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1. Motivation and main results

(1.1) Let (B:, t > 0) be a one-dimensional Brownian motion starting from 0, and
(L, t > 0) its local time at 0. There has been quite some interest during the last decade,
in the so-called perturbed Brownian motions (Bg“ ) def |Bt| — ppLy, t > 0) which have a
number of interesting properties, e.g.: the time spent by (B,g“), t < 1) below 0 is beta
distributed, a generalization of the arcsine law due to F. Petit; see, more generally, the
last chapter of Yor [18] for a number of recent studies.

As is well-known, in the particular case p = 1, (Bt(l), t > 0), the Lévy transform of
B, is a Brownian motion, and some interest in the pair (B,B(l)) stems from the open
question:

is the Lévy transform T : (B;) — (Bt(l)) ergodic?

For more details about the ergodicity problem for Lévy’s transform, see Dubins, Emery
and Yor [5], Dubins and Smorodinsky [6], Malric [11].

(1.2) As a step towards the study of the ergodicity of 7', M. Smorodinsky [15] asked

one of us to describe the joint law of the pair (g,~), where
def def
g = sup{t<1l: Bp=0} and v = sup{t < 1: |B¢| — L; = 0},

which, as is well-known, has arcsine distributed marginals.

From [15], we infer that certain properties of this joint law might lead to a density
property of the sequence g,, def g(T™(B)), n € N, of the last zeros of the iterates of B under
T. This, in turn, could lead to the ergodicity of T'; however, we leave the exploitation of

the results in our paper to ergodic experts.

(1.3) The apparently simple, and quite natural question of describing the joint law of
(g,7) turns out to necessitate in fact the use of most of the present knowledge about the
decomposition of the Brownian path (B, t < 1) before and after g.

Below, we shall express the law of (g, 7y) in terms of the following independent variables:

a) g;

b) Sy, ot Sup,,<1 My, where (my, u < 1) is a standard Brownian meander;

c) (8,m), where (My, u < 1) is a standard Brownian meander process,
and § & inf{t >0: my =m};

d) (Us,Sp), where (b(u), v < 1) is a standard Brownian bridge process,
Sh ef sup, <y b(u), and Uy is the almost surely unique location of the

maximum of b.



Here are our main results.

Theorem 1.1. For every Borel function f : [0,1]> — R, , one has:

E[f(g,7)] = %E[f(gUb,g)} + %E[f(gUb’g) ﬂ{sm<¢msb}]
(1.1) +E[f(9a9(1 -6)) ll{sm<\/mf7n}]

Theorem 1.2. The covariance of g and ~y is given by:

cov(g,) = E(gv) — Elg) E(y) = Egn) — 1.
and , ) :
E(gy) = §+%——c()~0,273...,

where ((-) is the Riemann zeta function. Consequently, cov(g,~y) > 0.

(1.4) Our paper is organised as follows:

— in Section 2, we prove Theorem 1.1;

— in Section 3, we give a precise description of the law of (5, m1) found in c) above;

— in Section 4, we present some probabilistic discussions of the formula (1.2) below,
and give a few extensions;

— in Section 5, we prove Theorem 1.2, which hinges on the key formula: for a > 0,

and C, a Cauchy variable with parameter a,

(1.2) E[ﬁ]—l—i—ZZ a-l-k7r

and some of its consequences. As the reader will soon realize, we shall often use formula
(1.2) together with the identity in law:

law qg
1. Cil =/ ——.
(13 o' [

Originally, we found formula (1.2) in Gradshteyn and Ryzhik [7, p. 348], in the

analytical form:
1 [ dz T ad
1.4 —
(14) 7T/0 b2 4+ z2 sinh(az +;a

_3_




However, in Section 3, we offer a discussion of (1.4), emphasizing in particular how closely
related this formula is to the classical Kolmogorov—Smirnov result:

2 1w p(3)

Sup ‘b(u’) 7|—/2’

u<l1

where T¥ ¥ inf {t > 0: R; = c} with R a three-dimensional Bessel process starting from

0;

— in Section 6, we explicitly compute the martingale representations of E(g | ;) and
E(y | Ft), where (F;):>0 denotes the natural filtration of B. This would shed lights on the
dependence structure of (g,7);

— finally, in Sections 7 and 8, we discuss some related questions.

