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Abstract

We prove that the number Z(N) of level crossings of a two-parameter simple random walk
in its first N x N steps is almost surely N §+o(1) a5 N = 0o. The main ingredient is a strong
approximation of Z(N) by the crossing local time of a Brownian sheet. Our result provides a
useful algorithm for simulating the level sets of the Brownian sheet.
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1 Introduction

Recall that a two-parameter real-valued Brownian sheet W = {W (s,t); s,t > 0} is a centered
Gaussian process with covariance

E{W (s,t)W(s',#)} = min(s, s’) x min(¢,t), Vs, t,s',t' > 0. (1.1)

It is known that the level sets of W have a rich and complicated structure. For instance, if
W~Ha} :={s,t) € R% : W(s,t) = a}, then it follows that with probability one,

dim (W~{a}) = g, Va € R; (1.2)

cf. [1,12]. Here, dim refers to Hausdorff dimension. Other, more delicate, features of the level sets
can be found in [5-11,13].

One expects that the level sets of 2-parameter random walks are uniform in local time. Infor-
mally speaking, this and (1.2) together imply that for any reasonable discrete approximation Ay
of W~=1{0} N[0, 1]?, one might expect that #Ay ~ N%, as N — oo; here, # denotes cardinality,
and “~x” stands for any reasonable notion of asymptotic equivalence.

This paper is motivated, in part, by our desire to find a good algorithm for simulating the
zero-set of W inside a given box that we take to be [0,1]? to be concrete. A natural way to try
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and do this is by first performing a random-walk approximation to W, and then approximating the
zero-set of W by that of the walk.

With this in mind, let {Xj ;; ¢, j > 1} denote an array of i.i.d. random variables with P{X; ; =
1} = P{X;; = —1} = 1, and consider the two-parameter random walk {Sp,,,; m,n > 0} defined as

Smn = f: zn:X,',j, Ym,n > 1, (1.3)

i=1 j=1

with the added stipulation that S,,, = 0 whenever mn = 0. It is then possible to show that as
N — o0,

{NTIS s vep; 0 < 5,8 < 1p = {W(s,1); 0 < s,t < 1}, (1.4)

where = denotes weak convergence in a suitable space. Here, convergence in Dp,,11([0,1]) will
do, but we will not need this fact in the sequel; see [14, Theorem 4.1.1, Chapter 6] for a variant of
this statement. Suffice it to say that the factor of N ! is the central limit scaling that comes from
adding O(N?) i.i.d. variates.

A natural approximation of the zero-set W~1{0} N[0, 1]?> would then be the random set

Ty ={(,j) €{0,... ,N}*: S;; =0}, (1.5)

where N is a large integer. While this algorithm is intuitively attractive, it does not perform well.
Indeed, by the local limit theorem ([19, Theorem 2.8]),

N N

E{#Tn}~ 2n) 72 > Y ()72 ~4(21)"EN,  as N = oo, (1.6)

i=1 j=1
One can use this, in conjunction with a monotonicity argument, to show that with probability one,

lim N34y = 0. (1.7)
N—00
In light of (1.2) and its proceeding discussion, (1.7) suggests that T might be too thin to properly
simulate the zero-set W~1{0} N[0, 1]? of the Brownian sheet.

In this paper, we present an alternative algorithm for simulating the zero-set of W, and show
that our approximation has the correct size of N 3o 45 N = 00. Our suggested approximation is
a natural one that is based on the “crossing numbers” of the approximating two-parameter random
walk S.

A lattice point (7, ) is called a (vertical) crossing for the random walk S if

S,-,jSi,jH < 0. (1.8)
Define
En == {(i,4) € [0, N> NZ*: (i,5) is a crossing}
Gi(N) == #{j € [0,N]NZ?>: (4,5) is a crossing} (1.9)
Z(N) =G (N)+ -+ (n(N).
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(a) The actual zeros (b) The vertical crossings
Figure 1: The zeros vs. the vertical crossings

In words, Z(N) = #Ex is the total number of crossings of the random walk in the first N x N
steps. We propose to show that =y is a good approximation to the zero-set of the Brownian sheet
in [0,1]2, at least in the sense that Z(N) = #Zy is sufficiently thick in the following asymptotically
sense.

Theorem 1.1 With probability one, Z(N) = N3t g5 N - o0,

Figure 1 shows the simulation of the level set of a two-parameter simple walk, together with
the vertical crossings of the same random walk. The figure speaks for itself, and the Matlab code
is added as a brief appendix at the end of the paper.

Throughout this paper, we write log z := In(z V e).
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2 Brownian sheet and invariance

To prove Theorem 1.1, we need to analyse the crossings of the walk simultaneously at all levels.

