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SMALL DEVIATIONS OF RIEMANN-LIOUVILLE PROCESSES
IN L,~SPACES WITH RESPECT TO FRACTAL MEASURES

M. A. LIFSHITS, W. LINDE AND Z. SHI

ABSTRACT

We investigate Riemann—Liouville processes Ry, H > 0, and fractional Brownian motions By,
0 < H < 1, and study their small deviation properties in the spaces Lq([0, 1], p). Of special interest
are hereby thin (fractal) measures p, i.e., those which are singular with respect to the Lebesgue
measure. We describe the behavior of small deviation probabilities by numerical quantities of u,
called mixed entropy numbers, characterizing size and regularity of the underlying measure. For
the particularly interesting case of self-similar measures the asymptotic behavior of the mixed
entropy is evaluated explicitly. We also provide two—sided estimates for this quantity in the case
of random measures generated by subordinators.

While the upper asymptotic bound for the small deviation probability is proved by purely prob-
abilistic methods, the lower bound is verified by analytic tools concerning entropy and Kolmogorov
numbers of Riemann—Liouville operators.

1. Introduction

1.1. Main Result

The aim of the present paper is the investigation of the small deviation behavior
of Riemann-Liouville processes (RL—processes) and of fractional Brownian motions
(fBm) with respect to the L,—norm of a given (finite, continuous) measure p on
[0,1].

Recall that the RL—process Ry of index H > 0 is defined by

¢
Ry(t) ::J (t—u)d2dW(u), 0<t< oo,
0

where W denotes a Wiener process on [0, 00), while the fBm By with Hurst index
H € (0,1) is the centered Gaussian process on [0,00) with a.s. continuous paths
and covariance

1
EBu(t) Bu(s) = 5 {t2H+52H - |tfs|2H} . t,5>0. (1.1)

Thus, if Xy denotes either Ry or By, respectively, our objective is to describe the
behavior of the small deviation function

Gqu(e) s —logP (E X (0)]7 du(t) < gq> = —logP (||XHHW < E) (1.2)

as € — 0 in terms of certain quantitative properties of the underlying measure pu.
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Here and later on we use the notation Lq(u) := Lg([0, 1], 1) and

w= XLy 0,11, -

General small deviation problems attracted much attention during the last years
due to their deep relations to various mathematical topics like operator theory,
quantization, strong limit laws in Statistics, etc, see the surveys [15, 17]. A more
specific motivation for this work comes from [22], where the behavior of small devi-
ations of non-Gaussian Lévy processes in L, ([0, 1], A1) was studied for the Lebesgue
measure A;. This problem was solved by reducing it to the study of the deviation
of the Wiener process in Lgy([0, 1], 1) with a random and singular measure f.

In the sequel we write f ~ g if lim._o L G 3 =1 while f < g (or g > f) means

that limsup,_, ggag < oo. Finally, f ~ g says that f = g as well as g = f.

In the case p = Aq, the behavior of ¢y () is well known, namely, ¢q () ~
cqre VB as e — 0. The exact value of the finite and positive constant c, g is
known only in few cases; sometimes a variational representation for ¢,y is available.
See more details in [15] and [20].

If 41 is absolutely continuous with respect to Aq, the behavior of ¢4 () was
investigated in [13], [18] and [19]. Under mild assumptions, the order ¢~/ remains
unchanged, only an extra factor depending on the density of u (with respect to Aq)
appears. The situation is completely different for measures p being singular to A;.
This question was recently investigated in [21] for ¢ = oo (here only the size of the
support of y is of importance) and in [24] for self-similar measures and ¢ = 2. When
passing from ¢ = oo to finite ¢’s, the problem becomes more involved because in
the latter case the distribution of the mass of u becomes important. Consequently,
one has to introduce some kind of entropy of p taking into account the size of its
support as well as the distribution of the mass on [0, 1]. This is done in the following
way.

Let i be a measure on [0,1], let H > 0 and ¢ € [1,00). Then the following
numbers will play an important role later on.

Definition 1.1 We define a number r > 0 by
1/r:=H+1/q,
and set
m r m
ou(m) = ol (m) : inf Z\A |7 (a7 . [0,1] € U (1.3)

where the A} ’s are supposed to be real intervals. The numbers o, () are called outer
mized entropy numbers of p.

Here “mixed” means that we take into account the measure as well as the length
of an interval. Note that a very similar expression already appeared in [18], section
6.2, for absolutely continuous measures pu.

The main result of this paper shows a very tight relation between the behavior
of g, (m), as m — oo, and of the small deviation function (1.2). More precisely, the
following will be proved.

Theorem 1.2 Let p be a finite continuous measure on [0,1] and let Ry be the
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Riemann—Liouville process of index H > 0. For q € [1,00) define o,(m) as in
(1.3). Then the following facts are true.

(a) If

0(m) = m~" (logm)”?
for certain v > 0 and B € R, then
—logP (||RH||q7H < 5) = eV HTY) og(1/e)P/HAY) (1.4)
(b) On the other hand, if
o.(m) = m™ (logm)”?
then
—10gP (Rl < ) =& /) dog(1/e)/ 4 (15)

For 0 < H < 1, both assertions also hold for the fractional Brownian motion By .

1.2.  An Example: Self-Similar Fractal Measures

We show now how our result applies to a particularly interesting class of singu-
lar measures, the class of so—called self-similar measures. First, let us recall their
definition. Take an integer N > 2, some positive weights p1,...,pn such that
Zg=1 pr = 1, and N intervals with disjoint interiors [a1,b1],..., [an,by] in [0, 1].
For every k = 1,..., N let Sy be one of two possible affine mappings from [0, 1]
onto [ag, b]. The corresponding self-similar measure y is now uniquely defined by
the equation

N
w=3pr [noS7l) (L6)
k=1

We refer to [10] for further information on self-similar measures.

The following result can be derived from Theorem 1.2 in the case of self—similar
measures. We state it for the RL—process, yet here and later on all assertions are
also valid for fractional Brownian motions By, 0 < H < 1.

Theorem 1.3 Let A, := b, —ay and let v > 0 be the unique solution of the equation

N
ST =1, (1.7)
k=1
Then, v <r, and if u satisfies (1.6), it follows that
G(m) =111 (18)
hence
—logP (||RHH,17M < 5) ~ eV —1a) (1.9)

We see that the order of the small deviations does not depend on the special
choice of the mappings Sy (recall that there are two possibilities to map [0, 1] onto
[ak, bk] by an affine mapping).