2. Proof of Theorem 1.1

We recall a decomposition theorem for the Brownian sample paths. For any stochastic
process (X¢, 0 <t < 1), and any random times a and b with 0 < a < b <1, define

e 1
X[a7b] d:f (7Xa-|-t(b—a)a 0 S t S 1).

vb—a

Then,

— b X B0 is a standard Brownian bridge;

def . .
— m = |B|91 is a Brownian meander;

— b, m and g are independent.

Another representation of the meander process is given by ([3], [1]):
([bu] + 4y, u < 1),

where (£,) is the local time at 0 of the bridge b.
We also recall the following representation of the meander ([1], [14, Exercise XI1.4.25]):

(2supbs — by, u < 1).

s<u

We now study the joint law of (g,~y) on two disjoint events: {g > v} and {g < v}.

2.1. FIRST SITUATION: g > v



Observe that on {g > 7},

vy=sup{t < g: |Bi = L}
=g sup{u < 1: |by| =4y},

where (£,,) denotes as before the local time process at 0 of the Brownian bridge b. Therefore,
on {g >},
y=91 —inf{v <1: |bi_p|+ (b1 — l1_y) = l1}).
Write Zv def b1_,, which is again a Brownian bridge, whose local time at 0 is ZU =l —Ll1_y.
Thus,
v=g(1—inf{v < 1, [b,| + £y = £1}).

Define m; def |Zt| + Zt, which is a Brownian meander. Accordingly,

(2.1) y=g(1-0), on {g > v},

where

= inflo <1: m, =my },

and m is a Brownian meander, independent of g and m.

It remains to express the set {g > v} in terms of g, m and b (or m ). Note that

g>7 < |By| # Ly, for all u > g
<= |By| < L, = Ly, forall u > g
<= sup|B,| < Lg
u>g
<~ Sm def supmg < g 29
s<1 1 —4g
which means that
_ 9 =
(2.2) f9>7={Sn< 1—m1}.
-9

In view of (2.1), we have
(2.3) ]E[ f(g,7) ]1{g>7}} = ]E[ flg,9(1-6)) ﬂ{sm<mr’ﬁl}} :

where g, Sy, and (6, 4) are independent. Note that the law of S,, is known ([3, p. 69]):
S2 12 7(3)
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where T(§3) is as before the first hitting time at a of a three-dimensional Bessel process

starting from 0.
2.2. SECOND SITUATION: g < 7
Recall Lévy’s identity in law:
(|By|, Ly, t > 0) 2 (S, — By, Sy, t > 0),

where S; & SUPg<s<t Bs- It immediately follows that

(9:7) 2 (sup{t <1: S, = B}, sup{t <1: B, =0} )

=(p,9),

where p f sup{t < 1: S; = B;}. We thus have to determine the law of (p,g) on the
event {p < g}. Observe that on {p < g},

p=sup{t <g: Sy = B}
=g sup{u < 1: supb(s) =b(u)}

s<u
=g Ub,
def def

where Up, = sup{t <1: S, =b(t)} and Sp = sup,<q b(s).

It is well-known that Uy is uniformly distributed in (0,1). It remains therefore to
study the set {p < g}.

If By <0, then p < g almost surely, i.e. {B; <0} C {p<g}.

If B; > 0, we have

p<g = B,<S5,=89,, forall u > g

<= sup|By| < S,

Consequently,

]E[ f(g,7) 11{9>7}} = ]E[ F(9:7) Lig>ny 11{31<o}} + ]E[ F(9,7) Uyg>ny 11{31>0}}
1 1
=5 E[f(9Us, 9)] + 2 E[ f(gUs, g) ]l{sm<\/m3b}} ’
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This, combined with (2.3), completes the proof of Theorem 1.1.