With this in mind, for each € R we say that (4, 7) is a (vertical) z-crossing for the random walk
if

(Si,j — 2)(Sij41 — 2) <O. (2.1)
Next, we can define

Gilzyn) :==#{j: 0<j <n: (i,7) is an z-crossing}

Z(z;m,m) == Z Gi(z;n).
=0



Thus, Z(z;m,n) denotes the number of z-crossings in the first m x n steps. We remark that
Z(N) = Z(0; N, N).

When N is large, the entire process (z,s,t) — Z(z; | Ns],|Nt]) is close to the crossing local
times of a Brownian sheet that we describe next.

For any fixed s > 0, {Ls(z;t); t > 0} denotes the local time at 0 of the process ¢t — W(s,t).
This is the density of the occupation measure, as described by the formula,

+00 t
/ (&)L (3 1) do = / FOW (s,) du. (2.3)
—00 0
Reference [21] introduces the process L as the line local time of W.

We define the crossing local time of W at level z as

S
C(z;s,t) = / Vu Ly(z;t) du. (2.4)
0
The following strong approximation constitutes a central portion of this paper.

Theorem 2.1 Possibly in an enlarged probability space, there exists a coupling for the two-parameter
random walk S and the Brownian sheet W such that for any € > 0, the following holds almost surely:
As N — o0,

1 3
1£17§L§N 12134;(]\] |Smpn — W(m,n)| = O (N? (logN)2)

. o B i (2.5)
lglwggNilelﬂgIZ(w,m,n) C(w,m,n)l—O(M )

where Z(x;m,n) is the x-crossing number of the random walk, and C(x;s,t) is the crossing local
time of W.

Let us say a few words about the proof of (2.5). Recall that Z(z;m,n) = > (i(z;n), where
for each i, n — (;(z;n) is the number of z-level crossings of the one-parameter, simple random walk
{Si;}j=0,12,... There is a rich literature for level crossings of such random walks. For example, we
can appeal to [4, Theorem 1.2] to see that for each fixed 4,

Ci(m;n) = Vi Li(z;n). (2.6)

In words, this means that ¢;(z;n) can be well approximated by v/i L;(x;n), where L;(z;n) is the
local time of a Brownian motion with infinitesimal variance ¢. One might then conjecture that such
local times can be embedded in the line local times L; of a single Brownian sheet W; cf. (2.3). If
this were so,

Z(x;m,n) = ZQ(Q:,n) ~ Z\/;Lz(a:,n) = /m\/ELs(w;n) ds = C(z;m,n). (2.7)
=0 =0 0

Such a route is fraught with technical difficulties. For one, it is not clear why (2.6) should hold
jointly for all i if L; is the line local time of a single Brownian sheet. Moreover, the rate of

4



approximation in (2.6) depends in a subtle way on 4, and it is not at all clear what information can
be gleaned from this about the rate of approximation in (2.7).

Our method provides an approach that is based on our attempt at solving the following loosely-
stated problem: “How close are the local times L(X1) and L(X2) of two processes X1 and Xo if
X1 = Xy, and if L(X1) and L(Xs) are sufficiently smooth?”. Interestingly enough, our solution to
the mentioned problem uses (2.6), but only for a fixed value of i.

The remainder of the paper is organized as follows: The two parts of Theorem 2.1, namely (2.5)
and (2.5), are proved in distinct sections. The proof of (2.5), which is straightforward, is given
in Section 3. We prove (2.5) in Section 4 by means of two technical lemmas. The proofs of these
lemmas are provided in Sections 5 and 6, respectively. Finally, we prove Theorem 1.1 in Section
7, by applying (2.5), and a recent estimate of the authors on the explosion rate of the local time
along lines of W; cf. [15].

3 Proof of Theorem 2.1 (2.5): First Part

Our proof of the first part of (2.5) relies on Bernstein’s inequality that we now recall; cf. [20, p.
855].

Let {ng; & > 1} be a sequence of independent mean-zero variables such that for some ¢ > 0,
E{|n|"} < Lvgn!c™ 2 for all n > 2. Then, for any z > 0 and n > 1,

~ 1 x2
P > <2 —_— ). 1
{2} <200 (i) o)

Fix j > 1, and consider the sequence {Xj ;; i > 1} of i.i.d. random variables. According to [16],
possibly in an enlarged probability space, there exists a standard Brownian motions W; such that
forallz > 0 and m > 1,

"

where c1, ¢ and c3 are constants that do not depend on z,m. Since {Xj ;4,7 > 1} are i.i.d., we
can arrange things so that {W}; j > 1} are independent processes.

Now, let us fix rn > 1, and consider the process n = {n;};>1 where n; = >, X; ; — Wj(m).
Clearly, 7 is a sequence of independent (but not necessarily i.d.) mean zero variables. According
to [16] for any n > 2 and j > 1,

m

> Xij— Wj(m)

=1

> ¢y logm + :L‘} < e Y (3.2)

o0
E(nl"} = [ Pl > v} dy
Ocl logm [e%9) (3'3)
< / ny" ! dy + / n(cilogm + )" ey e % du.
0 0



The first integral equals (¢; logm)™, whereas the second is

c1logm [e)
(/ -I-/ ) n(clogm + z)" ey e d
0 c1 logm

oo

c1 logm
n(2c; logm)" ey / e ?%dx + ney / (2z)" e~ % dg
0 c1 logm (34)

S [e's)
< (21 logm)™ ey / e % dx + ney / (22)" e~ % dx
0 0

n(2cilogm)™ley  mlep2n !