4 M. A. LIFSHITS, W. LINDE AND Z. SHI

In view of the tight connection between small deviation results and compactness
properties of related operators, Theorem 1.3 may also be formulated as follows.

Theorem 1.4 Let the self-similar measure p be as above. If &« > 1/2 and v > 0 is
the unique solution of the equation

N
Z)\](:éfl/%vpz/q -1,
k=1

then the entropy numbers of the Riemann—Liouville operator R, (cf. (4.1) for its

definition) regarded as operator from L3[0,1] into Lg(p), 1 < g < oo, behave like
n—(1/7+1/2-1/q)

The following subclass of self-similar measures is of particular interest. Assume
that for some s > 1

Ae=p., 1<Ek<N. (1.10)
Then we have v = (sH +1/¢)~! and
_logP(HRH”q’M < 5) ~ E_l/(SH) .

We see that under condition (1.10) the order of the small deviation does not depend
on the number ¢ > 1. Yet for general self-similar measures one should expect a
dependence on q.
To investigate this question let us examine some special classes of self-similar mea-
sures.

1) If pr = A, then the intervals [ag, bg] have to cover [0, 1] and p is the Lebesgue
measure. Thus relation (1.10) holds with s = 1 and we obtain

~10gP (IR ll,, <) ==V,

in accordance with known results.

2) For N = 2 let [a1,b1] = [0,1/3], [a2,b2] = [2/3,1] and p; = ps = 1/2. Then p
is the classical Cantor measure, hence relation (1.10) holds with s = %ggg and we

obtain
log 2
“logP (||RH||q’,L < 5) ~ e AT

This order of small deviation was known for the special case ¢ = oo (see the example
after Theorem 6.2 in [21]).

3) Let the intervals be as in the previous example, yet this time we choose p; = 6
and p; =1 —0 for some 0 € (0,1), 8 # 1/2. The corresponding measure x could be
called skewed Cantor measure. Here equation (1.7) becomes

07/ + (1 — )/ = 3t (1.11)

and the relation (1.10) does not hold anymore. No explicit expression for ~ is
available, but we can examine what is going on in the case of extreme skewness,
i.e., for § — 0. For any given H > 0 and ¢ < oo we obviously have v = () — 0.
For the left hand side of (1.11) we have

97/q+(1—9)7/q—1~97/q, 6—0,
while for the right hand side of (1.11)
307 —1~log3Hy, 6—0.
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Hence,
07/7 ~1og3H~, 6—0.

Taking the logarithms yields
v log 6

~logy, 6—0.

Thus for any given H > 0 and ¢ < oo it follows that

= (0) ~ qloglog(1/6)

g1/ 00

and
~10gP (|| Rarll,,, <) e,

where

qloglog(1/6)
K(0) ~ () ~ log(1/0)

Consequently, the order of the small deviation decreases to zero when the measure
becomes more and more degenerated. Moreover, we see that in general the small
deviation behavior does depend on the parameter gq.

The results for self-similar measures presented in this section were greatly in-
spired by some previously known results for the Hilbert space case ¢ = 2. Actually,
in a Hilbert space one can study the small deviation behavior in the language of
spectral theory. The corresponding results on the eigenvalues of appropriate oper-
ators were obtained by Fujita [9] and Solomyak and Verbitsky [28] (for ¢ = 2 and
H =1/2). The latter work provides even more information than one needs for our
level of precision. In [28], the so—called arithmetic and non-arithmetic cases are
distinguished, according to the properties of the pi’s and Ay’s. Following the ideas
of [28], Nazarov [24] was recently able to provide the ezact logarithmic asymptotic
behavior of small deviations. He proved (for special H’s) that in the non—arithmetic
case

—10gP (| Rirl,, <) ~ C e A1)
for some C' € (0, 00), while in the arithmetic case
~log (|[Rurl,, < <) ~ Wlog(1/e)) e~ /112,

with some periodic function ¥ bounded away from zero and infinity.

These results are of course more precise than our (1.9) and they are actually valid
for a wider class of processes, being however restricted to the particular case ¢ = 2
and (less important) to H =m + 1/2 with m =0,1,2,.. ..

1.3. Random Fractal Measures

Other interesting singular measures are those generated by subordinators. Re-
call that a Lévy process A = (A(t))¢>o is called subordinator provided it is non—
decreasing. Its Laplace exponent ® is then defined by

Ee AW — o=t 2(@) t,x>0.

We refer to [3] for more information about subordinators.
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Every subordinator A generates random measures p = fi,, by gt := ;o A~ where
A1 denotes the Lebesgue measure on [0, 1], i.e.,

1([0,8]) = po([0,8]) = A ({t € ]0,1] : A(t,w) < s}), s>0. (1.12)

Our basic result about these random measures is as follows.

Theorem 1.5 For any H > 0 and any q € [1,00) there exist constants ¢1,c3 > 0
such that the following is wvalid. For all strictly increasing subordinators A with
Laplace exponent ® and almost all measures p defined by (1.12) it is true that

o,(m) = ULH’q) (m) satisfies

When combining Theorem 1.5 with Theorem 1.2 we obtain the following corollary
about an important class of so called subordinated processes.

Corollary 1.6 Let A be a strictly increasing subordinator such that its Laplace
exponent satisfies

®(z) ~ 2P (logz)* , T — 00,

for certain 6 € (0,1] and k € R . If Ry is an RL-process, H > 0, independent of
A, then for almost all w and each q € [1,00) we have

1

~tog (|| IR (AGal” de < et) P (1)
0

Remark 1.7 In the case 0 < H < 1 the preceding corollary is slightly weaker

than Theorem 2.1 in [22]. Yet observe that the methods used in [22] are no longer

applicable for H > 1.

The organization of the paper is as follows. In Section 2 we investigate o, (m)
and some related quantities needed later on. Section 3 is devoted to the essential
part of the (purely probabilistic) proof of assertion (a) in Theorem 1.2, yet an
important time inversion argument is left for special consideration in Section 7.
The proof of part (b), in contrast, employs several quite delicate analytic methods.
This is carried out in Section 4. A particular result in this section, which may be
of interest by itself, is an estimate of the Kolmogorov numbers d,, of the Riemann—
Liouville fractional integration operator from L0, 1] into Lg(x) in terms of o, (m).
The case of self-similar measures and, especially, the proof of Theorem 1.3 is the
subject of Section 5 while random fractal measures are investigated in Section 6.

