if there exists λ0 > 0 s.t.

Rλf =
∫ ∞

0
e−λ t Ptf dt, ∀ λ > λ0.

In particular, the resolvent family is the Laplace transform in time of the semigroup. A
Markov process X in Rd is associated with (E , D(E)) if

E[f(Xt(x))] = Ptf(x), µ−a.e. x, ∀ f ∈ Cb(Rd), t ≥ 0.

Remark 15.12. Recall that ∫ ∞
0

e−α t dt =
1
α
, ∀ α > 0.
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Since, in the setting of the previous definition,∫ ∞
0

e−λ t Ptf dt = Rλf = (λ− L)−1, ∀ λ > 0,

then it is customary to write that Pt = etL. This assertion can be made precise, for
instance by means of spectral theory.

Remark 15.13. If a process X is associated with (E , D(E)) in L2(γ), then the transition
semigroup (Pt) is symmetric in L2(γ). Indeed, Rλ is symmetric and this property transfers
to (Pt) by the injectivity of the Laplace transform.

Suppose now that moreover the constant functions belong to D(E); in this case the
constant function equal to 1 is in L2(γ), which is possible if and only if γ is a finite
measure. Then γ(·)/γ(Rd) is an invariant reversible finite measure for X. Indeed we have
for all f ∈ L2(γ)

Eλ(Rλf, 1) =
∫
λRλf dγ =

∫
f dγ, ∀ λ > 0,

and again by injectivity of the Laplace transform we have
∫
Ptf dγ =

∫
f dγ, t ≥ 0.

15.4. Monotone gradient systems. We go back to the example of the Dirichlet form
(E , D(E)), closure in L2(µ) of the form

D := C2
c (Rd), E(u, v) :=

1
2

∫
〈∇u,∇v〉 dµ,

see Proposition 15.6 above. Let X be the solution of (12.1). Then we have the

Proposition 15.14. For all λ > 0, f ∈ Cb(Rd), x ∈ Rd, set:

Fλf(x) =
∫ ∞

0
e−λ t E[f(Xt(x))] dt. (15.4)

Then Fλf = Rλf , µ-a.e. for all λ > ω. In particular, X is associated with (E , D(E)).

Proof. It is enough to consider f ∈ C2
b (Rd). By Theorem 12.2, we have Fλ ∈ C1

b (Rd) ⊂
D(E) and for all g ∈ D(E)

d

dt

∫
u(t, x) g(x)µ(dx) =

∫
Lu(t, x) g(x)µ(dx) = −

∫
〈∇xu(t, x),∇g(x)〉µ(dx).

We multiply by e−λt and we integrate over [0,∞); we obtain in the left hand side∫ ∞
0

e−λ t
[
d

dt

∫
u g dµ

]
dt = −

∫
f g dµ+ λ

∫ ∞
0

e−λ t
[∫

u g dµ

]
dt

=
∫

(λFλf − f) g dµ;

in the right hand side we have

−
∫ ∞

0
e−λ t

[∫
〈∇xu,∇g〉 dµ

]
dt = −E(Fλf, g).

Since Fλ ∈ D(E) and Eλ(Fλf, g) =
∫
f g dµ for all g ∈ D(E), then Fλf = Rλf in L2(γ). �

Therefore we obtain the strengthening of Theorem 13.2

Theorem 15.15. The measure µ(dx) is reversible for X.
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16. Examples

16.1. The standard Brownian motion. Let now Xt(x) = x+Bt and γ = Ld, Lebesgue
measure in Rd. Define

D := C2
c (Rd), E(u, v) :=

1
2

∫
〈∇u,∇v〉 dLd.

Also in this case we have an integration by parts formula
1
2

∫
〈∇u,∇v〉 dLd = −1

2

∫
u∆v dLd, ∀ u, v ∈ D.

Moreover it is well known that the function u(t, x) = E[ϕ(x + Bt)], t ≥ 0, x ∈ Rd,
ϕ ∈ Cb(Rd), satisfies

u(t, x) = ϕ(x) +
∫ t

0

1
2

∆u(s, x) ds, ∀ t ≥ 0, x ∈ Rd.

We can therefore repeat most of the above considerations, obtaining that (E , D) is closable
and B is associated with the Dirichlet form (E , D(E)). Notice that D(E) = H1(Rd) and E
is also known as the Dirichlet integral, from which the name Dirichlet form comes.