- C3 (Cg)n

Therefore, there exists an absolute constant ¢4 such that

n 4 (10gm)2
E ; < ——="
(1) < 0%

By Bernstein’s inequality (cf. 3.1), for any z > 0 and m,n > 1,

(cslogm)™ 2!, Vn > 2. (3.5)

x

1 2
P X; W;( > <2 - . 3.6
Z Z g Z S e ( 2ca n(logm)? + z logm) (36)

j=1:=1

We can embed {2521 Wij(k); 7 > 1, k > 1} in a two-parameter Brownian sheet W, possibly in
an enlarged probability space. (In the paper, we often use several embedding schemes in enlarged
spaces. This can be justified by a coupling argument as in [3, p. 53].) Therefore, for any z > 0 and
N >1,

2

1 z
P — <2N? —— : :
{1glnafN 12neN [ S = W (m, n)| > a:} - P ( 2¢4 N(log N)? + a:logN) (37)

Take z = (704)% N %(log N )%, so that the expression on the right hand side is summable in N.
Applying the Borel-Cantelli lemma readily yields the first assertion of (2.5). O

4 Proof of Theorem 2.1 (2.5): The Second Part

In this section, we prove the second assertion of (2.5) of Theorem 2.1. This is done by virtue of
two technical estimates—Propositions 4.1 and 4.2—as well as two supporting lemmas.
Our first proposition controls the oscillations of the process C, viz.,

Proposition 4.1 For any a,e > 0, the following holds almost surely: As N — oo

. _ . _ Nl—l—max(g,l)—ks) . 4.1
I By Syl‘lgNa\C(w,m,n) C(y; m, )] 0( 2 (4.1)

Theorem 2.1 asserts that the processes Z and C are asymptotically close to one another. The
following analogue of Propostion 4.1 states that their asymptotic moduli of continuity are also
close, viewed on an appropriate scale.



Proposition 4.2 Given a,e > 0, the following holds almost surely: As N — oo,

a1
o B S, 1Zmm) = 2l =0 (NITHEDT) 0

We postpone proving these Propositions until Sections 5 and 6, respectively. In the remainder
of this section, we use the latter propositions to prove the second assertion of (2.5) of Theorem 2.1.

Lemma 4.3 For any fized 60 > %, the following is almost surely valid:

max  sup  sup |W(u,v) —W(5,j)| < N?, VN large. (4.3)
0<i,j<N j<y<it1j<v<j+1

Proof We can appeal to the proof of [18, Lemma 1.2] to deduce that for any a,b, A > 0,

P{ sup |W (s, t)| > )\} < A4P{|W(a,b)| > A}. (4.4)
(,t)€[0,a]x[0,b]

Therefore, for any 4,5 < N,

P{ sup sup |W(u,v) —W(i,j)]| >N9}

i<u<itlj<v<j+l
<4 {w(, 1) > N} +4P{W (5, 1) > N} + 4P {|W(1.5)| > N}
< 12exp (—%N29_1> .

Consequently,

Z P{ max sup sup |W(u,v)—W(,j)| >N’} <12 Z NZexp (—%NQG_I) , (4.6)
N1 0<4,i<N j<u<itl j<v<j+1 N1

which is finite. The Borel-Cantelli lemma completes our verification. O

Our final lemma is an almost-sure uniform bound for Z.
Lemma 4.4 For any fized € > 0, the following holds almost surely: As N — oo,

sup Z(z; N, N) = o(N2+¢). (4.7)
z€R

Proof Applying the local limit theorem, it is not hard to see that

N N-1 N N-1
Cs 3
E{Z(0;N,N)} =) ) P{Si;Sij+1 <0} < > < 5Nz, (4.8)
i=0 j=0 i=0 j=0 vVitl

where ¢5 and ¢g are two unimportant constants; cf. [19, Theorem 2.8] for the local limit theorem.
To this, we apply Markov’s inequality to obtain

P{Z(0;N,N) > N2t} < ¢sN°. (4.9)



Let N = Lk2/ ] and use the Borel-Cantelli lemma to see that, with probability one, for all large
3
k, Z(0; Ny, Ni) < Nk2+g. By the monotonicity of N — Z(0; N, N),

Z(0;N,N) = O(N2%),  as. (4.10)
Proposition 4.2 then shows that
sup |Z(z;N,N)| =o(N:+2%),  as. (4.11)
o[ <N+

