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Prologue

This paper is an updated version of our 1998 technical report [10]. An LP—view of
a more general version [11] that is based on these results had already been published by
us in 2001. However our original results together with their proofs are being published
here first at the same time. In addition to being the bases on which [11] is built, our 1998
technical report [10] has also played a seminal role in the papers [7], [14], [15] and [16].
We are pleased to have the honour of publishing this updated version in celebration of the
work of our distinguished friends, Endre Csédki and Pal Révész, on the occasion of their
70-th birthdays.

1. Introduction

Let {U; }i>1 be a sequence of independent and identically distributed random variables,
whose common law is the uniform distribution in (0,1). Define the uniform empirical
process

an() Enl2(F,t) —1), 0<t<1,

where F),(+) is the empirical distribution function based on the first n observations, i.e.,
1 n
F,(t) dgfﬁ Z L, <ty 0<t<1.
i=1

Likewise, we can define the uniform empirical quantile process

Bu(t) L0 2(F7 () 1), 0<t<],

n

where F-1(1) & inf{s > 0 : F,(s) >t} (for 0 < ¢ < 1) and F71(0) % F71(0+) is the

inverse function (quantile function) of F,. The process

Ro(t) = an(t) + Ba(t), 0<t<1,

which is often referred to as the (0, 1)—uniform Bahadur—Kiefer process, enjoys some

remarkable properties. Let us recall the following Bahadur—Kiefer representation theorem.

Theorem A (Kiefer [23], Shorack [28], Deheuvels and Mason [17]). We have,

(1.1) lim n'/*(logn)~

=1, a.s.,
oo o]



where || f|| ot supg<;<1 | f(t)| denotes the uniform sup-norm of f.

Together with some well-known laws of the iterated logarithm (LIL’s) for av, (cf. Fact

3.2 in Section 3 for the exact statement), (1.1) immediately implies the following:

(1.2) limsup n'/*(logn)~1/2(logy n)~Y* | R, | = 274, a.s.,
o 1/4 1/2 1/4 /2
(1.3) 11nrr_1)1£f nt4(logn) =% (logy n)Y* | R, = V2% a.s.,
def

where log, n = log(logn).

The study of the Bahadur—Kiefer representation was initiated by Bahadur [2], who
proved a “pointwise” version of (1.1). Kiefer [23] pointed out Theorem A, even though he
only proved the convergence in probability, and omitted the proof of the theorem due to
its extreme length. The upper bound in (1.1) was proved by Shorack [28], and the lower
bound by Deheuvels and Mason [17]. We mention that a simplified proof of the lower
bound was since discovered by Einmahl [20]. For a detailed discussion of various aspects
of the Bahadur—Kiefer theorem, as well as extensions to sequential empirical processes, we
refer to Cs6rgé and Szyszkowicz [13].

Looking at Theorem A, it is remarkable that the ratio between ||R,| and /[, ],
suitably normalized, should almost surely converge to a constant. A natural question
would be whether it remains true if the uniform sup-norm || - || is replaced by, say, the
L?-norm || - ||o. For example, one might wonder if either || Ry, |l2/~/][cn ]l or | Rnll2/v/][nll2
would still be of order of magnitude which is around n="/ 4(log n)l/ 2 perhaps with an extra
term of some power of log, n.

Somewhat surprisingly, the answer is no: we should use a different normalizing
function. Moreover, under the new normalization, the ratio between || R,,||2 and the square
root of o, under the L'-norm, converges again to a constant limit with probability one.
More precisely, we have the following LP version of the Bahadur—Kiefer representation.

Throughout the paper, we write || f||, of (fol |f ()P dt)/P.