2. Mixed Entropy of Measures

Let p be a finite and continuous measure on [0, 1]. Given an interval A C [0, 1],
we set

Ju(8) = JHDO(A) = AT p(a)e.
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With this notation the outer mixed entropy numbers o, (m) = ULH’q) (m) introduced
in (1.3) may be written as
1/r

ou(m) =inf ¢ [ > 7,(A;)" 0,17 ¢ A
Jj=1 j=1

We mention that by Holder’s inequality, m — o,(m) is non-increasing.
For later purposes we also need an other kind of entropy. This one is defined as
follows.

Definition 2.1 Given pu as before for each § > 0 we set

M, (8) = M9 (6)

c=max{m:3IAy,..., Ay, in [0,1] with disjoint interiors, J,(A;) > 0} .(2.1)
The function M, (-) is called inner mized entropy of fi.
Note that for continuous measures p we may replace in the above definition J,(A) >

0 by Ju(A) =94.

Let us consider the inverse of M,,.

Definition 2.2 The numbers
8, (m) = 69 (m) +inf {5 > 0: M, (6) < m} (2.2)
are called inner mixzed entropy numbers of .

The following relations between inner and outer mixed entropy numbers are valid

Proposition 2.3 Let u be a finite continuous measure on [0,1]. Then for each
integer m > 1, we have

o.(2m+1) < (2m+ HYr 5,(m) and m"5,(2m) < o,(m). (2.3)

Proof. Let us start with the proof of the first estimate. We choose an arbitrary
0 > 0,(m), whence M := M,(6) < m. By the definition of M, () we find M
intervals with disjoint interiors Ay, ..., Az in [0, 1] satisfying J,,(A;) = d. There are
at most M +1 disjoint intervals 51, ce £M+1 complementary to Ay, ..., Ay such
that the Ay’s and the A;’s together cover [0, 1]. By the maximality of M = M, (4)
we obtain JM(AIC) < 4, hence

0,2m+1)<0,2M+1) <M+ )Y 5§ < 2m+ 1Y -5
proving the first estimate in (2.3) by letting § — 6,,(m).

To verify the second estimate, let us fix m € N, take an arbitrary covering
Aq, ..., A, of [0,1], and assume that the intervals have disjoint interiors. Next we
set 0 := Bfl/T ou(m) and assume that there are n intervals with disjoint interiors
Aq,...,A, in [0,1] such that J,(Ag) > 6,1 <k <n. Let

L ::{kgnzﬁkgAj} L 1<j<m.
An application of Holder’s inequality then leads to
Ju(8))" 2 D Ju(Ar)" = #(Ly) - 8"

keL;
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Thus

m

Do Tu(A))T =8 H#(L)

=1 =1

Now observe that at most m —1 of the Ek’s may not belong to a certain Ay, i.e., we
have Z;nzl #(L;) > n—m+ 1. This being true for any choice of the A;’s implies

ou(m) =6 (n—m+1)""

hence, by the definition of §, we necessarily have n < 2m. Thus M,(§) < 2m,
whence

5,(2m) <5 =m~ V" g,(m)

completing the proof. |

For later needs, we now slightly modify J,, M, and §,(m). Namely, we use a
quantity which (in the absolutely continuous case) already appeared in [7, 8]. Given
an interval A = [a,b] C [0, 1] we set

Tuld) =T0(A) s sup (@ — o) ([, b))
z€(a,b)
Then we define M, and d,, as in (2.1) and (2.2), respectively, yet this time taken
with respect to 7u.

Of course, we have J,(A) < J,(A), hence M, (d) > M,(5). In general these
expressions are not equivalent. However, some kind of inverse inequality still holds.
To make this more precise, let us introduce the time inversion of a measure u as its
image with respect to the mapping t — 1 — ¢, i.e., we set

p([a,0]) == p([1 = b, 1 —a]) .
With this notation the following is valid.

Lemma 2.4 Let p be a finite measure on [0,1] and § > 0. Then we have

max { M ,,(6), M- (6)} > % .

Proof. For m € N assume that there are 2m intervals with disjoint interiors
Ay, ..., Ay in [0,1] such that J,(A;) > 6. Of course, we may suppose that
MmO = 0, 1] and that the intervals are numbered according to their position in
j=1=J
[0, 1] For 1 Sj S m define Aj = Agj_l U Agj. If |A2j_1| Z |A2j|, then

| Agj1 |7 u(Day) T > | Ao T (D) 9T, (Agy) > 6,

hence by definition, .J,,(A;) > é. If, conversely, |Ag; 1| < |Ag;|, then it follows by
the same arguments that jﬂ, (1—Aj) > 6. Thus in any case there exist at least m
intervals with disjoint interiors having a J,~value larger than § or such m intervals
exist for ju,, This completes the proof. |

The following property of .J,, will be crucial later on.
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Lemma 2.5 Let u be a finite continuous measure on [0,1]. Let H > 0, q € [1,00)
and let A :=[a,b] C [0,1]. If z. € (a,b) satisfies

1—
(2. — a)? pla,, 0]/ > 3 Ju(A) (2.4)
then there exists a y. € (x4,b] such that the following inequalities hold:
1_
(22— @) e, ye] V7 > < Tu(A), (2.5)
Yo — 20 < 3YH (2, —a). (2.6)

Proof. Let y, := min{b, a + 3" (z, —a)} € (2.,b]. Clearly (2.6) is satisfied,
thus it remains to prove (2.5). We distinguish two possible cases.
First case: b < a + 3" (z, — a).
Then y* = b, and it follows from (2.4) that J,,([z.,y.]) > % J,(A), implying (2.5).
Second case: b > a+ 3" (z, — a).
In this case, y.a + 3/ (z, — a) € (a,b), and by the definition of J,(A), we have

(3 (@ — )T ulye, 011 < Tu(A)
ie., Yy, b] < J,(A)9/(3%(zs — a)?). On the other hand, by (2.4),
ula b = Tu(A)1/(29(a, — a)™)

Therefore,
_ _ Ju(A)4
_ * _ q _ q M
iloesyed = el = iy B 2 (277 =379 =
from which it follows that
_ 1_
(@ — ) plz,y ]9 > (279 = 37V (A) > g In(B),

as desired. O

3. Proof of Part (a) in Theorem 1.2

The following proposition provides the crucial estimate for the proof of (1.4).