Remark. According to Theorem 1.1, to study the joint distribution of (g, ), we need the
law of (6, 721), which is characterized in the next section. We also need the law of (Us, Sp),
which can be described as follows. Let (r;, 0 < ¢ < 1) denote a standard three-dimensional
Bessel bridge, independent of the random variable U which is uniformly distributed in
(0,1). According to Williams’ identification, (74, 0 <t < 1) is also a normalized Brownian
excursion process. Using Vervaat’s transformation relating the Brownian bridge with the

normalized Brownian excursion ([1]), it is easily seen that
law
(2.4) (Ub, Sb) 2 (1 — U, Tu).

The joint law of U and ry is studied in the forthcoming Lemma 5.1 (see Section 5).

3. Characterization of the joint law of (4,,)

Let (B, t > 0) be a one-dimensional Brownian motion starting from 0, and let

T, % inf{t > 0: B, = 1}. Define

91, o sup{t <T1: B = 0}, and TG = Ti — g7,

Recall that (Bg,, +¢, t < T®)) is a three-dimensional Bessel process starting from 0,
considered until its first hitting time at 1 (this justifies the notation T®)). Moreover,
(Bus u < g1,) and (Byp, 41, t < T®)) are independent.

Proposition 3.1. The joint law of ( 9, my ) is characterized by the following: for any Borel
function f: [0,1] x Ry — Ry,

1) (s(m) =\ 7B e (s )]

Remark 3.1.1. According to Williams’ path decomposition theorem for (5, ¢t < Ty),
(3.2) (Ty, T®) & U2 Ty + T®, T®),

where, on the right-hand side, T 1, U and T®) are independent variables, U being uniformly
distributed in (0,1), and T; 2 T1.

Proof of Proposition 3.1. We recall the following results (see also [2]):
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a) Imhof’s relation:

E(F (g, u<1)) = \/g]E[ Ril F(Ry, u< 1)];

b) absolute continuity between (R,, u < 1) and (Z, def Ryr,/VLi,u <

1), where L; is the last exit time from 1 of R (three-dimensional Bessel

process starting from 0):

Combining a)—c) yields:

E(F (i, u< 1)) = \/gE[ \/%F(l_%l‘“), u< 1)}

or, equivalently,

E(F( — gy, u < 1)) = \/;E[ \/%F(ﬁT\l/(lT_:“), w<1)].

This immediately yields the proposition. ad

I3

4. Probabilistic discussions on analytical formulae

(4.1) We first discuss formula (1.2).

To begin with, we transform the left-hand side of (1.2): as is well-known,

iz = Fee(-5 )]

where T1(3) =inf{t > 0: R§3) =1}, and R®) is a three-dimensional Bessel process, starting

from 0. Hence, we have

= iy ) =Bl ew (-3 1))

_8_



Now, we use:
2
N law

2 law av 2
O E G © VT

where N and N’ are two standard independent Gaussian variables, and T} def inf{t > 0:

B; = 1} is assumed to be independent of N. Thus, we obtain:

E[Smfﬁ} =1E[exp(—a\N| Tl(?’))]
= E[exp(—% )} (S{B) def ?511:1) R®)

- \/g/ooolE[S{” exp(—f(STW)} exp(—ay) dy,

after some elementary change of variables.
Inspection of the right-hand side of (1.2) shows that it is the Laplace transform, with

respect to the argument a, of the function

/2
(cosh(my/2))?

Consequently, from the injectivity of the Laplace transform, we deduce that (1.2) is equiv-

alent to:

2(q(3)y2 T
(4.1) \/%E[5§ )GXP(_y (521 ) )} - (cosh(;z/Z))z'

Multiplying on both sides of (4.1) by y*, and integrating with respect to y over R, , we

can determine all the positive moments of T1(3): for a > 0,

a 20,7.‘.—20,—!-1/2 o 20
4.1' El(T®) | = dz.
(4.1) [( 1 ) } Ta+1/2) J, (coshz)? "

(See also Pitman and Yor [13]). We note that the negative moments of T1(3), which are
calculated in Yor [18, Chap. XI], are in formal agreement with (4.1'); see also, for similar
computations related to the Riemann zeta function in terms of the sum T1(3) + Tl(g) of two
independent copies of T 1(3), D. Williams [16], p. 369. The integral on the right-hand side
of (4.1") may be explicitly computed in terms of the gamma and Riemann zeta functions
(see Gradshteyn and Ryzhik [7, p. 352]); we obtain: for a > 0,

()]

20Flr=2a(1 — 21720)[(q + 1) ((2a), ifa #1/2,

V2/m In2, ifa=1/2.