Theorem 1.1. Let 2 < p < oo and qdéfp/Q. Then

1.4 lim n'/* M =c , a.s.,
(1.4) e Tenlls o(p)
where

def /p C((p+1)/2)\1/p
(15) colp) & (BN = V2 (2 )
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and N denotes a Gaussian N (0, 1) variable. In particular,

172 _[[Ball2

lim n'/* —— =1, a.s.

e Vel

Remark 1.2. The condition p > 2 is to ensure that || - ||, is a true metric norm. When
0 < p < 2, it is no longer a metric. Our proof shows that in this case, we still have the
following weaker version of Theorem 1.1: for 0 < p < 2, there exist two finite constants

c1(p) > 0 and c3(p) > 0, depending on p, such that

¢1(p) < liminf n'/* MBally_ < limsup n'/* Nl < c2(p),

= > C2
nee Vilanllg — n—oo Vllemllq

Remark 1.3. The reason for which the normalizing function in Theorem 1.1 differs from

the one in Theorem A will become clear in Section 3.

From (1.4), it is possible to deduce the almost sure asymptotics of R, under the

LP-norm.

Corollary 1.4. For 2 < p < oo,

limsup n'/*(logy n) ~/* | Rull, = 2 co(p) Ves(a),  as.,
liminf n'/*(logy n)* | Ry, = co(p) VVealq) a.s.,

where co(p) is as in (1.5), ¢ = p/2, and c3(q) € (0,00) and c4(q) € (0,00) are defined by
def 2@ D/ag=1/2(g 4 2)(a=2)/(29)

cs(q
3l fol(l —z7)~1/2dx
(1.6) _ 2-(a=1)/ag1/2(q 4 2)(a=2)/(29)
B(1/2,1/q) ’
def . > q 1/q
(1.7 @)™ it ([ el f@yar)

Here, B(-, -) is the usual beta function, and C is the set of probability densities f such

that L ()
)
5/_00 f(y) dy =l

Remark 1.5. Comparing this corollary with (1.2)—(1.3), it is immediately noted that R,

has rather different asymptotics under LP- and L°°- norms. This is in complete constrast
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to the situation for the empirical process a,. Indeed, ||a,| and ||a,], satisfy almost the
same LIL’s (from both limsup and liminf points of view), except for the constants, cf.
Lemmas 3.3 and 3.8 and Fact 3.2 in Section 3 (they are stated for the Kiefer process,
but in view of the KMT strong invariance in Fact 3.1, one can immediately deduce the

corresponding LIL’s for «,).

Remark 1.6. The value of the constant c4(q) in (1.7) is in general implicit, except for
q = 1or 2. Indeed, c4(2) = 1/v/8, and it follows from the proof of Lemma 3.3 (cf. Section
3) and Takacs [34, Theorem 1] that

2 a3

where a} < 0 denotes the largest real root of Ai’(-), the derivative of the Airy function
Ai(-).

As a consequence of (1.1), the continuity of || - || on C[0, 1] and the fact that we have
(cf. Doob [19], or Theorem 1.5.1 in [9])

(1.8) P(|B|| <z) =1+ 22 Fexp(—2k2x?), x>0,

where {B(t); 0 <t < 1} is a Brownian bridge, we also have the following corollary.

Corollary 1.7 (Kiefer [23]). For z > 0,
(1.9) lim P(n'/*(logn)™'/?||R,| < z) = P{/|B| < =}

n—oo

=1+2 Z Fexp(—2k?2?).

In a similar vein, from Theorem 1.1 we conclude the following LP analogue of (1.9).

Corollary 1.8. With 2 < p < 0o and q = p/2 we have

(1.10) Tim P(n'/4] Rully < @) = P(co(p)y/1Bly <), @ >0,

where {B(t); 0 <t < 1} is a Brownian bridge.

For a Brownian bridge {B(t); 0 < ¢ < 1}, Smirnov [30], Anderson and Darling [1]
established the following result (cf., e.g., [9, Theorem 1.5.2]):

2 — kT exp(—t22/2)
1.11 P((||Bl2)?<z)=1-= —1 k+1/ 7 dt, > 0.
(L) BB <2) = 1= D30 S :
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Consequently, with p = 4 and hence ¢ = 2, (1.10) and (1.11) yield
(112)  lim P(n"/*Ralls < @) = P(co(4) BTz < )

2 i Yt /%7r exp(—221/6) g, g
™ 1 (2k—1)7 v/ —tsint ’ ’

on account of cq(4) = 31/4,

The convergence in distribution of the appropriately normed functionals ||R,| and
|Ry||p, respectively as in (1.9) and (1.10), is of special interest from the practical point of

view of constructing classes of goodness-of-fit statistics for a large family of distributions
(cf. [11]).