Proposition 3.1 Let H > 0 and q € [1,00) and suppose that for some § > 0 there

are intervals Ay, ..., Ay, in [0,1] with disjoint interiors such that
Ju(A;)>6, 1<j<m. (3.1)
Then
logP (”RHHZ;N« <cp-df m) < —co-m (3.2)

with c1,co > 0 only depending on H and q.

Proof. Let us assume that the intervals A; := [a;, b;] are numbered according
to their position. We observe that
m b, m
IRallg = 3 | 1Ra(Odut) = Y15 (3.3

i=1"%i i=1
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with obvious notation. Note that, for any ¢, I; is measurable with respect to F,,
where (F3)¢>0 denotes the canonical filtration of the underlying Wiener process W.
Let us now study the random variables I; more thoroughly. For any t € A;,

Ru(t) = J

0

a; t
(t— s)T= 1124 W (s) + J (t — ) =12 QW (w).
The first term of this decomposition is F,,-measurable, whereas the second is in-
dependent of F,,.

By Anderson’s inequality (see [1] or [16], Chapter 11), and in view of (3.3), this
leads to the following: for any € > 0,

m—1 b

ZIH—J

i=1 Gm

Jt (t —u)T= V2 AW (u)

Am

P(|Rullf, <e) <P ( qdu(t) < 6) )

Iterating the procedure, we obtain that

P (|Rull?, <e) g]P’(ZXi <g>, (3.4)

i=1
b;
Xi = J
a;

In a next step, we use Lemma 2.5 jointly with (3.1) to find [z;, y;] C A; such that

where
r ()2 4w )| .

[¢23

)
(z; — ag)? plag, a1 > 5 and yi — s < 3YH(z; —ay) . (3.5)
Of course, X; > ﬁi’l \ f; (t —u)= Y2 AW (u)|? du(t). Hence, by Holder’s inequality,
q
splesyil T

X2 w0 [ ] (6= )2 aww ano

Zi Ja;

Clearly, n; is a zero-mean Gaussian random variable with variance

Yi Yi min{s,t}
o2 = J dﬂ(t)J d,u(s)J (s —u)H= V2t —u)A=1/2 qu.

Zq Zi a;

Therefore, writing (§;);>1 for a sequence of i.i.d. N'(0, 1) random variables, we have,
for any € > 0,

P (HRH”Z#« < 6) <P (Zu[mi,yi}l_qaﬂmq < 5) . (3.6)
i=1
We now give a lower bound for o; by distinguishing two possible situations de-
pending on the value of H.
When H > 1/2, it is clear that

min{s,t} min{s,t}
J' (s —u)H= 12t — )= 12 qu > J (min{s,t} —u)?"~1du
= L(min{s ty—a;)*H
2H ) b
which implies
1
ol > ﬁ(%’ — i) plri, v
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When H < 1/2, we can argue that

min{s,t}

J (s — w120 — w2 du > (yi — )" (21 — @)

a;

for s, t € [z;,y;], from which we deduce that
07 > (yi — a:)®" Ny — a;) plai, i) -
By (3.5), we have (y; — a;)?# =1 > (1 + 3V/H)2H=1(g; — q;)?H =1 Therefore,
01'2 > (1 + 31/H)2H_1(-Ti _ Cli)QH/J[J?i,yi]Z-

As a consequence, for any value of H, there exists a constant ¢y € (0,00) (whose

value only depends on H), such that

1—(1/(1)7

o; > co(x; — ai)HM[$i,yi] > plzs, yil

€0
6
the last inequality being a consequence of (3.5). Plugging this into (3.6), we see

that, for any ¢ > 0,

Pty <9 <2 ( Sler <war ).

We now choose ¢ := ¢; 69 m, where the constant ¢; > 0 is so small that it satisfies
(6/c0)%(c1)? < E(]&1]7). By the exponential Chebyshev inequality, there exists a
constant co > 0 such that

P (HRH||Z7H <c 69 m) <e 2™,
This completes the proof. |
Corollary 3.2 There are constants C1,Cy > 0 (only depending on H and q) as

well as a non—increasing function g : (0,1) — [0, 00) with lim._qe%g(c) = 0 for any
6 > 0 such that

logP (|| Rillf,, < C1 - 0" Mu(8)) < ~Ca- M,(8) + 9 (0 M,(8))  (3.7)

for all 6 > 0 satisfying M,,(5) > 2.

Proof. Let 0 > 0 be such that M, () > 2. By Lemma 2.4, at least one of the
following inequalities is true:

M, (0) > 3 or (3.8)
M, (5) > M%(a) (3.9)

If (3.8) holds, then the assertion follows directly from Proposition 3.1 with g = 0,
Cy = ¢1/3 and Cy = ¢2/3, where ¢; and c; are the constants from (3.2). Indeed, we
obtain from (3.2) and (3.8) that

C
log P (||RH|\3,M <051 MM(6)> — logP (||RH||3)H <S> M,@))
<logP (|| Ry [?, < 167 Mu(a))

< —ca M,(8) < —Co M,,(9)
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as asserted.
Next, suppose that (3.9) is valid. Now take Cy = ¢1/(3 - 29) and Cp = ¢2/3,
where ¢; and ¢y are the constants from (3.2), and use the inversion argument from

Theorem 7.2 below by choosing g(-) = h ((% -)'/?) where h is the function from

(7.5). We apply Theorem 7.2 and obtain that
log P (||RHHZ’# <067 M”(é))
— logP (||RH||W < Cll/an,L((s)l/Q)

< logP (||RH|| < QCll/qcsMH(é)l/Q) +h (2 cll/%M#((s)l/Q)

q; 1

&
= logP (|| Rirllg,,- < 567 M,(8)) + 9 (57 M, (6))
< 1ogzp>(||RH||Z,u, <a 5qm_((s)) +g(87 M, (5)) . (3.10)

In a final step we apply Proposition 3.1 to u~. Thus (3.10) can be estimated by

—ca M~ (0) + g (09 M, (8)) < —=C My, (8) + g (89 M (9))
leading to (3.7) as asserted. O

Now we are in the position to complete the proof of assertion (a) in Theorem 1.2.

