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1 Introduction

Let X := {X(u), u € I}, d > 1, be a real-valued mean zero Gaussian process indexed by
the d—dimensional unit cube I, where I = [0,1], and let

[ X1} := sup [ X (u)].

uerd

While the study of the large deviations of || X|| has enjoyed much popularity, and has lead
to a systematic theory (cf. Adler [1], Ledoux and Talagrand [12], Lifshits [16]), properties
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of its small deviations remain far from being well understood. More precisely, the problem
is to investigate the asymptotics of

(1.1) log P (|| X|| <€),

when € goes to 0. It turns out that evaluating the small ball probability in (1.1) is in general
equivalent to solving a long open metric entropy problem in functional analysis (cf. Kuelbs
and Li [9] and Li and Linde [14]), and it is for this reason that relatively little is known
about the probability in (1.1), except for some special examples of X. For more details, we
refer to the survey papers by Ledoux [11], Lifshits [17] and Li and Shao [15].

The aim of this paper is to provide explicit lower bounds (Proposition 2.1 in Section 2)
for the probability in (1.1), under some regularity conditions upon the covariance function
of X. Our featured example is the a—fractional Brownian sheet.

We define an a—fractional Brownian sheet on I¢ to be a mean zero Gaussian process
with the following covariance function:

(1.2) E(Xe)X () =a]]

where ¢ is some positive constant and each 0 < a; < 2. Our result in Theorem 2.1 (Section
2) says that whenever there is a unique minimum 7 among aj, ..., ag, we can find a finite
positive constant 7 = 7(a, @) such that

(1.3) —21\1‘%52/7 log P{|| X|| < e} =

Here we use the notation s = (s, ..., 4), t = (¢1, ..., ta) and a = (a4, ..., ag). This of course
shows that v, whenever it is unique, completely determines the small ball behavior of X. Li
and Linde [13] and Shao [21], independently by different methods, showed that (1.3) holds
in the 1—parameter case. Our proof borrows some of the ideas in [13].

To obtain exact small ball probabilities for the a—fractional Brownian sheet when more
than one a; = v appears to be a challenging problem. Recall that in the case d = 2 and
a; = ay = 1, the two parameter Brownian sheet, Talagrand [25] gave

62

—o00 < ligiglfm log P{|[Wayll < e}
. g’
< llr?jélpmlogPﬂIWu,nH <e} <O.
He remarked that the case d > 2 and a; = ... = a4 = 1 is likely very difficult. Some partial
results can be found in Dunker [5], Dunker et al. [6] and Shao and Wang [22]. For instance,
for the fractional Brownian sheet in the case a; = ... = oy = «, with d > 2, the general

results of Dunker [5] imply there exist constants 0 < K7, Ko < oo such that forall0 < e <1,
—Kie ¥ log(1/e)T4/e"t < log P{||Wia,. .l < €} < —Koe 2/*log(1/e)F®/a2,
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Refer to Theorem 5.7 in the survey paper of Li and Shao [15]. Roughly speaking, our result
shows then that whenever ~ is unique and d > 2 the small ball problem for the fractional
Brownian sheet reduces to the 1—parameter case.

One of the motivations for the study of small ball probabilities is that they are essential
tools to prove strong theorems for the lower limits of X. These are the so-called Chung-
type laws of the iterated logarithm. There is also a close connection between small ball
probabilities and the Hausdorff dimension of certain exceptional sets. As an example of how
this connection works, we shall follow the general procedure detailed in Deheuvels and Mason
[4] to show that our small ball results enable us to calculate the Hausdorff dimension of some
exceptional sets determined by the maximal increments of X along a fixed coordinate.

The rest of the paper is organized as follows. In Section 2, we present our main results.
For the sake of clarity, this section is divided into two subsections. The first is devoted to the
statements of our small probability results and the second to those on Hausdorff dimension.
We prove the corresponding results in Sections 3 and 4, respectively.

2 Statement of results

2.1 Small ball probabilities for Gaussian sheets

Let X := {X(u), u € I’} be, as before, a real-valued mean zero Gaussian process and write

X(s,t) = [ X(du),

[s;t]
for any [s,t] = [s1,t1] X ... X [sq,t4] C I%

Proposition 2.1. Let X(0) = 0. Assume that for some constants k > 0, 7 > 0 and 0 <
0 <2,i=1,..d,

d
(2.1) E[X([s,s +h]))’] < &[] A",
i=1
for all [s,s +h] = [s1,s1 + h1] X ... X [sq,84 + ha] C I satisfying 0 < h; < 1. Assume,
furthermore, that
(2.2) there is a unique minimum among o, ..., q.