It remains to replace sup|y|<yi+s by supcg in the above.
By the law of the iterated logarithm law for Brownian sheet,

lim su [Wis: )]
p
sit—oo  +/4stloglog(st)

cf. [22]. This, together with (2.5), implies that

= o(N1*¢ S. 4.13
 fax max |Spa| =o(N7T),  as (4.13)

=1, a.s.; (4.12)

Therefore, with probability one, when N is sufficiently large, Z(z; N,N) = 0 for all |z| > N*¢.
Accordingly, (4.11) implies our lemma since € > 0 is arbitrary. O

We are in position for presenting our

Proof of Theorem 2.1 (2.5): Second Part. By our definition (cf. 2.4) of the crossing local
time C(z;s,t), for any Borel set A C R,

s t
/C(a;s,t) da :/ du/ dv Vu iy (yp)eay - (4.14)
A 0 0

In particular, for any z € R and 8 > %,

z+NPB m n
T

We apply Proposition 4.1 to this and deduce that with probability one the following exists for all
N large: For all m,n < N,

m n
NBC(z;m,m) + 0 (N,B+1+max(§7i)+s) - / du/ AoVU L (g () <ot NP} (4.16)
0 0 - -

Lemma, 4.3 then shows us that almost surely, as N — oo,

m

Z Z Vi Lzt No<w (i) <o+ NE-No} T+ O(N%)
=0 j=0

0 0

m n
< Z Z Vi 1{$—N9§W(i,j)§m+N6+N6} + O(N%).
i=0 j=0



On the other hand, according to (2.5), for any a < b, almost surely as N — oo,

Liatnvo<s;j<o-n0) < Lia<wiigi<oy < Ha—no<s; <b+n0) (4.18)

uniformly in i, < N. Recall Z(z;m,n) from (2.2) and note that

/ Z(a;m,n)da = Z Z \/’Zl{gi,jeA}. (4.19)
A

i=0 j=0

i From this it follows that with probability one, as N — oo,

z—2N9+NB 51
/ Z(a;m,n)da < NPC(z;m,n) + o (N*B+1+max(5:z)+s>
T

+2N°
z+2N9 4+ NB
< / Z(a;m,n) da,
T

—_9N°¢

(4.20)

uniformly in m,n < N. Combining Proposition 4.2 with the above, we arrive at
(NP — AN®)Z(z;m,n) < NBC(z;m,n) + o (N5+1+max(§’%)+f) o
< (N? +4N% Z(z;m,n), .
uniformly in m,n < N and in z € R. Consequently, by Lemma 4.4, for any € > 0,

o?ﬁﬁ‘%‘w@%"ﬂﬁﬁ' (z;m,n) — C(z;m,n)|

< AN D gup Z(z;N,N) + o (NHmaX(g’%HS) (4.22)
z€R

-0 (Nf(ﬁfﬁfgfs)) o (N1+max(§,%)+s) _

We could take g = % +¢eand 0 = % + €. Since € > 0 can be chosen arbitrarily small, this yields
(2.5). O

5 Proof of Proposition 4.1

Let us start by fixing the basic notation in this section. For any real-valued random variable 7, we
write

Inll, = {Enl")}y>, and (), =inf{a>0: E[exp (a '[n])] <2} (5.1)

They stand for the LP(P)-norm and the Orlicz (pseudo-)norm (associated with the convex function
f(z) = e* — 1) of n, respectively. (To be precise, (e),, is not a norm, but it is equivalent to one.)
The two norms are related to each other as follows: There exists an absolute constant ¢; such that

(Moq < c7 sup il (5.2)

Our proof of Proposition 4.1 is based on the following convenient formulation of Dudley’s metric
entropy theorem.



Lemma 5.1 ([17, Theorem 3.1]) Let {X(t);t € T} be a real-valued stochastic process, and let
dx(s,t) = (Xs — Xt)o, be the natural pseudo-metric on T induced by X. Let N(r) = N(r,T,dx)
be the minimum number of dx-balls of radius r needed to cover T, and let

D
D:= sup dx(s,t) and mp ::/ log N (r) dr. (5.3)
(s,t)eT? 0

If mp < oo, then there ezists a universal constant cg, such that for all A > 0,

P{ sup |X,— Xy >csA\+D+mp)y <cge MP. (5.4)
(s,t)eT?

Fix 1 <i,n < N, and choose k € {0,£1,+2,-- -+ knax} where kpax := [N2/n%J We intend to
apply Fact 5.1 to the process {Lg(z;n); (s,z) € T = [i,i + 1] X [kv/n, (k+ 1)y/n]}, where Ly(z;n)
is the line local time of the Brownian sheet W. This was defined in (2.3).

We begin by estimating the entropy number A/ (r) induced by dx. This will be done in successive
steps.