The respective statements of Corollaries 1.7 and 1.8 combined also imply that the
(0, 1)—uniform Bahadur—Kiefer process {R,(t); 0 <t < 1} cannot be so normalized that
it would converge weakly to a nondegenerate random element Y of D[0, 1] (endowed with
the Skorohod J; topology). Indeed, if a,R, 2.V in DI0,1] were to be true with any
sequence {a,} of positive real numbers, then the latter would have to yield both (1.9)
and (1.10) simultaneously, without any further renormalization, and this of course is im-
possible. Consequently, Corollaries 1.7 and 1.8 cannot result from any standard finite
dimensional distributions and tightness type arguments on D]0,1]. This fact has already
been established in 1972, via a different route, by Vervaat [35], [36] (for further comments
along these lines cf. also Zitikis [37, Section 1 and Remark 6.1]), which we now summarize
by restating it here as a corollary to Theorems A and 1.1 via the combined statements of
Corollaries 1.7 and 1.8.

Corollary 1.9 (Vervaat [35], [36]). The weak convergence
D
(1.13) anR, —Y, n— oo,

for the (0, 1)—uniform Bahadur—Kiefer process {R,(t); 0 <t < 1} cannot hold true in the
space DI0,1], endowed with the Skorohod J; topology, for any sequence {a,} of positive

real numbers and any nondegenerate random element Y of D0, 1].

The rest of the paper is organized as follows. Section 2 is devoted to some preliminaries
for the modulus of continuity of the Brownian motion and the Brownian bridge under the

LP-norm. The latter results are of interest on their own. Theorem 1.1 and Corollary 1.4
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are proved in Section 3. We extend our results to more general Bahadur—Kiefer processes

in Section 4 (Appendix).

Notation. Throughout the paper, cs, cg, - - -, c1g stand for some finite positive constants.

We write a,, ~ b, (n — 00) to denote lim, ., a, /b, = 1.

Technical Remarks. (i) When dealing with a Brownian bridge {B(t); 0 <t < 1}, some
of our statements involve ¢ in the left neighbourhood of 0 or in the right neighbourhood of
1. This can be rigorously justified, for example, by bringing in some independent Brownian
bridges for ¢t € [—1,0] and for ¢ € [1,2]. However, since these pieces do not influence any
of the results, we shall not give any further discussion about this, in order not to make
the proof tedious. The remark also applies to Brownian motion W (t) when ¢ is in the left
neighbourhood of 0.

(ii) Unless stated otherwise, we shall be dealing with index n which ultimately goes
to infinity; as a consequence, even without further mention, our statements should be

understood for the situation when n is sufficiently large.

2. Modulus of continuity

Let {W(t); t > 0} be a standard one-dimensional Brownian motion. Throughout the
section, we fix 2 < p < oo and write qdéfp/Q.

The main result of this section is the following probability estimate for the modulus
of continuity of W under the LP-norm. Observe that it is very different from Lévy’s usual

modulus of continuity theorem.
Proposition 2.1. Let

Ay ()% /01 W (s +h) — W(s)[? ds.
For any € > 0, there exists c5 = c5(e,p) such that for all 0 < h < 1/2,
(2.1) P(|As(h) — RIE(NTP) | > en?) < esht,
where N is as before a Gaussian N(0,1) variable.

Remark 2.2. By means of a standard argument (cf. for example Csorgé and Révész [9,

pp. 26-27]) and (2.1), one easily obtains:

lim % (/01|W(s+h)—W(s)]pds>1/p:co(p)7 as..
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where ¢o(p) is defined in (1.5). This should be compared with Lévy’s well-known modulus

of continuity theorem:

sup sup |[W(s+u)—W(s)|=1, a.s.

1
Iim ————
h—0 /2hlog(1/h) 0<s<1 0<u<h

The proof of the proposition relies on the following moment inequality for partial

sums, which is a particular case of Theorem 2.10 of Petrov [27, p. 62].