Then there exists a constant T > 0 depending on «, n and Kk such that for all e > 0 sufficiently
small
log P{||X|| < e} > —re~ /7

where

(2.3) 7= min a;.



The following result confirms that the lower bound in Proposition 2.1 is sharp when X
has a particular covariance structure.

Corollary 2.1. Let X be a mean zero Gaussian process on I, where d > 2, with a covariance
function of the form
(24) E[X(Sl,tl)X(SQ,tg)] == (81 VAN SQ)O'(tl,tQ),

for (s1,%1), (s2,t2) € I x 171 where o(ty,t3) is the convariance function of a mean zero
Gaussian process Y on 14 Lsuch that for some constants k > 0,7 > 0 and 1 < 5; < 2,
1=1,...,d—1,

(2.5) E[Y([t,t +h))*] < %(ﬁhf",

i=1
for all [t,t +h] = [ty t1 + h] X ... X [ta—1,ta_1 + ha_1] C 1971 satisfying 0 < h; < 1.
Then there exists a finite positive constant 7 such that

(2.6) - y{%aﬂ log P{||X|| < e} = .

Our next result concerns the a—fractional Brownian sheet. This process has the following
integral representation.
For o satisfying 0 < oy < 2 and t € I? let

waty=va [" . [" i:ﬂgaxti,ui)vv(du),

where W (u) is a standard Brownian sheet, @ is a positive constant and
(2.7 Gos(3) = (5= ) @ V/2 = ((=u) ) V2,

We will call the process W, the a—fractional Brownian sheet. It has covariance function

(2.8) E[W,(s)W,(t)] =a 1:[1 Oa; (Sisti),
where )
(2.9) Oa;(8,1) = 5[8‘” + % — |s — t|%].

Whenever (2.2) is satisfied, we get the exact rate function in the logarithmic scale for the
small probability of W_.

Theorem 2.1. Whenever W, is the a—fractional Brownian sheet satisfying (2.2), there
exists a finite positive constant 7., such that

(2.10) —li\rlréemlogp{llWaH <e} =1y,
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where 7y is as in (2.3).

For work closely related to our results, giving lower and upper bounds for the small ball
probability under Holder-type norms for mean zero Gaussian processes X := {X (u), u € I¢}
taking values in C|0, 1]¢ refer to [24].

2.2 Hausdorff dimension of exceptional sets

For any mean zero Gaussian process X on I% d > 1, define for s € [0,1) and h > 0 such
that s + h € [0, 1],

(2.11) M(s,s+h)= sup |X(s+uh,v)—X(s,Vv)|
(u,v)eIxId-1

Let X satisfy the conditions of either Corollary 2.1 or Theorem 2.1, with a; = 1, and for
any ¢ > 1 set
L M(s,s+ h)
. = : <
(2.12) E.,(c) ={s€]0,1) hgln\}glf R ( log hlm) 7 = c},
where under the conditions of Corollary 2.1, vy =1 and 7, = 7.

Recall (see e.g. Falconer [7]) that the Hausdorff dimension of a subset E of [0, 1] is defined
by
(2.13) dim F =inf {p > 0: s’-mes £ = 0},

where s”-mes E denotes the s’-measure of E equal to

(2.14) sP-mes E = %inf{ S EC UL, Ll <e je T}.

JjeEJ jeJ
In words, the infimum in (2.14) is taken over all collections {/; : j € J} of closed intervals
with lengths |I;| < ¢ for all j € J, and such that E C ;¢ 1.

Our goal is to prove the following theorem which gives the Hausdorff dimension of the
random fractal E,(c).

Theorem 2.2. Let X satisfy the conditions of Theorem 2.1, with oy = 1, or Corollary 2.1,
then for any c > 1, with probability 1,

(2.15) dim E,(c) =1—¢ %/,

From Theorem 2.2 we shall derive the following two limit results for the infimum of the
increments of X.

Corollary 2.2. Under the conditions of Theorem 2.1, with oy = 1, with probability 1,

(2.16) lim g (108D M(s,s +h)

=1.
RN\ 0<s<1—h 7»7/2h1/2
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Corollary 2.3. Under the conditions of Corollary 2.1, with probability 1,

(2.17) lim inf  (108RDPM(s,s + )

=1.
R\00<s<1—h 7-11/2\/E

3 Proofs of small ball results

This section is devoted to the proofs of results in Subsection 2.1.