Choose some (s,z) € T and (¢,y) € T. In order to bound dx((s, ), (t,y)), we start by estimat-

ing ||Ls(z;n) — L(y; n)||p for p > 1. This can be reduced to estimating
Ii(p) = ||Ls(x;n) — Ly(y;n)|lp, and 65
I(p) = || Ls(y; n) — Le(y; n) |-

1

Lemma 5.2 For every v € (0,3), there exists a constant cg = co(v) € (0,00) such that for all

>
z,y € R, for all integers i,nm > 1, s € [i,i+ 1], and p > 1,
n%(l—u) ,
<eop—— |z —yl”. -
") < @p ol (5:)

d . — . .
Proof Writing @ for equality of distributions, and use scaling to deduce that

Ly(z;n) — Ly(y;n) & \/g [Ll (\/%1) L (\/%1)] . (5.7)

Since Li(z,t) is a standard Brownian local time, we can use the following inequality of [2]: For any
vE [0,%) and p > 1,

co(v) = supl sup sup [L1(2,8) = In(y,?)] < 00. (5.8)
p>1 P || 0<t<1 a2y |z —y|¥ »
Consequently, and writing cg = cg9(v) for brevity, we have
nz(1-v)
Li(p) <cop T |z —yl” (5.9)
Since s € [i,47 + 1], this has the desired result. O

Our estimate for I»(p) of (5.5) is derived by similar methods.
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Lemma 5.3 For every A € (0,1), there ezists a constant c1g = c19(A) € (0,00) such that for all
p > 1, integers n,i > 1, and s,t € [, + 1],

I(p) < ciopn2i 2 (¢ — s). (5.10)
Proof We recall the following result of [17, Proposition 4.2]: For any p > 1, 0 < h < 1 and
0<A<i,

suﬂg |L14n(x;1) — Li(x;1)||p < c1o h’\p. (5.11)
TE

Assuming s < ¢ without loss of generality, and using the scaling property, we have: For all 1 < s <
t<i+landy€eR,

n y y 11 A
I =4 /= \In|—=,1)—-L —.1 < 2 2(t — . 5.12
2(p) \/: 1 <m7 ) t/s (@’ ) » S Cippnzs ( S) ( )
Apply this to s,t € [i,7 + 1] to finish. O

Lemma 5.4 For every v € (0,3), there ezists a constant c1o = c12(v) € (0,00) such that for all

integers i,n > 1, z,y € R, and (s,t) € [i,i + 1]2,

n2(1=¥) |z —y|¥ + n%|t - s|%”
j3(1+) ’

(Lg(z;n) — Lt(y;n)>orI <cio (5.13)

Proof We choose A = 7, and appeal to Lemmas 5.2 and 5.3, as well as Minkowski’s inequality to
deduce that

|1 Ls(z;m) = Li(y; n)|lp < 1i(p) + T2(p)

na(1=v) |a:—y|”—|—n%(t—s)%” (5.14)
;3 (1+) ’

<cup

where ¢11 := ¢9 + ¢19. This immediately yields our lemma. O

We now use this to estimate the asymptotic modulus of continuity of the line local times.

Lemma 5.5 Given a fized v € (0, 5), there ezists a constant c16 = c16(v) € (0,00) such that almost
surely for all large N, and 1 <1i,mn < N,

1
N2log N
sup  sup|Ls(z;n) — Li(z;n)| < ci6 fi. (5.15)
(s,t)€[4,i+1]2 z€R ja(1+v)
Proof We prove this by applying Lemma 5.1 to the process (z,s) — X; s = Ls(z;n), where n > 1
is an arbitrary integer.

Recall D and mp from (5.3), and note that thanks to Lemma 5.4,

1(1_,,) v 1 Nl
nz (v/n)” +n2 < 1 2

D<c _.
= “12 i 50+v) = ;3 (1+)

(5.16)
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Next, we estimate mp: Owing to Lemma 5.4, the minimum number N (r) of dx-balls of radius r
needed to cover T satisfies

1
v

%n‘?"”)) )é (Y 5(3"’)) (5.17)

2"\ < N3
3 =~
r3i2(1+v

N(r) <cs n? (

3

Thus, mp < fOD log(N(r))dr < c14 Dlog N, where c14 depends only on v. Applying Lemma 5.1
with A := 6D log N yields the following:

P{Ajtn} < cgN75  where

(5.18)
Ajgn, == { sup sup |Ls(z3m) — Li(y;n)| > c1s DlOgN} :
(s;)€E[ii+1] (zy)Elkv/n,(k+1)v/n]?
and ci5 := cg (7 + c14). Therefore,
N N 2 2 CS 368
PSUU U Ainp <N?(2N “)ﬁ <3 (5.19)

i=1 n=1 |k|<kmax

By the Borel-Cantelli lemma, almost surely for all large N, 1 < i,n < N, (s,t) € [i,i + 1]?, and
|z| < N2, we have

N3 log N

|Ls(z;n) — Li(z;n)| < 15 Dlog N < clﬁw

, (5.20)

with ¢16 = 2¢12¢15. On the other hand, it follows from (4.12) that with probability one, when
N is sufficiently large, supy< <y supg<;<n |W(s,t)| < N?, so that Ly(x;n) = 0 for s,n < N and
|z] > N2. Our lemma follows as a consequence. O

We present one final supporting lemma.