Clearly Ld is not a finite measure and 1 /∈ L2(Ld). However, Ld is still a (not finite)
invariant measure for B; in fact, it is even reversible, in the sense that the transition
semigroup is symmetric in L2(Ld). Indeed, the law of x + Bt is N (x, t · I) and for all
f ∈ Cc(Rd)∫

dx

∫
N (x, t · I)(dy) f(y) =

∫
dx

∫
N (0, t · I)(dy) f(y + x)

=
∫
N (0, t · I)(dy)

∫
dx f(y + x) =

∫
N (0, t · I)(dy)

∫
dx f(x) =

∫
dx f(x),

and for all f, g ∈ Cc(Rd):∫
dx g(x)

∫
N (x, t · I)(dy) f(y) =

∫
N (0, t · I)(dy)

∫
dx g(x) f(y + x)

=
∫
N (0, t · I)(dy)

∫
dx g(x− y) f(x) =

∫
N (0, t · I)(dy)

∫
dx g(x+ y) f(x)

=
∫
dx f(x)

∫
N (x, t · I)(dy) g(y).

16.2. Ornstein-Uhlenbeck processes. Let A be a symmetric matrix in Rd, with strictly
negative eigenvalues (−λi)i=1,...,d. Set U(x) := −〈Ax, x〉, x ∈ Rd. Then D2U = −2A and
2 min{λ1, . . . , λd}I ≤ D2U ≤ 2 max{λ1, . . . , λd}I. By the above results, the Ornstein-
Uhlenbeck process, unique solution of

Xt(x) = x+
∫ t

0
AXs(x) ds+Wt, t ≥ 0, x ∈ Rd,

is the process associated with the Dirichlet form (E , D(E)), closure of the form
1
2

∫
〈∇u,∇v〉 dµ, u, v ∈ C2

b (Rd)

in L2(µ), where

µ(dx) =
1
Z

exp (〈Ax, x〉) dx = N (0, (−2A)−1)(dx). (16.1)
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Therefore µ is the unique invariant probability measure of X and it is moreover reversible.
Notice also that A can be diagonalized, i.e. there exists a matrix U such that U∗U =

UU∗ = I and U∗AU =diag(−λ1, . . . ,−λd). Setting X̂ := U∗X, x̂ := U∗x, Ŵ := U∗W , we
have that Ŵ has the same law as W and

X̂t(x̂) = x̂+
∫ t

0
diag(−λ1, . . . ,−λd)X̂s(x̂) ds+ Ŵt, t ≥ 0, x̂ ∈ Rd.

In particular, setting x̂it := 〈X̂t, ei〉 and ŵit := 〈Ŵt, ei〉, where (ei) is a basis of Rd such
that U∗AUei = −λiei, we obtain

x̂it = x̂i − λi
∫ t

0
x̂is ds+ ŵit, t ≥ 0, i = 1, . . . , d.

Since the (ŵi) are independent, so are the (x̂i). Therefore, X can be constructed as a linear
function of a vector of independent one-dimensional O.-U. processes, each with invariant
measure N (0, (2λi)−1).

16.3. BM killed at a boundary. We consider for simplicity the case of d = 1, more
precisely of BM killed at its first exit from ]0, 1[. We set for all k ≥ 1:

ek(x) :=
√

2 sin(kπx), x ∈ [0, 1].

We recall that {ek}k≥1 is a complete orthonormal basis of L2(0, 1) (exercice: prove it!).
Notice that {ek}k≥1 is a complete basis of eigenvectors of the second derivative with
homogeneous Dirichlet boundary conditions:

d2

dx2
ek = −(πk)2ek, ek(0) = ek(1) = 0, k ≥ 1.

Notice that each ϕ ∈ C2
c (0, 1) is naturally extended to a function ϕ in C2

c (R) by setting
ϕ|(0,1)c := 0. Then both the canonical scalar product on (0, 1) and the form

D := C2
c (0, 1), EDir(u, v) :=

1
2

∫ 1

0
u′ v′ dx,

are restrictions to D of, respectively, the canonical scalar product on R and the Dirichlet
form

D(E) := H1(R), E(u, v) :=
1
2

∫ 1

0
u′ v′ dx.