We now give two confirmations of (4.1):

i) Recall that the Fourier transform (on R) of the function

= /4
(cosh(my/2))?

is £/ sinh &, see e.g. the Table in Biane and Yor [3]. Thus, (4.1) is equivalent to:

\/E/ dy exp(ify) E [Sf?’) exp(—y2(52§3))2>] - singhg’

and it is now easily shown that the left-hand side is equal to

o5 1)

which as we already recalled is equal to £/sinh¢.

ii) Our second confirmation of (4.1) consists in showing that it is equivalent to the

well-known Kolmogorov—Smirnov law:

(4.2) sup [b(w)[* = T,
u<1 m/

To show this, we use a particular case of the following

Theorem A (Agreement formula; Biane and Yor [3], Pitman and Yor [12]). Let R and
R be two independent Bessel processes of dimension 0, starting from 0, T' and T their first
hitting times of 1. Define R by connecting the paths of R on [0,T] and R on [0,T] back

to back:
Ry, ift<T,
R <

~

Rp,z, #fT<t<T+T,

and let RP* be obtained by Brownian scaling of R onto the time scale [0,1]:

def Ru(T+f )

VT+T

Let R be a standard Bessel bridge of dimension 6. Then for all positive or bounded

RP* 0<u<l.

measurable functions F : C[0,1] — R,
E[F(Rbr)] _ C(;E[F(ﬁbr) (Mbr)Z—cS ,



where

Mbr & sup 1’%})} =(T+ T\)_l/z,
0<u<1

cs & 206-2/21(5/2).

Remark. A detailed study of the law of supg<,< RP* is made in Pitman and Yor [13]
with the help of the agreement formula.

We now consider the particular case 6 = 1; we obtain the following relationship
between sup,, <; [b(u)| and T + T:

(4.3) \/%E[f(ig \b(u)l)] = E[ (T+T) (T +T)" 1/2)}
Now, on one hand, we have

]E[exp(—% (T-l—f))] = m,

and, on the other hand, S§3) faw 4 /T 1(3); together with these remarks, the comparison of
(4.1) and (4.3) yields the well-known Kolmogorov-Smirnov identity (4.2).

(4.2) For the reader’s convenience, we now present a few formulae and identities about

the laws of the suprema of the Brownian bridge and meander processes (see Biane and Yor
(3], Chung [4], Kennedy [10]):

(4.4) S22 4sup |b(u)[> 2 TS,
u<l1
2
4.5 P(S,, < z) = b < 1)
(45) (Sm < ) = P(sup b(w)] < 3 n_z_oo< ("0

(4.6) i (L?“) z > 0.

The next item is a collection of a few analytical formulae. From a probabilistic point

of view, they ensue from (1.3). Note that (4.7) is a particular case of (1.4):*

(4.7) /oo b ? dx—1+2b§:(_1)k
' oo b2+ 2Zsinh(rz) T —k+b’

* For some enjoyable discussion about (4.7)—(4.9) of a purely analytical nature, see M.
Rogalski: De Leibniz a Euler: Cartier, Dumont, Krivine, Titchmarsh et les autres. Gazette
des Mathématiciens 68 (1996) 47-61.



' oo b2 + 22 cosh( 7rm) — ( 2k—1 +2b’
* b 1 8 — 1
4. dz = —
(4.9) /_oo b2 + 22 (cosh(mx))? - kZ1 ((2k — 1) + 2b)?’
b tanh(wz) > (—1)k-1
4.1 dz = .
(4.10) /_oo 2t+a2 oz 8 (2k — 1)((2k — 1) + 2b)

?r

=1

Again, formulae (4.7)—(4.10) can be interpreted in a probabilistic way. They re-
spectively lead to the following identities, where (4.11) is a rewriting of (4.1). We write
S(l) def SUPp<s<t |Bs|, dy def inf{t >1: By = 0}, and S%R) def SUPg<s<1 Bs — info<s<1 Bs

(“R” for “Range”). For y € R,

(4.11) \/; [ S e ~ (cosh(my/2))?’