Proof of part (a) in Theorem 1.2: We suppose o, (m) = m~"(logm)”® for some v > 0
and § € R. In view of Proposition 2.3, there is a constant ¢ > 0 such that for all
m €N,

5, (m)>c-m™""Y" (logm)? .
Given a positive integer m > 2, we set 6,, := §-m~"~V/" (logm)?, hence M, (6,,) >
m. Plugging this §,, into (3.7) yields
log P (||RH||Z,# <Oy -84 m) <logP (||RHHZ7# <0 - 5$nMH(5m))

< —Co My(6m) + 9(67, M, (0m))

< —Coym+g(oLm) .
Since 62,m = (£)Im~"4~ 1 (logm)51 = (£)2m=9~Hi(logm)P?, it follows from
the main property of the function g that g(d%,m) = o(m), m — oo. Therefore,

—10gP (IRl < C1/" (5) m™ " (logm)’) = m,

implying (1.4) in the case of RL—processes.

Thus it remains to verify (1.4) for fractional Brownian motions By as defined in
(1.1). It is well known (cf. [23] or [14]) that there are a stochastic process (Zg (t))i>0
and a constant ¢y > 0 such that

By =cy (Ry + Zg) (3.11)

with Ry and Zpy being independent. Hence, by Anderson’s inequality ([1] or [16])
it is true that

—logP (||BH||W <cn 5) > —logP <||RH\|Q7H < 5) : (3.12)

hence (1.4) for By follows from (3.12) and from the corresponding estimate for Ry.
O
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4. Proof of Part (b) in Theorem 1.2

The aim of this section is to prove part (b) of Theorem 1.2 by an analytic ap-
proach. Let us introduce the necessary notation.

Let (E,|-||lg) and (F,| - ||r) be Banach spaces, and let S : E — F be a compact
operator. The Kolmogorov numbers of S, denoted by d,,(.5), are defined as

dp(S) =dp(S:E— F): inf{ sup dp(Sz,F,) : F, CF, dim(F,) < n}

llzllp<1
where, as usual,
dr(y, Fa) =t {lly = 2l : 2 € Fy)
denotes the distance of y € F' to the subspace F,, (w.r.t. the norm in F').
The (dyadic) entropy numbers of S are given by
27171
en(S)=en(S:E— F):=inf<e>0:5(Bg) C U (y; +eBr)
j=1
Here Bp and Bp denote the (closed) unit balls in F and F', respectively. In other
words, e, (S) is the infimum over all ¢ > 0 such that S(Bg) can be covered by

at most 2"~1 balls of radius € > 0 in F. We refer to [5], [26] and [27] for more
information about Kolmogorov and entropy numbers.

Given a > 0, the Riemann—Liouville operator of fractional integration is defined
by
1t
(Raf)(t) :== —J (t—uw)* f(u)du, 0<t<1. (4.1)
I'(a) Jo
When o > 1/2, this operator maps L[0, 1] into Lo[0,1], hence also into Lq(u)
for ¢ > 1 and any finite measure u. As is well known, R, is a compact operator
into Lo [0,1] (cf. [14], Proposition 6.1, where even the degree of its compactness
was evaluated), hence also into L,(ut), and the question arises how its degree of
compactness depends on p and/or on g > 1, respectively.

Here we shall prove the following result.

Theorem 4.1 There are constants £ € N and ¢ > 0 only depending on o > 1/2
and 1 < q < oo such that for any finite continuous measure p on [0,1] and all
n,m € N,

dntem (Ra : L2]0,1] = Lo(p)) < c-n=*a271/2:9 (m) (4.2)
where J,(f‘_lﬂ’q) (m) is defined in (1.3).

By admitting Theorem 4.1 for the moment, we are ready to prove part (b) in
Theorem 1.2.

Proof of (b) in Theorem 1.2: Given H > 0 set o := H + 1/2. Then R, generates
the RL—process Ry in the following way:

Rir(t) = T(0) - S 6u(Rafi)(t), 0<i<1, (4.3)
k=1
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where (fx)r>1 is any fixed ONB in L,[0, 1] and the &’s are i.i.d. N(0,1).
By assumption we have JLH’Q) (m) = m~"(logm)”, hence an application of (4.2)
for n = m gives

dn(Ra : La[0,1] — Ly(p)) < c-n~ " “(logn)” . (4.4)

Next we use Carl’s inequality (cf. [4], Theorem 1.3) that states a relation between
entropy and Kolmogorov numbers. By combining this inequality with (4.4) we ob-
tain that

en(Ra : Lo[0,1] = Ly(p)) < ¢ -n~*"“(logn)”.

In view of (4.3) we may apply the well known relation between entropy numbers
and small deviations (see Theorem 5.1 in [14]) and this finally leads to (recall that
a = H + 1/2) the desired estimate

—logP <||RHH(“L < E) < e~ VHTY) og(1/e)P/HAY) (4.5)

and completes the proof of (b) for RL—processes.
To verify (b) for fractional Brownian motions, we use representation (3.11). It
was proved in [2] that the process Zy appearing there satisfies

lim £° logIP’< sup |Zu(t)] < 5) =0 (4.6)
e—0 0<t<1

for any 6 > 0. An application of the partial correlation inequality (7.3) to the

representation By = cy (Ry + Zg) leads to

3 9
logP (|18 ) > logP — ) +1ogP (|2 —_ ).
o (1B, <) = 0gP (Il < =) +1ogP 12, < — 1

Combining the last estimate with (4.5) and (4.6) we obtain (1.5) for By as well
and this completes the proof. O

The rest of the section is devoted to the proof of Theorem 4.1, which is quite
involved and needs some preparation. For example, given m intervals Ay, ..., A,, in
[0, 1] with disjoint interiors, a basic ingredient of the proof of Theorem 4.1 is to split
R into m operators V; mapping L0, 1] into L (A ;). Suppose now we are able to
provide suitable estimates for the Kolmogorov numbers d,(V}), 1 < j < m. Then
it is necessary to derive from these estimates a good estimate for the Kolmogorov
numbers of the product operator. In the case of entropy numbers, this question was
investigated in [19]; unfortunately it does not suffice for our later purposes and we
need to prove a similar assertion for Kolmogorov numbers.