3.1 Proof of Proposition 2.1

We will first consider the case when d = 2 and without loss of generality assume that
o= < ay = pf.
Choose R so large that 1/RY* < n and 1/R'Y# < n. Now for (s,t) € I?,

3.1 X(s,1)| < Xiinil,
(3.1) X (s, 1)| < ;;&?ﬁ% e Xl
where k=1 k. I—1 I
Xi,j,k,l = X([ Rila ,Ri/a] X [Rj//j ) Rj//j]) —d N(Oaazz,j,k,l)v
with

0t kg = B(Xik0)-

Thus by (2.1) and the Khatri-Sidék inequality (Khatri [8], Sidék [23]), for any choice of
€ij > O,

0o 00 00 00 e i/a /8
P{IXII <3 > eigh > TT TT PAN(O, 1)] < RO 2 (REmHDIZTHD

i=1j=1 i=1j=1

> T[T IT P{IN(0,1)| < R(i+j)/28i,j}4Ri/a+j/ﬁ.

i=1j=1
where for notational convenience we will assume x = 1 in (2.1). (The R/®+1 and R/# + 1
come from the fact that R¥® and R?/? are not necessarily integers.)
So writing
p = p(a) = RY* and § = §(a, f) := /B,
we get

00 00 00 0 itd i+87
P{IXII <323 e} > TTTI PLIN(0, 1)] < REFD/2g; 3407,

i=1j=1 i=1j=1



Notice that 4 > 1 and 0 < § < 1. Since § < 1, it is possible to choose b > 1 and
1 < a < VR such that
logh < (1 — &) log(VR/a).

Let N > 1 be an integer and let us take

£ij = VR-N—i+j=N/2qN—i—j}=j

Observe that by the change of variables &k =i + j

i i €ij = R N/? i R Ik=NI/4,(N=k)/2 ki:l b9l
1=1j=1

k=2 j=1
o N 00
< RV S RIEMIGINR — o RN S (0 VRYN 2 4 S (@R N2
k=2 k=2 k=N+1
which since a < VR and avR > 1,
S CQR_N/2.

Thus
P{IX]| < 2R/} > T] ] P{IN(0, 1)| < R/, ;3™

i=1j=1

Let us examine the double infinite product term more closely. Now

R(i—}—j)/Qsi’j _ \/(a/R)Nfiij—\H—j—N\/?b—j_

Case I: k:=14+j5 < N.
In this case

ROTD2g, ; = \[(R3/2 [a)-(N-B)p~5 < 1.
Thus by using the inequality

P{IN(0,1)| < z} > c3z for z € (0, 1),

we get

P{'N(O, 1)| < R(i+j)/2€i’j} > 03\/(R3/2/a)*(N*k)b—j > exp[—c4((N - k) +])]

Hence o s
11 P{IN(0,1)| < REH)/2g, ya*™
1<4,j<00,i+j<N

N

k—1 N
> expl—cs 3y Y p (N = k) + )] > expl—ce Y (N =k + 1)
k=2  j=1 k=2



N—-2

= exp[—cep™ Y p(1+1)] > exp[—erp?]
=0
Therefore

II P{|N(0,1)| < RE/2¢,

i > expl—eru].
1<i,j<00,i+j<N
Case II: k :=i+j > N.
Now
(3.2)

R(H—J
can be either < 1 or > 1. In fact

eij =\ (VR/a)s=Nb

RO/,

;i < 1if and only if j > {log(V/R/a)/logb}(k — N).

Subcase II (i). k:=i+j > N, RH)/2%¢, ; < 1
In this subcase

P{|N(0,1)| < Rt9/2

€ij} > 03\/(@/@#]\[1)7]'
> exp [—Cg(j — {log(V'R/a)/log b}(

k—N)+1)],
where cg > 0 is chosen so that exp(—cg) < 3.
This gives with = := log(v/R/a)/logb > 0,
II P{|N(0,1)| < RE+9/2

o 4,_Li+5j
€ij}
i+j>N, R(i+j)/25i,j<1

>expl—co » pf >

(j —x(k = N)+ 1) 0]
k=N+1

1<j<k—1,j>z(k—N)

o0
> explocio 3 0N = expleyou®

> (u/pt=0m)E,
k=N-+1 k=N+1
which since (1 — &) log(v/R/a) > logb, is

> exp(—enp).
Thus

II

P{IN(0,1)] < RO/, 3477 > exp(—cyy )
i+j>N, RG+i)/2¢; ;<1

Subcase 1T (ii). k :=4 4+ j > N, R(+)/2¢, ; > 1. Recalling (3.2) we see that by using the
inequality

P{|N(0,1)| < z} > exp(—ciz exp(—2?/2)), for x > 1,



we get
o 1 .
PN, D] < R/ %5} > exp | —ei exp(—5 (VR/a)57)]

Therefore o i
I1 P{|N(0,1)| < RO/, ;34

i+j>N, R(+)/2¢; i >1

> exp[—ci3 Z Y Z,U (= MGXP(__(\/_/CL)]c Nb~ J)]

k=N+1 j=1

which by the change of variables [ = k — N is

(3.9 > expleia 303 w0 expl(—5 (VE/a)'b)].
I=1j=1

At this point we need a lemma.