(-5

(4.12) \/EE[S(I) xp(~* 2(5(1) ) :m’
(55
)=

/2

Yy /2

2 5[ g®
4.1 E _—
(4.13) [ xp sinh(my/2)’

(4.14) \/Z [chli) exp ( Y (Sc(ll) ! log(coth( le|))

Observe that by the above agreement formula (Theorem A, with § = 1), (4.13) can be

rewritten as )

B exp (<2 supt?()] = 2

which is a re-confirmation of (4.2).

Remark. The reader will find in Jurek [9] a useful discussion of the right-hand sides of
(4.11)—(4.14), from the point of view of infinite divisibility.

5. Proof of Theorem 1.2

Applying Theorem 1.1 to the function f(u,v) = uv yields

_Ypioy Lglo2
E(gy) = 5 E(g”) + §]E[9 Uy 1{sm<\/g/<1—g>sb}]
L~
+]E[9 Q-0 g/(l_g);“}}

def I + Iy + I3,



with obvious notation. Since g has the arcsine law, it immediately follows that

3
5.1 L = —.
(51) =
The computation of I5 is based on the following lemma. In the rest of the section, (4, 0 <
t < 1) denotes a standard three-dimensional Bessel bridge, independent of the random

variable U which is uniformly distributed in (0, 1).

Lemma 5.1. For any a > 0, both quantities E[(1 — U) L{y;,54}] and E[U 1,,,5,] are

equal to =2 /2. Consequently, P(ry > a) = e~2%".

Proof. Recall that (r;, t < 1) can be realized as ((1 —t)R;/(1—4), t < 1), where R is a
three-dimensional Bessel process starting from 0. Accordingly,
(U.r)'E (U.UQ - U)RY).
A few lines of elementary computations, together with the fact that R? is a chi-square
variable, yield E[(1 — U) Iy, 5ay] = €72% /2.
On the other hand, by the symmetry of the Bessel bridge, (1 — U, ry) faw U,ry),

which completes the proof of the lemma. O

We now evaluate I. By (2.4) and Lemma 5.1,

1 2
L= 2 E[g 1-0) ]l{sm<\/g/(1—g) rU}]

1 2(1 —
:—]E[g2 exp(—i( 9) Sﬁl)]
4 g

Using the exact Laplace transform of S2, (taking into account the identity in law (4.5)),

we obtain:

1, /T ain
R LN ey

*  dx T
- /0 (1 + 22)3 sinh(27x)’
the second equality following from (1.3). On the other hand, differentiating on both sides
of equation (1.4) gives, for a > 0 and b > 0,

1 ° d.’L' T a °
2 : a
(5 ) T /0 (b2 + 1.2)2 Sinh(a ) 4ab3 2h Z (ab+ kﬂ' 71 1.\2?
5.3 b _ o~ (-DF
(5:3) s /0 (b2 + x2)3 sinh(az)  16ab® e k2=: (ab + km)?
@ & ()
" 2 ()



Applying (5.3) to a = 2w and b =1 yields

(5.4) Iy= - —————-((3).

It remains to compute I3. Recall the distribution function of S,, from (4.6). By

conditioning on (g, 9, m1), we obtain:

9

(5.5) 132\/8_7rIE[g2§:I4( 2k _21)2”2 1_9)],
k=1

where

I, (M) def IE[ 17;5exp(—mi%>], A > 0.

Note that, by means of Proposition 3.1, the derivative of A — I4(A) is
1-6 A
100 = —E| (=55
\[ [ 4U?Ty) exp( AU T + T(3))]

Since Ee=oT1 = exp(—v/2a) and Ee—aT® = V/2a/ sinh v/2a for all a > 0, this yields

—V2x —2v2X
) = _\/E (e ¢ )
2\ 2) V22X sinh V2

Going back to (5.5), we have

€

e} —x —2x
I3:—27T]E[g2/ (5 - =) dz].
(2k-1)my/(=g)fg \ ¥  sinhz

From here, a few lines of elementary computations based on (5.2) and (5.3), together with

the fact that g has the arcsine law, readily yield the following:

9 2 17
: Li=—>+" 4 L.
(5.6) 3="5716 T30

Since E(gvy) = I+ 12+ I3, assembling (5.1), (5.4) and (5.6) completes the proof of Theorem
1.2. ad

6. Martingale representations



The covariance between g and v may be expressed as the expectation of the covariation
between the martingales with final values g and . Thus, it is natural to look for the explicit
It6—Clark representation of g (hence, of ) as a stochastic integral.