To be more precise, let us introduce the following notation. Let F1, ..., E,, be
Banach spaces and let ¢ € [1,00). We define the Banach space EWas By x...xEp,
endowed with the [,~—norm

1/q

m
=] -= Z [l | , w=(r;) € B X ... X By
j=1

For each j < m let V; be a (linear bounded) operator from a Hilbert space H into
the Banach space E; . Then the product operator V =V; x ... x V,, from H into
E(@ is defined in a canonical way by

Vhi=(V;h)"y, heH.
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Now we will prove an estimate of the Kolmogorov numbers d,,(V'). In our opinion,
this result is of independent interest, and may have applications in other problems.

Proposition 4.2 Let V; : ' H — E;, 1 < j <m, be operators on a separable Hilbert
space H, and let V.= Vi x ... x V,,. Assume there exist A > 1/2 and p; > 0,
1 <5 <m, such that

da(Vj) < pj-n=>, 1<j<m, neN. (4.7
Then we have
1/r

d,(V:H— E9D) <c. Zp§ nT, (4.8)
j=1

with 1/r=X—1/241/q.

Proof. The proof relies heavily upon properties of the so—called average Kol-
mogorov numbers defined as follows: let V' be an operator from a separable Hilbert
space H into a Banach space E such that for some (i.e., any) ONB (e;);>1 in H, the
sum Y5, &V (e;) converges a.s. in E (as before, (§;);>1 denotes a sequence of in-
dependent standard normal random variables). Then the n—th average Kolmogorov
number g, (V) of V is defined by

o\ 1/2
gn(V):=inf ¢ | E Zlg}f\f Zlij(ej) -z : NCE, dim(N) <n
‘7:

where (e;);>1 is some fixed ONB in H. From Theorem 1.1 (ii) in [6] we get the
following important fact about the relation between average and usual Kolmogorov
numbers. Suppose that an operator S from H into some Banach space E satisfies

A :=supn’d,(S) < oo
n>1

for some A > 1/2. Then

supn~V/2g,(8) < ¢ A,
n>1

with a universal ¢ > 0. An application of this to (4.7) leads to

gn(V5) <c-pj (A1) 1<j<m, n>1. (4.9)
Now we are in the situation of Theorem 5.2 in [19], hence (4.9) implies
1/r
m
gV H— E@)< ¢ Zpg .y~ (A=1/2) (4.10)
j=1
where 1/r =X —1/2 4 1/q. The estimate
don1(8) < c-n"Y2.g,(9) (4.11)

valid for any operator S from H into a Banach space E (cf. [6], Theorem 1.1 (i))
will be our last argument. The proof is completed by combining (4.10) and (4.11).
U
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Remark 4.3

(1) The essential point (and particular reason to switch from d,, to g, ) is to obtain
estimate (4.8) with r defined by 1/r = X —1/2 + 1/q. A direct approach using
Kolmogorov numbers gives (4.8) only with v defined by 1/r = X+ 1/q.

(2) Of course, Proposition 4.2 can easily be extended (with some natural additional
assumption on the existence of the product operator) to an infinite number of spaces
and operators.

In Section 3, a basic step in the proof of the upper estimate (1.4) was the applica-
tion of Anderson’s inequality which finally led to (3.4). Applying this procedure we
were able to replace Ry by a process being the sum of m independent RL—processes
Rﬁl, R Rflm defined on the intervals Aq,..., A,,, respectively. A similar idea will
also play an important role in the proof of Theorem 4.1. To be more precise, let
Ay, ..., A, be some intervals in [0, 1] with disjoint interiors. If A := U;nzl Aj, then
we may regard on the one hand R, as usual as operator into L, (A, p), i.e.,

(R f)(t) = ﬁ Jo(t — W f(u)du, teA,

and, on the other hand, we may define an ”independent” version of R, as follows:
m
Ry =D Ra
j=1

where

1t

(R21 f)(t) := —J (t—w)* tfu)du, teA;, (4.12)
I(e)

with a; being the left endpoint of A;. In order to replace R, by RZ, one has to

control the Kolmogorov numbers of their difference

S2 =Ry —RE (4.13)

by some expression which may depend on the size of the A;’s, 1 < j < m, but
has to be independent of their positions in [0, 1]. The dependence on the positions
will be put into some finite rank operator. The presence of this extra operator is
reflected by the parameter « in (4.2) and explains why we have to use Kolmogorov
numbers instead of entropy numbers.

aj

We start our investigations for a single interval A = [a,b] in [0,1]. Then the
operator S2 defined in (4.13) acts on L0, a] as follows :

a

(S21)(t) = j (t— o L) du, teA.

0
The following representation of S5 will be crucial for proving Theorem 4.1.

Proposition 4.4 Suppose a > 1/2 and regard S5 as operator from Ls[0,a] into
Loo(A) (both spaces are taken with respect to the Lebesgue measure). Then it admits
a representation

S8 =5%+F,
where tk(F,) < [a] + 1 while SO is small in the sense that for all n > 1,

d(S0) < ex-eme2 AT
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Proof. We consider three cases.
First case: o« € N .
In this case, S% itself is known to be of rank « (cf. Lemma 2.1 in [21]), hence the
assertion holds trivially.
Second case: > 1 and v ¢ N .
Let k := [«] be the integer part of o and 8 € (0,1) the remainder, i.e., « = k + .
Then this implies (cf. Lemma 3.2 in [21])
S8 = Rf o S5 + By, (4.14)

where F}, has rank less than k, SﬁA maps L2[0, a] into Ly(A), and R from La(A) to
L (A) is defined by (4.12) with A; = A. In formula (3.17) in the proof of Lemma
3.4 in [21] the operator SﬁA from L5[0,a] into Lo(A) was represented as

Sg =8y+F (4.15)

where F' is an operator of rank 1 and Sj satisfies (cf. formula (3.18) and (3.19) in
21])
dp(S) < er-e =™ AP n>1,

with ¢; > 0 and ¢p > 0 being independent of A. Consequently, (4.14) and (4.15)
lead to

