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1. INTRODUCTION

The aim of these notes is to give an introduction to some aspects of the theory of
Stochastic Partial Differential Equations. The focus will not be on generality but on
presenting interesting and useful concepts in particular cases.

First consider the SDE in R¢
1
dX = —§VU(X)dt+th, Xo==x (1.1)

where U : R? +— R is a smooth function and W; = (W},..., W¢) is a d-dimensional
Brownian motion. This equation can be seen as a stochastic perturbation of the standard
differential equation & = —%VU () and it can be called a stochastic gradient system.

It turns out that (X, ¢ > 0) is a Markov process, and it is natural to look for its invariant
probability measures, i.e. for the probability measures x on R? such that (X;, ¢t > 0) is
stationary if Xy has law pu.

It is a classical remark due to Kolmogorov, that if Z := [exp(—U(z))dz < +oc, then
the solutions of equations like (1.1) have an explicit invariant probability measures

lde) = — exp(~U(z)) d.

which turns out to be reversible and the only invariant probability measure. We recall that
uniqueness of invariant measures implies ergodicity and gives therefore crucial information
about the asymptotic behavior of the solutions.

We shall recall that the infinitesimal generator of X:

Lf = JAf— J(VU.V)

is self-adjoint in L?(u), we shall introduce the associated Dirichlet form, and we shall
show that the link between u, £ and equation (1.1) is encoded in the integration by parts
formula

[ewsmvan= [ 1vu.byan (1.2)

where h € R? is constant.

In this course we will show how the previous techniques can be applied to the study of
infinite-dimensional processes, including solutions of stochastic partial differential equa-
tions.

For instance, consider the space H := L?(0,1) w.r.t. the Lebesgue measure, and the
function U : D(U) C L?*(0,1) — R

DWU):={hc H:K € H, h0)=h(1) =0} = H}0,1), U(h) := /1 |W|? d6.
0
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Then we have formally that the gradient of U is VU (h) = —h”. If we consider a complete
orthonormal basis {ej }x>1 in H and a sequence of independent standard Brownian motions
{W}}i>1, then we can write an analog of (1.1) in our infinite-dimensional setting

2
Xdt+ Y epdWf.
k>1

1 10
AX =~ VU(X)dt +dW, = 5 503

This is called the stochastic heat equation. The process X; lives in a.s. in L2(0,1):
therefore it has two natural parameters, the time ¢t > 0 and the space 6 € [0,1]. It turns
out that there exists a continuous version of this process X; g as function of (¢, ). However
the typical behavior of § — X is that of Brownian bridge, in particular not more that
%—Hélder continuous. Therefore the second derivative of X does not exist and the equation
has to be interpreted in a suitable way. In this case the invariant measure of X is the law
of the Brownian bridge over [0,1]. More generally, the same techniques allows to treat
stochastic reaction-diffusion equations

ix = (2 % pxo))asaw,
=3 \a2" ~ + W

The integration by parts formula (1.2) can be written also for this infinite-dimensional
setting and is the starting point of the Malliavin calculus.

2. SDEs IN R?
2.1. The equation. Let F' : R? — R be a Lipschitz map, i.e. such that

ap {11 = F0)

2,y € RY, a:;éy}::L<oo.
[z -yl

Then we have the classical
Theorem 2.1. Let x € R, T >0 and w: [0,T] — R? continuous. There exists a unique

continuous (X¢(z))¢ecp,1) such that

Xi(x) :x+/OtF(XS(:U))ds+wt, vV telo,T]. (2.1)

Moreover we have continuity w.r.t. the initial data:
|Xt($) - Xt(y)| < eLT|x - y|7 Vie [OvT]v T,y € Rd' (22)
Proof. Set B := C([0,T]; R%) with norm || f||5 := SUPyefo, 7] e L f,|. Then (B,]| - 5) is a
Banach space. Set I' : B — B:
¢
I‘(f)t::x+/F(fs)ds—|—wt, Vtelo,T].
0

Then it is easy to see that
IP() =Tlls < —e ™) —glls,  YfgeB

so that I' is a contraction in B and has a unique fixed point, which is the process X we
are looking for. Moreover

X = lim I"(z) (2.3)

n—oo
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in the norm of B, where '™ = T'o---oT (n times) and 7 : [0,7] — R? is the function
constant equal to . Finally, notice that

t
Xila) = X < o=yl + L [ [X@) - X)lds, Ve T
0
Then (2.2) follows from Gronwall’s Lemma. O

2.2. Flow property. Let {B!,..., B4} be independent standard Brownian motions (BM)
in R, and denote by W = (B!, ..., B%) a d-dimensional BM. We define the o-algebras

For =0{W, =Wy, s <u<r<r}, —0<s<t< +oo.

Arguing as in the proof of Theorem 2.1, we obtain a double-index process (X, (x), —0o <
s <t < +oo,z € R), unique solution of

¢
Xot(x) =2 +/ F(Xsu(x))du+ Wy — W, —0 < s <t < +oo, (2.4)

where we consider two independent standard BMs (W', 1W?2) in R? and define the two-sided
BM
Wl t>0,
Wt = (25)
w2, t<0.

Remark that (W; — Wy)s tcr s<¢ is a centered Gaussian process such that

e W, — W; is independent of W, — W, if |s, t[N]u, r[= 0,

o Wiy, — Wsyy has same distribution as Wy — Wi.
We also notice that (Wy,, = Wy, u > 0) is a standard BM. Setting X;(x) := Xo+(x), t > 0,
then this process is the solution of the usual SDE

Xi(z) =2+ /Ot F(Xyu(x))du+ Wy, t>0. (2.6)

Since we can construct (X (z), —0o0 < s <t < 400,z € R) using Theorem 2.1, which
is a deterministic construction working for fixed w € C(]0,T];R?), then we can consider
Xt : RT— RY) as a random map associating X, ;(z) to z. This is trivial in this case,
because w plays the role of a parameter. In the case of a non-constant diffusion coefficient,
a proof is required since one has first a construction of (X ¢(x), —00 < s <t < 400,z € R)
for fixed x and then one has to prove that it is possible to realize the process for all  on
the same event of probability 1.

Proposition 2.2. The family (Xs;, —00 < s <t < +00) is a stationary stochastic flow,
i.e. it satisfies
(1) Forall —oo < s <1 <t < +00: Xpr0Xs, = Xy
(2) For all —oo <ty < --- <t, < 400, the family { Xy, 1., }i=1,..,n—1 15 independent
(3) For all —oo < s <t < 400 and u > 0, Xgyy 4y has same distribution as X 4.

Proof. This follows from uniqueness of solutions of (2.4), the above mentioned properties of
(Wi —Ws)ster,s<¢ and the fact that X, ; is constructed as the limit (2.3) of F,.;-measurable
functions. O



4 LORENZO ZAMBOTTI

2.3. The transition semigroup. We set now Cy(R?) := {f : R? - R bounded and
continuous}, endowed with the norm

[flloc = sup|[f].
R4

We set for f € Cyp(R%)
Pif(z) = E[f(X:(z))], t>0, 2€R
Notice that for all f € Cy(R?)
1P flloo < 11.f [loo-
By (2.2) we obtain that P : Cp(R?%) +— Cy(RY), i.e. (P;) is a Feller semigroup. We recall

the following important fact

Proposition 2.3. The family (P)i>0 of operators on Cy(R?) forms a semigroup, i.e.
PP, = Py, t,5 > 0.

Proof. Let f € Cy(R?). Notice that, since (Ws; — Ws,t > 0) has the same distribution
as (Wi, t > 0), then (X, 44(y),t > 0) has the same distribution as (X¢(y),t > 0), for any
y € R%. Then

E[f (Xst+5 ()] = E[f (Xe(9))] = Fef (y)-

By independence of Fj ; and F; 54+ we have

E[f(Xst+5(Xo,s(2))) [ Fo,s| = Pof(Xo,s()), a.s.
and therefore
Posf(z) = E[f (X045 (2))] = E[f (Xs445(Xo0,5(2))] = E[E[f (X t+5(Xo,s(x))) | Fo,s]]
=E[Pf(Xos(x))] = PP f ().

We could actually prove that X is a strong Markov process.
2.4. Invariant measures.

The case of a Markov chain. Let E be a countable set and Q) : E x E +— [0, 1] a transition
probability matrix, i.e. such that > -5 Q(z,y) =1 for all z € E. A probability measure
uon FE is said to be invariant if

pQ(z) =Y py) Qy, ) = p(z), VaekE.
yeR

A probability measure p on E is said to be reversible if

w(r) Q(z,y) = u(y) Qy,r),  Va,yekE.

A reversible measure is necessarily invariant. Let (X, ),>0 be a Markov chain with tran-
sition matrix ) and initial law p. Then
e if 4 is invariant, then (X,,),>0 is stationary: for all k > 0, (X,,1%,n > 0) has same
distribution as (X,,n > 0)
o if 41 is reversible, then (X,,)n>0 is reversible: for all k > 0, (Xx—n,n =0, ..., k) has
same distribution as (X,,n =0,...,k).
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Back to (2.1). We say that a Borel probability measure z on R? is an invariant measure
of X if

[ = [ sau vezo jec),
R4 R4

We say that p is a reversible measure if

/goPtfduz/ f-Pgdu, V20, f.g€CyRY.
R4 R4

Notice that a reversible measure is invariant, since for ¢ = 1 we have P,g = 1. We have
the following

Proposition 2.4. Let p be an invariant probability measure of (P;). If n is a r.v. with
distribution p and independent of (Wy)i>o and wet set Xy := Xy(n), t > 0, then the process
(X1)e>0 is stationary, i.e. (Xiin)i>0 has the same law for any h > 0. If moreover p is
reversible, (X;)i>o is reversible, i.e. (Xi)ieo) has the same law as (X1—¢)sepo,r) for all
T >0.

Proof. 1t is enough to check equality of finite dimensional distributions. As an exercise,
revise the proofs for a Markov chain and translate it in this framework. O

Proposition 2.5. Let u be an invariant measure of (P;). For any p > 1, P; has a unique
extension to a contraction in LP(u), that we call P, again:

1Pl ey < I F ey Vt>0, feLP(u).

Moreover (P;)>o is a semigroup in LP(u) and if pu is reversible then P, is symmetric in
L*().

Proof. Let f € Cy(R?) € LP(p). Then for all z € R?, by Holder’s inequality
[Pef ()" = [ELf (Xe ()] < E[|f(Xe(2) ] = Bl fP ().
Then by invariance of
1P = [ VPSP uldo) < [ PSP (@) ) = [ 1£17() nlde) = £
By the density of Cy(R%) in LP(u) we conclude. O

2.5. The infinitesimal generator. There are several possible definitions of the gener-
ator of a Markov process. A convenient one is the following: we define the infinitesimal
generator as the set of pairs (f, Lf) € Cy(R?) x Cy(RY) such that

(X)) - fla) - /0 Lf(X.(x)ds, >0,

is a (F;)-martingale for all x € R? By the Ito formula, if X is solution of (2.6) and
f € C3(RY), then

t t
FX(a)) = Fla) = [ LI ds = [ (VI W),
0 0
where )
Li(y) = A0 W)+ (F(y), VI(y), yeRY,
so that (f, Lf) belongs to the infinitesimal generator of X.
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3. A PROTOTYPE: THE ORNSTEIN-UHLENBECK PROCESS
Let A > 0 and x € R and let us consider the SDE in R
dX; = —A X dt + dW;
Xo==x
where (W})icr is a two-sided BM as in (2.5). By Ito’s formula
d(eMXy) = M (AN X dt — A Xy dt + dWy) = e dW;
so that
MX, =2+ /Ot M AW,

and we obtain an explicit formula for the unique solution

t
Xi(z) = e Mz +/ e AW gy,
0

3.1. First properties. The law of Xy(z) is easily computed: it is Gaussian with mean
and variance:

t
E(X,(z)) =e Mz,  Var(Xi(z)) = / e gy = %(1 — e 2
0

so that
1
X ~ -t 1— —2)t )
() N(e :1:,—2/\( e )

We recall that the characteristic function of a Gaussian r.v. V ~ N(a,q) is

E(eV®) = 410, qeR,
We can see that
1

tl}—&-mooE(Xt(x)) =0, tl}—kmoo Var(Xy(z)) = 7

and therefore we obtain that
1 1
M (] L em2My ) 1N
N(e x, 2)\(1 e )> N(O, 2)\) : la (3.1)

3.2. Flow property. We define now a double-index process (X, (z),—00 < s < t <
+00,z € R), unique solution of

t
ijt:x—)\/ Xsydu+ Wy — W, —00 < s <t < +oo,
S

where W; — Wy is defined as in (2.5). Applying Ito’s formula to t — (eMX;) we obtain the
explicit formula for the unique solution

t
Xst(z) = e M=) 4 / e M- AW, —0 < s <t < Hoo.
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One can easily check directly that X :(z) defines a stochastic flow. For instance

T t
Xpi(Xp(2)) = N7 <e‘“’“‘s>x+ / e A=W qu) + / =M= gy

T

T t
:e—)\(t—r+r—s)x+/ e—A(t—r—l-r—u) qu+/ e—A(t—u) dW,

t
— e N9y / e MW AW, = X ().

The other properties are consequences of the independence and stationarity of increments
of BM.

3.3. The invariant measure. By Proposition 2.3, the family (FP;)¢>o of operators on
Cy(R)
Fif(z) = E[f(Xi(2)),  t20, z€R,

forms a semigroup, i.e. PsP, = P,1s, t,s > 0. Then we have the
Proposition 3.1. The unique invariant measure of X is puy = N(0, (2\)~1).
Proof. By the semigroup law and the limit (3.1), for all f € Cy(R):

[ fdun= tw Pt = tim P.Pfe) = [ Pfdun.

Moreover, if v is another invariant measure

/fduz/Pdee/(/fdu,\) dz/:/fdu)\, V f € Cy(R).

3.4. Stationary O-U process. An interesting question is the following: since the law
of Xy(z) converges, as t — 400, to uy, can one expect convergence of the trajectories of
Xi(z), as t — +00? One can see that, for instance, convergence in L? can be ruled out,
since

t 2 t+h
Var(Xp () — Xi(x)) :/ (e—A(t—i-h—u) _e—A(t—u)> du+/ o2\ (t+h—u) g,
0 t

g

1— 672)\h
2\

which does not tend to 0 as t — +oo. If limy_, 4 X¢(2) = £ € R for all w in an event with
positive probability, then for all such w

X A1
0

t+h
S / o2\ (t+h—) g,
t

t—-+o0 t t——+o0

so that ¢ = 0; but then the limit law p) should give positive probability to 0, which is not
the case. Therefore, a.s. the limit of X(z) as t — 400 does not exist.

However, one can perform a different limit procedure: let us recall that, for fixed s > 0,
(Xt+s,t > 0) has same distribution as (X_s;,¢t > 0). Now it is easy to see that

t t
hT X 1= “El <e_’\(t+5)x+/ e~ At—uw) qu> :/ e At—u) AW,

—S
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in L? for all t > 0, since

¢ ¢ —s o2 (t+5)
Var </ e~ A=) AW, — e M=) qu) = / e M=) gy = —on —0

as s — +o0o. Therefore, we define
t
X, = / e MW aw,,  teR.
—0oQ

It is easy to see that

Proposition 3.2. X is stationary (i.e. (Xiys,t € R) and has same distribution as
(X¢,t € R)) solution of

dX; = = AXdt + dWy, teR.
The law of Xy is py for all t € R.
3.5. Reversibility.
Proposition 3.3. The probability measure py is reversible for the O-U process.

Proof. The reversibility statement can be rewritten as

E [g(Zl) f (e*Atzl + /1 - e 2x ZQ)} —E [g ((”Zl + /1= e Zz) f(Zl)} :

for all f,g € Cy(R), where Z;, Z are i.i.d. variables with law A(0,1/(2)\)). Let now

6 € [0,7/2] such that
e M = cosb, V1—e2M =gind.

We introduce the rotation of R?

cosa sino
Ty = ( ), a€R,

—sina  cosa

and we set Z = (Z1,Z3), Z(«a) := T, Z. Notice that

ZoN <(o,0), 2&1) — Z(a) N <Ta(0,0), %Ta e Tf,) _N ((0,0), 2&1)

In particular, Z(«) is equal in law to Z for all a. The reversibility statement follows
easily. O

Exercise 3.4. Show directly the reversibility of the process X: for all T > 0, the processes
(X7_t,t €[0,T]) and (X, t € [0,7]) have the same distribution.