Fact 2.3. Let {X;};>1 be a sequence of iid variables with E(X1) = 0, such that E(X?}) <
0o. Then

n 8
E[ <ZX> } < ot E(XY),
i=1
where cg is an absolute constant.

Proof of Proposition 2.1. It suffices to treat the situation when % is in the (positive)

neighbourhood of 0. Let M = M (h) o [1/(2h)] + 1. We have,

2M mh
Ar(h) <) /( . (W (s + h) — W(s)|Pds
m=1Y\m—

M (2j-1)h
_ / W (s + h) — W(s)|? ds
(

=1/ @i-2)h

M 2jh
+Z/ W (s + h) — W(s)|Pds
=17/ @i-1h

def

(2.2) f Ao (R) + As(h),

(2j—1)h

2j—2)h |W(s+ h) — W (s)|Pds)1<j<m are iid variables,

with obvious notation. Clearly, ([ (

each distributed as h9t! =, where
det [
5 e / W (s+1) — W(s)P ds.
0

Therefore,

M
Aa(h) "= RNy,

Jj=1
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where (Y;) are iid variables, each having the law of =, and “ stands for identity in law.

Since = < (2supg<;<o |[W(t)])P, we immediately deduce that = admits finite moments of

any order. Therefore, by Chebyshev’s inequality and Fact 2.3, for any € > 0,

IP’( [Aa(h) — hIHIME(E)] > 5hq+1M>
< (ehTH M)~ E[(Az(h) — petlyg E(E))ﬂ
(eM) 3¢ M*E[(Z — EE)®]

(64 h4.

IN

IN

Since As(h) has the same distribution as A (h), we obtain, in view of (2.2),
(2.3) P(Al(h) _RTHIME(E) > 2shq+1M> < 2¢7 b4,

On the other hand, instead of (2.2), if we use the relation

M-1 (25—1)h 2jh
( / [ )W) - WP ds
(25—2)h (2j—1)h

J:1

the same argument yields that
(2.4) P(Al(h) —2RTFY(M — 1) E(E) < —2ehTHH(M — 1)) < g ht,
Combining (2.3) and (2.4) yields that, for all € > 0,

]P’( ‘ A1(h) — W9 E(E)

> € hq) < cg h*.
Since E(Z) = E(JN|P), this completes the proof of (2.1). O

Looking at the proof of Proposition 2.1, we realize that the positivity of h has played no
role at all, i.e. the argument works out also for negative h (when |h| is small). Therefore,
we can state the following “two-sided” version of the proposition: for any € > 0 and
0<|hl <1/2,

(‘Al — [T E(NP) ‘>s|h|q> < c1o b4,

or, more conveniently,

(2.5) P(‘(Al(h P eolp \/W‘>5W)<cllh4

where co(p) is the constant in (1.5).



Consider now a standard one-dimensional Brownian bridge process {B(t); 0 <t < 1}.

It is well-known that B can be realized as
B(t) =W(t) —tW(1), 0<t<1.

Using this representation and the Minkowski inequality, we have

(2.6) () ( / IB(s +h) - B<s>\pds)”p | < W),

On the other hand, by the usual estimate for Gaussian tails, for any ¢ > 0,

2

(2.7) P(|W(1)| > c|h|/?) < 2exp(—ﬁ).

Combining (2.5)—(2.7) (and replacing € by €/2 in (2.5)) yields that

|| (/01 Bls+h)—B(s)Pds)" —colp) /I | > = /T

SIP’[ ‘ (Ay(R)MP — (/01 |B(s + h) —B(s)|pd3)1/” \ > g\/m

+P[ [ ()7 = co(p) VIRT | > 5 VIR |
§P<|W(1)| > L) + 1o bt

2 /7]

2

< 2€Xp(—%) + C12 h4.

So we have proved the following result which will be useful in Section 3 in the study of the

Bahadur—Kiefer representation.