Lemma 5.6 If a,e > 0 and v € (0, %) are held fixed, then with probability one for all large N and
all i,n <N,

sup  |Li(w;n) — Li(y;n)| < i- 20 Novta(i-vite, (5.21)
lz—y|<Ne

Proof Let o > 0 and use scaling to see that for each i and n, sup|,_y<ye |Li(z;n) — Li(y; n)| is
distributed as (n/z)% SUD|, < No /v |Li(z;1) — Li(y;1)|. Hence, for any b > 0 and p > 1,

p

NS

sup |Li(z;1) — Li(y; 1)|

P { sup |Li(z;n) — Li(y; n)| > b} <bv ()
t z—y|<Ne/vin

|z—y|<Ne

<br(%) (%) o L1 1) — Li(y: 1))

i |z —yl”
< (pcg(v))P b P (%)% (%)w.

‘p (5.22)
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The last inequality follows from (5.8).
Let £ € (0,1), p:=4e~!, and b := (n/i)2 (N®/v/in)” N to obtain,

P (gg {w_sylgm \Li(z;m) — Li(y;n)| > (Z)% (\J/V_%YNE}) < N? (4698&)?1\1—4. (5.23)

Since this is summable in IV, we can use the Borel-Cantelli lemma, to see that with probability one,
for all large N and all 4,n < N,

sup |Li(z;n) — Li(y;n)| <n 2(1- )z_i(H")N"“”Lg, (5.24)
T—y|<N*
thus leading to our lemma. O

We are ready to present our

Proof of Proposition 4.1 According to [17, Theorem 2.2], the following holds with probability
one:

/ Vi sup Ly (z; N) du = O (\/NloglogN)

el (5.25)
sup sup+vuLy(z;N) =0 (\/NloglogN) .
1<u<N z€R

Let C(x;s,t) be the crossing local time of W, as in (2.4). For 1 < m,n < N,
C(z;m,n) = /Om\/ﬂLu(av;n) du
=0 (VNToglogN) + [ VL, (sin) du (5.20
= zmj Vi Li(z;n) + O (N%<3—"> log N) :

=1

The last inequality following from Lemma 5.5 and (5.25), and O(:--) is uniform in 1 < m,n < N
and z € R. From this and Lemma 5.6, we can see that for any v € [0, %), almost surely,

sup |C(z;m,n) — C(y;m,n)| =0 (N%(?’_”) log N + N‘W"'%_”"'E) , (5.27)
lz—y| <N«

uniformly in 1 < m,n < N. Since max(3(3 — v),av + 3 — v+ ¢€) can be as close to 1 + max(¥, 1)
as possible, Proposition 4.1 follows. O
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6 Proof of Proposition 4.2

This section is devoted to estimating the increments of z — Z(z;m,n) = > (i(z;n). By the
definition of (;(z;n) in (2.2),

n—1 n—1
Gi(zsn) = Z I{Si,j >z, S; jp<a} T Z I{Si,j <z, Si,j+1>T}" (6.1)

The two sums on the right hand side represent the numbers of down- and up-crossings, respectively.
Thus,

n—1

Ci(x; n) -2 Z 1{Si,j>$, Sij+1<z} <L (6'2)
=0

It remains to study the increments of z +— Z?:_(} 1(s; ;>a, S; ;41<a}- Our first step is to estimate
Si,; by a Wiener process. An obvious candidate would be the Brownian sheet in (3.6) that was used
in §3 to prove a strong approximation of S; ;. Unfortunately, the error term in this approximation
scheme is too large for our needs. So, we proceed very carefully in replacing S;; by another
Brownian motion.

Fix ¢ < N. Since S;; is the sum of (ij) i.i.d. symmetric Bernoulli random variables, by the
KMT theorem (3.2) there exists a standard Wiener process {W (¢); t > 0} such that for any z > 0
and some absolute constants c1, co and cs,

P{|Si; — W(ij)| > c1log(ij) + 2z} < cpe” 7%, (6.3)

Strictly speaking, we really should write W; instead of W (our Wiener process W depends on ).
The same remark applies to the forthcoming event A and Wiener process B.
Fix € € (0,4) and é € (0, §), and consider the event

N
ﬂ { 1S — W(ij)| < Né} Vi < N. (6.4)
y (6.3), for large N, say N > Ny,
N
P{E'} <) erN™° = crrN ™™ (6.5)

j=1

On the event E, we have for t < N, n < N and z € R,

|
—

n— n

IA

Lisij>a, 5i 1<z} Liw (ij)>2— N5, W (i(j+1))<z+ N5}

1
7=0

Il
- o

(6.6)