Lemma 3.1. Letp>1,g>1,r>1,5s>1andc> 0. If

(logp)(log s) < (logg)(logr),

then
Zqu Jexp(—crts™) < 0.

Applying the lemma with
p=p, ¢=p0, r:\/]_%/a, s=band c=1/2

and noting that

logh < (1 — 6)log(VR/a),
we get that the right side of (3.3) is greater than or equal to
exp[—cM,uN],
which implies

H P{IN(0,1)[ < R(i+j)/25i,j}4ui+5j > eXP[—CMMN]-

i+j>N, R(+i)/2¢; ;>1

Putting Case I, Case II (i) and Case II (ii) together we get

[1 II P{IN(0, 1)] < RED12e; 37 > expl—cy5p™].

i=1j=1



Hence
P{|IX|| < xR} > exp[—ci5p™],

where = RY® and 8 > «. This proves Proposition for the case when d = 2.
For general case of d > 2, assume again without loss of generality that

ap < min q;.
2<i<d

As before, set 1 = RY*, but now replace the use of § in the above arguments by
0 = i/, for 2 <k <d,
and choose b > 1 and 1 < a < v/R such that
logh < (1 — d) log (\/}_?/a) , for 2 <k <d.
Finally replace the ¢; ; by

V R—N—lit+..+ig=N|/2gN—(i1+...+ig) h—(io+-..+iq) _
With these notational changes the proof goes as before. O

Proof of Lemma 3.1. For 0 < v < 1 write
Zp exp(—ovr! <p/ p” exp(—vr®)dz,
1=2

which, after the change of variables 2 = log(y/v)/logr, is equal to

p [*d logp 1 D
=L [T Y expl—y+ —2Llogy + —L log(1/v)]

logr Jur ¥y logr log
P logp /°° dy log p
< 2 ] — —y+ =1
< logrexp[log og(1/v)] 0y exp[—y + Tog og Y]

logp
< Gy explioe og(1/2)),

where C,,, < oo is a constant depending only on (p,r). Let jo < oo be such that cs™° < 1.

We have
oo o0 .
> Z I exp(—crls™)
=2 j=1

0 Jjo _ .
=> > pgexp(—er's +Z Z g7 exp(—crts™)
1=2 j=1 1=2 j=jo+1

sl lo
<Y jog P exp(—crts ) + Cp, Z q 7 exp o8P —(jlogs —logc)| < oo,
=2 j=jo+1 lo ogr

as long as logq > 252 Jog s.

log T
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3.2 Proof of Corollary 2.1

First by Proposition 2.1 we have for some p; > 0
(3.4) P{IX|| < e} > exp(~pme™).
Next observe that for all x > 0 and n > 1,

PYIX] <}

:P{ sup | X (s,t)| <z, sup \X(s,t)—X(l/n,t)—i—X(l/n,t)\Sa:},
0<s<1/n,teld=1 1/n<s<1,terd=1

which by independence of the sets
{X(s,1),0<s<1/n,t €I} and {X(s,t) = X(1/n,1), 1/n<s<1, te I}

and an application of Anderson’s inequality (Anderson [2]) is

SP{ sup | X (s,t)| <z, sup | X (s,t) — X(1/n,t)| Sx}

0<s<1/n,teld-1 1/n<s<lteld—1

=wansv%ﬂPL sup \X@JMSx}

<s<1-1/n,teld=1

33) <PUXI<vAePP{ s X0l <) < (POX] < Vid)

0<s<1-2/n,teTd—1

Now using a well known subadditivity argument (see Kuelbs and Li [10]) based on inequalities
(3.4) and (3.5), we can infer the existence of a constant 71 > 0 such that (2.6) holds. O

3.3 Proof of Theorem 2.1

Without loss of generality we can assume that a; = 7. Observe that we can write
(36) Wa(t) = Ua(t) + Za(t)a

where

Ua(t) = /Otl /j;.--/j;i:f[lgai(ti,ui)w(du)a

zm=ﬁj}ﬁi@%wmm

11



and the functions g,, are defined as in (2.7). Notice that the process U,(t) has covariance

function
d

E[Ua(s)Ua(t)] =0Ty (81’ tl) H Oq; (Si’ ti)a

=2

where o,, is as in (2.9) and

S1At1
Ty (51,00) = [ G (52,00 (11, )

Further, the process Z,(t) has covariance function

E[Za(s)Za(t)] = apa1(517t1) H Oai(sivti)a

=2

where .