3.6. Integration by parts. By Ito’s formula, it is easy to see that for all f € C?(R) we
have that (f, Lf) belongs to the infinitesimal generator, where

d? d
LIW) = 5750 - W), yeR

In this case we have a very important formula: for all f,g € C2(R)

/R gLfdpy = — /R § ' dyix = /R Lg f dpis. (3.2)
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Indeed, by integration by parts we obtain

1d*f df e
Lo (55500~ ) e ay -

= [ Lo (- (s ) ~nowe 5 )ar=-5 [ L) etay

and since this expression is symmetric in f, g, we obtain also the last equality in (3.2).
We shall later show that formula (3.2) is a particular case of a class of functional
relations, linking generators and Dirichlet forms, which will be defined below. For now,
notice that (3.2) encodes a symmetry property in L?(jy), to be made more precise, and
this is clearly related to the symmetry of the semigroup, i.e. to the reversibility of wy.

3.7. Hermite polynomials. We recall that the space L?(1y) is a Hilbert space if endowed
with the canonical scalar product

(F s = /]R Fadin,  frge L)

The reversibility of u implies that the operator P; : L2(puy) +— L?(uy) is symmetric in the
Hilbert space L%(py). We want now to diagonalize it.
Let us define for all n € N and =z € R:

dn
Hoy(z) :=1, H,(z) := (—1)”6362/2767902/2, n>1.

dx™
Let us set for all t,z € R

2
F(t,x) :=exp <tx — 2) :

Then we have by analiticity in ¢t € R

o0

22 (-2 _ N gtz 4 eapye &
_ T —(t—x _ T —(t—=x _
F(t,x)=¢€"""%¢ —Ze 1 —ZﬁHn(m)
n=0 t=0 n=0
From this expression we obtain some useful equalities. First
o oo
t" 9 il
n=0 n=0
and by comparing the coefficients
H! =nH, 1, n > 1. (3.3)
Moreover
e tn—l o & tn , e tn+1
Z =1 Hy(z) = aF(ﬂx) =(z—t)F(tz) = Z ] v Hy, () — Z T Hp ()
n=1 n=0 n=0
and by comparing the coefficients
H,=zH, 1 —H_, n > 1. (3.4)

By induction on n > 0, we can prove from (3.3) that H,, is for all n > 0 a polynomial of
degree and the coefficient of the monomial =™ is equal to 1.

Proposition 3.5. The family (H,/vn!)n>0 is a complete orthonormal basis of the Hilbert
space L2(R; N(0,1)).
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Proof. Let Z ~ N(0,1). Notice that H, € L?(R;N(0,1)), since Z has moments of all
order. Now, for all s,t € R

E(F(t, 2)F (s, 2)) = B (70 7/2) = a4/ 2-(2)/2 ot

so that

ths™ ts)"
S U (2 H2) = 3 )
n,m>0 n>0
which implies that
E(H,(Z)Hp(Z)) = 6pm nl,
where &y, is the Kronecker symbol, i.e. equal to 1 if n = m and to 0 otherwise.
It remains to prove the completeness, i.e. fact that if the O function is the only function
f € LAR;N(0,1)) such that

/RandN(o,n =0, Vn>0.
Let us consider a function f € L?(R; (0, 1)) with such property; then
/ f(@)a" N(0,1)(dz) =0,  ¥n>0.
We define the function G ]:RC — C
G(z) o= [ fw)e= s

which is entire (i.e. holomorphic all over C), since z — €"“* is entire and, by Cauchy-
Schwartz, the function z — f(z)(1 + |z|)e=""/2 belongs to L*(R;Leb). But then

G(z)=Z/Rf(x)fL,e“2/2dx=o, VzeC.
n>0 ’

For z = it, t € R, we obtain that the Fourier transform of x +— f (a;)e*mQ/ 2 vanishes, and
therefore f = 0. O

3.8. The Ornstein-Uhlenbeck operator. Let us set
HMz) := H, (x : \/2>\) ., zeR n>0,

1
A A
= —— > 0. .
en i H;, n >0 (3.5)
Then (e)))n>0 is a complete orthonormal basis of L2(py). Moreover this family satisfies
d
- H)=V2AnH) ,, n>1, (3.6)
1 d
H,é\: \/QAZBH?%L\_l_E%Hé\_l, nZ 1. (37)
Let us set for all n > 0
1 d? d
LA (2) = 5y Hpl(w) = A Hi(w).

For n = 0 we clearly have LH; = 0, while for n > 1, by using first (3.6) and then (3.7)

PHMz) = "2 Dy ) e B (2) = —nd B (x
n dﬂ? 1 n—1 n
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Let us now notice that, by It6’s formula, for any n > 0

H (X,(x)) = LNH(X,(2)) di + (jHA) (X,(x)) WV,

so that
HX(Xy(z)) = H) () — nA /t H(X,(z)) ds + /t Voxn H)Y (Xu(z)) dWy,
which can be solved explicitly 0 :
HN X (2)) = e "M H)N 2 / Voxne ™MW JHY (X () dW,.

By taking expectation we obtain
E(H)(X:(2)) = PHMz) = ™MHMz), >0, z€R.
Therefore, we have indeed diagonalized P, in L?(puy).
Up to now, the operator L is defined only on the linear span of {e},n > 0}. Since

(e))n>0 is a complete orthonormal basis of L?(y), the natural domain of definition of L*
is

D(LY) = {he L () : > nP(h,ep)s, < 400
n>0

==Y An(he)u er,  Vhe D).
n>0

3.9. The Dirichlet form Let us denote by CF(R) the space of all k times differentiable

f € Cy(R) such that L € Cy(R) for all j = 1,..., k. We notice the following integration
by parts formula: for all f.9 € CLR)

/f’gdmz—/fg’dux+2/\/fgxdm-

It follows that for all f,g € CZ(R)

/(LA gdux =5 /f”gdm— /fgdm /f "dpy.

Let us read this equality in terms of the series expansion in the Hermite orthogonal basis:
[ @ gdun ==Y AntF e (9.2

R n>0

and by (3.5) and (3.6)
d
= s b= S VI

n>0 n>0

so that indeed

_/f g :U’>\__7 Z 2)\v”m<f,€;\L>m <gve%>ux <627176$L71>M/\

anl

= — Z An <f, 6ﬁ>u>\ <97 6$L>M>\

n>0
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We define the positive definite symmetric bilinear form
A A
= Z An(f, en>u,\ (9, en)uw
n>0

with domain

f9€DE):=qheL’(m): > n(hey)n <+oo
n>0

Notice that D(€) is the domain of the square root of (—L*):
V=L h:=> VAn(h,epu, er,  heDE)
n>0
and that one has correctly
<V _L)\f7 _L)\g Z)‘n f’ nMA <ga n> _<L>\f;g>,u/\
n>0

Therefore we obtain, for all f, g € C}(R):
1
(V=LA f, V=L gy, / F'9' dux = 5 (1", 9 )
Exercise 3.6. Prove that indeed C}(R) C D(€) and CZ(R) C D(L*).

Exercise 3.7. Convince yourself that it is not true that v—2L* f = f.
Spectral gap. Notice that for all f € L2(uy):

B - / P = Pof = (£, Dy = 3 e (£, 2,0, e

n>1
so that
1Pf = (o D2y = D e 2 (Frem)iy < e M IFll72 ()

n>1

i.e. we have exponential convergence in L?(jy) of the semigroup to the invariant measure.

4. WHITE NOISES

4.1. Gaussian measures. Let ¢ € R? and Q a symmetric d x d matrix with positive

eigenvalues. Then we can define A := —% ~1 a symmetric matrix with negative eigen-

values. The Gaussian probability measure N'(a, @) on R? is defined by

N(a, Q)(dz) = Lo ‘e —a) o a>> dx

1
———exp | —
enidetq " ( 2
1
= exp ((A(x —a),z — a)) dx
and we have the important formula for the Fourier transform of N'(a,Q): if X ~ N (a, Q)

then
E (X)) = / ") N (a, Q)(dx) = exp< (a,h) — 7<Qh h>)
from which, by derivation, one obtains for all h, k € R¢
E((X,h)) = (a,h),  Cov({X,h),(X,k)) =E(X — a, h)(X — a,k)) = (Qh, k).
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Then a is the mean and @) the covariance operator of X. Moreover one obtains the
main property of a Gaussian family {X;}icr: if JJK C I, JNI = 0, and Cov(X;, Ky)
for all j € J and k € K, then {X,}jcs and {X}}rex are independent. In particular,
if {e1,...,eq} are eigenfunctions of ) with respective eigenvalues {\1,..., Aq}, then the
variables {(X,e;),7 =1,...,n} are independent and (X, e;) ~ N ((a, e;), \j).

4.2. White noises.

Proposition 4.1. Let H be a separable Hilbert space. There exists a process (W (h),h € H)
such that h — W (h) is linear, W(h) is a centered real Gaussian random variable and

E(W (h) W (k) = (h, k), ¥ h.k €M

Proof. Let (Z;); be a ii.d. sequence of real standard Gaussian variables and (h;); a
complete orthonormal system in H and set
n
W™(h) = (b, hi)y Zi,  heM.
i=1
Then it is easy to see that

n

E(W™(R) W™(k)) =Y (h,hi)u(k, hi)y, ¥V hkeH.

i=1
Moreover for all n < m
E((W"(h) = W™1)?) = > (hhi)*> =0
i=n+1
as n,m — —+oo. The conclusion is standard. ]

Notice that the application H > h — W (h) is an isomorphism of Hilbert spaces between
‘H and a space of Gaussian random variables.

Let now (T',B,m) be a separable measurable space, with m a o-finite measure without
atoms. We apply Proposition 4.1 to H := L*(T,B,m). The process (W(h),h € H) is
called a Gaussian white noise over (T, B, m).

If A€ Band m(A) < +o0, then 14 € H and we denote W(A) := W(la). If A,Be B
with m(A) + m(B) < 400 then

EW(A)W(B)) =m(ANB).
In particular, if m(AN B) =0, then {W(A’), A’ C A} and {W(B’), B’ C B} are indepen-
dent.

It is customary to use the notation

W(A) = /A W),  W(h) = /T h(t) W (dt).

We have the important property, which follows immediately from the fact that W :
L3(T,m) — L?() is an isometry:

Proposition 4.2. If (A,)nen C B is such that A;NA; =0 for i # j and m(U,A,) < 400,
then

lin W(A;) = W(U,A,)  in L2
=0
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Moreover, since A; N A; = () for i # j, then the sequence (W (A,))n is independent and,
since all variables W (A,,) are centered, the sequence is orthogonal in L?.

Notice however that W (dt) is, in general, not a signed measure, as this notation might
suggest; indeed, the process h +— W (h) does not always admit a modification such that
W (h) is defined on the same set of probability 1 for all h: see Remark 4.3 below; however,
it is possible to interpret W (dt) as a (random) distribution in the sense of Schwarz, see
subsection 4.10.

4.3. Finite dimensional white noise. Let us consider first the easiest case: T =
{1,...,d} and m is the counting measure. In this case L?(T,B,m) = R% and the white
noise W(h) can be realized as W (h) = (W, h)ga, where W ~ N(0,I).

4.4. Brownian motion. Let now T = R endowed with the Borel o-algebra and the
Lebesgue measure A;. Then for any choice of two intervals [a,b] and [c,d] in R

E(W([a, b)) W([e, d])) = Ai([a, b] 0 e, d]).-

Then the process
w(o,#), t=>0,
Wt =
W ([t,0]), t < 0.
is a two-sided standard Brownian motion, i.e. has the same law as the process de-

fined in (2.5), and W(dt) is simply called white noise over R. In particular, the process
(W ([0,t]), t > 0) is a standard BM.

Remark 4.3. In this case we can see very clearly why in general a white noise can no be
written as a signed measure. If was the case, this would imply that the BM (W ([0,t]), t >
0) has a.s. paths with bounded variation, which is notoriously false.

4.5. Multi-dimensional Brownian motion. Let now 7'=R x {1, ..., d} endowed with
the Borel o-algebra and the measure A\; ® m where m is the counting measure.
Then for any choice of two intervals [a, b] and [c,d] in R and for any 7,5 € {1,...,d}

E(W ([a,b] x {i}) W(le.d) x {3}) = M([a. ] 1 [e.d]) Liey.
Then the process (th, cee Wtd), defined by
B W ([0,] x {i}), t >0,
Wi =
W([t,0] x {i}), t<O.
is a two-sided standard Brownian motion, i.e. has the same law as the process de-

fined in (2.5), and W (dt) is simply called white noise over R. In particular, the process
(WL([0,4]),...,W4[0,#]))e>0 is a standard BM in R?.

4.6. Brownian sheet. If T = R? endowed with the Borel o-algebra and the Lebesgue
measure Az, then

E(W([0,1] x [0,#]) W([0,5] x [0,5])) = tAt) (sAS), t,t', 5,8 > 0.
The process (W (t, s) := W ([0,t] x [0, s]),t,s > 0) is called a Brownian sheet and W (dt, ds)

a space-time white noise. One can also use the notations

2

W (dt,ds) = gtg; = Wi(t,s).
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Notice that the same construction can be done if 7' = R%: this gives a space-time white
noise with a d-dimensional space variable.

4.7. Cylindrical Brownian motion. Let H be any separable Hilbert space and (e;)i>1
a complete orthonormal basis of H. Let us consider a sequence of independent standard
real Brownian motions (wj},t > 0);. We set for all n € N:

n
:szei, (W[, h) Zwt h,e;), t>0.
i=1

Now, for all h € H we have for n < m

E (W), h)y — (W™, h))?) =E ( > <h,ei)> < > (he)? =0
i=n-+1 i=n-+1

as m,m — oo, since _;(h,e;)? < +oo. Therefore, for all ¢ > 0 the series

(W4, h) Zwt (h,e;).

converges in L?(IP). Notice that for all h,k € H and s,t > 0 we have

E ((Wy, h) (Ws, k) = Z wiwl (h,e;) (k,e;) ZE (h,e;) (k,e;)
i,j=1

=tAs(hk).

Formally, the series

o @]
T/Vt::Z:V[/}g,eZ yei = Zwtez, t>0
i=1

defines a Brownian motion in H. However, thls series does not define a H-valued variable.
In fact, it can be seen that P(W; € H) = 0; one easily notes that

E (|W:]%) ZE (w})?) =) t=+400, t>0.
i=1
Since W} is not well defined in H, but (Wi, h) is for all h € H, the process ((Wy, h),h € H)
is called a cylindrical Brownian motion.

4.8. Fourier construction of space-time white noise. Let now H := L%(0,1). Then
(4.1) becomes

1
E (Wa, h) (Wi, k) :s/\t/ hokydz, ¥ ke H.
0
In particular, if 19, and 1y ) denote the indicator functions of two intervals [0,y] and

respectively [0, z] in [0, 1], then for all s, >0
E (<W8) 1[O,y]> <Wt7 1[0,z}>) =sNt (1[0,y]7 1[0,z}> = (‘9 A t) (y N Z)'

Therefore, the process ((W, 1[0’3}>, t,s > 0) is a Brownian sheet. Therefore we can use the
representation in terms of the space-time white noise:

(Wi, h) / / W (ds, dz).
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4.9. A physicist’s description. Let us start from the white noise in 1 dimension. If
(Wi, t > 0) is a standard real BM, then the classical formula

E(W; Ws) =t As, t,s >0,

can be interpreted by saying that

- 9 9 )
E (Wt WS> ot A= = L po((t) = 3(t =)

where d(t) is the Dirac mass at 0. Since §(t —s) = 0 if t # s and (W, t > 0) is a Gaussian
process, then W; and W, are independent for ¢ # 5. In the case of the Brownian sheet,
we have analogously

EW(t,s) W(t,s)) = (tAt)(sNs), t,t' 5,8 >0,
and therefore

E(W (dt,ds) W (dt,ds')) = E (W(t, )W (t, s')) = 5(t—t)o(s— 8.

Then, W (t,s) and W(t,s') are independent, unless (¢,s) = (¢, s).
The Fourier representation of the space-time white noise reads

. 0 dw?
W(t,x) = aWt( T) = z; ﬁez’(ﬂf),
1=
where (e;); is any complete orthonormal system in L?(R ., dx).
4.10. Random distribution. Another possible interpretation of the white noise on R¢

is the random distribution viewpoint. Notice first that the covariance structure implies,
e.g. if s < ¢, that

E(|W(t,s) = W(t, )} =ts+t's =20t At')(sAns) =t —t|s+t]|s— 5|
Since (W (t,s) — W (t',s')) is a Gaussian r.v. then there exists a constant C, 7 such that
E(IW(t,s) = W(,s)") < Cnr(lt =" + s =s'|™), Vit s €[0,T].