Let, for 0 <t <1,

g sup{s <t: B, =0},

def
Ve = sup{s <t: |Bs| = L4},

(thus g = g1 and v = ~1). Let (F:)s>0 be the natural filtration of B. For any bounded
Borel function ¢, and ¢ € (0,1),

(6.1) E(e(9) | 7:) = ¢(9:) P9 < t| ) + E( 0(9) Ugny | 7).

According to Jeulin [8] (see also Yor [18, p. 42]),

(6.2) P(g <t|F) :w(\/'%),

where

e 2 z 02
(6.3) U(z) dzf,/—/ e /2 dy.
™ Jo

On the other hand, {g > t} = {inf;<y<1|By| = 0}. On {g > t}, g is identical to
sup{u € (¢,1) : B, = 0}. By means of the (strong) Markov property, it is easily checked
that

(6.4) ]E( ©0(9) Loty ‘ .7-}) = \/g/t \/27r(u(p—(qg(1 — exp(—z(uBi t)) du.

We mention that the constant /2/m on the right-hand side of (6.4) comes from 1/E(m;).

In the particular case ¢(z) = z, we have the following

Proposition 6.1. Define the martingales M < E(g | F,), M) < E(y | F,), and the
Brownian motion (3 def fot sgn(B;) dBs. Then

t
(6.5) M9 = E(g) + / W9 dB,,
0
t
(6.6) M = E(y) + / 1 sgn(By) dB,.
0



Here, E(g) = E(y) =1/2, and

6.7)  po % _ 2 (s — gs)sgn(Bs) exp(— B? ) B (1 — |Bs| ))Bs,

T Vi—s 2(1—s) Vi—s
) def 2 (s — 7s) sgn(fBs) Bl |55 |
68) w0 -y eXp(—2(1_s))—(1—\?(m)>ﬁs,

where W is the function defined in (6.3). Consequently, we obtain:

1
(6.9) cov(g.) = E( / uP) i Vsgn(B,) ds).
0

Proof. By (6.1),
AM? = g,dZ, + Z, dg, + dX,,

where

. B
Z, d:f\ll< ‘lt_‘t),
def

x, & E(g]l{g>t} ‘ ]—'t),

and U is the function defined in (6.3). In view of (6.4), we have
Xt - H(t, Bt),

where )

H(t, z) déf%/t \/(u—:)(l—u) exp(—Q(ux_t)>du.

From the formula

1 [t 1 T 2 [ .o
6.10 2] ———— exp(—)dv= —/ eV /2 dy,
(610 - s ) ™ J !

we easily deduce that

||
1—

(6.11) Ht, ) :t(l—\I/( )) +(1—t)h(\/%),

~

with

def 1 ! \/’l_) y2
h(y) = ;/O Vi exp(—ﬂ) dv.

Applying 1t6’s formula to the semimartingales Z; and X; = H(t, B;) (with H in the form
of (6.11)) readily yields (6.7).



To check (6.8), we rewrite (6.7) as ) def F(B,, u < s). We can apply the same
argument to the Brownian motion £, = fot sgn(Bs) dBs = |Bt| — Ly, to see that

t 1 t
M =E(y) + /O pV dp = 5 + /0 " sgn(By) d By,

where p{") = F(Bu, u < s). Using the form of F' in (6.7) yields (6.11). This completes the
proof of the proposition. O

Remark 6.1.1. In general, for any bounded Borel function ¢, we can evaluate the mar-
tingale representation of Mt((p’g) f E(p(g) | ) by means of (6.1), (6.2) and (6.4). Indeed,

instead of (6.5), we have

t
M9 = E(p(g)) + /0 ug# 9 dB,

where

B, )/0 (s + (1= s)u) — p(s) (_ﬂlliiss)u) du.