Pay (Slatl) = / Joy (Slvu)gal (t17u)du‘

-0

Let for0 < a < 2
fa(8,h) = pa(s+ h,s+ h) = 2pa(s,s + h) + pa(s, s).

We can write

du.

oo[ 1 1 2

fals:h) = / (u+ )02 (u+ s+ h)1-0)/2

0

Lemma 3.2. For all 0 < o < 2 there exist constants 6, and w, such that
2

(3.7) fa(s,h) <0

«a
82—a

and
(3.8) fa(s, h) < moh®.

Proof. First consider (3.7). By the mean value theorem for some h* between 0 and h

1 1 l1—« h

(u+s)0=02 " (u+s+h)1-0)27 2 (u+ s+ h*)B-0/2

so that
1 1

(u+5) 102 (u+s+ h)I-0/2

1—a\? 00 1 1—a\? 1 A2 h?
(s.h) < h2/ 7d:< ) —p
Jals )_< 2 ) o (u+s)i " 2 2— s g2«

12

11— «f h
< .
2 (uts)Ea2

Thus




Next consider (3.8). Obviously by (3.7) we have f,(s,h) < §,h* if h < s. Now if h > s, we
get by the change of variables u = (s + h)v

fa(s,h) < (s+ h)*C, < 2°C,h%,

where

2
o0 1 1
Ca :/0 lv(l—a)/Q - (U+1)(1—a)/2] dv.
O

Lemma 3.3. Assume condition (2.2) with v = . Then there exists a cq > 0 such that

(3.9) lim inf %7 log P {sup |Za(t)| < e} > —cq.
e\0 terd
Furthermore, for all 0 <6 <1
(3.10) lim £%/7 logP{ sup | Z,(t)] < s} = 0.
£N0 te[o,1]x 141

Proof. Notice by Lemma 3.2 we can infer
d d
E[Z2([s,s +h))| = afa,(s1, 1) [] 53 < ama, b T] A",
i=2 i=2

Thus by Proposition 2.1 we have (3.9).
Choose any 0 < 6 < 1 and define the process

Z(t) = Zo(t1 + 0,19, ... 1a),  t €I
Note that Z(0) = Z,(4,0,...,0) = 0. We have by Lemma 3.2 for some x > 0 and all b
satisfying oy < b < miDQSiSd o; < 2,
L, d d d
E[Z"([s,;5+h])| = afa, (51 + 6, h) [] 5% < aa, 67203 [] b < whh T] b,
i=2 i=2 i=2

where xk = afl,,0* 2. By applying Proposition 2.1 again we get

lim inf %/ log P {sup Z(t)] < s} > —00,
N0 terd

which since v = o < b implies that

li{%‘sw”’ log P {sup Z(t)| < 8} =0.

terd
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Since B
sup  |Za(t)| < sup |Z(t)],

tefd,1]x 141 terd
we have (3.10). O
For our next lemma we shall need the following fact due to Schechtman et al. [20]:
Fact 3.1. For any centered Gaussian measure p on a separable Banach space E,
p(AN B) > u(A/V2)u(B/V?2)

for all symmetric convex subsets A and B of F.

Lemma 3.4. Assume condition (2.2) with v = «. Then

(3.11) lim %7 log P {sup |Zo(t)] < 6} =0.
N0 terd

Proof. We see that for any 0 < § < 1 by Fact 3.1

P{sup Za(8)] < }

terd

€ €
> P<{sup | Z,(t Si}P{ sup Zo(t S—}.
{teId‘ ®) §1/2,/2 tE[J,l]xId—1| ®) V2

Now by Lemma 3.3 we can conclude from this last inequality that
lim inf %7 log P {sup | Za(t)] < 5} > —2V/5¢,.
eN0 terd

Letting 6 ~\, 0 completes the proof of Lemma 3.4. O

Lemma 3.5. Assume condition (2.2) with v = ay. There exists a finite positive constant
7y such that
(3.12) - 11{%52/7 log P{||Ua|| < €} =7,

3

Proof. Straightforward computations show that U, satisfies (2.1). Thus using Proposition
2.1 we get
(3.13) lim\iglf52/7 log P{||Ua|| < €} > —o0.