Therefore by the Kolmogorov criterion the process (W (s, t), s,t > 0) has an a.s. continuous
modification. The same holds for (W (t1,...,tq),t1,...,tq > 0). Now, if p € C>°(R9), then

%
where [0,z] := [0,21] X --- X [0,24]. This expression gives a measurable modification

CX(RY) 5 ¢ +— W (p)(w), for P-a.e. w, of the white noise.

4.11. Couloured noise. For the sake of completeness, we point out that the cylindrical
white noise (or space-time white noise) is by no means the only possible choice. A coloured
noise, for instance, is defined by a (possibly formal) series

o0
BWt::Zbiwiei, t >0,

where b; € R and B : D(B) C H — H is the linear operator defined by Be; := b;e;, i € N.
The covariance structure becomes

E ((BWy, h) (BWy,k)) =t As(Bh,Bk),  hke D(B),
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to be compared with (4.1) (notice also that B = B*). The noise therefore is still Brownian-
like in time, but can be more regular in space (depending on the speed of convergence of
b — 0 as i — +00).

5. THE LAW ON PATH SPACE OF BROWNIAN MOTION AND BROWNIAN BRIDGE

5.1. Some formal computations. From the independence of increments of Brownian
motion we obtain that the law of (By,,..., By, ), for 0:=tg <t; < -+ <t, <1is

1 1 i ‘.’L‘j — .%'j_1|2 d d 0
—— €eXx —= —_— Il ax o = U.
Zn p 2 =~ tj — tj—l 1 ns 0

Iftj —tj_1 =1/nfor all j =1,...,n, then for n large one could think that

n 1
nYy |-z~ / (&) dr.
=1 0

As n — oo, one obtains as a formal limit an expression for the law of the process X :=
(Bt)teo] € L*(0,1)

1 IR
X = (BT)TG[O,I] ~ Eexp <—2/0 (JJT)ZdT‘) ]]-{270:0} H dl’r. (51)

r€[0,1]
However, this formula does not make sense for several reasons:
e the typical trajectory of (B;),¢[o,1) has no derivative in L?(0,1), and the term in
the exponential is equal to —oo a.s. if x is a typical trajectory of B;
e the normalizing constant Z is
Z = lim Z, = lim (2r/n)"? =0;
n—oo

e finally, the measure dx = Hre[o,l] dzx, is not well defined. Indeed, notice that dz,

if well defined, would be a translationally-invariant measure on L?(0,1). However,
an infinite-dimensional Hilbert space admits no non-zero translationally-invariant
measure being finite on all balls. Indeed, consider a sequence (e;);cn such that
lleill =1 and ||e; — ej|] > 1, for instance an orthonormal system; if the measure is
non-null, there is a ball B(z,r) with » > 0 and with positive finite mass; the balls
B(2re;,r) are all contained in B(0,4r), are pairwise disjoint and have the same
mass as B(x,r) by invariance under translations. Therefore, the ball B(0,4r) has
infinite mass.

5.2. The covariance operator. However, something rigorous can be said about formula
(5.1). We recall that in R?

N(0,Q)(dx) = %exp ((Az, z)) dz, (5.2)

where A = —%Qil. Therefore, we can start by studying the covariance operator Q.
It is well known that E(BsB,) = s A r, and, denoting the canonical scalar product in

H :=L*0,1)

1
(h, k) ;:/ hy k- dr, h,k € H=L*0,1),
0
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then we obtain

E((B,h)) = 0, E((B,h)(B,k)):/[01]23/\rhsthsdr:(Qh,k), hk € H,

where we denote
Q:H— H, (Qh), ::/ sArhsds, rel0,1]. (5.3)
(0,1]

Stated differently, we can write by integrating by parts

1 1 1
(B,h>—/ Brh,«dr—/ (/ hudu>dBT
0 0 r

and this is clearly a real Gaussian variable with 0 mean and covariance
2

/01 </T1hudu) dr = (Qh, h).
E (e84 = exp (—;@h, h>> ,

which suggest the natural interpretation B ~ N(0,Q) by analogy with the finite dimen-
sional case. Now, let us study more in detail the operator Q. Let h € H and f := Qh.

Then we can write
r 1
fr:/ shsds—i—r/ hsds, r € [0,1],
0 r

and an easy computation shows that f is the (unique) solution of the equation
d’f B

“az =l

10 =20 -0

Therefore, @ is the inverse of the operator (—2A), where

2
D(A) = {feH e fo=T0)= 0}’ Af= 5

Notice also that, again by integrating by parts, for all f € D(A)

Therefore

(Af. £) :_/ fodr+ 111 /fzdr

where the boundary terms vanish because of the boundary conditions in the definition of
D(A). Notice that, in the last formula, the left hand side makes sense for f € D(A), i.e.
with f” € L?(0,1), while the right hand side is clearly well defined as long as f’ € L?(0,1).

In fact, we can see that the closure of D(A) w.r.t. the norm fol f2dr is equal to

={feH: f'eH f(0)=0}

and we can define the symmetric bilinear form

1 .
E(f.9) :=/0 fgdr,  f.ge D(E).
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Indeed, we can write

D(A) = {f = [gdr: g . g0) - o}, U 1) = gl

Now, the space {g : ¢’ € H, g(1) = 0} is dense in H, and therefore the closure of D(A)
w.r.t. to the scalar product £ is

{f:/o.gdr:geH}ZD(g)-

Therefore, formulae (5.2) and (5.1) are indeed very close. Notice that D(£) is equal to the
classical Cameron-Martin space of Brownian motion.

5.3. A white-noise point of view. Recall that the white noise W (dt) associated with
L?(0,1) has the property that

E(W (R)W (k)) = /01 hyk.dr,  h,k € L*0,1).

This means that W (dt) has covariance operator equal to the identity, and therefore law
N(0,1) on L?(0,1). By (5.2), this means that

1 1 [t
Y = W )eion ~ g e (—3 [ o) ay.

Again, this is only formal, but it matches well with (5.1), since ¥ = X and the densities
correspond nicely to each other via this transformation: fol y2dr = fol @2 dr.

Let (e;);en be any complete orthonormal system in L?(0,1). Then by the property of
white noise, the sequence (W (e;))ien is iid with & := W (e;) ~ N(0,1). Therefore, by the
construction of the proof of Proposition 4.1, we obtain that

W(h) =1im» & (h,e;),  in L*(Q).
n
i<n
Since W (h) = fol hy W(dr) and (h,e;) = fol hye;(r)dr, then we can again interpret for-
mally this construction as
W(dr) =1lmY &ei(r)dr,  in L*(Q),
n
i<n
i.e. the white noise on (0, 1) corresponds to choosing any complete orthonormal system in

L?(0,1) and then multiplying every vector of the basis by a standard normal variable from
an iid sequence and taking a formal series. This is a Fourier expansion of white noise.

5.4. Fourier expansion of Brownian motion. Since Brownian motion is a primitive
of a white noise, can we obtain a Fourier expansion for B from the previous subsection?
If we consider h = 1p), then we obtain

B, = W([0,1]) :liTILnZ&/O ei(r)dr,  in L}(Q), t €[0,1].

i<n

However, the vectors n;(t) := fg ei(r)dr, t € [0,1], do not necessarily form a complete
orthonormal system of L?(0,1). This is true only if

<771777]>: <Qel76]>:07 Z#J?
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where @ is the operator defined in (5.3). On the other hand, the operator A is easily
diagonalized: this corresponds to the equation

d26i
_dr2 :)\iei)
dei
% = 1) = )
e(0) = 1) =0

and some explicit computations show that
er(r) := V2sin((2k — 1)7r/2), r € [0,1], k € N*.

Then e, € D(A) for all kK € N* and 24e, = —Mek, and this is a complete orthonor-

mal system (a fact which requires a proof...). In particular, we obtain that the sequence
(gk)kEN* is i.i.d. N(O, 1), where

2k - 1)m
&k = (2) (B, ek)
and the following random Fourier series converges in L2(); H)
- 2
B = —_— .
2k — T)r ko
k=1

5.5. The Brownian bridge. Let 3, := B, —rBy, r € [0,1]. Then (5;),¢[,1) is a centered
Gaussian process. Moreover the covariance between 3 and Bj is E(5, B1) = 0 for all
r € [0,1], and by the main property of Gaussian vectors recalled above, (5r)re[0,1] and By
are independent. Since we can write B, = (3, + 7B, with (83;),¢c[0,1) and B; independent,
then the law of (B;),¢[o,1] conditioned on {B; = y} is equal to the law of (3, + 7y),c[0,1]-
In particular, (8;),¢[o,1) has the law of a BM conditioned on {B; = 0}.

For this reason, we expect that, in analogy with (5.1),

1 1 [t
X = (BT)TE[O,I} ~ Zexp <_2/0 (331")2 d"") ]l{aco::cl:O} H dx,. (54)

rel0,1]

We can interpret this formula as in the case of BM by computing the covariance operator
of (Br)ref,1]- We have

E((8, 1) (8, k) :/[01]2(5/\7”—87“) hohedsdr = (Qh k), hk € H,

where we denote now

Q:Hw— H, (Qh), ::/ (sANr—sr)hsds, rel0,1]. (5.5)
[0,1]
And an easy computation shows that f := Qh is the (unique) solution of the equation
&S
arz2 7
f(0)=f(1)=0.

Therefore, @ is the inverse of the operator (—2A), where

I 1d*f
D(A):={feH: f'€H, [0)=f1)=0}, Af:=; 3.
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Notice also that, again by integrating by parts, for all f € D(A)

(Af, f) = /f2dr+ 2 / far

where the boundary terms vanish because of the boundary conditions in the definition of
D(A). The closure of D(A) w.r.t. the norm fol f2dr is equal to

—{feH: ['€H, f0)=f(1) =0}

and we can define the symmetric bilinear form

1 .
E(f.9) :=/0 fadr,  f.ge D(E).

Indeed, we can write
- 1
)= {r=[gars g e [aar=of, er.n=lolk

Now, the space {g :g € H, fol grdr = 0} is dense in the space {g €H: fol gr dr = 0},
and therefore the closure of D(A) w.r.t. to the scalar product £ is

{f:/olgdr:geH, /Olg,,drzo}zp(g).

In analogy with the case of BM, the space D(£) is a Cameron-Martin space for the
Brownian bridge (this analogy can be made much more precise).

5.6. Fourier expansion of Brownian bridge. We want now to obtain a Fourier ex-
pansion for § in terms of a complete orthonormal system and a sequence of iid standard
normal variables. Again, this is
Again, it is enough to diagonalize the covariance operator @ defined in (5.5). This
corresponds to the equation
d2
dr?

= \ie;,

61(0) = 61(1) = 07
and some explicit computations show that
er(z) == V2 sin(krz), x €1[0,1], k € N*.

Then e, € D(A) for all k € N* and 24e, = —k>7% ey, and this is a complete orthonormal
system (a fact which requires a proof...). In particular, we obtain that the sequence

(gk:)k:eN* is i.i.d. N(O, 1), where
i = km (3, ex)
and the following random Fourier series converges in L?(Q; H)

=1
kzzzk kek.

See subsection 6.4 for related material.
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6. THE STOCHASTIC HEAT EQUATION

We want to study the stochastic PDE
ou 10% .
T 1 74
ot 2 0x2 W

u(t,0) = u(t,1) =0 (6.1)

u(0,x) = ug(z), x € [0,1]

where W (t, ) is a Brownian sheet over [0, +00[x [0, 1] and W (¢, ) is therefore a space-time
white-noise. We suppose that ug € L?(0,1).

6.1. The deterministic heat equation. Let us start from the heat equation without
noise:

ov 1 0%v

ot 2 0x?’

v(t,0) =v(t,1) =0

v(0,z) = vo(x), xz € 0,1]
where vy € L2(0,1). We set for all k > 1:

er(x) = V2 sin(krz), z € [0, 1]. (6.3)

We recall the following result:
Exercise 6.1. {ej};>1 is a complete orthonormal basis of L?(0,1).

Notice that {ej}r>1 is a complete basis of eigenvectors of the second derivative with
homogeneous Dirichlet boundary conditions:

d2

2 = —(7k)?ey, er(0) = ex(1) =0, k> 1.
Setting

D(A) = f e L*(0,1): >k ek, f)T2q) < +00

k>1
k 2
af= - " fe e D)
k>1

we obtain a closed operator in L?(0,1) extending %38722 on C2(0,1). The solution of the

heat equation (6.2) is therefore

- 2
v(t,x) = Ze*t“ﬁ?) {ek,vo) ex(x), t>0, x€][0,1].
k>1

: _ykm? .
Since |ex(7)] < V2 and Y o e " 2 k™ < +oo for all m € N, the above series converges

uniformly on [0, 1] together with all its partial derivatives in ¢ and z. One can write more
compactly, using the semigroup notation,

vy = v(t,-) = ey, t>0.
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6.2. Fourier expansion of (6.1). Let us consider the scalar product of both terms of
(6.1) and ey,. Setting uf := (u(t, ), ex) we obtain

duk = —7(k;r)2 uk dt + thka
ug = (uo, ex)

where

Wk = / er(x) W(ds, dx).
[0,¢]x[0,1]

Exercise 6.2. Prove that (W}, ¢ > 0);>1 is an independent sequence of Brownian motions.

Setting A\, = (wk)?/2, we obtain that (uf,t > 0);>1 is an independent family of
Ornstein-Uhlenbeck processes, i.e.

t
uf = e Mlyk 4 / e~ M=) gk, t>0, (6.4)
0
or, equivalently,
t
uf = uf — )\k/ uf ds + WE, t >0, (6.5)
0

An important remark is the following;:

1 2
Zk:)\k = Z (wk)Q < +00.

k

Since uf ~ N (e*)‘ktulg, ﬁ(l — 6*2)"“'5)>, then

k —2A k —2X
E g uy ey = E [e 2kt<u0) +m(1—e 2ty 0
k=n+1 k=n-+1

as n,m — +oo. Therefore the series

+oo
o k
Ut = Uy €
k=1

converges in L?(Q; L?(0,1)) to a well-defined r.v. wu; taking values in L?(0,1). Formula
(6.4) becomes

t
up = e g +/ =94 g, ug € L*(0,1), t >0, (6.6)
0
while formula (6.5) becomes
1 t
(s BY = (ug, ) + 2/ (ug, "y ds + (Wi, ), >0, he D(4),  (6.7)
0

which can be interpreted as a weak formulation of
1 0%u

du=35 52

dt + dW.
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6.3. Path continuity. Until now we have considered u; as a L?(0,1)-valued random
variable. However, if z € [0, 1] is fixed, then

n

up(t,x) == Zuf er(x) = Z(ut, ex)ex(z) €R
k=1

k=1

is well defined for all n > 1, t > 0. Let us suppose that ug = 0, so that u’é := 0 for all
k > 1. Then

Un(t, ) — um(t, ©)|?) = Y ub ’ ex(z v te_”‘k(t_s) s
E it it ) = 3 B () )t Y a

k=n+1
m 1— 6—2)\kt
=2 oy, 0
k=n+1 k

as n,m — +oo. Therefore, there exists a well defined stochastic process (u(t,z),t > 0,z €
[0, 1]), limit in L*(P) of (un(t,x),t > 0,2 € [0,1]) as n — oo.

Lemma 6.3. For all m € N there exists a constant Cp, < +00 such that
E (\u(t,x) — u(s,y)\Qm) < Cn (|t —s|™2 4 |z — y]m) , Vt,s>0, z,yel0,1].

Proof. Notice that (u(t,z) —u(s,y)) is a real Gaussian variable with 0 mean; in order to
estimate its moments, it is enough to compute the second one, i.e. it is enough to prove
that for some constant C

E (Ju(t.x) —u(s,p)|*) < C (jt =o' +|o—yl), ¥t520, zyefo1]
Since (u(t,z) — u(s,y)) is the limit in L2(P) of (un(t,z) — un(s,y)) as n — oo, then it is
enough to estimate the variance of (u,(t,x) — u,(s,y)) uniformly in n. First we have

”U,n(t,I') - Un(S,y)’2 < 2 |un(t,:v) - un(S,(L‘)|2 +2 |Un(8,$) - Un(S,y)|2.