S .
|

n

Liw (ij)>a, w(i(i+1))<a} T2 Sgg Z Lia<w (ij)<a+No}-
0 AR -0

IN
<.
Il
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Similarly, on E,

n—1 n—1
Lis; ;52,8 1<} 2 Z Liw (ij)>z, w(i(G+1))<z} — QSHPZ iacw(ij)<atns}- (6.7)
j=0 =0 ae]Rj 0
If we write
n—1 n—1
Ai,n - sup Z l{sz 3 >Ts Si y+1<m} Z {Si J>Ys Si J+1<y} (68)
lz—y[<N< |5 o 3=0
then
n—1 n—1
Aiplp < Sup Z Lw (ij)>a, w(i(j+1))<a} — Z Liw (i) >y, w(i(i+1)<y}
+4sup Z La<w(ij)<a+nNs}-
aERJ 0

Let us consider the process = +— Z;‘*& Liw(ijy>z, w(i(j+1))<z): For each 4, it is distributed as

z Z] 0 L (jy>a/vi, w(j+1)<z/vi} Therefore, by BORODIN (1986, equation 1.13), there exists
a coupling of W and a standard Wiener process B such that for any A > 1, there exist constants
c1g and c1g such that for all n > 1,

n—1

P ilelp ]z% 1{W(j)>:v W(j+1)<z} — co0v/n L (\/ﬁ

where L is the local time of B, and cyg := E(|BT(1)]). We also mention that in BORODIN (1986,
equation 1.13), the preceding inequality was stated only for some A > 1, which sufficed for the
intended applications there. However, it is clear from its proof (BORODIN 1986, pp. 272-273) that
by altering c19 = ¢19(A) suitably, A can be made to be arbitrarily large.

A straightforward consequence of (6.9) and (6.10), with A = 3 in (6.10), is as follows: For any
b>0andk > 0,

) > c1g ni logn p < cign™, (6.10)

P {Ai,nlE >b+k+2cs ni logn}

T Y
<P sup CQO\/EL (— 1) — CQO\/ﬁL (— 1) >b
{InySN“ Vin' Vin’
(6.11)
_4
+P 4supz Lia<w(ij)<atsnoy >k p +cron”3s
aeR] 0
=P+ P, +cigns.
Plugging this into (6.5) yields
P {Ai,n >b+ k+ 2ci3 ’)’Li log n} <P+ P+ clgn_% + 017N_4. (6.12)
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To bound Py, we use (5.8) to see that for any v € [0, 3) and p > 1,

P =P { sup |L(z,1) — L(y,1)| > b }

lo—y <N /vin 2e0v/n
o L@ 1) = Ly, 1) b
SP{#%? ==y > 2020ﬁ(Na/m)y} (6.13)
2e20v/1 (N /Vin )\
< (pes())? ( ; )

Choosing b = v/n (N®/vin)”N° and p = 3 gives
Py < ey N4, (6.14)
where co1 = (8¢9 09(1/)/(5)% depends only on (v, §).
We now estimate P,: The standard Gaussian density is bounded above by (2%)_% < i. There-

fore, for any a € R, we have P{a < W (ij) < a + 2N’} < N‘S(ij)_%. We can apply this together
with the Markov property to deduce that for any integer p > 1,

P P
Noy/n
Z 1{a<W (ij)<a+2N6} <p! Z \/— < e ( \/{ ) > (6'15)
P
for some constant cgo = co2(p) that depends only on p. By Markov’s inequality, for any & > 0,
Cc22 N‘s\/—>
sup P 1 >kpy <= 6.16
aeﬂg ]z:l {a<W (ij)<a+2N%} 3 ( Vi ( )
Now let ap = 2N, for £ = 0,+1,42, - , 4., where £y, = [N°Vin |. By the usual estimate
for Gaussian tails,
2N<5 N(5 ; 2
P{ max |W(ij)| > agmax} < 2exp (—( I‘ _ Vin ) ) < 2exp(—N*). (6.17)
1<5<n 2in

On the other hand, if maxi<j<n [W(if)| > agy,,, and if 377 1< (ij)<asns} > k for some a € R,
then there exists £, with [£] < lmay such that 3371 11, <w(ij)<a,+2ne} > k. By (6.16), this yields,

C22 Né\/ﬁ P
P ilelﬂgz La<w(ij)<atns} > b ¢ < (2lmax +1)— o ( 7 ) + 2exp(—N*). (6.18)

We replace k by ik to deduce that for all 7,n < N,

6. /7 4 p
P, < co3 Nkﬁ (N\/\-/ﬁ) + Qexp(—N“)
)
(6.19)
NOVin ( NO/n\” 15
< co3 ; ( \/i ) +2exp(—N )
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Taking k = N?(n/i)? and p = 3(5+0) yields
Py < co3N % 4 2exp(—N*). (6.20)