Proposition 2.4. Let {B(t); 0 <t < 1} be a Brownian bridge, and fix ¢ > 0. There
exists c13 = c13(e,p) > 0 such that whenever 0 < |h| < 1/2,

(2.8) IP’[ ‘ (/01 ]B(s—l—h)—B(s)]pds>1/p—co(p)\/W‘>€\/W] < crs b2

3. Proof of Theorem 1.1 and Corollary 1.4

Let «, be the uniform empirical process defined in Section 1. We first recall the

well-known Komlés—Major—Tusnady (KMT) strong approximation theorem.



Fact 3.1 (Komlés, Major and Tusnady [24]). (Possibly in an enlarged probability
space), there exists a coupling for the empirical process a,, and an iid sequence of standard

Brownian bridges {B;};>1, such that

= O((lo\g/g) >, a.s.,

where || - || denotes as before the uniform sup-norm.

(3.1) H o — %i&

We shall be working on the independent Brownian bridges (B;);>1 introduced in (3.1).

For notational convenience, we write
(3.2) K0 Y Bi(t), o0<t<l.

In the literature, K, (t), as a process indexed by (¢, n), is referred to as the Kiefer process.
We now recall two important versions of the LIL for the empirical process. In view of (3.1),

it is equivalent to state them for K,,.

Fact 3.2 (Chung [6], Smirnov [31], Mogulskii [26]). We have,

K, 1
(3.3) lim sup ) = -, a.s.
n—oo /2nlogon 2
V1
(3.4) liminf Y282k = 2, as
nmeo V8

The following result will be useful in the proof of Theorem 1.1.

Lemma 3.3. Forq > 1,

NG
(3.5) lim inf Y—282"

M 00 \/ﬁ ||Kn||q :04(61), a.s.,

where c4(q) € (0,00) is the constant defined in (1.7).

Proof. The lemma was implicitly proved by Donsker and Varadhan [18]. For the sake of
completeness, we give a proof here. According to Borovkov and Mogulskii [4], there exists

c14 = c14(q) € (0, 00) such that
(3.6) lir% ?logP(||W |y < ) = —cia,



where W is a Brownian motion. From this, a standard argument (cf. for example Shorack
and Wellner [29, pp. 527-529]) yields

Viog, T
(3.7) liminf Y0827
T—oo VT

On the other hand, Donsker and Varadhan [18] proved that the “liminf” expression in

(3.7) equals c4(q), where the constant c4(q) is defined in (1.7). Therefore c14 = (c4(q))?.

||W(T)||q = +/C14 , a.s.

To prove the lemma, note that (3.6) holds also for the Brownian bridge B in lieu of
W, i.e.
lim 2%logP([|Blly < x) = —(ca(q))*.

Applying the usual Borel-Cantelli argument readily completes the proof of Lemma 3.3.

More details (and extensions) can be found in Berkes et al. [3]. 0

Now we recall some results concerning the oscillations of K,,. Write

(3.8) wn(h) sup IKn(t) — Ka(s)], 0<h<l1,

0<s<t<l1, t—s<h
throughout the section.

Fact 3.4 (Chan [5], Stute [33]). For any non-increasing sequence of positive numbers

(@n)n>1 such that n +— na, is non-decreasing and that log(1/ay)/logy n — oo,

wn(an)

(3.9) lim =1, a.s.
n—co . /2nay log(1/a,)

Fact 3.5 (Mason et al. [25]). If a, is non-increasing and na,, is non-decreasing such
that log(1/ay)/logon — o € [0,00),

(3.10) lm ) T s
n—oo .\ /2nay log,n

The next is a simple observation. A discrete-time version of this was (somewhat
implicitly) stated in Einmahl [20, p. 530]. Let {B(t); 0 <t < 1} as before be a standard

Brownian bridge.

Fact 3.6. Fix 0 < u < v < 1. The process

{ B(u+ (v — u)t) — tB(v) — (1 — t)B(u)
Jo—u

;ogtgl}



is again a Brownian bridge. Furthermore, it is independent of o{B(s); 0 < s < u}V
o{B(s); v < s < 1}, where o{-} stands for the o-algebra induced by the process or

variables between the braces.