Now:
n 2
E (Jun(s,2) = un(s,9)*) = E | | ug (ex(z) — ex(y))
k=1
L 1A (Jz -y k)?
= Z T(ek(l‘) —ex(y))® < — 2z
k=1 k k=1
1A (|z —y| k)2
< 1/\\:E—y\+/ (’xk2y|)dk<3|x—y|.
1
With similar computations:
n 1 _ —2>\k8 1 _ —2>\k(t—8)
E (Jun(t,2) — un(s,2)P) = 3 €la) |1 — e MO0 ohe i 2 T
P 2k 2k
n 1 _ 2 o 1 _ 2
<2 LA (= slk) S|k)§2 LA|t—s|+ LA =slE) 4y
£ k2 . k2

<64/|t —s|.
We have used the fact that
(1 — e N2 < (1A At — 5)])% < 1A [Nl — 5)].
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In order to obtain the desired result, it is enough to pass to the limit in n — oo. O

Proposition 6.4. There exists an a.s. continuous stochastic process (u(t,x),t > 0,z €
[0,1]) such that for all t >0, u(t,-) = uy in L?*(0,1), a.s

Proof. By the Kolmogorov criterion, we obtain that there exists an a.s. continuous modi-
fication of v, that we call again v, such that in particular for all ¢ €]0,1] and T' < 400

t
sup [ult, x) u(s, y)| < 400, a.s.

z,y€[0,1],t,5€[0,T] ]t—s] T + |z —

0

Finally, continuity of ug = (ug(z),z € [0,1]) implies continuity of (e!dug(x),t > 0,z €
[0,1]), while if ug is merely in L?(0,1), then we have continuity of (e!4ug(z),t > 0,z €
0,1

[0,1]).

6.4. The invariant measure. Since u; can be written as a sequence of independent O.U.
processes, it is easy to extend properties from the single processes to u;. For instance, the
unique probability invariant measure of the sequence is necessarily ®,‘;’<1’ [y, » which means
that the only probability invariant measure of (u¢)¢>0 is the distribution of

8= Z—eka€L2(O 1),

where (Zi)i>1 is an i.i.d. sequence of N (0,1) variables. Notice that

—+o00

E(Bfy) = (ﬂ}m ex(@)en(y),  ay e [0,1].

k=1

Is it possible to compute explicitly this covariance function? Notice that for h € L2(0,1)
we have

+o00
1
) -1
f=(-24)"h= Z h er) ex = ; (77]{:)2<h’ er) e
Moreover, f is the (unique) Solutlon of the equation
_&f_
dz?
f(0) = f(1) =0,

Exercise 6.5. Prove that
1
f@) = [ @ry—apht)dy.  ae .

Therefore
+o00 1

E(ﬁmﬁ?) :Z (7’[‘]{)2 ek(x)ek(y):m/\y—xy, T,y & [07 1]a

k=1

which is the covariance function of a Brownian bridge on [0,1]: 3, := B, — xBj, where B
is a BM.
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6.5. The Stochastic Convolution. The process Z defined in (6.6) above is called the
stochastic convolution. We recall that the function

) = Z e_t(ﬂ—k)2/2 €k(l’) ek(y)7 t> 07 T,y € [07 1}7 (68)

where ey, is as in (6.3), is C* for (t,z,y) €]0,+00[x[0,1] x [0,1], and is called the funda-
mental solution of the heat equation on [0, 1] with Dirichlet boundary condition. Indeed,
g satisfies

09 _10%

ot 20z’

g:(0,y) = g+(1,y) =0, (6.9)

go(z,y) = d(x —y).

Indeed, for all ¢ > 0 the series in (6.8) converges uniformly with all partial derivatives
w.r.t. « and by (6.3), for t > 0

ot ot &~ — 2
1 0 & —t(mk)? /2 _ 629
= 212;€ ex(r) er(y) 5@( ,T)

and for t = 0 and any f,g € L?(0,1)

o0

F@) s@ ao(eydody = | 1) gla Z% (y)dody =S (g, ex) (f ex)

[0,1]2 k=1

=(f,9) = f(x)g(z)dx = f(y) g(x) 6(x — y) dz dy.

[0,1] [0,1]2

[0,1]2

If we use the fundamental solution g of the heat equation defined in (6.8) and the space-
time white noise representation W (ds, dy) in terms of the Brownian sheet, then from (6.6)
we obtain yet another expression for z,

1 t 1
2(t,x) = /O g1(z,y) uo(y) dy +/O /0 gi—s(,y) W (ds, dy).
We have the following useful estimate on g

Lemma 6.6. We have

0 S gt(xvy) S Gt(ﬁ’y) =

2
exp <_|$2ty|) , x,y €10,1], t > 0.

1
V2rt
Proof. Let f € C.(0,1) be non-negative. Then by (6.9) the function

1
ﬁ@wzéngw@m% >0, €01
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is a solution of

of 10°f

ot~ 2022
f1(0) = f(1) =0,
fo(z) = f(z)

Let (Bt)t>0 be a standard Brownian motion and let 7, := inf{s > 0: x + B, ¢]0,1[} for
x €]0,1[. Then Ito’s formula applied to (fi—s(x + Bsar,))s<t yields that

fi(@) =E (f(z + By) Lissr,}) -

(6.10)

Therefore we obtain

1
OSMM§E0@+&»=ACM%wﬂw@

and since f € C.(0,1) non-negative is generic, then we obtain

Oggt(ﬂj‘,y) SGt($ay)a t>07 T,y € [0>1]

7. MARTINGALE MEASURES

In this section we show how to construct stochastic integrals w.r.t. a multi-parameter
white noise W (dt, dx). We follow the presentation given in [12, Chapter Two].

Let (E,B,n) be a finite measure space and W a white noise over (E x [0,T],n ® dt).
Let us define the filtration 7 := (W (L ax[o,q), s € [0,1], A € B).

By the properties of white noises, the process t — W (1 4(0,4q) =: M¢(A) is a (F;)-BM
multiplied by (n(A))'/2, and in particular a (F;);-martingale. Let A, B € B. Then we can
write

My(A) - My(B) = [My(AN B)]” + My(A\B) - My(AN B) + My(B\A) - My(AN B).

By the independence properties of Gaussian processes, (M:(A\B),t > 0), (My(ANDB),t >
0) and (M;(B\A),t > 0) are independent martingales. Therefore

My(A) - My(B) = Ny +tn(AN B),

where (Ny); is a martingale and we obtain that the covariance functional is
(M) M(BY)e = tn(AnB) =t [ La(e) Lp(a) n(do).
E
We can and shall use the notation

My(4) = / Lo ga (s, ) W(ds, d).
[0,T|xE

The aim is to extend this stochastic integral to more general integrands.

Lemma 7.1. The process (M (A), A € B,t > 0) is a martingale measure, i.e.
(1) Mo(A)=0
(2) for all A€ B, (M¢(A),t>0) is a (Ft)e>0-martingale.
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(3) My : B — L%*(P) is a L*-valued measure, i.e. for all (Ay)nen C B such that
A;NA; =0 fori+#j and n(UpAy,) < +00 we have

n 2
mf E (Mt (UrAg) — Z Mt(Ak)> =0.
k=1

The third property can be interpreted as an equality in L?(£2)
UkAk Z M, Ak in LQ(Q).

Notice that the series in the right hand side converges in L?(Q2) but not necessarily almost
surely.

Proof of Lemma 7.1. The first two properties are obvious from the definitions of W and
F; and have already been discusses above. To check the last property, let us recall that
(My(Ag))ken is an independent sequence, since it is a Gaussian family such that pairwise
covariances vanish

Cov(My(A)Mi(A;)) = E(M(A)My(A)) = n(Ai O A)) =0, i 4]
Then the sequence (M;(Ag))ren is orthogonal in L?(P) and a.s.

My (Up_, Ag) = Z M;(Ag).

Since
E [(M: (UkAr) = Mi (Uim A))?] = E [(Mz (Uizn140)] = nUizns14r)
then we obtain the claim as n — +o0. O

We define the covariance functional
(M(A), M(B)): =tn(AN B). (7.1)
Then we can also say that (M;(A), A € B,t > 0) is orthogonal in the sense that ANB = ()
implies that (M;(A),t > 0) and (M;(B),t > 0) are orthogonal martingales, i.e. the product
(My(A)M(B),t > 0) is a martingale (the quadratic covariation vanishes identically).
We are going to construct stochastic integrals w.r.t. the martingale measure (M;(A), A €
B,t € [0,T]). We introduce the class of elementary integrands:
f(z,5,0) = X(w) Ljgg)(s) La(x),  z€E, s€0,T], we, (7.2)
where 0 < a < b < T, X is bounded and F,-measurable, A € B. A simple function is a
sum of a finite number of elementary functions.
If f is an elementary function of the form (7.2) and M a martingale measure, we define
a new martingale measure f e M by
feM(B):=X - (Man(ANB) — Mipg(AN B)), te0,T).
We define f e M;(B) by linearity if f is simple.

Lemma 7.2. For any simple function f, (f ¢ My(B),t > 0,B € B) is an orthogonal
martingale measure with covariance functional

(f o M(A), f o M(B)), = / 2z, 5, ) dsn(da). (73)

[0,¢]x (ANB)
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Proof. The martingale measure properties follow from linearity. Let now two elementary
functions

fi(z,s,w) = X1 (w) :ﬂ-]a1,b1](5) Ly, (), fo(z,s,w) = Xo(w) :ﬂ-]ag,bz](s) La, (2),
where 0 < a; < b; < T, X; is bounded and.}"ai—measurable, A; € B. Let us set Nti =
M(A; N B;), with B; € B, i =1,2. Then (N})>0 is a classical (F)i>o-martingale and

t .
froM(B) = [ XiLgy(0)dNs =0,
0

where the right hand side is a classical stochastic integral. Then we have by (7.1)
t
(fr e M(By), f2 0 M(B2)): = / X1X5 i, py)rjas,bs) (8) AN, N?)
0

t
= / X1Xo Ljg, pi)rjas,be) (8) dsn(A1 N By N Ay N By) = / f1 fadsdn.
0 [O,t]X(BlﬂBQ)

By linearity, (7.3) follows easily. O

Now we define the predictable og-algebra P as the o-algebra generated by all elementary
functions. We say that a function f is predictable if it is P-measurable. We define a norm

on all predictable functions
3
E ( [ 1rws) Pty d)] .
Ex[0,1]

As in the classical case, we can prove that simple functions are dense in the space of
predictable functions with || f||as < 4+o00. Notice that for all simple functions

E((f » My(B))?) =E ( /[0

Indeed, this follows by considering A = B and taking expectation (7.3). Therefore, by
density, we can define the process (f @ My(B),t > 0, B € B) for all (F;):>o-predictable f
such that || f||as < +00. Now we have the

[ fllar =

f2($,57')d577(d$)) < |11z (7.4)

| xB

Lemma 7.3. For any predictable function f with || f|ar < 400, (feMy(B),t > 0,B € B)
is an orthogonal martingale measure with covariance functional given by (7.3) and such
that (7.4) holds.

Proof. Since f e M is defined by density, the martingale property follows since the L? limit
of a sequence of martingales is still a martingale. Moreover, (7.4) holds by density.

To prove that B+ f e M;(B) is a L-values measure, let us consider (A, ),en C B such
that A; N Aj; =0 for i # j and n(U,A,) < +00. Then by (7.4)

n 2
E (f o My (UpAr) =)  fo Mt(Ak)> =E [(f o My(Upzn14x))*

k=1

= /uanHAk n(dz)E (/Ot fg(w’s,.)d$> S0

as n — +00. O
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We shall denote

/t/ f(s,y) W(ds,dy) := f e My(B), BeB, t>0.
0 JB

and in particular

[ tswwsdy = [ [ fenWidsdy) = forp),  ezo
[0,t]xE 0 JE

8. NON-LINEAR SPDES
We want to study the equation

ou 1 0%u .
5—5@4#[(“)4‘0(“)”/7

u(t,0) = u(t,1) =0 (8.1)

u(0,z) = up(z), z € [0,1]

where W = (W (s,x),s € [0,t],x € [0,1]) is a Brownian sheet and f: R+— R, 0 : R+— R.
If we set F; := o(W(s,z),s € [0,t],z € [0,1]), then u(t,-) is assumed to be predictable.
We make the standard assumption on the coefficients that there exists a constant C' such
that

lf(w) — f()| + |o(u) —o(v)| < Clu —v|, u,v € R. (8.2)

A motivation for considering a nonlinear coefficient ¢ multiplying the space-time white
noise comes from population genetics. Indeed, a natural model of branching Brownian
motions has as scaling limit the following SPDE

ou 1 0% .
o~ 30w TV
also known as the Super-Brownian motion equation, see [4]. On the other hand, notice
that the square root is not Lipschitz and, indeed, only uniqueness in law is known for
this equation, while pathwise uniqueness is still an open problem. This class of equations
makes sense also in dimension d > 1 as a martingale problem, but u is a positive measure
without a density w.r.t. Lebesgue measure.
First we notice that, if f = 0 and ¢ = 1 then this equation is the stochastic heat
equation (6.1). In analogy with that case, we can expect that the solution can not be
regular enough to satisfy (8.1) in a pointwise sense. We first need to properly interpret

(8.1).

8.1. Mild solutions. We retain the notations of section 6. If we multiply (8.1) by a test
function h € D(A) and we integrate by parts, we obtain that

<ut,h>:<u0,h>+/0 (us,Ah>ds+/O (f(us), h)ds

t 1
+/0 /0 o(u(s,y)) h(y) W(ds,dy)
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If we choose h = e; then we obtain for uf := (uy, eg)

uf = — B0 / uds + /Ot<f<us>,ek>ds

/ / ex(y) W (ds, dy)

(k)
and, by applying the Ito formula to t — e'" 2 u,’f, we obtain

t 2
_ (k:rr) (o (k)
ol =e 1% u’5+/ =925 1 f (), ) dis

/ / 085 (s, ) enly) W(ds, dy).

Multiplying each term by er(z) and summing over k we find that (8.1) is equivalent to

ult, ) = /0 go(@,y) uo(y) dy + /0 /0 drs(z,y) f(u(s,y)) dy ds
t 1
+ /0 /0 Gr—s(z,9) o (u(s,)) W (dy, ds)

where g is the fundamental solution of the heat equation (6.10). Equation (8.3) is called
the mild formulation of (8.1).

(8.3)

The stochastic convolution. Notice that the last term in (8.3) is a stochastic integral which
requires the theory developed in section 7. Let us check that the assumptions are satisfied.
By the previous section, the space-time white noise defines a martingale measure by

M;(A) = / Lijo,qxa) (s, y) W(ds, dy), t>0,
0,7]x[0,1]
and the condition || f||as < +oo on a (F;)—predictable process is just

/ E (f2(s,y)) dsdy < +00.
0,7]x[0,1]

8.2. Existence and uniquenenss with Lipschitz continuous coefficients.

Proposition 8.1. Assume (8.2). For all ug € L?(0,1) there exists a unique predictable
process (u(t,x),t > 0,z € [0,1]) such that u solves (8.3) and

sup E (uQ(t,x)) < 400, VT > 0.
(t,z)€[0,T]x[0,1]

Proof. We follow [12, Chapter Three]. Suppose u; and ug are two predictable solutions of
(8.3). Then U := u; — ug satisfies

t 1
Ut x) = / / Gis(z,y) (Flur(s,9)) — Fluz(s,y))) dyds
0 7 (8.4)

t 1
+ /0 /0 Gi-a(z,y) (o(ur(s,9)) — o (us(s,y)) W(dy,ds).

We define

F(t,z) =E (U*(t, 7)), H(t):= 21[?1] F(t, x).
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By assumption, H is bounded over [0, 7. From (8.4), for all ¢ € [0,T]

Fits) <27E ([ [ g2 e) 150G = S )Py +
w28 ([ [ e ot ot )P dyas )

<K//gtsxy (s,y) dyds.

where K := C?(2T + 1). Thus

9 t ds
Dk 16 [ deavas <k [ 06 o

since by Lemma 6.6

1 1 1 2 1
2 2 Tits
' (z,y)dy < Gi_4(z, dZ/etsd:'
/0 9i-s(x,y) dy /0 i—s(y) dy 2n(t — s) Jr ¢ 2m(t — s)

By iterating we have

¢ 1 2 rtops uds
Ht)<K/O H(s)/0 gf_s(%y)dyd“;/o /0 H(w) (t_dsis_u)'

Setting v := (s — u)/(t — u) we have

Ltm—ffm:/olﬂ——wgff%‘l

Therefore, by Fubini
2 K?
/ H(s

2
H(t) < H(0)e' = ',
and since H(0) = 0 we have H = 0 and u = us.
We prove now existence of a solution. We define

1
(t x) = / ge(z,y) uo(y

By Gronwall’s Lemma

”+1(t x) = u (t,z) / / gi—s(T,y) u"(s,y))dyds + o(u"(s,y)) W(dy,ds))
and
Fo(t,z) ::E(|un+1(t,x)—u"(t,x)f), Ho(t) == sup Fy(t,x).
z€[0,1]

Then with the same computations as above

Fup(t,2) <2TE ( /0 t /0 () [ (s,9)) — (s, 0) P dy ds) "
128 ( / t / () o (5,)) — 0w (s, ) dy ds)

t 1
SK/O /0 97 (z,y) Fy(s,y) dyds
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and we obtain by iteration
t
Hpio(t) < C/ H,(s)ds
0

where C is a constant. By induction on m > 1, we find for n = 0,1

Hyom(1) S ol /H (t—s)™ds.