Therefore (EDir, D) is closable and the domain of the closure is the closure of D in H1(R),
i.e. the classical Sobolev space H1

0 (0, 1).
We start from the integration by parts formula

1
2

∫ 1

0
u′ v′ dx = −1

2

∫ 1

0
u′′ v dx, ∀ u, v ∈ C2

c (0, 1). (16.2)

By Proposition 15.10 we obtain that

C2
c (0, 1) ⊂ D(LDir), LDirf =

1
2
u′′, ∀ f ∈ C2

c (0, 1).

Moreover we find that for all f, g ∈ C2
c (0, 1)

EDir(f, g) =
∑
k≥1

(kπ)2

2
〈ek, f〉 〈ek, g〉,
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LDirf = −
∑
k≥1

(kπ)2

2
〈ek, f〉 ek, in L2(0, 1).

We obtain the identifications of the domains of the form (EDir, H
1
0 (0, 1)) and of the gener-

ator (LDir, D(LDir))

H1
0 (0, 1) =

f ∈ L2(0, 1) :
∑
k≥1

k2〈ek, f〉2L2(0,1) < +∞

 ,

D(LDir) =

f ∈ L2(0, 1) :
∑
k≥1

k4〈ek, f〉2L2(0,1) < +∞

 .

and moreover

LDiru = −
∑
k≥1

(kπ)2

2
〈ek, u〉L2(0,1) ek, in L2(0, 1), ∀u ∈ D(LDir),

EDir(f, g) =
∑
k≥1

(kπ)2

2
〈ek, f〉L2(0,1) 〈ek, g〉L2(0,1), ∀ f, g ∈ D(EDir).

Therefore

(λ− LDir)−1f =
∑
k≥1

1

λ− (kπ)2

2

〈ek, f〉L2(0,1) ek, in L2(0, 1), ∀ f ∈ L2(0, 1).

Setting for all f ∈ L2(0, 1)

Ptf :=
∑
k≥1

e−(kπ)2t/2〈ek, f〉L2(0,1) ek, t ≥ 0.

we obtain that Pt = etL. If f ∈ C2
c (0, 1) then we set u(t, x) := Ptf(x), t ≥ 0, x ∈ [0, 1].

Then u satisfies the heat equation with homogeneous Dirichlet boundary condition

∂u

∂t
(t, x) =

1
2
∂2u

∂x2
(t, x), t > 0, x ∈ (0, 1)

u(t, 0) = u(t, 1) = 0, t ≥ 0

u(0, x) = f(x), x ∈ [0, 1]

Setting ηk(x) :=
√

2 cos(kπx), x ∈ [0, 1], we find that

∂u

∂x
(t, x) =

∑
k≥1

e−(kπ)2t/2〈ek, f〉L2(0,1) kπ ηk(x) = −
∑
k≥1

e−(kπ)2t/2 1
kπ
〈ek, f ′′〉L2(0,1) ηk(x)

and therefore we have the uniform bound∣∣∣∣∂u∂x(t, x)
∣∣∣∣2 ≤∑

k≥1

1
(kπ)2

∑
j≥1

〈ej , f ′′〉2L2(0,1) < +∞.
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Let now x ∈ (0, 1) and B a standard BM in R. Set τ := inf{s > 0 : x+ Bs /∈ (0, 1)}. We
apply the Itô formula to t 7→ u(T − t ∧ τ, x+Bt∧τ ) for t ≤ T and we find

u(T − t ∧ τ, x+Bt∧τ )− u(T, x) =
∫ t∧τ

0

(
−∂u
∂t

+
1
2
∂2u

∂x2

)
(T − s ∧ τ, x+Bs∧τ ) ds

+
∫ t

0

∂u

∂x
(T − s ∧ τ, x+Bs∧τ ) dBs

By the uniform bound above on ∂u
∂x , we can take expectation and find

E[u(T − t ∧ τ, x+Bt∧τ )] = u(T, x), ∀t ∈ [0, T ].

In particular, if t→ T :

u(T, x) = E[u(T − T ∧ τ, x+BT∧τ )] = E[u(T − τ, x+Bτ ) 1(τ≤T )] + E[u(0, x+BT ) 1(τ>T )].

Since x + Bτ ∈ {0, 1} a.s., by the homogeneous Dirichlet boundary condition we find
u(T − τ, x+Bτ ) = 0 a.s. on the event {τ ≤ T}. Then we obtain

u(T, x) = E[f(x+BT ) 1(τ>T )].

Notice that the indicator of the event {τ > T} means that a trajectory disappears from
the expectation at the first visit of x+B to {0, 1}; it is customary to say that the process
is killed at the boundary.