Let us start the proof of Theorem 1.1. As before, we fix 2 < p < oo, and write

q def p/2. The first step in the proof is the following preliminary estimate, which will later

lead to a law of large numbers.
Lemma 3.7. Let ¢ > 0 and n > N% > ng. Define, for each 0 <i < N — 1,

bi,n,N d:ef nil/QB <%) ’

(i+1)/N !
As(i,n,N) & (/ IB(t = binn) —B(t)ypdt) /p,
i/N

Sps,n,N(x) d:ef SN_l/p|l'|1/2 + 2N1_1/pn1/6|l'|, z € R.

When ng is sufficiently large,

P( | Aalin, N) = o) NP 1bin v 2] > oo (bin,))
(3.11) < cisn 3N 4 2exp(—2n1/?),

where cy(p) is as in (1.5).
Proof. Define the o—algebra
def

FnEo{biani0<j <N .

For0<i:< N —1,let

G VN (B — 1B — (- 0B(1)). 0<t<1

According to Fact 3.6, each & y is a Brownian bridge, independent of Fy. (In fact,

{& ~}o<i<n—1 are independent Brownian bridges, though we will not use this.) Define
wp / [EHDIN 1/
Al i) ([ By - Berds) T yeR,

/N

def —
E,n = { max |bj, n| <n 1/3}.
0<j<N



Observe that
1 1/p
As(y,i, N) = N~1/21/n / gyan (B at) ",
0

where ) .
= G (t+yN) — Eo(t) +yN2(B(t) — B(xo)).

By the Holder inequality, on the event E, n, we have

, ~1/2-1/ ' 1/p
Aa(ais ) = N2 ([t ) - vl ar) |
0

_ t+1 1
< [y NP B ) - Bl

< 2N1—1/pn1/6 ‘y‘

Write the conditional probability P7~ () défIF’( -|Fn). Note that the event E, y is Fy—

measurable. Therefore, applying (2.8) to the Brownian bridge &; n yields that, for any

Fny—measurable random variable Y,
(3.12)  1p, , PV ( ‘ As(Y, 4, N) — co(p) N~V/2\/[Y] ‘ > %m,N(Y)) < c13 (YN

Choose Y def _ bin N, which effectively is Fy-—measurable and satisfies Y4 < n=%3 on
E, n. Note that As(—b; . n,i, N) = As(i,n, N). Take the expectation on both sides of
(3.12) to see that

P( ‘ Ay(i,n, N) = co(p) ]\fil/p|bi,n,N|1/2 ‘ > e n,N(—binN); En,N> < c13n 43N,
On the other hand,

P(E;, n) < IP’( | Bl > n1/6> < 2]P’< sup B(t) > n1/6) = 2exp(—2n'/?).
0<t<1
(For the exact distribution of supy<,<; B(t), cf. for example Csérgé and Révész [9, p. 43].)
This completes the proof of Lemma 3.7. O

Proof of Theorem 1.1. Let «,, be an empirical process, whose associated iid KMT
Brownian bridges (B;);>1 are defined via (3.1). Let K, be as in (3.2). Recall the following
strong approximation theorem due to Csorgdé and Szyszkowicz [13, Theorem 4.1]: as n

goes to infinity,

K, - K,(- — n_lKn)
NG

(3.13) H R, — H = O(n_3/8(log n)>/(log, n)l/g), a.s.



In view of Fact 3.1 and Lemma 3.3, the proof of Theorem 1.1 is equivalent to showing the

following: for 2 < p < oo and ¢ = p/2,

— . — _1
(3.14) lim 10 = Knl =07 Kn)lly

=co(p),  as.
nmee 1Kl

(Since we do not really need a result as strong as (3.13), we point out that the KMT theorem
(i.e. Fact 3.1) — together with Fact 3.4, Lemma 3.3 and some elementary computations
— also suffice to imply the equivalence between (3.14) and Theorem 1.1. Observations in
this direction have already been made by several authors, cf. for example Deheuvels and
Mason [17], Csorgé and Szyszkowicz [13].)