Therefore

§:¢§:2: a0 < +2.

n=0m=1

If follows that (u") is a Cauchy sequence in C([0,T] x [0,1]; L?(Q2)). Therefore u™ — u
and it is easy to show that u is a solution of (8.3) by passing to the limit in the definition
of u™*1 above. O

Remark 8.2. In the existence part of the proof we have been lazy, in that we have
considered convergence in L2. It is possible to prove that for ug € LP(0, 1), the sequence
u™ converges in C([0,7] x [0, 1]; LP(€2)), p > 1. One can also obtain the estimate

E (ju(t,z) = uls, y)") < C (Jo = y|2 7> + ]t —s|:77)

and construct, by Kolmogorov’s Theorem, a continuous modification of (u(t,z),t > 0,z €
[0, 1]).

8.3. Additive white noise. If the noise coeflicient ¢ is constant, e.g. ¢ = 1, then
existence and uniqueness of solutions are easier, since (8.3) becomes

1 t 1
u(t7$):/0 gt(x,y)uo(y)dy—i—/o /0 gi—s(z,y) W(dy,ds)

" /ot /01 gi—s(x,y) f(u(s,y)) dy ds

and the sum of the first two terms in the right hand side is the solution of the linear heat
equation (6.1). Then one can simply define a map I": C([0,T]; H) — C([0,T]; H)

L(v)(t) ::/ () uo(y dy+/ / gt—s(+y) W(dy, ds)
//gt s(hy) f(u(s,y)) dyds

and look for a fixed point. This can be done analogously to the proof of Theorem 2.1,
by introducing B := C([0,T]; H) with norm || f[| g := sup;cjo,1] e K f|I, for some K > 0,
and showing that I' is a contraction in B. Notice that, as in the proof of Theorem 2.1, by
considering the difference I'(u) — I'(v) the stochastic parts cancel out and this simplifies
considerably the proof.

We can in fact study a more difficult class of equations, namely

o 10 0
ot 2022 Ox

(8.5)

[f (w)] + W,
u(t,0) =u(t,1) =0

u(0,x) = up(z), z € [0, 1].
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Notice that, as for the linear equation (6.1), we do not expect u to be differentiable in
x, and therefore the nonlinearity in (8.6) has to be properly interpreted. A classical
example of equation (8.6) is when f(u) = u?, a case known as Burgers’s equation. This
is a one-dimensional version of the more important (and much more difficult) stochastic
Navier-Stokes equation.

Arguing as in the proof of (8.3), the standard way is to multiply by a test function and

integrate by parts. We obtain for h € D(A)

t t t 1
(o) = (o, 1) + [ Ay ds = [y as+ [ [ nt) wias.ay)

and therefore, after choosing A = e; and then going back to the Fourier series, we obtain
the mild formulation

1 t 1
U(t>w)=/0 gt(w,y)UO(y)der/O /O gi—s(x,y) W(dy, ds)

t 1 )
_/0 /0 @gt’s(xvy) f(u(s,y)) dy ds.

Actually, the last term requires some care: indeed, it is not obvious that it is well-defined,
due to the singularity of a@ gt—s(z,y). However, notice that

(8.7)

8 gt x y Ze (h)? /2€k )knk’(y)> t> 07 T,y € [07 1}7

where 7 (y) := v/2 cos(rky). Notice that (nx)x>1 is again a complete orthonormal system
in H. Then for all h € H

/01 dzx (/01 dy ;ygt(m’,y) h(y)>2 =

oo o —t(r 2 C
= > K hn)? < sup ke T )P < - |A?,
P k>1

2
T2 e ke ()

since . . o
sup ke tmh)?* — 5 Sup t(mk)%e —t(mh)* < —5supre " = —
E>1 tn? > ™ >0

0 y ’ ’ H S

Thus

t
C
g/ ds sup || f(u(r,-))|lg < +oo.
H 0 t—s

1
0
p gi—s(-y) flu(s,y)) dy ds
0o 0y r€[0,t]

Therefore the last term of (8.7) is well defined for all ¢ in H. With the same estimates,
we prove now existence and uniqueness of solutions of (8.7) under a standard Lipschitz-
continuity assumption on f. We define the map I' : C([0,T]; H) — C([0,T]; H)

v = [ ot uas [ [ o) wia.ds
// gyt 9) F(v(s,9)) dy ds.
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By the above estimate

/0 /0 ;)ygt_s(-,y) (f(v(s,y)) = f(u(s,y))) dyds

I0(@)(t) — D(u)(t) 1 = \

H

e u(s, ) = uls, )l ds

t C t CeKs
< [ = Wt — slats, Dl ds < 1 [ S

since f is L-Lipschitz. Therefore by multiplying both sides by e %* and taking the supre-
mum over ¢ € [0, 7] we obtain

Cest
—ds [Jv— ull

T
ID(v) = T(w)|p < L /0 -

Therefore, for K sufficiently large I' is a contraction in B and it has a unique fixed point.

9. ERGODIC THEORY

Let E be a Polish space. We consider a family (O)en of maps ©; : F +— E such that
(1) ©® =1d
(2) O500; = 0Oy, forall s,t €N
(3) the map ©; is measurable for all ¢ € N.

Such a family is called a dynamical system. Denoting by M (FE) the space of all probability
measures on F, we define the set of all invariant probability measures

J(©):={Pe Mi(E): 6;P =P, Vt e N}

where O P is the image measure of P under ©,. For all P € 7(0) we define the o-algebra
of all invariant sets

Ip:={Ae€eB(E): 1,00,=14 P —as. VteN}.
Then we have the classical Birkhoff Ergodic Theorem
Theorem 9.1. Let P € J(0) and F € LY(E,P). Then

N-1
. 1
G % ZO F(O,(w)) =E(F|Ip)(w), forP—ae weE.

For a proof, see [10, section 2.2]. We say that P € J(0) is ergodic if P(A) € {0,1} for all
A € Tp. In this case Theorem 9.1 yields

Proposition 9.2. P € J(0) is ergodic iff for all F € L'(E,P)

1
lim

N-1
N—+oo N nz:;) f(On(w)) = E(f), for P —ae. w € E.

9.1. Applications to Markov processes. Let (X¢):>0 be a continuous Markov process
taking values in a Polish space T and set F := TV, Let (P;(z,A),x € T, A € B(T))>0 be
the transition kernel of X, and denote by (P;):>o the transition semigroup

P f(z) := /Tf(a:)Pt(x,dy), Vt>0,zeT, feCyT).

We suppose that (P;)>o is Feller, i.e. Pf € Cy(T) for all f € Cp(T) and t > 0.
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If the initial law of X, i.e. the law of Xy, is v, then we denote by P, the law of (X¢):en
on E. If v = ¢,, a Dirac mass concentrated at x € T, then we denote P;, = P,. Recall
that by the Markov property

P, = / P, v(dx), ve M(T). (9.1
T

Suppose that p is an invariant probability measure for (FP;):>0, namely

/TPtfd,u:/de,u, V>0, feCyT),
ie. Pu = pforall t > 0. If Xy has law p, then X is stationary, i.e. (X¢ts)¢>0 has the
same distribution as (X¢)i>0. We define the shift semigroup

On:E—E, 06,(w):=wn+"), n € N.
Then (©,)nen is a dynamical system and P, € J(©). We denote by

J(P) ={peM(T): PPu=np, Yt >0}.
For all p € J(P) we set

T, ={Ae€B(T): Ply=14 p—as. Vt>0}.

We say that p € J(P) is ergodic if P, is ergodic for the dynamical system (©,,)nen.
We need first a technical result, whose statement is intuitive, although the proof is not
completely obvious. The interpretation is that a O-invariant set is necessarily identified
by its projection at time 0.

Lemma 9.3. Every invariant set A € Ip, is equal, for some A € 1, to
{weE:w, €A ¥YneN}=AaAN
up to a P, -negligible set, i.e. P, (AAAN) = 0. In particular, P,(A) = P, (AY) = u(A).

Proof. For the proof of the existence of A, see [7, Proposition 5.2, Corollaries 5.3-5.5]. Let
us prove the formula P, (AY) = u(A4). We claim that, for A € Z,,

Py(wi €A,...;w, € A) =1, Vere A n>0.
We proceed by induction. For n = 0 the result being obvious, we suppose it holds for n.
Then by the Markov property
Pz(wo S A,. .,Wpatt € A) = lA(x)Pz(wl S A,.. ,Wnat € A) = Px(wo € A,... ,Wn € A)

Therefore

P, weA,.  .,u,eA)= / w(dr)Py(wo € A, ... w, € A) = u(A)
A

and
P,(AY) = lim P (w1 € 4,...,w, € A) = lim p(A) = p(A).

n—oo

By Birkhoff’s Theorem, we obtain
Proposition 9.4. ;€ J(P) is ergodic iff for all f € LY(T, p)

1 N—-1
lim Zf(Xn):/deu, P,—a.s.

N—+oc0 N
n=0
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Proof. Let f € LY(T, u), and set F(w) := f(w(0)), w € E. Then we have

| V-1 | V-1
EVE:ﬂXQ:TVE:FOGM m/FdPW:/jdw
n=0 n=0 E T
If P, is ergodic, then the desired result follows by
1 V-1 | V-1
li — X, = 1 — F = | FdP, = P,—a.s.
i 2 S = i 5 SR o0, = [ PR = [ fdu Poas
by Birkhoff’s Theorem. Conversely, suppose that the formula above holds for all f €

LYT, ). Let A € Ip, and let A € B(T) as in Lemma 9.3. By applying the above formula
to f = 14, we obtain by Birkhoff’s Theorem that

N-1
. 1
PuAllp,) = lm = Z Lyo®y= lim - 2} Lix,ea) = u(A),
P ,-a.s. Since p(A) is non—random, it means that Ip, is trivial, i.e. P, is ergodic. O

Corollary 9.5. € J(P) is ergodic if and only if n(A) € {0,1} for all A € I,.
Proof. If p € J(P) is ergodic then we obtain by the previous result that
w(A) =Pu(Allp,) = p(A) = Pu(A) €{0,1}.
Conversely, if p is not ergodic, then P, is not ergodic, i.e. there exists A € Ip, with
P,(A) ¢ {0,1}. Let A as in Lemma 9.3; then u(A) = P,(A) ¢ {0,1}. O

The set of invariant measures J(P) has an interesting structure. Indeed it is convex and
bounded in the weak-* topology, namely

[ 0 dp|
vecy oy lelleo

We recall that p,v € M;(T') are said to be (mutually) singular if there exists A € B(T)
such that p(A) =1 and v(A4) = 0.

<1, VYueJ(P).

Proposition 9.6. If u,v € J(P) are ergodic and p # v then they are mutually singular.
Proof. Let C € B(T') such that u(C) # (C) and define the event

A= {:UET 1—1>r£ooN Z]lc w(C), Px—a.s.}.
By ergodicity of P, we have P, (W) =1, where
= E: l 1 :
SR S

By Fubini’s Theorem and by (9.1) we have

1= P, (W) = /T P, (W) u(da)

so that P,(W) = 1 for p-a.e. z, i.e. u(A) = 1. Analogously we have P, (W) = 1, where

i L V-l
W= {w cE: Nl—i>r£oo N 7;] le(w(n)) = V(C)}
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and W NW =0, so that P, (W) = 0. By Fubini’s Theorem and by (9.1) we have
0=P, (W)= / P,(W)v(dx)
T
so that P,(W) = 0 for v-a.e. z, i.e. v(A) = 0. O

We say that p € J(P) is extremal if it can not be written as a non-trivial convex
combination of i, us € J(P), i.e. if

p=1-a)r+au, a€(0,1)= pm =p =p
Proposition 9.7. u € J(P) is ergodic iff p is extremal.

Proof. Let us first prove that if 4 € J(P) is ergodic and v € J(P) is absolutely continuous
w.r.t. u, then v = u. For all A € B(T), by Birkhoff’s Theorem

1
lim

N-1
N N 712_:0 La(Xn) = p(A), P,—as.

Since v is absolutely continuous w.r.t. u, then P, is absolutely continuous w.r.t. P, and
we have

N-1
. 1
Gim nz:;] 1a(Xn) = u(A), P,—as.

By dominated convergence

N-1
) 1
G By | ,;) ]lA(Xn)] = pu(A).
On the other hand
1 N-1 1 N-1
£ 3100 =y o) ot

so that u(A) = v(A). Let us now consider an ergodic p € J(P) such that

p=(1-a)ur+au, a€c(0,1), p,pu2 € J(P).

Then p; is absolutely continuous w.r.t. p and therefore p; = p = po.
Conversely, if 41 is extremal but not ergodic, then there exists C' € Z,, such that p(C) €
10, 1[. If we define py := pu(-|C), po := u(-|T\C), then ui, pue € J(P) and

p=p(C)pa+ (1 = p(C)) pa2,
a contradiction. 0
As an immediate corollary we obtain the important

Theorem 9.8. If J(P) = {u}, i.e. there exists a unique invariant probability measure i,
then p is ergodic.



STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 39

10. AN EXISTENCE RESULT

Let us consider again a Feller transition semigroup (P;);>0, i.e. Pif € Cy(T) for all
f € Cy(T) and t > 0. We recall that a family (u;)ier € M1(T) is tight if for all € > 0
there is a compact set K. C T such that
sup pi(Ke) > 1 —e.
el
Since T is Polish, Prohorov’s Theorem states that tightness and pre-compactness in M (T")
are equivalent. Then we have the classical

Theorem 10.1 (Krylov-Bogolioubov). Let (P;)i>0 be Feller and suppose that there exists
to € My(T) such that (P} uo)e>o is tight in T. Then there ezists an invariant probability
measure f1 € J(P).

Proof. Let iy € Mq(T') be defined by

1 t
ut::t/P:,uods, t > 0.
0

Tightness of (P;*uo)t>0 easily implies tightness of (p)¢>0. Then, by Prohorov’s Theorem
there exists a sequence t, — +o00 and p € My (T) such that py, — pio. Then for any
test function ¢ € Cy(T") and r > 0 we have P.p € Cy(T) and

. .1t N
<PT‘P= M> = hran<Prg0, Rtn> = h?{n 7 /0 <907 Pr+s/1’0> ds

n
tn+r

) 1 [in . 1 . 1 [ .
= lim [/0 (¢, P po) ds+ -~ (¢, P} o) ds — t/o <<P,Psuo>d8] = (o, ).

n Jt,

O

10.1. Lyapunov functions. A classical sufficient condition for existence of an invariant
probability measure is the existence of a Lyapunov function, which means a function
which tends to +00 at co but remains bounded (in a sense to be made precise) along the
dynamics.

Let us consider a continuous Markov process (X;);>o in R? with infinitesimal generator
(L, D(L)), in the sense that for all ¢ € CZ(R?) we have

%PtQOZPtLQO, t>0.
A Lyapunov function is V : R% — R of class C? such that
(1) V(z) — 400 as |z| — 400
(2) LV < C1 — CyV for some Cp,Cy > 0.
Then we have

Proposition 10.2. If there exists a Lyapunov function then X has an invariant probability
measure.

Proof. Let us compute V(X;). By It6’s formula we have

d
7 PV (x) = P.LV(x) < Cy — Co PV (x),
so that

Ch

PV (x) < %(1 —e Y L V(z)em P < o TV@)sCl+Vi@), t=0
2 2
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Let now K. := {z € RY: V(z) <e7'}, e > 0. Since V(z) — +o0 as |z| — +oo, then K.
is compact. Moreover by the Markov inequality

Po(X; ¢ K.) = Bo(V(X0) > e 1) < e B, (V(Xy)) < C(1+ V().
so that the family (P:(z, -))¢>0 is tight. By the Krylov-Bogolioubov Theorem, we conclude.

O
A classical example is the solution of
dX: = b(Xy) dt + o(Xy) dWs, Xo ==,
with b and o Lipschitz and
(b(x),x) < —clz?, o] <C,
for some positive constants ¢, C. Then V(x) = |z|? is a Lyapunov function, since it

satisfies
LV (z) = Trlc"o](z) + 2(b(z),x) < C1(1 — V(x)),
for some positive constant C.

11. UNIQUENESS RESULTS

Let (X¢):>0 be a continuous Markov process in a Polish space T. We call (P;);>o its
transition semigroup.
We say that (P;)¢>0 is
(1) to-regular if all transition probabilities (P, (x,),z € T') are equivalent.
(2) drreducible if for all nonempty open A C T
P14(x) >0, VeeT, t>0.