S5 =R oS)+F,
where I}, := Fk—&—Rﬁ oF. By this construction, it follows that rk(F,,) < k+1 = [a]+
1, thus it remains to estimate d,, (RS o Sg). But this is an immediate consequence

of (note that by the scaling properties of Ry we have HRkAH <ec- |A|k—1/2)
dn(B 0 55) < [|RR| - dn(S5)
e |APTY g emen A
= e APV

Third case: 1/2 < a <1.
Set d := |A|. By changing the variables we get isometries J; from L0, 1] onto
Loo(A) by setting

(Lf)(t) == f(d " (t—a)), a<t<b,
and Jp from Ls[0, a] onto L2[0,a/d] by letting
(Jof)(t) :=dY? f(dt), 0<t<a/d,
such that
Sp=d* 2 JyoVaoudy (4.16)
with V,, : L2[0,a/d] — Luo[0, 1] defined by

1 a/d
Vaft:—J t4+u)* f(u)du, 0<t<1.
(Vaf)(t) o) ), (t+w) (u)
Define now the rank 1 operator F, by

a/d
(Faf)(t) = ﬁ L =1 f () du
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‘We observe that
dn (Vo — Fy) < dp(Bg) (4.17)

where B, : L2(0,00) — L[0, 1] is given by

(Baf)(t) = F(la)f [(t+w) ' —u "] fu) du, 0<t<1.

On the other hand, it is known (cf. [2], Proposition 3.5) that for 1/2 < o < 3/2
dn(Bo) < cy-emm”
Combining this with (4.17) and (4.16) completes the proof in this case as well. [
Now we are ready to prove Theorem 4.1.
Proof of Theorem 4.1: Let Ay, ..., A, be an arbitrary covering of [0, 1] by intervals

with disjoint interiors. By applymg Proposmon 4.4 to each interval Aj;, we get
operators S; and Fjj, 1 < j < m, such that S5 = =S; + Fj, 1k(F};) < [a] + 1 and

dn (S5 Laf0,1] = Loo(A))) e |11/ (4.18)
Consequently, by the definition of S2 given in (4.13) it is true that

m

Ra=Y (R +8;)+F

j=1

where k(F') < m([a] + 1) and the R57’s are as in (4.12). A theorem of Kashin
(cf. [11]) implies

dn (RS : Lo((0,1]) = Loo(4;)) < e+ |72 n7e

hence, in view of (4.18) (using that the d,,’s are additive s-numbers in the sense of
[26], property (S2) in 2.2.1) we derive

dn (RS + 85 Lo([0,1]) = Loo(A))) S e+ A2 nme 0 (4.19)
In a final step define V; : L»[0,1] — Loo(A;) by
V= p(A)Y9-(RY +8;), 1<j<m,
and set Foo := Loo(A1) X ... X Loo(Ay,). If the operator & : EY - L,(p) is given

by
f] J=1 :Z 1/(1

then, of course,

1/q

[2((f)7%1) Z [FZ2 PN I 05 iy

for all (f;)7L, € ES? and, moreover,
Ra=PoV+F

where as in Proposition 4.2 the operator V' denotes the product of the V;’s, i.e., we
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have V =V; x ... x V,,. It follows from (4.19) that
du(V3) < e 1772 p(a) e e
Hence, by Proposition 4.2, we obtain
1/r

da(V) < e | S IAg Y payria | e (4.20)
j=1

where
1/fr=a—-1/24+1/q.
Setting k := [a] + 1, we get
dptrwm(Ra) = dptwm(PoV + F) < d,(PoV) <d,(V).

In view of (4.20) this completes the proof of Theorem 4.1 by taking the infimum
over all coverings Ay, ..., A, of [0,1]. O

Finally we state a consequence of Theorem 1.2, which is interesting in its own
right. It relates the degree of compactness of R, as operator into L, (u), with prop-
erties of the underlying measure u. Note that such an estimate already appeared
in the proof of (b) in Theorem 1.2.

Theorem 4.5 Let p be a finite continuous measure on [0, 1]. Suppose a > 1/2 and
1< g < o. Then

a—1/2,q

o, (m) ~m™" (logm)?

for some v >0 and 8 € R implies
en(Ra : L2[0,1] = Lg(p)) = dn(Ra : L2[0,1] — Lg(n)) = n ™"~ (logn)” .
Proof. For the entropy numbers this is an immediate consequence of Theorem

1.2 and Theorem 5.1 in [14], while the assertion for the Kolmogorov numbers follows
from [25]. O

Question: It would be interesting to know whether or not conversely the behavior
of e, (Ra : L2[0,1] — Lg(u)) describes that of o, (m).

5. Self-Similar Fractal Measures

The aim of this section is to prove Theorem 1.3. The following statement allows us
to find the asymptotic behavior of M, (d), when 6 — 0, and o, (m), when m — oo,
for self-similar measures.

Lemma 5.1 Let N > 2 be an integer, let C > 0, and let (ag)1<k<n be (strictly)
positive weights such that

N
Z ap = 1.
k=1
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If F: (0,00) — [0,00) is a non—decreasing function satisfying, for all x > 0,

N
F(z) >y Flayz) > F(z) - C,
k=1

then for any x¢ > 0

inf () > Oy F(zo)
z>xr9 X o
and
F F *k
o PO 6oty gt 4 Flanfae)
y>x9 Y Zo

where o ;= maxy o < 1 and o, = ming oy, > 0.

Proof.
a) The lower bound.
Since Ziv:l ar = 1, we have, by (5.1), for any = > alz,

x o — 1<k<N LT zo<y<a.w Y

Hence, for any integer n > 0,

F F
inf —(y) = inf 7@) )
zo<y<ariary"lzy Y zo<y<ailai"ze Y
and thus
F F F
inf 7(y) inf W) > Qs F(@o) )
y2x0 Y  go<y<ailzo Y To

which yields the asserted lower bound.

b) The upper bound.
By (5.1), for any = > 0,

It follows from (5.2) that for any integer n > 0,

F F
sup M < C'oz**ozfxal + sup M .
zo<y<arlar"lze Y zo<y<artar"zo Y
Hence,
F F
sup — (y) S C Oé**(l - a*)71x61 + sup (y)
y2eo Y zo<y<aile, Y
F(xo/cvss)

S C a**(l - 04*)_15561 + -
To

and we are done.