Notice that the constant functions belong to L2(0, 1) but not to H1
0 (0, 1). Indeed, since

for all f ∈ C2
c (0, 1):

f(x) =
∫ x

0
f ′(y) dy, x ∈ [0, 1],

then convergence in H1
0 (0, 1) implies uniform convergence over [0, 1], and therefore H1

0 (0, 1)
is included in the space of continuous functions which vanish at {0, 1}. The Lebesgue
measure is not an invariant measure, and in fact there is no invariant measure, since the
process dies out as t→ +∞:

|Ptf(x)|2 ≤
∑
k≥1

e−(kπ)2t
∑
j≥1

〈ej , f〉2L2(0,1) → 0

by dominated convergence.

Finally, by Proposition 15.10 and the integration by parts formula (16.2), we could
obtain that

D(LDir) = {f ∈ H2(0, 1) : f(0) = f(1) = 0} = H2(0, 1) ∩H1
0 (0, 1).

The condition f(0) = f(1) = 0 is called a homogeneous Dirichlet boundary condition.

16.4. Reflecting BM. We consider now the set [0,∞[, endowed with the Lebesgue mea-
sure, and the form

D := C1
c ([0,∞[), ENeu(u, v) :=

1
2

∫ ∞
0
〈∇u,∇v〉 dx.

Notice that D has no ”boundary condition” at 0. We want to prove closability in
L2([0,∞[). We notice that, as in the previous subsection, we can ”embed” the form
(E , DNeu) in another closed form; indeed, we set

Deven := {f ∈ Cc(R), f(−x) = f(x) ∀ x ∈ R, f|[0,∞[ ∈ C1
c ([0,∞[)},
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and

E(u, v) :=
1
2

∫
R
〈∇u,∇v〉 dx

noting that u′ is continuous and bounded on R\{0}, with a jump at 0 if limx→0+ u
′(x) 6=

0. If we endow R with the Lebesgue measure, then there is an isomorphism between
(ENeu,1, D) and (E1, Deven). Since we know that (E1, Deven) is closable by the example of
the standard Brownian Motion, then (ENeu, D) is also closable. We obtain a Dirichlet form
(ENeu, D(ENeu)).

We notice the important integration by parts formula:∫ ∞
0

ϕ′(x) dx = −ϕ(0), ∀ ϕ ∈ C1
c ([0,∞[),

which yields

ENeu(u, v) = −1
2

∫ ∞
0

u′′ v dx− 1
2
u′(0) v(0), ∀ u, v ∈ C1

c ([0,∞[).

One can prove from this formula and Proposition 15.10 that

D(LNeu) = {u ∈ H2([0,∞[) : u′(0) = 0}, LNeuu =
1
2
u′′.

The condition u′(0) = 0 is called a homogeneous Neumann boundary condition.
Set now Cb,even(R) := {f ∈ Cb(R) : f(−x) = f(x) ∀ x ∈ R} and H1

even(R) := {f ∈
H1(R) : f(−x) = f(x) ∀ x ∈ R} and notice that the definition makes sense, since
H1(R) ⊂ C(R), and therefore H1

even(R) = H1(R) ∩ Cb,even(R). It is easy to see that the
semigroup of the Brownian Motion leaves Cb,even(R) invariant:

PBMt f(−x) =
∫
N (−x, t)(dy) f(y) =

∫
N (0, t)(dy) f(y − x)

=
∫
N (0, t)(dy) f(−y + x) =

∫
N (0, t)(dy) f(y + x)

=
∫
N (x, t)(dy) f(y) = PBMt f(x),

for all x ∈ R and f ∈ Cb,even(R). In particular, the resolvent family of BM leaves invariant
both H1(R) and Cb,even(R) and therefore their intersection H1

even(R). We recall that for
all f ∈ L2(R)

Eλ(RBMλ f, g) =
∫

R
f g dx, ∀ g ∈ H1(R), λ > 0.

We obtain, by restriction to [0,∞[ and to g ∈ C1
c,even(R), since∫

R
u v dx = 2

∫ ∞
0

u v dx, ∀ u, v ∈ Cc(R) ∩ Cb,even(R),

that

ENeu,λ(RBMλ f, g) =
∫ ∞

0
f g dx, ∀ g ∈ C1

c ([0,∞[), λ > 0.