(3) Strong Feller if for all bounded Borel ¢ : T +— R we have Py € Cy(T) for all t > 0.
For instance, the Brownian motion is ¢g-regular for all g > 0, irreducible and Strong Feller
in R.

Proposition 11.1. Suppose that (P;)¢>0 is irreducible and Strong Feller. Then

(1) (P)>0 is to-regular for all to > 0.

(2) There exists at most one invariant probability measure.

(3) If p is an invariant probability measure, then Py(x,-) is equivalent to p for allt > 0
and x €T

Proof. Let us prove (1). Suppose that P;(zg, A) > 0 for ¢ > 0. Since

Py(ro, A) — / Pyja(0, dy) Pyyo(y, A) > 0

then there must be some y s.t. Py/p(y, A) > 0. Since Py /5(y, A) = Prj2la(y) and Pyjpla €
Cy(T) by the Strong Feller property, then there must be a non-empty open set O such
that Pyjp(2,A) > § > 0 for all 2 € O. Now, for any other z, we know by irreducibility
that P, 5(w,0) > 0. Therefore

Pz, A) = /Pt/2($7d2) Pyjo(z,A) = Pya(2,0) -6 > 0.
Therefore P, jp(x, ) < Py/a(wo, ).

Let us prove that any invariant probability measure is necessarily ergodic. Let u € J(P)
be an invariant probability measure and I' € Z,, an invariant set, i.e. PIr = Ir, p-a.e.
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such that pu(I") > 0. We have to show that u(I') = 1. By invariance we have P;(z,T') =1
for p-a.e. € I', and since u(I") > 0, then there is at least a g € T such that P;(zo,I') = 1.
Since all transition probabilies (Pi(z,-),z € T) are equivalent, then P;(y,I') = 1 for all

y € T. Therefore
/ Pi(y,T) p(dy) = 1.

Let us now prove that u is equivalent to P;(x, ) foranyt >0andx € T. If P(xz,A) =0
then P;(y, A) =0 for any y € T and therefore

Viceversa, if p(A) = 0, by the same formula, P;(y, A) = 0 for p-a.e. y € T. Since all
transition laws are equivalent, we have that Pi(y, A) =0 for ally € T.

Finally, suppose we have v € J(P) and v # p. Then v is ergodic and equivalent to
Py(y,-) for all y, therefore equivalent to pu. By Proposition 9.6, this is a contradiction. [J

11.1. Uniqueness through coupling. Let us consider the stochastic differential equa-
tion (SDE)
dX = F(X;)dt + BdW;
where Wy : [0,T] — R? is a Brownian motion, B : R? — R? is any linear map, and
F :R% — R? is a Lipshitz continuous map satisfying
(F(z) = F(y)o —y) < —cllz—yl?,  Va,yeRY,
for some positive constant ¢ > 0. We say that F' is dissipative.

We want to prove that there is at most one invariant probability measure of (X, ¢ > 0).
We prove actually more:

Theorem 11.2. There exists a unique invariant probability measure p of (P;)i>0. More-
over, for any probability measure v on R%

Jim [ Rfav= [ran v s e o),

Proof. Let us first notice that the function V(z) := ||z||? is a Lyapunov function, since
LV (z) = Tr[B*B] + 2(F(x),z) = Tr[B*B] + 2(F(z) — F(0),z — 0) + 2(F(0), x)
c? ¢
< Tr[B*B] — cl|z|* + Cllz|| < Te[B*B] + % "3 |

where we have applied the inequality [2ab| < a? + b? to a = ||z||y/c and b = C//c. Then
an invariant probability measure p exists by (10.2).

Let Y and Z be two random variables such that Y has law p, Z has law v and (Y, Z, W)
are independent. Since y is invariant for (P;)s>¢ then for all £ > 0:

[ tan= [ Pigdu= [BlCG@) duta) =BG,
In particular, (X;(Y'),t > 0) is a stationary solution of
dX; = —F(X;)dt + B dW.
Let us define now Y; := Xy(Y), Z; := X{(Z). Notice that Y; — Z; satisfies

}Q—Zt:Y—Z—/t(F(YS)—F(ZS)) ds, t>0.
0
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Then we obtain by the dissipativity assumption on F' that
d
e = Zi|? = —=(Ys = Z;, F(Y,) = F(Z)) < =Yy = Zi|*.

Then ||YV;—Z;||? < e=||Y — Z||%. Let now f : R? — R be any bounded Lipschitz-continuous
function, in particular there exists K > 0 such that

f(x) = fW)| <K (lz—y| A1), VazyeR’
Then

\u(f) = v(Pf)| = [u(Bef) — v(Bf)| = [E[f (Xu(Y)) — F(Xe(2))]]
< KE([|Y: = Zif| A1) — 0
as t — +00, by dominated convergence.
Suppose now that also v is an invariant probability measure of (P;)¢>0. Then v(P.f) =
v(f) and we obtain that [ fdu = [ fdv, for all bounded Lipschitz-continuous function

f; by approximation and dominated convergence we have the same equality for all f €
Cy(R?). This means that y is the only invariant probability measure of (Pt)t>0- O

The trick of considering two copies of the solutions with independent initial condition
but with the same noise is often used and is an example of coupling, namely a pair of
processes with specified marginal distributions.

11.2. Dissipative gradient systems. Throughout these notes, unless otherwise speci-
fied, U : R — R denotes a C® function such that:

e there exists § €]0,1] with 61 < D2U <6711,
e all derivatives of U of order up to the third are Lipschitz continuous.

lim inf U(a;)
jz|—+oo |7

By the first assumption

> 0, (11.1)

so that, in particular, Z := [exp(—U(z))dz < +oo. By the second assumption, VU :
R? — R? is Lipschitz continuous. Then we consider the SDE
dX:—%VU(X)dt—i-Bth, Xo==x
Let us show that —VU is a dissipative non-linearity, i.e.
—(y —z,VU(y) — VU(z)) < =8|y — =% vy, z € RY. (11.2)

Set V(x) := U(x) — 6|x|>/2, z € R%. Notice that V is convex by the assumption D*U >
§ - Id. Then for all ¢ € [0, 1]:

Vity+ (1 —t)x) <tV(y)+ (1 —t)V(x).
Subtracting V' (x) from both sides, dividing by ¢ and letting ¢ — 0+, we obtain
(VV(2),y —2) < V(y) = V(x)
and exchanging x with y
(VV(y),z —y) < V(z) = V(y).
By summing the two inequalities one gets
—(VV(y) = VV(z),y —z) <0,
and (11.2) is easily obtained. Therefore, Theorem 11.2 applies to this case.



STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 43

12. DIFFERENTIABILITY PROPERTIES OF THE TRANSITION SEMIGROUP
Let F : R% — R? a map of class C? such that
IF(z) = Fy)ll < Kz —yl,  VazyeR,
(F(z) = F(y),o —y) Swllz —yl*,  Va,yeR?,
and defining for all € R? the matrix H(z) by
1
(H(xz)h, k) := %ir% E<F($ +th) — F(z), k).
By the assumption on F', we have that |H(x)h| < K|h|| and
(H(z) - h,h) < wlh].

We also assume that H(-) is Lipschitz-continuous. We do not assume in this section
dissipativity of F', i.e. we not make any assumption on the sign of w € R. We want to
study the differentiability properties of the unique solution of the SDE

t
Xi(z) == +/ F(Xs(z))ds+ BW;, t>0. (12.1)
0
w.r.t. the initial condition x. We set for all ¢ € C?(R9)
1
Lo(x) = 50¢(@) + (F(2), Vo(z), v eR™

12.1. Smoothness estimates. We want to prove that the semigroup (P;):>0 enjoys some
regularity properties. We start with differentiability of X;(x) w.r.t. the initial datum x.

Lemma 12.1. Let t > 0. The map Re 5> 2+ X4(x) is a.s. twice differentiable. Setting

ni (@) = hr% (Xe(w +¢h) — X,(2)) €RY,  heRY,

1
G (@) = lim = (nf (e + k) — ' (2)) €RY, bk €Y,
then there exists a constant C’t > 0 such that
Inf'(z)] < e'|hl, P (@) < Cylhl k|, Y t>0, 2 €RY (12.2)

Proof. We want to prove differentiability of X(z) w.r.t. . We set Y;(x) := X¢(z) — BW;.
Then

t
Yt(x):x—F/F(Ys(x)—FBWs)ds, Vit>0.
0
Then Y solves a standard ODE (with random coefficients). Since the function z +—
F(x + W) is twice continuously differentiable, uniformly in s € [0, 7], then by standard
considerations we obtain that x — Y;(x) and therefore z — X;(x) are twice differentiable.

Moreover, the first derivatives n/(z) solve the equation (we drop the dependence on x for
simplicity)

t—h—f—/H -t ds

(notice that H is a matrix in R? and therefore H(X,) - 7721 e ]Rd); the second derivatives
Cth ok (x) solve the equation

¢k = /H (hkds+/ ok . nhds,
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where ©F is the matrix in R? defined by

k
Z al’]axg 77 )Z.

We obtain that
d
’ t’2 2(H(Xy) - "7ta77t> <2W‘77t‘2 = ’7775 ’2 Qm‘h‘g Vit=>0.

Since H is assumed to be Lipschitz-continuous, then there exists a constant « such that
sup, [|©(z)]] < k. We obtain that

d hk hk hk hk
|G = (H(X) - G G + (O e )
h,k w h.k w 2 h.k
< w||GIP + et m b RG] < (e k |RlE])T + (w + 1)[¢"
so that |¢(/"F|2 < Cy |h|2|k 2. O

We denote by CZ(R?) the space of all twice differentiable functions on R? which are
continuous and bounded with all first and second derivatives .

Theorem 12.2. Let f € C2(R?) and set u(t,z) := P,f(z), t >0, x € R%. Then
(1) w is continuosly differentiable in t and twice continuously differentiable in x
(2) for allt >0, u(t,) € CZ(R?) and

sup |Vzu(t, )| < e sup |V f(z)] (12.3)
z€RL zeR

(3) for allt >0, z € R?
ou

E(t, x) = Lu(t, ). (12.4)

Proof. By Ito’s formula:

F(Xi(z /Cf ds+/t<Vf(Xs(x)),dWs), t>0.

Since V f is assumed to be bounded, by taking expectation we obtain
t
u(t,z) = f(x) —i—/ P.Lf(x)ds, t>0,
0

so that we obtain differentiability in time. Moreover % = P,Lf is jointly continuous in

(t, ).
In order to prove differentiability of u w.r.t. x, we use differentiability of X w.r.t. z,
proved in Lemma 12.1; we obtain

(Vau(t,z), h) = E(V f(Xe(x)), 17 (2)),

(D2u(t, ) - h, k) = E((D*f(Xy(x)) - 0 (x),nf (2)) + (VF(Xa(2), ¢ ().
It follows, since f € CZ(R?) and by (12.2), that Lu is jointly continuous in (¢,z) and for
some constant O and all z € RY, ¢ € [0, T):

Vau(t,z)| < e sup [Vf(2)|,  |Diu(t,x)| <Cr,  [Lu(t,z)| < Cr(1 + [z)).
2€R4
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In particular we have proved (12.3). We consider now, for fixed 7' > 0, the process
[0,T] >t +— u(T —t, Xy(x)). By Itd’s formula:

t o t
u(T—t, X¢(z))—u(T, x) :/ (—(;: +£u> (T—S,XS(IL‘))CZS+/ (Vou(T—s, Xq(x)), dWs).

0 0
Notice that for all ¢t € [0, T]

1 t
X < Jol + 5 [ PXa@lds+ sup (Wil
0 s€[0,T]

so that by Gronwall’s Lemma

| Xi(x)| < | |z|+ sup |[Wi||e™°,  Vielo,T).
s€[0,T
Since W = (W!,..., W9) with {IWW'} independent,

d

sup |We| < 4| > sup [WiJ?
s€[0,T] i—1 S€[0,T]

and sup,eo 7 |W{| has the distribution of [W4| by the reflection principle, then we obtain

E | sup |X;(z)* | < +oo, VT>0, keN
te[0,T

Since |V u| is uniformly bounded and
[Lu(T — s, Xs(x))| < Cr(1 + | Xs(2)]),
Ou
ot
then we can take the expectation in the formula above

(T' =5, Xs(2))| < Pr—s|Lf|(Xs(2)) < Cr(1+ | Xs(2)]),

E[u(T — t, X;(z)) — u(T,z)] = /Otu-z [(g:f +£u> (T — S,Xs(x))] ds, Vtel0,T).

By the semigroup property E(u(T —t, X;(z))) = P,Pr—+f(xz) = Prf(z) = w(T,z). Hence
t
/ E[(—Z%—Eu) (T—S,Xs(:):))] ds =0, Vtelo,T],
0
and taking the derivative at ¢ = 0 we obtain (12.4). O

13. EXPLICIT INVARIANT MEASURES FOR GRADIENT SYSTEMS

We consider now the case F(z) = —3 VU(z), where U satisfies the assumptions of
section 11.2, and B = Id. Therefore we study the unique solution of the equation

1 t
X (x) —w—2/ VU(Xs(z))ds + W, t>0.
0
We denote

VA

so that p is a Borel probability measure on R?. The key point is the following integration
by parts formula.

p(dr) == 1 exp(—U(x))dz, Z = /exp(—U(z))dz (13.1)
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Lemma 13.1. Let f € CY(R?) such that |V f(z)| < c¢(1+ |z|) for all x € RY. Then for all
h € R%:
/<Vf, hye Ydr = /f (VU, h)y eV da. (13.2)
If f,g € Cg(]Rd), then Lf € L*(p) and
1
2/(Vf, Vg)dp = —/g-ﬁfdu~ (13.3)
In particular, for g =1 we obtain for all f € CZ(R?)
/Ef dp = 0. (13.4)
Proof. The first formula follows from the classical Gauss-Green formula, first applied to
functions in C*(R%) with compact support and then using dominated convergence. If

f € C2(R?), then the estimate Lf € L?(u) follows from the assumptions on U and the
second formula is an application of the first one:

/g Afe” Ud:E_Z/ (Vf,e)),e) e Vdx

—Z/ g(Vfe)),e)e de—Z/Vg,ez (Vf e)e " dx

:Z/g(Vf, ei) (VU, e;) eV dx—Z/(Vg, ei) (Vf, e eV
i=1 i=1

_ /<Vf, VU eV do — /(Vf, Vg) e U da.

Theorem 13.2. The measure u(dz) is invariant for X.

Proof. Let f € CZ(R?) and set u(t,z) := P,f(z), t > 0, x € R% Then by Theorem 12.2,
for all ¢ € [0,7] and 2 € R%:

ou
5 —(t,x)

— |Lut, )| < Cr(1+ |2]), /C’T(l 1)) p(dz) < +oo,

where we use the assumption that D2U(x) > §I with § > 0. Then by the theorem of
differentiation under the integral sign and by (13.4):

% u(t,z) p(dr) = /Eu(t,x) p(dx) =0

Then [ Pifdu = [ fdu for all f € C? (R?) and by approximation and dominated conver-
gence for all f € Cy(RY). O

We shall see in Theorem 15.15 below that p is in fact even reversible. This is due to
the symmetry in u,v of the left hand side of (13.3).
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13.1. An example: Random Interfaces. Let d > 1 and consider the lattice Z%. Given
two points x,y € Z%, we say that x ~ y iff |z — y| = 1.

We fix a finite subset A C Z% and a C? even function V : R — R with 0 < ¢ < V" <
¢y < +oo and set for all ¢ € RA

V@) =y Y V(o) - 6l).
z,yEN, Ty

Then U is clearly convex on R? and its gradient is

VU () = (‘m xeA) [ > 6w - vew) cea
yeEAN, vy

Therefore by Theorem 13.2 we obtain that the unique solution of

do(x) = % Y. (V@) = V'(é(x)) dt + dwy(x),

YyEA, T~y

where (wy(x),t > 0,2 € A) is a family of independent Brownian motions, has invariant
probability measure

p(dd) = — o (~U(6)) do.

This is a Gibbs measure on a finite lattice. The limits as A — Z¢ of the dynamics and the
invariant measure are a non trivial and interesting problem.