£

14



Thus a straightforward change of notation in the proof of Theorem 2.1 of Li and Linde [13]
shows that forallm > 1 and 2 > 0

(3.14) P{|Uall < 2} < (P{||U]| < n?/?2})"

(It suffices to replace, respectively, their

sup [3(0)] and_ sup V(1) + [~ 9)02ans)
A<

0<t<A

sup  |Uy(t)| and

te[0,\]x 14—

t2 2 ta tq
sup / / / Hga, ti, ui) W (du) +/ / / Hgal ti, ui) W (du)|,
€M1 x 141

and we get (3.14)). Now (3.13) and (3.14) allow us to use a standard subadditivity argument
to conclude (3.12). O

We are now ready to finish the proof of Theorem 2.1. First by Anderson’s inequality (cf.
[2]) using the representation (3.6) and the independence of U, and Z, we get

(3.15) P{|Wo|l < e} < P{||Uall < ¢}
To go the other way, note that by the independence U, and Z, for any 0 < 6 < 1
P{[Wa|l <e} > P{||Ua]l < (1= 8)}P{[|Zal < &6}

Since § > 0 can be made as small as desired, the proof clearly follows from Lemmas 3.4 and
3.5, in conjunction with (3.15). O

4 Proofs of increment results

In this section, we prove Theorem 2.2 and Corollaries 2.2 and 2.3, separately.

4.1 Proof of Theorem 2.2

4.1.1 Upper bound case
First we shall prove that with probability 1

(4.1) dim E,(c) <1 —c¢ .
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To accomplish this we require some lemmas, which we shall prove in a little more generality
than we actually need.

Lemma 4.1. Let X be a mean zero Gaussian process on I, d > 2, with covariance function

of the form
1 s
EX(s)X(t)] = 5(s7 + 87 — |s1 = t1]*)0 (5, 8),
where 0 < o < 2 and 8 = (s, ..., 54) and t = (ty, ..., tq). Assume that

ol = sup t%o(t,t) < oco.

terd

Then we have with probability 1,

M
(4.2) limsup sup Ms,s +h) < 204324,

WO 0<s<i-h he/2, [|Togh| —

I

where M is as in (2.11).

Proof. First by a result of Marcus and Shepp [18] we have for all 0 < 7 < 1 and z
sufficiently large

(4.3)

2 2’2
— (1 +n) <log P{||X|| > 2} < —=—(1 — 7).
2071+ < log PYIX > 2} < =575 (1 =)

Choose any & > 0. Clearly for 2=*+*1) < b <27 and (i — 1)27% < s < i27* we have
(i—1)2F<s+h<(i+1)27%,

which gives by the triangle inequality that

M h M((i—1)27F (i+1)27%
wp MsEn) M- )2+ 027
0<s<1-h ho/2,/|log hl| 1<i<2k 2-(k+1)a/2, [1og 2k

=:2 max Mi .
1<i<2k 9—(k+1)a/2 /log 9k
Now since M
n
——= =4 ||X],
92—(k—1)a

we see by (4.3) that for every ¢ > 0 there is a kg > 1 such that for all k£ > kg

M;
P ok > V2VT+e(1 —n) V0q p <exp(—k(14¢)log2) = 2 k1+e),
[9—(k—1)a log 2k
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Thus

M; y, ~1/2 1050k —ke
P{lgié(kmz\/i\/1+e(l—n) ogy/log 2k 5 < 277,
Since both ¢ and 1 can be made arbitrarily small we conclude (4.2) by a simple application
of the Borel-Cantelli theorem. O

We shall make use of the following discretization scheme. Let A > 0 be an arbitrary
constant whose value will be chosen later on. For each n > 1, set h, = n~*. Denote by

|u] <wu < |u]+1 the integer part of u. We set for each n > 1,

(4.4) My = |1/ (ha(|log hal)~5)],
and for each + =0,1,..., M,,
(4.5) Sim = ihn(|log hn|) 7%,

where K > (14 «)/a is arbitrary but fixed. We note for further use that, for any s € [0, 1],
there exists an i € {1,..., M, } such that |s — s;,,| < k(] log hy,|)~%. Now set

U, = max sup sup sup  |{X(s+uh,v)—X(s,v)}
1SiSMn s | <hn( log hn|)~ K hnt1<h<hn (u,v)elxI4-1

—{ X (sin + whn, V) — X (Sim, V) }-

Lemma 4.2. We have with probability 1

(4.6) Tim Ay, 1% (|log hy11[)72U, = 0.