The martingale representation of E(¢(7) | %) is derived directly from the preceding formu-
lae. Consequently, we obtain an analytical formula for cov(¢(g), ¢(v)) which generalizes
(6.9) above.

Remark 6.1.2. Formula (6.10) may be seen as an analytical application of the identity

in law:
N2 28&g,

where £ denotes an exponential variable with mean 1, independent of g, and NV is as before
a Gaussian N (0, 1) variable. For further discussions on (6.10) and related formulae, see
Yor [17].

7. Moments of 6,m)

We determine the joint moments of § and m;.



Proposition 7.1. For (p,q) € N?,

xl/2

(7.1) ]E(gp m‘{) = T'((2p+ q+1)/2)2@pta+2)/2 /0 )‘2p+q_1(1 - e_2l\)fp()\) dA,

where )
fo(0) = E[ (T®)P exp(—% T<3>)} .

Moreover, f, satisfies the recurrence relation:

{—/\fp+1(/\) = f(N)
fo(A) = A/ sinh(\)

When p =1, (7.1) becomes

/2T (g +1)
[{(q +3)/2))20)7

(72)  E(9m]) = (a+1E@-27)¢(g+2) - (a+2)),

where ((-) is as before the Riemann zeta function. In particular,

Proof. It is an immediate consequence of Proposition 3.1 that

E(6? m?) = \/g ]E( (T®)yp TGPttt/ 2) :

Since
1

D(@p+a+1)/2
_ 1
~ T((2p+ g+ 1)/2) 2@+

x—(2p+q+1)/2 _ ) /OO e_txt(2p+q—1)/2 dt
0

o0
/ e—)\2.’l:/2 )\2p+q d)\,
0
it follows from (3.2) that (writing a(p, q) def 7r1/2/F((2p +q+ 1)/2)2(2p+q)/2)

0 )\2 )\2
E(6” m¥) = a(p, q)/ )\2p+q]E< (T3P exp(—ET@))) E(exp(—74U2T1)) dA
0

oo 2
= 7a(p, 9) / )\2p+q_1E( (T(3))p exp(—)\—T(B))) (1—e ) d),
2 J; 2

proving (7.1).



To check (7.2), note that by the relation between fo and fi,

E(6mg) = @ /Ooo (1 — e 2N A () dA

1 S\
— _a(l, 9)/ - h)\(q)\q_l(l—e_”‘)+2)\qe_2)‘) d\
0 ln

= a(1,q) / TRy q,\q(1 —e M 4 2,\q+1e—2*) dA

=a(l,q) (qI‘(q +1)+2 Z /0 22+ o= (3+2n)A d)\)
n=0

[e.0]

a(1,q) (qr(q +1)+20(+2)Y ;)

2
< (3+ 2n)at

n=

Since
> 1
- = 2) — 1 — 2_(q+2) 2
§(3+2n)q+2 ((g+2) (g +2)
= (1-27)((g+2) -1,
this yields (7.2), and thus completes the proof of the proposition. O

8. Some related computations
8.1. THE PROBABILITY OF g > v

Recall that m; is Rayleigh distributed, i.e. P(m; € dz) = :ve_””2/2]1{x>0} dzx. By
(2.2),

In view of (1.3), this implies

c Y dy
(9> ) /0 sinh(my) 1+ y? n2-1

8.2. THE EXPECTATION OF max(g,)



According to Theorem 1.1,

1 1
E(max(g,7)) = S Elg) + §E( g ]1{Sm<\/9/(1—g)3b}) + E( g H{Sm<\/g/(1—g)r7n})'

law

Since Sy law ry = %ﬁzl, and since m, is Rayleigh distributed, we obtain:

]E( g 1{5m<\/m5b}) - E( g sin}?z;w (1(13);5(]/9))’

E(gﬂ{smq/mﬁn}) - E<g sin;:(w (1(13);)9/9))'

Again, by making use of (1.3), we arrive easily at:

[\

E(max(g, 'y)) =

DN W
3

1

[\)
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