To prove (3.14), let us write

N = N(n) = [(logn)*],

the integer part of (logn)??. Applying (3.10) to the sequence a,, = 1/N yields that, almost

surely for all sufficiently large n,

i n'/2(logy, n)/?
3.15 max sup K,t)— K,(=)| <2y4p+1 _
( ) 0<i<N-1 ’i/NStS(i+1)/N| ( ) (N)’ N1/2

Note that, for any fixed » > 1, there exists a finite constant ¢16 = ¢16(7), such that
(3.16) 2" =y <o (le—y[" +y e —yl), 220,y>0

We can use this inequality for r = ¢, z = |K,,(i/N)| and y = |K,,(t)], to see that, almost
surely as n goes to infinity, uniformly for 0 <i < N —1 and ¢ € [i/N, (i + 1)/N],

]

K, - |K, q
a0~ K
”q/2(10g2 n)q/Q n1/2(10g2 ”)1/2 -1
=0("—ar ) O Il
_0 nd/2(log, n)/? 0 nd/2(log, n)/?
- ( Na/2 ) ( N1/2 )

the last identity following from the Chung—Smirnov LIL (cf. (3.3)). Integrating over
t €[i/N,(i+1)/N] and then summing over i, we obtain,

a/2(1 q/2
wogy )y

N-1 .
1 1
IKall = % D2 Kn( )17 = O 2
=0



which, according to Lemma 3.3, is o(|| K, ||%), almost surely. As a consequence,

N-1
1 )
(3.17) IKalld ~ 5 ; [Kn(I% as
Now fix 0 < € < 1. Write, for each 0 <i < N — 1,

ki,n déf Kn(i)a

N
o DN 5 1/p
Ag(i,n) (/ Ko (8= =) = K (0Pt )
i/N n
Ve () e eNTYVP|g|V2 L oNI= VPR =13 g, xz € R.

Since for each n, n~'/?K,, is a Brownian bridge, applying Lemma 3.7 to n~*/2K,, (instead
of to B) yields that, for n > 1,

IP’( ‘ Ag(i,m) — co(p) N_l/p\ki,n|l/2 ‘ > e (ki ), for some 0 < i < N)

< N21P< ‘ Ag(i,n) — co(p) N_l/p|ki,n‘1/2 ‘ > ¢€(ki,n)>

1=0

IA

cisn”Y3N° 4 2N exp(—2n1/3).

The expression on the right hand side being summable for n, we can use the Borel-Cantelli

lemma to see that, almost surely for all large n and all 0 <7 < N — 1,
AG(ia n) - CO(p) N_l/p|ki,n|1/2 S ws(ki,n)-
Let us apply (3.16) to r = p, © = Ag(i,n) and y = co(p) N~/P|k; ,|*/2. For this choice of

(r,x,y), we have y < ¢o(p) ¥e (ki n)/e, which implies that, almost surely for all large n and
al0 <1< N -1,

(i+1)/N 5
[ e ) - Kl dt - Nl EGNP) |
i/N n

< ens (@elkin) + (22 (el

£
C17
c
< cige N7 kinl|? + sp% NP~ P |k P,



where ¢17 = ¢17(p) and ¢18 = ¢15(p) depend only on p. Summing over i gives that, for any

€ > 0, when n is sufficiently large,

N—-1 ,(i+1)/N ki o N
\;/ 1, (0 - 2im) g oy ar - B0V Z|K |

i/N

N— ,
C18 €18 -1,-p/3 !
(3.18) E gp—l NP~ n™P E_O ]Kn(ﬁ) P

According to (3.17), for large n,
~ Z [ B ()P~ ([ Kl < B[P < (nlogyn)f,

the last inequality following from the Chung—Smirnov LIL, cf. (3.3). Hence, as n goes to
infinity,

n~P/3 Z 1K (— |p — (np/GNP(10g2 n)? ), a.s.,

which, in view of Lemma 3.3 and (3.17), gives that

N—-1 . 1
L3 SR = o(IEallg) = o v 3 IKn()l?):
i=0 0

Going back to (3.18), we obtain: for any 0 < & < 1 and all large n,

N-1

(i+1)/N .
\2_;/ - Moy i o ar - EAE) Z|K |

i/N
C18€ 18~ i
18 €
Z Gl o 5 3 IKa(l?).
1=0

Since c1g does not depend on €, and since € > 0 can be as small as possible, we conclude

that almost surely,

N—-1 .(i+1)/N k. |N!
K,(t——=2) - K,(t)[Pdt ~ K (
S [, Il K Z|
(3.19) ~ (IN|”) IIKn||q,

the last line following from (3.17).