Proof. We observe, via the triangle inequality, that

U,<2 sup M(s,s+a,),
0<s<1l—al,

where
al = hy(|log hy|)™* 4+ (hp — hpg1).

A

Now our definition of h,, = n™" ensures that as n — oo

hn = st = (14 0(1))An 7" = 0 (hy (| log ha|) %) .
Therefore, by setting a! = 2h,,(|logh,|) ™ we see that for all n sufficiently large

U,<2 sup M(s,s+a)).
0<s<1—al
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Applying Lemma 4.1, we infer from this inequality and K > 3/« that with probability

U = O ((a2)*/* /1 1og(ag)]) = o (h/*(log hal) %)
which gives (4.6). O

We shall be applying Lemma 4.2 for case oo = 1.

The method of proof of the upper bound part is based upon computing moments as in
the proof of Theorem 1.1 in Deheuvels and Mason [3]. In fact, we shall follow very closely
the general procedure for calculating the Hausdorff dimension of exceptional sets of this type
described in their paper.

Fix an arbitrary € > 0, and choose any A > 1/¢. We define Y; ,,, for i =1,..., M, to be
1 or 0 according as the random variable

AJ(SLnaSLn'+'hn)
(hn)2/(|1og hal /7,)

is or not. Making use of (2.10), we have uniformly over i = 1,..., M, as n — oo,

5 <(1+e)e

(4.7) P(Yip=1)=P(Yi, =1) = exp [(1+ 0(1))(log hn) (1 +€)c) /7] .

Consider now the (possibly empty and at most countably infinite) collection {/; : j € J}
of closed intervals of the form [s;, — hn, Sin + hy] for which Y;, = 1, where n > 1 and
1 << M,. Set

E=U{l;:jeJ},

and
§=142—((1+e)c)™2/.

Introduce the (possibly infinite valued) random variable

Z = Z |Ij|6:

jeJ
where 3¢y (-) is defined to be 0 whenever J = ). Obviously, we have

EZ =Y M,(2h,)’P(Yi,, =1) = > uy.

n>1 n>1

Note that, as n — oo,
(4.8) My = [1/(hn(|log hn|)*) | = exp((1 + 0(1))| log ha| ).
Thus we infer from (4.8) and (4.7) that for all large n

u, = exp ({2¢ + o(1)} log hy,) < hé =n"*\.
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Since our choice of A > 1/¢ and h,, = n™* entails that

o
> u, < oo,
n=1

we see that FZ < oo, which, in turn, implies that Z < oo with probability 1. In view of
(2.13) and (2.14), it follows that, with probability 1, the measure s° — dim E < oo, and
hence

(4.9) dim £ < 6.

We finish by comparing the sets E and E,(c). By Lemma 4.2, with o = 1, there exists
almost surely an ny < oo such that for all n > ng

_ EC
ho i/ (108 hysa| /7,)2U, < =

3
Hence, whenever h, .1 < h < h,, for some n > ng, and 0 < s < 1, we have
M(s,s+h) €
4.10 <e(l+ =
(410 WP (loghlfrye = U 3)

then there exists an ¢ € {1,..., M,} such that both Y;,, =1 and s € [s;,, — hp, Sin + hnl-
Since E,(c) is a subset of the set of all points s such that (4.10) holds for some h, 41 <
h < h,, for infinitely many n, it follows that, with probability 1, E,(c) C E, which, via (4.9),
implies
dim E,(c) <142 — ((1+¢)c) .

We conclude (4.1) by observing that £ > 0 may be chosen arbitrarily small.

4.1.2 Lower bound case

In the second part of the proof we shall prove that
(4.11) dim E,(c) > 1 — ¢/,

We shall use the following result in Deheuvels and Mason [4]. Also see Orey and Taylor
[19]. We begin by introducing some notation.
Let {H, : n > 1} denote a sequence of constants satisfying the following conditions:

(4.12) H, |, 0< H, <1 for all largen > 1.
(4.13) > exp (—Hn_s) < oo for any € > 0.
n>1

Assume that, foreachn > 1,7, ,,i=1,...,N, := |1/H,], is a sequence of independent
and identically distributed Bernoulli random variables. Set

pn=P(Z1p,=1)=1—-P(Z;,=0).
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Further assume that, for some 0 < § < 1, as n — 00
(4.14) pn = HHW),
For each n > 1, set s;,, = ¢H,, i =1,..., N,, and introduce the disjoint closed intervals

[Sin — Hn/2,58i5] when Z; , =1,
Ii,n -
() when Z;, = 0.

Our proof of the lower bound is based upon the following fact, which is proved in De-
heuvels and Mason (1998).