Plugging this and (6.14) into (6.12) implies that for i,n < N,

N w6 | 25 [T 1
P Ai,n>\/ﬁ(ﬁ) N°+ N ?—|—2018n4 logn

< e N~* + 2exp(—N*) + Clgnfga

(6.21)

where coq := c91 + c93 + ¢17. As a consequence,

P CJ L]j {A,- >Jﬁ(E)UN‘S—l—N%\/E—l—chgnilogn}
" Vin i (6.22)

i=1n=|N? |
S CQ4N_2 + 2N2 exp(—NM) + ClQN_Qa

which is summable for N. By the Borel-Cantelli lemma, almost surely for all large N, i < N, and
every N <n < N,

N\
Ain <V (ﬁ) N° 4+ N® \/§ + 2¢15 ¢ log 7. (6.23)

Thus, whenever m < N and N <n< N,

m NavY
ZAi,n < \/7_1N1—§ <_> NJ +N25+%\/’[_7,—+—N%+6
= v (6.24)

< N2 vhevdd 4 2N%+‘5, eventually (in N).
This last inequality uses the facts that n < N and that § < %.

If n < N, we can use the trivial inequality Ain < 2ntoseethat Y ;v Ay, < 2N1+9. Therefore,
whenever v € [0, 3), £ € (0, 1) and § € (0, £), with probability one, for all large N and m,n < N,

m
3" Ajp < N27vHOVH 4 gNGHD, (6.25)
1=1

Since v € [0, %) is arbitrary, it can be chosen such that % —v+av+6 <1+ 9§ +24. In view of
the definition of A;, in (6.8), and the relation (6.2), we have proved that, almost surely, for any
e € (0, %), when N — oo,

m m

(rem) — ()| — 1+$+e S+e
BB Sl & ) T e o (6
This completes our proof of Proposition 4.2. O
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7 Proof of Theorem 1.1

3_
5—€

In view of (4.10), we need to check only the lower bound; namely that for any ¢ > 0, Z(N) > N
almost surely for all large N. By means of (2.5), we have to prove that for large N,

C(0;N,N) > N27¢,  as. (7.1)
We start by choosing a € (%, 1) and b > 1 such that 2a > b. We also recall that C(0; N,N) =
fON Vu Ly (0; N) du. Thus,

N
C(0; N,N) 2/ \/aNLu(O;N)dUZ\/c_l(l—a)N% inf L,(0;N). (7.2)
aN aN<u<N

We now use the following recent estimate of the authors (cf. KHOSHNEVISAN ET AL. 2001, Th.
3.3): For any v € (0, 1), there exists a small constant hg = ho(v,a) such that for all N > 0 and

h € (O,h()),
. N v|loghl|
P f L,(0,— ) <h;< - ] . .
{ %ngnuSN “ ( ’ 20) N } N exp( log|logh|) (73)

In [15] we obtained the above for N = 1. This formulation is a consequence of the case N =1 and
scaling. Taking Ny, = [b*] and h = N, ? yields

> N,
ZP{ inf L, (0; 2—;) < N,j} < +o0. (7.4)

o1 (3Ne<usNe

By the Borel-Cantelli lemma, almost surely for all large k,

N, _e
inf L, (0; 2%) > N, *. (7.5)
$Np<u<Ny 2a
Consequently, whenever N1 < N < N,
inf  L,(0;N) > inf L,(0; Ny_1) > inf L (O&)
aN<u<N T AN <u<Ng bt = 1 N <u< N “Y7 24 (7.6)
> N, ? > (2aN)"5.

We have used the fact that Ny _; > (2a)~! N}, for all sufficiently large k; this, in turn, follows from
the inequality 2a¢ > b. In summary, for all large N,

C(0;N,N) > va(l —a)N2(2aN)"2 > N3¢, (7.7)

yielding (7.1), whence Theorem 1.1. O
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Appendix: The Matlab Code

The Matlab code for Figure 1(a) follows. It presupposes the existence of a seed for the random
number generator, and that the seed is stored in a Matlab file called “seed.dat.”

1. % run a 1-dimensional simple walk for n time-steps
2. load seed % The same random walk is always used
3. rand(’state’,seed)
4. figure;
5. x = rand(n);
6. X = 2xround(x)-1; % Generate Rademacher variables
7. S=cumsum(X) ; % Sum the columns separately
8. W=S;
9. W(:,1) = 8(:,1);
10. for i=2:n
W(:,1i) = W(:,i-1) + S(:,1i); % W is the walk
end

11. for k=1:n
for j=1:n
if W(k,j) == 0
plot(k,j)
end
end

end
12. print -deps file.ps

In order to simulate the vertical crossings (for the same walk), the third line of 11 above (i.e.,
“if W(k,j)==0") needs to be replaced by “if W(k,j)*W(k,j+1) < 0.”
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