14. THE BISMUT-ELWORTHY FORMULA AND THE STRONG FELLER PROPERTY

We want to prove an important property of the transition semigroup of the process X,
solution of (12.1), namely that for all Borel and bounded ¢ : R% — R:

sup ||
Vi

In particular, if ¢ is only Borel and bounded, then for positive ¢ the function Py is

Lipschitz-continuous. This is known as the strong Feller property; recall that the Feller

property is given by P;(Cy) — C} for all t > 0, see the discussion before Proposition 2.3.
Notice that the above estimate is “constant-free”: on the right-hand side no constant

depends on the dimension or on the specific choice of U (bar the convexity assumption).
We prove in fact a stronger result, namely the Bismut-Elworthy formula

|Pip(z) — Pup(y)| < C et |z —yl, Vx,ycRe > 0. (14.1)

T
(VPro(n ) = 1B [o0r@) [ o), am]. (142)

Let first ¢ € CZ(RY) and set as usual u(t,z) := Pyp(z). We know, by applying the It6
formula to ¢ — u(T —t, X;(x)), that a.s.

T
o(Xr(z)) =u(T, x) —|—/ (Vou(T — s, Xs(x)), dWs). (14.3)
0
By the estimates of Lemma 12.1, |n}| < e**|h|. In particular, by the It6 isometry we have

E (/0T<ng(x),dws>>2] - /OTIE [mg(x)ﬂ ds < C eI T < +oo.
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We multiply both sides of (14.3) by f0T<n§(x),dW3> and we take expectation. On the
right hand side, we obtain

E |:U(T, z) /OT<77?($)adWs>] =u(l,z) E [/0

T
<77?<1‘), dWs>:| =0,

and
e[[ (VaulT — s, X (), dW) / @), aw)
=1y Vol = 5, Ko@) (@) i

T T
= / (VE[u(T — s, Xs(+))], h)ds = / (Vyu(T,x),h)ds = T(V,u(T, ), h).
0 0

Then we have obtained (14.2). We prove now (14.1). By Cauchy-Schwarz and the It6

isometry
(/ ), av,))

and we conclude with standard arguments.
Since by the chain rule

(VPro(x), h) = E [(Ve(Xu(a), nf ()]

then for ¢ € C}(R?) we obtain from formula (14.2)

2

Y

! w1 SUP [
IVPTQO('/I;>‘2 < ﬁE [902<XT($))] E <Ce TTL’T

B (Vo) at@] = 1 & o) [ thio.am).

Notice that this is an integration by parts formula on the law of X: indeed, in the left
hand side we have an integral which contains the gradient of ¢, while the right hand side
contains only .

Also (14.2) can be considered as an integration by parts formula: an infinitesimal vari-
ation of the initial point x of the trajectory of X is transferred to the whole trajectory up
to time ¢ and results in a variation of the law of X;(z) only through a density. In other
words, the law of X;(z + €h) is approximately given by the law of X;(x) multiplied by a
density:

Bt + b)) ~ B [o(0) exp (=1 [ bt
as e — 0.

14.1. The monotone case. An important remark is that for w < 0 the estimate (14.1)
becomes uniform in the dimension d of the space. This is very important for applications
to infinite-dimensional problems, in particular SPDEs.

15. THE DIRICHLET FORM

15.1. Definition and examples.
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Definition 15.1. Let (T,B,7) a o-finite measure space. If D C L?(7y) is a dense linear
space and € : D x D — R a symmetric bilinear function such that £(u,u) > 0 for all
u € D, then we call (£, D) a non-negative symmetric bilinear form, or simply a form. We
define the scalar product on D

&1 (u,v) ::/uvd*eré’(u,v), u,v € D.

We say that
(1) (€, D) is closedin L?(v) if D is complete w.r.t. &, i.e. if for any sequence (u,) C D
which is Cauchy w.r.t. & there exists u € D such that & (u, — u, u, — u) — 0.
(2) (€,D) is a closable form in L%(y) if, for any (u,) C D which is Cauchy w.r.t. &
and converges to 0 in L?(v), we have that u, converges to 0 w.r.t. &. In other
words, closability means that if |[un|r2(y) — 0 and E(upn — Um, Un — Upm) — 0 as
n,m — 400, then &(up, u,) — 0.

Lemma 15.2. If (£, D) is a closable form in L*(7), then there exists a unique closed form
(€,D) in L*(y) such that
(1) D C D and D is dense in D w.r.t. £,
(2) E(u,v) = E(u,v), for all u,v € D.
(€,D) is called the closure of (£, D) in L?(vy) and it is customary to denote it by (£, D(E)).
The proof of this Lemma is essentially contained in the following

Remark 15.3. Notice that, for any form (€, D), the space (D, &;) has an abstract com-
pletion (D, &1). A form is closable if and only if D has an injection in L?(vy) which extends
continuously the canonical immersion i : D + L?(vy) given by the identity map. Lack of
closability means that there exists a sequence (u,) C D such that u, — 0 in L?(v) and

up — v € D\{0} wrt. &;.

Our main example is the following: we set
1
(T.B)= ®LB®Y),  Di=CRY,  Ewv)i= [(Vu,Vo)dr,

where C2(R%) is the space of functions in C2(R?) with compact support and + is a Borel
measure on R?. When the form (&£, D) of this example is closable, then we call its closure
(€,D(E)) a Dirichlet form.

Example 15.4. Consider the case of « equal to the Lebesgue measure on R. Then we
have
Ei(u,u) = ulfe + /172 = lullzpn, D= CiR).

Let (f,) C D be a Cauchy sequence for ||- | z1. Then (f,,) and (f/,) are Cauchy in L?; since
L? is complete, there exist f and g in L? such that f, — f and f, — g in L2. In order to
say that ¢ = f’ in a weak sense, we have to prove that g only depends on f and not on
the particular sequence (f,); in other words, if any other sequence fn C D converges to
fin L? and fT’L converges to h in L?, then h must be equal to g. By taking the difference
fn— fn, this is equivalent to say that for any sequence u,, C D converging to 0 in L? such
that u/, converges to w in L? we must have w = 0.

Notice that closability of (£, D) is equivalent to closability of the linear operator V :
C2(R) — L*(R) in the norm of L?(R). Moreover, the space D(£) is the classical Sobolev
space WH2(R) = HY(R) of all functions in L?(R) such that the (distributional) first
derivative belongs to L?(R).
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In the following, we shall be mainly interested in the case of v equal to the probability
measure 4 defined by (13.1), and in the connection between £ and the process X solution
of (12.1).

The proof of closability of (£, D) is a not very exciting but necessary technical step. A
useful criterion is the following

Lemma 15.5. Let (€, D) be a non-negative symmetric bilinear form. If for all (u,) C D
such that u, — 0 in L?(v) we have &(uy,v) — 0 for all v € D, then (£, D) is closable.

Proof. Let (u,) C D which is Cauchy w.r.t. & and converges to 0 in L?(y). Then by
bilinearity

51(“7“ un) = gl(un — Um, Unp — um) + gl(“n - um7um) + gl(umaun)-

For fixed n, by assumption we have lim,, & (tum, u,) = 0. Moreover since (u,,) is Cauchy
w.r.t. &, then sup,, &1 (tm, um) =: ¢ < 400 and for any € > 0 we have

gl(un — Um, Up — um) <e

for all n,m > N.. Since

gl(un - um,um) < \/gl(un — Um, Up — um) gl(uma um) < \/Cgl(un — Um, Un — um),

then for all n > N,

lim sup &1 (ty, — U, Upy) < limsup \/cgl(un — Uy, Uy, — Upy) < V/CE.

m—0o0 m—00

Then for all n > N,
E1(Un, up) = limsup & (up, up) < e+ Vce.

m—0o0

Proposition 15.6. The form
1
D := C?(R%), E(u,v) = B /(Vu, Vo) dp,

is closable in L*(u). Moreover C}(RY) C D(E).

Proof. For all u,v € C?(R%) we can apply the integration by parts formula (13.3) and
obtain

E(u,v) = —/u‘ﬁvdu.

Notice that Lv € C.(R%) for v € C2(R?), and in particular Lv € L?(u).
Let now any (u,) C C2(R9) such that u, — 0 in L?(iz). Then for any v € C2(R%):

lim E(up,v) =— lim [ up-Lodu=0

n—oo n—oo
and we can apply Lemma 15.5.

In order to prove that C}(RY) C D(E), we have to show that Cf(R?) is contained in
the closure of C?(R?) w.r.t. £;. But this is easily obtained by approximating functions in
CL(R?) with functions in C}(R?) and then functions in C!(R?) with functions in C?(R%).

[l

Remark 15.7. This is in fact only a wvery particular example of Dirichlet form.
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15.2. Generator and resolvent. We fix throughout this section a closed form (£, D(£))
in L?(v). We define for A > 0:

Ex(u,v) ::)\/uvderE(u,v), u,v € D(E).

Proposition 15.8. For all A > 0 and f € L%(v), there exists a unique v € D(E) such
that

Ex(v,g) Z/fgd% Vge D(E).

We denote v = Ry)f. Moreover

(1) For all A >0 and f € L*(v), M Bxfllz2¢) < [1fll22()
(2) The bounded operator Ry : L*(v) — L?*(v) is symmetric and injective in L*(7).
(3) For all o, > 0:

Ry — Rg = —(a— B)RoRg = —(a — f)RgR,. (15.1)
The family of operators (Rx)x>o is called the Resolvent family associated with (€, D(E)).

Proof. Notice that £y defines a scalar product on D(E), equivalent to £;. The linear form
D(€)> g~ [ fgdy € R is continuous w.r.t. &, since

1711z
[ 19 < 1l sl < 22 E0(0,9),

Therefore there exists a unique v € D(&) such that
&\wg) = [fadr  VgeD(@)
which is the desired result. Let us now choose g = Ry f. Then
MBRASZ2(y) < EX(RAS, BAS) = /fRAfd”Y < [ fllzzy 1BAf L2 ().

which yields A[|Rxf|z2¢y) < |fllz2(y), since Ry f € D(E) C L?(7). Let now f,g € L*(7).
Then

/QR,\f dy = Ex(Rrg, Ry f) = /fRAQd%
which gives simmetry of Ry in L?(y). If Ryf = Ryg, then
[ Fhiy= sty = ExBag.) = [ghdv, vhe D).

and since D(E) is dense in L?(y), then f = g and Ry, is injective.
In order to prove (15.1), consider now f € L?(y) and g € D(E). Then

Eo(Raf — Rpf,9) = Ea(Raf,9) — Es(Raf,9) — (a— B) /gRﬁf dry

(@~ 0) [gRaf i = (0~ 5) EalRuRsf.9)

Since this is true for any g € D(€) and &, is a scalar product on D(&), equivalent to &,
then we have the first equality of (15.1); the second equality is obtained by exchanging o
and S. O
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Proposition 15.9. There exists a unique operator L : D(L) C L?(v) — L?(v) such that,
for all A > 0, Ry\(L*(v)) = D(L) and

A=—L)Rxf=f VfeL?(n), Ri(A-L)f=f VfeDL). (15.2)
We write Ry = (A\—L)~!. Moreover (L, D(L)) is self-adjoint in L*(y), D(L) C D(E) and
E(u,v):—/uLvdﬁy:—/vLud'y, Vu,v € D(L). (15.3)
The operator (L,D(L)) is called the generator of (£, D(E)), while (Rx)a>o is called the
Resolvent family of (L, D(L)).
Proof. By (15.1) we see that Rq(L*(7)) = Rg(L%(7)), for all o, 3 > 0, since
Ry =Rg[l — (a— [)R,].

Then we define D(L) := R, (L?(v)) for any a > 0. If v € D(L), since R,, is injective and
v € Ro(L%(7)), then there exists a unique f € L%(y) s.t. Rof = v; at the same time, there
exists a unique g € L?(y) s.t. Rgg = v. Notice that

Rgl(av = f) = (v = g)] = (a = B)RsRaf — Rpf + Raf

which is equal to 0 by (15.1). Since Rg is injective, then av — f = fv — g, i.e. a — R ' =
8- Rgl on D(L). Then we define

D(L) := Ro(L*(7)), L:=a—-R;', a>0,

and it is easy to see that L satisfies (15.2).
Recall that the image of Ry is in D(E) by definition. For any u,v € D(L):

S(U,v)——/uvd’y—i—/le—lud’y——/vLud’y

and, by exchanging u and v, we obtain both equalities in (15.3). O
We have the easy
Proposition 15.10. The domain D(L) of L is given by
D(L) ={f € D(E) : the map D(E) 2 g — E(f,g) is continuous w.r.t. & }.
15.3. The process associated with £.

Definition 15.11. Let v be a Borel measure on R? and (£, D(€)) a Dirichlet form in
L2(v). A semigroup (P;);>0 in L?(v), such that [0,00) > t — P;f € L?(v) is continuous
for all f € L%(v), is associated with (£, D(E)) if there exists A\g > 0 s.t.

mfz/ e MPfdt, V> ).
0

In particular, the resolvent family is the Laplace transform in time of the semigroup. A
Markov process X in R? is associated with (£, D(&)) if

E[f(Xi(z))] = P.f(z), p—ae x,  VfeCRY), t>0.
Remark 15.12. Recall that
/ e*atdt:l, Y a > 0.
0

«
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Since, in the setting of the previous definition,
o
/ e MPfdt=Ryf=(\—L)"", vV A>0,
0

then it is customary to write that P, = el

instance by means of spectral theory.

This assertion can be made precise, for

Remark 15.13. If a process X is associated with (£, D(£)) in L?(y), then the transition
semigroup (P;) is symmetric in L?(). Indeed, Ry is symmetric and this property transfers
to (P;) by the injectivity of the Laplace transform.

Suppose now that moreover the constant functions belong to D(E); in this case the
constant function equal to 1 is in L2?(7y), which is possible if and only if v is a finite
measure. Then v(-)/v(R%) is an invariant reversible finite measure for X. Indeed we have

for all f € L%(v)

as)= [ARfdr = [fan vaso,
and again by injectivity of the Laplace transform we have [ P,fdy = [ fdv,t>0.

15.4. Monotone gradient systems. We go back to the example of the Dirichlet form
(€,D(E)), closure in L?(u) of the form

1
D := C?(RY), E(u,v) == 3 /(Vu, Vo) dp,

see Proposition 15.6 above. Let X be the solution of (12.1). Then we have the
Proposition 15.14. For all A > 0, f € Cy(R?), z € R?, set:

Fyf(z) = /OOO e ME[f(Xi(x))] dt. (15.4)

Then Fxf = Rxf, p-a.e. for all X\ > w. In particular, X is associated with (€, D(E)).

Proof. Tt is enough to consider f € CZ(R?). By Theorem 12.2, we have F) € C}(R?) C
D(€) and for all g € D(E)

% u(t, z) g(z) p(dr) = /Eu(t, z) g(x) p(der) = — /(qu(t,w), Vg(x)) p(dx).

We multiply by e~** and we integrate over [0, 00); we obtain in the left hand side

[e.e] d o0
/ e A [/ugdu} dt:—/fgdu-i-/\/ eAt[/ugdu} dt
0 dt 0

~ [OBs - gdu
in the right hand side we have
—/ e M [/(Vzu, Vg) du} dt = —E(F\f,9).
0

Since F € D(E) and Ex(Ff,g) = [ fgduforall g € D(E), then Fyf = Ryf in L%(y). O
Therefore we obtain the strengthening of Theorem 13.2
Theorem 15.15. The measure u(dz) is reversible for X.
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16. EXAMPLES

16.1. The standard Brownian motion. Let now X;(z) = x+ B; and v = L4, Lebesgue
measure in R%. Define

1
D := C%*(RY), E(u,v) = 3 /(Vu, V) dLg.
Also in this case we have an integration by parts formula

;/(Vu,Vv)dﬁd——;/uAvdﬁd, Y u,veD.

Moreover it is well known that the function u(t,z) = E[p(x + By)], t > 0, = € R,
¢ € Cy(RY), satisfies

t
1
u(t, z) = p(z) —I—/ §Au(s, x)ds, Vt>0, zeRL
0

We can therefore repeat most of the above considerations, obtaining that (€, D) is closable
and B is associated with the Dirichlet form (£, D(£)). Notice that D(€) = H'(RY) and &€
is also known as the Dirichlet integral, from which the name Dirichlet form comes.

Clearly L, is not a finite measure and 1 ¢ L?(Ly). However, L4 is still a (not finite)
invariant measure for B; in fact, it is even reversible, in the sense that the transition
semigroup is symmetric in L?(Ly). Indeed, the law of z + B; is N(x,t - I) and for all
f € C.(R?

)
[z [Nt 1) 1) = [ do [ 50,0 Diag) £+

= [0 DEy [dosrn = [ Mo D) [ dof@) = [ do )
and for all f,g € CL(RY):

[dzgta) [ Nt D) 1) = [N, D@0) [ de gla) £y +0

= [NOt- Dy [doglo-y)s@) = [Nt D) [ do g+ 9) £@)

:/dmf(w)/f\/(w,t-f)(dy) 9(y).