In particular, by injectivity of the Laplace tranform, the semigroup (PNeu
t ) associated with

(ENeu, D(ENeu)) has the representation

PNeu
t f(x) = E[f(|x+Bt|)], ∀ x ∈ [0,∞[, t ≥ 0, f ∈ Cc(R).
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In particular, PNeu
t f is the restriction to [0,∞[ of PBMt f̂ , where f̂(x) := f(|x|), x ∈ R.

Since PBMt f̂ is smooth and even, we obtain that its derivative w.r.t. x at 0 is 0, i.e. PNeu
t f

satisfies the homogeneous Neumann boundary condition.
We have now the classical

Lemma 16.1 (Skorohod). For any continuous function a : [0,∞[7→ R such that a(0) ≥ 0
there exists a unique pair (x, `) of continuous functions from [0,∞[ to [0,∞[ such that

(1) ` is monotone non-decreasing and `(0) = 0,
(2)

∫∞
0 xt d`t = 0,

(3) xt = at + `t, t ≥ 0.
Moreover, we have the explicit representation

`t = sup
s≤t

(as)−, xt = at + sup
s≤t

(as)−, t ≥ 0.

We apply this lemma to at := x + Bt, where x ≥ 0 and B is a standard BM. Then
we obtain that there exists a unique pair of continuous processes (Xt(x), Lt)t≥0 such that
X ≥ 0, L0 = 0 and L is monotone non-decreasing, and

Xt(x) = x+Bt + Lt,

∫ ∞
0

Xt dLt = 0.

This condition is equivalent to saying that the measure dLt supported by the set {t :
Xt(x) = 0}.

The process Xt(x) is called the reflecting BM at 0. Indeed, as long as Xt > 0 we have
dLt = 0 and therefore dXt = dBt; however, when Xt(x) = 0, then dLt can be non-zero
and gives a kick to the process, keeping it positive. The condition

∫∞
0 Xt dLt = 0 means

that the reflection term dLt acts only when the process hits the obstacle 0.
We now define for any f ∈ C2

b ([0,∞[): u(t, x) := PNeu
t f(x). We know that u is smooth

and satisfies the homogeneous Neumann boundary condition. We consider as usual the
process [0, T ] 3 t 7→ u(T − t,Xt(x)) and we obtain by the Itô formula for semimartingales

u(T − t,Xt(x))− u(T, x) =
∫ t

0

(
−∂u
∂t

+
1
2
∂2u

∂x2

)
(T − s,Xs(x)) ds

+
∫ t

0

∂u

∂x
(T − s,Xs(x)) dBs +

∫ t

0

∂u

∂x
(T − s,Xs(x)) dLs.

By the above considerations∫ t

0

∂u

∂x
(T − s,Xs(x)) dLs =

∫ t

0

∂u

∂x
(T − s, 0) dLs = 0.

We obtain, taking expectation and letting t = T

u(T, x) = E[f(Xt(x))].

Concerning the invariant measure of X, in this case we have that the constant function
1 does not belong to L2(0,∞). However, the representation of the semigroup of X in
terms of the semigroup of BM shows that the Lebesgue measure on [0,∞[ is an invariant
and reversible measure for X. It is interesting to notice that we have the representation

1[0,∞[(x) dx = e−U(x) dx, U(x) :=
{

0, x ≥ 0,
+∞, x < 0

The function U is discontinuous but convex.
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17. Back to SPDEs

Let us recall some results from the previous sections. We have seen that the solution of
the stochastic heat equation

∂u

∂t
=

1
2
∂2u

∂x2
+ Ẇ ,

u(t, 0) = u(t, 1) = 0

u(0, x) = u0(x), x ∈ [0, 1]

(17.1)

Ẇ (t, x) is a space-time white-noise, can be written as

ut :=
+∞∑
k=1

ukt ek

where

ukt = uk0 −
(kπ)2

2

∫ t

0
uks ds+W k

t , t ≥ 0, (17.2)

ek(x) :=
√

2 sin(kπx), x ∈ [0, 1].

The process (u(t, x), t ≥ 0) is stationary if and only if (u0(x), x ∈ [0, 1]) has the distribution
of a Brownian bridge. Moreover (ukt , t ≥ 0)k≥1 is an independent family of O-U processes,
with respective parameters ( (kπ)2

2 )k≥1. Remark that (17.2) is a monotone gradient system
in R with (convex) potential

U(x) =
(kπ)2

2
x2, x ∈ R.