We are now ready to complete the proof of Theorem 1.1. Indeed, by (3.15) and
applying Fact 3.4 to a, = 2\/4p + Ln~/2N~1/2(log, n)/?, we have

ki,n B . Kn(t)
0<iEN-1 i/NgtsguiIij—&—l)/N|Kn(t_ T) Kot n )l

= O<n1/4(logn)1/2_p(log2 n)1/4>, a.s.,
which, in view of (3.16), implies that uniformly for 0 <i < N—1andt € [i/N, (i+1)/N],

by gy — (e - 20

= (’)(np/4(log 77,)1”/2_”2 (logy, n)P/4 )

|Kn(t -

) — Kn(®)l”

(3.20) + O<n1/4(10g n) /277 (log, n) /4 (A7 (n))P~L ) a.s.,
where Kt
Az(n) % sup |K,(t — "())—Kn(t)|.
0<t<1 n

Recall w,(-) from (3.8). Since | K| < y/nlogyn almost surely for all large n (cf. (3.3)),
by Fact 3.4, we have, for large n,
Az(n) < w, (n_1/2(log2 n)1/2)
= O<n1/4(10gn)1/2(10g2 n)1/4>, a.s.

(Actually, it can be deduced from Theorem A that Az(n) ~ (logn)Y/?||K,||*/?, which in
turn gives us the exact asymptotics of A7(n). For more details, cf. (A.1.11) of Csorgé and
Horvath [8, p. 417].) In view of (3.20), and integrating with respect to t € [i/N, (i +1)/N]

and then summing over 7, we obtain: almost surely when n goes to infinity,

N—-1

(i+1)/N k ’
K, (t—=") — K,(t)|Pdt
[ K= K

= /1 | K (¢ — K:l(t)) — K, (t)|Pdt + O(np/4(logn)_p/2(log2 n)p/4>.

Together with (3.19) and (3.5), this gives

n

/0 |Kn(t _ Kn(t)) _ Kn(t)|p dt ~ E(U\/’lp) HKan7 as.

We have therefore proved (3.14), hence completed the proof of Theorem 1.1. O



To check Corollary 1.4, we need the following estimate.

Lemma 3.8. For any q > 1,

K
(3.21) lim sup Kl = c3(q), a.s.,

n—oo 4/ 2n 10g2 n

where c3(q) is defined in (1.6).

Proof. Lemma 3.8 actually is known, cf. Gajek et al. [22] for a direct proof. However, it
turns out that it can also be deduced, by means of a simple argument, from some classical
results for empirical processes via the KMT strong invariance. So we outline the argument
here, which might be of some interest.

That the “limsup” expression in (3.21) should be equal to a constant of particular
form, is a straightforward consequence of Finkelstein’s functional LIL for the empirical

process. In fact, according to Finkelstein [21],

K,
lim sup H ”q

————— =su )
n—oo +/2nlogyn fe?erHq

where F < {f: f(t) = [J f(s)ds, f(1) =0, [}(f(s))2ds < 1} is the so-called Finkel-

stein’s set. Fortunately, to get the exact value of supscx | f|l4, we do not have to do

a.s.,

any technical computation. Indeed, Strassen [32] solved a variational problem and calcu-
lated the value of supscs || fllg, where S = {f : f(t) = [ f(s)ds, [ (f(s)2ds < 1} is
Strassen’s set. From this, a simple argument using symmetry and scaling readily yields

the value of supsc || fll4, cf. [12] for more details. O

Proof of Corollary 1.4. Follows from Theorem 1.1, Fact 3.1, Lemmas 3.8 and 3.3. O
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