16.2. Ornstein-Uhlenbeck processes. Let A be a symmetric matrix in R, with strictly
negative eigenvalues (—\;)i=1,.. 4. Set U(z) := —(Azx,x), z € R?. Then D?*U = —2A and
2min{\y,...,\g}H < D?U < 2max{\1,...,A\¢}I. By the above results, the Ornstein-
Uhlenbeck process, unique solution of

Xi(z) =z + /Ot AX (x)ds+W;,  t>0, z€RY
is the process associated with the Dirichlet form (€, D(E)), closure of the form
;/(Vu, Vo) dpu, u,v € C(RY)
in L?(u), where

p(dzr) = %exp (Az,x)) dz = N (0, (—24) 1) (dz). (16.1)
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Therefore i is the unique invariant probability measure of X and it is moreover reversible.

Notice also that A can be diagonalized, i.e. there exists a matrix U such that U*U =
UU* = I and U*AU =diag(—A\1, ..., —Aq). Setting X := U*X, & := U*z, W= U*W, we
have that W has the same law as W and

t
X,(3) = & +/ diag(— A, ..., ~A)Ru(@)ds + Wy, 130, 3 € RY
0
In particular, setting & := (Xt,el-> and W0} := <Wt,ei), where (e;) is a basis of R such

that U*AUe; = —\;e;, we obtain
t
:i",’f—a%’—)\i/:i”sds—l—wz, t>0,i=1,...,d.
0

Since the (') are independent, so are the (#%). Therefore, X can be constructed as a linear
function of a vector of independent one-dimensional O.-U. processes, each with invariant

measure A(0, (2X;)71).

16.3. BM killed at a boundary. We consider for simplicity the case of d = 1, more
precisely of BM killed at its first exit from ]0,1[. We set for all k£ > 1:

er(x) = V2 sin(krz), z € [0, 1].

We recall that {eg}r>1 is a complete orthonormal basis of L%(0,1) (exercice: prove it!).
Notice that {ex}r>1 is a complete basis of eigenvectors of the second derivative with
homogeneous Dirichlet boundary conditions:

2
4 ex = —(mk)’ex, er(0) = ex(1) =0, E>1.

Notice that each ¢ € C2(0,1) is naturally extended to a function ¢ in C?(R) by setting
®1(0,1)c = 0. Then both the canonical scalar product on (0,1) and the form

1 [
D :=C?(0,1), Epir(u,v) = 2/ u' v dz,
0

are restrictions to D of, respectively, the canonical scalar product on R and the Dirichlet
form
1 /!
D(&) := H'(R), E(u,v) = 2/ u' v dx.
0
Therefore (Epjir, D) is closable and the domain of the closure is the closure of D in H!(R),

i.e. the classical Sobolev space HE(0,1).
We start from the integration by parts formula

I e
/ u' v dx = —/ o’ vdu, Y u,v € C3(0,1). (16.2)
2 Jo 2 Jo
By Proposition 15.10 we obtain that
1
C2(0,1) C D(Lpy),  Lpuf = Jus Ve C2(0,1).

Moreover we find that for all f,g € C2(0,1)

2
ol f.9) = 3 T er. ) fena),

k>1
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(k:7r)2 . 2
Lpi. f = —Z 5 (ek, ) ek, in L*(0,1).

k>1

We obtain the identifications of the domains of the form (Epj,, HE(0,1)) and of the gener-
ator (LDim D(LDir))

Hg(0,1) = f € L*(0,1) : Y K ex, 7201y < +00 ¢
E>1

D(Lpw) = { f € L*(0,1) : >k ek, f)7201) < +00
k>1

and moreover

k 2
Lpiyu = —Z () (e w)r2(0,1) €k in L*(0,1), Yu € D(Lpi),

2
k>1
(km)?
Epin(fr9) =Y 5 {ew Flrz) (ew 92y, Vg € D(Epir).
k>1
Therefore
_ 1 :
(A= Lpy) ' f = % W (eks f)r2(0,1) €k in L*(0,1), V f € L*(0,1).

Setting for all f € L%(0,1)

Ptf = Z 67(k7r)2t/2<€k, f>L2(0,1) €Lk, t> 0.
k>1

we obtain that P, = e'*. If f € C?(0,1) then we set u(t,z) := Pif(z), t >0, z € [0,1].
Then u satisfies the heat equation with homogeneous Dirichlet boundary condition

ou 10%u
E(mm)ziw(tax% t>07 1'6(0,1)
u(t,0) =wu(t,1) =0, t>0

u(0,z) = f(z), x€][0,1]

Setting 1y, () := v/2 cos(kmx), x € [0, 1], we find that

ou (kn (kn 1
5y h2) = ST e EI 2 e ) pagony k() = = Y e kT2 o tens I 22 0,1) ()
k=1 k=1

and therefore we have the uniform bound

ou 2 1
<> (k)2 > i )iz < +oo.

—(t
aw( ?:E) '
k>1 j>1
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Let now = € (0,1) and B a standard BM in R. Set 7 :=inf{s > 0: 2+ By ¢ (0,1)}. We
apply the It6 formula to t — w(T — t A 7,2 + Bya,) for t < T and we find

ou  10%u

tAT
T—tA Bins) — u(T, ) = L LN (T s AT 2+ Baps)d
u( 7,2 + Binr) — u(T, x) /0 < 8t+28x2>( SAT,x + Bspr)ds

tou
+/0 SUT — s ATa+ Borr) dB,

By the uniform bound above on %, we can take expectation and find

E[uw(T —t A 1,2 + Binr)] = u(T, x), vt € [0,T].
In particular, if t — T
u(T,x) = Eu(T =T AN7,2+ Brar)] = E[u(T — 7,2 + B7) 1(z<1)] + E[u(0, 2 + Br) 1(757)]-

Since x + B; € {0,1} a.s., by the homogeneous Dirichlet boundary condition we find
w(T — 7,2+ B;) =0 a.s. on the event {7 < T'}. Then we obtain

U(T’ x) = E[f(x + BT) 1(7’>T)]'

Notice that the indicator of the event {7 > T} means that a trajectory disappears from
the expectation at the first visit of x + B to {0, 1}; it is customary to say that the process
is killed at the boundary.

Notice that the constant functions belong to L2(0, 1) but not to H}(0,1). Indeed, since
for all f € C%(0,1):

f(x) = /0 Pydy,  zelo,

then convergence in H¢ (0, 1) implies uniform convergence over [0, 1], and therefore Hg (0,1)
is included in the space of continuous functions which vanish at {0,1}. The Lebesgue
measure is not an invariant measure, and in fact there is no invariant measure, since the
process dies out as t — +oo0:

(k)2
P f(x)]” < Ze (k) tz<6jaf>%2(o,1) —0
E>1 j>1
by dominated convergence.

Finally, by Proposition 15.10 and the integration by parts formula (16.2), we could
obtain that

D(Lpy) = {f € H*(0,1) : f(0) = f(1) =0} = H*(0,1) N H;(0,1).
The condition f(0) = f(1) = 0 is called a homogeneous Dirichlet boundary condition.

16.4. Reflecting BM. We consider now the set [0, co[, endowed with the Lebesgue mea-
sure, and the form

D = CX([0, 0), ENeu(u, v) = ;/OOO<VU, V) dx.

Notice that D has no "boundary condition” at 0. We want to prove closability in
L?([0,00[). We notice that, as in the previous subsection, we can “embed” the form
(€, DNeu) in another closed form; indeed, we set

Deven = {f € CC(R)7 f(—l‘) = f(.%') Vae Ra f|[0,oo[ S Ccl([()? OOD},
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and
1
E(u,v) = /(Vu, Vv) dx
2 Jr

noting that u’ is continuous and bounded on R\{0}, with a jump at 0 if lim, o4 u'(z) #
0. If we endow R with the Lebesgue measure, then there is an isomorphism between
(ENeu,1, D) and (&1, Deven). Since we know that (£1, Deven) is closable by the example of
the standard Brownian Motion, then (Eney, D) is also closable. We obtain a Dirichlet form

(gNem D(gNeu))-
We notice the important integration by parts formula:

| ¢@de=—e0).  ¥eecio.x
which yields
ENeu(u,v) = —% /000 u" vdr — %u’(O) v(0), Y u,v € CL([0, o0l).
One can prove from this formula and Proposition 15.10 that
D(Inew) = {u € HA([0,000):/(0) = 0}, Lt = 5 "

The condition «'(0) = 0 is called a homogeneous Neumann boundary condition.

Set now Cheven(R) := {f € Co(R) : f(—2z) = f(z) V2 € R} and HL ,(R) :={f €
H'(R) : f(-x) = f(z) V o € R} and notice that the definition makes sense, since
HY(R) C C(R), and therefore H.,(R) = H'(R) N Cpeven(R). It is easy to see that the

even
semigroup of the Brownian Motion leaves Cp even(R) invariant:

PPV f(— / N(—2,0)(dy) f(y) = / N(0.8)(dy) f(y— )
- / N(0,8)(dy) f(—y + ) = / N(0,8)(dy) fly+ )

— [Nt 1) = PP f()

forall z € R and f € Cpeven(R). In particular, the resolvent family of BM leaves invariant
both H*(R) and Cjeven(R) and therefore their intersection HZ,,(R). We recall that for
all f € L*(R)

frg /fgd:): Y ge H(R), > 0.

We obtain, by restriction to [0, 00[ and to g € C} ., (R), since

c,even

/ uvdr = 2/ uvdz, V u,v € Ce(R) N Cpeven(R),
R 0
that

Exen(R / fgdu, ¥ geCl(0,00]), A>0.

In particular, by injectivity of the Laplace tranform, the semigroup (PN") associated with
(ENeus D(ENen)) has the representation

PNevf(x) = EB[f(|Jz + Byl)], Vae0,00] t>0, fecC.(R).
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In particular, PNUf is the restriction to [0,00] of PEM f, where f(z) := f(|z]), = € R.
Since PPM f is smooth and even, we obtain that its derivative w.r.t. x at 01is 0, i.e. PN°Uf
satisfies the homogeneous Neumann boundary condition.

We have now the classical

Lemma 16.1 (Skorohod). For any continuous function a : [0, 00[— R such that a(0) > 0
there exists a unique pair (x,£) of continuous functions from [0, 00| to [0, 00 such that

(1) ¢ is monotone non-decreasing and £(0) = 0,

(2) fooo T dﬁt = 0,

(3) Tt = at+€t, t Z 0.
Moreover, we have the explicit representation

¢y = sup (as)~, x¢ = a; + sup (as) t>0.
s<t s<t
We apply this lemma to a; := = + By, where x > 0 and B is a standard BM. Then

we obtain that there exists a unique pair of continuous processes (X¢(x), Lt)+>0 such that
X >0, Lo =0 and L is monotone non-decreasing, and

00
Xt(l‘) :$+Bt+Lt, / XtstZO
0

This condition is equivalent to saying that the measure dL; supported by the set {t :
Xi(x) =0}.

The process Xy(x) is called the reflecting BM at 0. Indeed, as long as X; > 0 we have
dL; = 0 and therefore dX; = dBy; however, when X;(z) = 0, then dL; can be non-zero
and gives a kick to the process, keeping it positive. The condition fooo X;dL; = 0 means
that the reflection term dL; acts only when the process hits the obstacle 0.

We now define for any f € CZ([0,00(): u(t,z) := PN f(z). We know that u is smooth
and satisfies the homogeneous Neumann boundary condition. We consider as usual the
process [0,T] > ¢t — u(T —t, X;(z)) and we obtain by the Ité formula for semimartingales

troou  10%
T~ X))~ u(r) = [ (<G T8 (- s X)) ds
b ou L ou
+ ; %(T — s, Xq(x))dBs + ; %(T — 5, Xs(x))dLs.
By the above considerations
" ou " ou
— (T — s, X5 Ly= | — (T —s5,0)dLs=0.
; 5, (L — 5 Xs(2))d ; 5 L~ 50)dLs =0

We obtain, taking expectation and letting t =T
u(T, z) = E[f(X:(2))].

Concerning the invariant measure of X, in this case we have that the constant function
1 does not belong to L?(0,00). However, the representation of the semigroup of X in
terms of the semigroup of BM shows that the Lebesgue measure on [0, co[ is an invariant
and reversible measure for X. It is interesting to notice that we have the representation

0, >0,

1[0,00[(x) dx = er(:v) dl‘, U(LU) = { +00 x <0

The function U is discontinuous but convex.
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17. Back 1O SPDES

Let us recall some results from the previous sections. We have seen that the solution of
the stochastic heat equation

ou 1 0% .
R T 7 74
ot 2042
w(t,0) = u(t,1) = 0 (17.1)
u(0, ) = up(z), x € [0,1]
W(t, x) is a space-time white-noise, can be written as
+oo
up 1= Z uf ey,
k=1
where
k 2 t
uf = uf — (;T)/ uf ds + Wk, t>0, (17.2)
0

er(z) := V2 sin(krz), z € [0,1].

The process (u(t,x),t > 0) is stationary if and only if (ug(x), z € [0, 1]) has the distribution

of a Brownian bridge. Moreover (uf, t > 0)i>1 is an independent family of O-U processes,
2

with respective parameters (@) k>1. Remark that (17.2) is a monotone gradient system

in R with (convex) potential

U(z) = x”, xz € R.

Therefore the results of Proposition 15.14 and Theorem 15.15 in this particular case coin-
cide with Propositions 3.1 and 3.3 and those of section 3.9.

Invariant measures of products of independent Markov processes are clearly products
measures. What about Dirichlet forms? In this case we clearly have that (uf,t > 0)k=1,... N
is a monotone gradient system in RY with convex potential

Y (km)®

Un(z) = 5 Tk z=(z1,...,zy) € RY.

k=1

The associated invariant measure is

N
1 (km)?
pun(dx) = I exp < kgl 5 x%) dry---dxy

and the Dirichlet Form is the closure of

1
EN(u,v) = 3 /RN(VU, Vu)pn dun, u,v € CLRM).

Since (eg)r>1 is a complete orthonormal system of H := L?(0,1), then the map

“+00
]RNax:(a:l,...,xN)HZxkekeH
k=1
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is an isometry with a linear subspace Hy C H. In particular, we can identify £V with
1
EN(u,v) = 2/ (Vu, Vo) dun, u,v € Cf(Hy).
RN
If we pass to the limit, it is possible to prove that

Proposition 17.1. The solution of (17.1) is the Markov process in L*(0,1) associated
with the Dirichlet form closure of

1
E(U,U)ZQ/H<VU,Vv>Hdu, u,v € CL(H).

Notice that C’l} (H) is the space of all Fréchet differentiable f : H — R which are bounded
continuous and have a bounded continuous Fréchet differential Vf : H — R.
By the result of Exercise 6.5, we have that the invariant measure p is the law of a
Brownian bridge (8:).¢[0,1; moreover the covariance function
is associated with the elliptic equation
d’f

Cde2 7

f(0)=f(1) =0,

since we have f(z) = fol (x Ny — zy) h(y) dy. Recall now the explicit formula (16.1) for
the density of a Gaussian measure in R? with mean 0 and covariance Q = (—24)~!. In
our case, we have just proven that Qh = f and therefore

d*f L[t
2Af =-S5 ALP == [ (PPdr 50 = f() =0,
X 2 0
This yields the formal expression for the law of the invariant measure of (17.1)
1t _
! 3 [ (P it 50 = rw =0,
pldf) = g exn(=U(f))df,  U(f) = 0
+00 otherwise

It is easy to see that

1 1 1
(VU(f).0) = lig LU +20) = U() = [ faldo=— [ [ade= (")
e— 0 0
i.e. VU(f) = —f" and equation (17.1) can be written as a gradient system in L?(0, 1)
du = —%VU(u) dt + dWw.

17.1. Reaction-diffusion equations. It is possible to go further and consider a nonlin-

ear equation of reaction-diffusion type:
ou 1 0% , -
o 20,2 Pl W,
u(t,0) = u(t, 1) = 0 (17.3)

u(0,z) = up(z), x € [0,1]
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with F': R — R of class C' and (for simplicity) convex, positive with at most quadratic
growth. We define

1
G(f) =2 /0 F(f(e))de,  feL*(0,1).
Then

1
(VG(1).0) = lim (G +20) = G(f) =2 | F(1)o/de =2(F().0)

e—0¢

i.e. VG(f) =2F'(f) and equation (17.3) can also be written as a gradient system
1
du = —§VV(u) dt + dW, V:=U+G.

Moreover, we have an expression for the invariant measure

V) = o (V (N = g e (),

where p is the law of the Brownian bridge 5. One can prove that v is the unique probability
invariant measure of the solution u of (17.3) and that the solution is reversible w.r.t. to
.
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