Fact 4.1. Under (4.12), (4.13) and (4.14), for any ¢ > 0, there exist almost surely a sequence
of integers 1 < q1 < g < ..., and sets E1, Fs, ..., such that

dim E>1-6—e,

o
where E = () E; and for each 7 > 1, E; is a unton of some intervals taken from the set
j=1

{lig 1 1<i <N}

We are now ready to complete the proof of Theorem 2.2. We shall prove that almost
surely for each ¢ > 1 and € > 0, chosen so that the right hand side of the inequality below

is strictly positive
(4.15) dim E,(c) >1—c¢ " —e.

Since € > 0 may be chosen arbitrarily small, the proof of (4.11) will follow from (4.15).

To establish (4.15), we apply Fact 4.1, with the following special choices of {H,, : n > 1}
and {Z;,, : 1 <i < N, } fulfilling (4.12), (4.13) and (4.14). Choose a constant A > 0 and set
h, =n"> and

H, = hy(|log hn|)_2(1+7)

for n > 1. Now let Z;,, = 1 or 0 according as the random variable

M(si,na Sin + hn)
i [ ([log hu| /7)172
or not. Notice that from the covariance structure of X, we readily see that for each n > 1

the Z,, : 1 <1 < N, are i.i.d. Bernoulli random variables.
Applying (2.10), we get that uniformly over ¢ =1,..., N,, as n — o0

<(1-¢)c

P (Zin=1) = exp [(log hy){((1 — £)c) " +0(1)}]
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which shows that (4.14) holds with § = ((1 —¢)¢)~%". Further note that assumptions (4.12)
and (4.13) clearly hold. Hence we may apply Fact 4.1 to establish the existence of a set E
such that

dmE>1-6—e=1—(1—-¢))™?" —e.

To conclude, we observe from the definition of Z;,, and Lemma 4.2, noting that N,, = M,
of (4.4), with K = 2(1 + ), that with probability 1, for all large n, whenever Z;,, = 1 we

have
M(s,s+ hy)

hil? /(| og o /7,)7/2 ~

for all s € I, , = [sin — Hy/2, sip]. This readily implies that E C E, (c), which yields (4.15).
This completes the proof of Theorem 2.2. O

4.2 Proofs of Corollaries 2.2 and 2.3

We will only prove Corollary 2.2. Corollary 2.3 is proved similarly. From Theorem 2.2 we
can immediately conclude that with probability 1

(|loghl)2M(s, s + h)

. . <1
(416) e T e <!
Therefore we need to only verify that, with probability 1,
log h|)"?M h
(4.17) liminf inf (1OBACMss+h)
A\O 0<s<1-—h T,’YY/2h1/2

Choose any A > 1. Set hy = A %. For A **+D) < B < A% we clearly have

f (|logh|)"2M (s, s + h) > inf (| log hy|)"2 M (s, 5 + hiy1)
0<s<l—h T,;Y/?hl/z ~ 0<s<1=hpyq )\1/27_;1/2h11€f1

We shall show that with probability 1

v/2
(4.18) lim inf inf (| log hy|)"*M(s, s + hit1) -

k—oo 0<s<1—hgy T;r/?h,lcfl -

For s;(i —1) = (i — 1)A7%/(logk)? < s < ix7F/(log k)? = 54 (i), with o0 > v + 1, we have
M(S, S+ hk+1) Z M(Sk(i), Sk(’l,) + hk+1) — 2Mk,
where

My, = sup M(575+ak)7

0<s<1—ay
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with ay = A7 /(logk)?. Now by Lemma 4.1 in combination with ¢ > v + 1, we have, with
probability 1,

M= 0 (a}/?\flog(1/ar) ) = o (1 (1 1og i) ")

Set my, = [)\’“(log k)gw . Thus to establish (4.18) it is enough to prove that with probability 1

(4.19) liminf min ([1og hie )" M (54(2), ¢(7) + foxs1) > 1.

k—oo 1<i<my, TA?/ 2 hllcfl

Now for any € > 0

P { min (| log Fue )" M (sk (i), 5 (8) + hi-1) < 1 }

L<i<my Rde (14+e)/2
/2
< mpp { L M0 0 b))
2 h2 (1+e)/

which by Theorem 2.1 is equal to

my, exp(—(1 + €)k(log A + o(1))).
This, in turn, is for all large enough k less than or equal to A~°¥/2. An application of the
Borel-Cantelli lemma now shows (4.19), thus (4.18). Finally since A > 1 can be chosen
arbitrarily close to 1, we have (4.17). O
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