Therefore the results of Proposition 15.14 and Theorem 15.15 in this particular case coin-
cide with Propositions 3.1 and 3.3 and those of section 3.9.

Invariant measures of products of independent Markov processes are clearly products
measures. What about Dirichlet forms? In this case we clearly have that (ukt , t ≥ 0)k=1,...,N

is a monotone gradient system in RN with convex potential

UN (x) =
N∑
k=1

(kπ)2

2
x2
k, x = (x1, . . . , xN ) ∈ RN .

The associated invariant measure is

µN (dx) =
1
ZN

exp

(
−

N∑
k=1

(kπ)2

2
x2
k

)
dx1 · · · dxN

and the Dirichlet Form is the closure of

EN (u, v) =
1
2

∫
RN
〈∇u,∇v〉RN dµN , u, v ∈ C1

b (RN ).

Since (ek)k≥1 is a complete orthonormal system of H := L2(0, 1), then the map

RN 3 x = (x1, . . . , xN ) 7→
+∞∑
k=1

xk ek ∈ H
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is an isometry with a linear subspace HN ⊂ H. In particular, we can identify EN with

EN (u, v) =
1
2

∫
RN
〈∇u,∇v〉H dµN , u, v ∈ C1

b (HN ).

If we pass to the limit, it is possible to prove that

Proposition 17.1. The solution of (17.1) is the Markov process in L2(0, 1) associated
with the Dirichlet form closure of

E(u, v) =
1
2

∫
H
〈∇u,∇v〉H dµ, u, v ∈ C1

b (H).

Notice that C1
b (H) is the space of all Fréchet differentiable f : H 7→ R which are bounded

continuous and have a bounded continuous Fréchet differential ∇f : H 7→ R.
By the result of Exercise 6.5, we have that the invariant measure µ is the law of a

Brownian bridge (βx)x∈[0,1]; moreover the covariance function

E(βx βy) = x ∧ y − xy, x, y ∈ [0, 1]

is associated with the elliptic equation
−d

2f

dx2
= h,

f(0) = f(1) = 0,

since we have f(x) =
∫ 1

0 (x ∧ y − xy)h(y) dy. Recall now the explicit formula (16.1) for
the density of a Gaussian measure in Rd with mean 0 and covariance Q = (−2A)−1. In
our case, we have just proven that Qh = f and therefore

−2Af = −d
2f

dx2
, 〈Af, f〉 = −1

2

∫ 1

0
(f ′)2dx, f(0) = f(1) = 0.

This yields the formal expression for the law of the invariant measure of (17.1)

µ(df) =
1
2

exp(−U(f)) df, U(f) =


1
2

∫ 1

0
(f ′)2dx, if f(0) = f(1) = 0,

+∞ otherwise

It is easy to see that

〈∇U(f), α〉 = lim
ε→0

1
ε

(U(f + εα)− U(f)) =
∫ 1

0
f ′α′ dx = −

∫ 1

0
f ′′αdx = 〈−f ′′, α〉

i.e. ∇U(f) = −f ′′ and equation (17.1) can be written as a gradient system in L2(0, 1)

du = −1
2
∇U(u) dt+ dW.

17.1. Reaction-diffusion equations. It is possible to go further and consider a nonlin-
ear equation of reaction-diffusion type:

∂u

∂t
=

1
2
∂2u

∂x2
− F ′(u) + Ẇ ,

u(t, 0) = u(t, 1) = 0

u(0, x) = u0(x), x ∈ [0, 1]

(17.3)
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with F : R 7→ R of class C1 and (for simplicity) convex, positive with at most quadratic
growth. We define

G(f) := 2
∫ 1

0
F (f(x)) dx, f ∈ L2(0, 1).

Then

〈∇G(f), α〉 = lim
ε→0

1
ε

(G(f + εα)−G(f)) = 2
∫ 1

0
F ′(f)α′ dx = 2〈F ′(f), α〉

i.e. ∇G(f) = 2F ′(f) and equation (17.3) can also be written as a gradient system

du = −1
2
∇V (u) dt+ dW, V := U +G.

Moreover, we have an expression for the invariant measure

ν(df) =
1
Z

exp(−V (f)) df =
1∫

e−Gdµ
e−G(f) µ(df),

where µ is the law of the Brownian bridge β. One can prove that ν is the unique probability
invariant measure of the solution u of (17.3) and that the solution is reversible w.r.t. to
ν.
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