N
) > Zak Flaxa) > min Flagz) > inf @
kL
k=1

(5.1)

O

Corollary 5.2 Let N > 2 be an integer. Suppose that M : (0,00) — [0,00) is a
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non—increasing function satisfying for some B > 1, 1 <k < N, and some C > 0

N
§) > 3 M(By0) > M(8) ~ C
1

for all § > 0. Then there exists a unique v > 0 solving the equation

N
> BT =1, (5.3)
k=1
and we have for any 69 > 0
0 < inf M) < sup m <
0<6<dy 07 0<5<do o

Proof. The function ¢(y) = >, 3, " is (strictly) decreasing, with ¢)(0) = N and
with ¢(y) — 0, v — oo. Hence, the solution of (5.3) exists and is unique. Setting
o = B, and F(z) = M(x~/7), Corollary 5.2 follows from Lemma 5.1. O

We have now all ingredients for the proof of Theorem 1.3.

Proof of Theorem 1.3: Let
N
=> Aa, uzo,

then g is strictly decreasing. Moreover, g(0) = N > 1 and by Holder’s inequality

Hr N r/q
g(r) = ZAH’" < (ZM) <Zpk> <1,
k=1

k=1

hence the solution v of equation (1.7) belongs to the interval (0, r].
It follows from (1.6) that

M#((s) - (N - 1) )

v
=
=

where
k= pr - (o Sgt). (5.4)
By (5.4) we have M, (§) = M,(\* _l/qé) Hence,

N
Z Ay 95) > M, (8) — (N — 1)

for all § > 0.
By applying Corollary 5.2 to O = )\,;lezl/q, we obtain
M, (9) M, (9)
—= <
0<inf == =50 o ’

where 7 solves the equation (1.7). Now (1.8) follows from Proposition 2.3, whereas
(1.9) is a consequence of (1.8) and Theorem 1.2. O

Remark 5.3 There exists an asymptotic representation of the function M, () via
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equations from renewal theory (cf. [24]). This may also be used to derive (1.8). But
since we do not need this deep result in its full strength, we preferred to give here
an elementary and self-contained proof for the asymptotic behavior of M,(-).

6. Proof of Theorem 1.5

Throughout this section A = (A(t));>0 denotes a strictly increasing subordinator
with Laplace exponent ®.

Proof of Theorem 1.5: We start with the proof of the right hand estimate in (1.13).

To this end, for each fixed integer m > 1, set s, = ém’l. Choose v > 0 so
small that
1
eV 25+ e ! (6.1)
and define §,, > 0 by
1/q
677; = 7_1 Sm T -
(@1 (v/sm))

In other words, we have

Sm © (s,l,{(qH) 6,7_11/H) =7. (6.2)

For a given ¢ > 0 we now introduce the stopping time 7'(§) > 0 as
T(6) := inf {t >0: A@t)H 1/ > 6} (6.3)
and notice that for all §,s > 0
1— e TO/s > oxp(—s'/@H) §=1/H f(5)) — et . (6.4)

Indeed, either T'(§) > s, then the left-hand side of (6.4) is larger than 1 —e™!,
thus (6.4) holds obviously, or T(4) < s and then, by the definition of T, we obtain
A(s)" 519 > §. In this latter case the right hand side of (6.4) is negative, hence
(6.4) is valid as well.

Now we take the expectation on both sides in (6.4), choosing s = s,, and § = J,,
as defined above. Recalling the definition of ® and using (6.2) this leads to

_ _ . 1/(qH) s—1/H _ _ _
1= B TOm)/sm > gmsm @ D) 1 oy 1

hence by (6.1) we end up with

Ee TOm)/sm <1 _ 7 471 < % .
Next, we introduce a series of stopping times defined inductively as follows: Given
0> 0let Ty = Tp(d) :=0 and, if j > 1, set

(6.5)

Tj = T;(6) == inf {t > Ty (A(t) — AT ) (6 — Ty_p)Y/7 > 5} . (6.6)

We note that by the strong Markov property the random times 7; — 71,1 < j <
o0, are independent and distributed as T' defined in (6.3). Thus by the exponential
Chebyshev inequality and by (6.5), for each m > 1, (the numbers s,, and d,, are
as before) we have

]P)(Tm((;m) < 1) < el/sm . (E efT(zim)/sm)m < ef(m/2) log2 _ 27m/2 )
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By the Borel-Cantelli lemma, almost surely it is true that
Tr(0m) > 1 (6.7)

for all m greater than a certain (random) my.
Let the random measure p be defined by (1.12) and suppose that (6.7) holds.
Then consider the covering of the interval [0, A(1)] by the 2m intervals A; :=
[A(T; 1), A(Ty—)], A} = [A(Tj—), A(Tj)], 1 < j < m, where the stopping times
are taken at level d,,. Notice that by the construction J,,(A;) < &y, and J,(A%) = 0.
Hence, by the definition of ¢, (m) and of ¢,, we conclude

2

0#(2771) S ml/r 5mm1/’r‘71/q <10g2

1/q
> (27 (E m))_H <=m" (@71 (E&m))

log 2

with é; = - “6=. This completes the proof of the right hand estimate in (1.13).

We now turn to the left hand estimate in (1.13). For an integer m > 1 we define

this time the numbers s,, and §,, by s, := ﬁ m~! and
P S}r{q
" (D=1(2/sm))H 7
ie.,
S @ (s},{@H)a,;l/H) —2. (6.8)

Let the stopping time T be given by (6.3). Then for any s,6 > 0 and T = T'(d) we
obtain by the exponential Chebyshev inequality that

(o0 S

EeT/s — ]P’(eT/SZU) dv+1:J P(T > su) e*du+1
J1 0

les)

= P (A(su)H (su)'/7 < 5) e“du+1
Jo

=| P ((su)l/(qH) SVH A(su) < 1) e“du+1
Jo

e J E exp (f(su)l/(qH) s-1/H A(su)) e“du+1
0

IN

=e J exp (fsuq)((su)l/(qH)é*l/H) + u) du+1.
0

Now we specify this to s = s, and § = J,,, defined above. If u > 1, then it follows
from (6.8) that

Sm (p((smu)l/(qH) 51711/H) > Sm (I)((Sm)l/(qH) 51711/H) =2,

hence the preceding estimates lead to

1
EeT0m)/sm < ¢ (J o d“*J
0 1

o0

e—“du)+1=e2—e+2<7. (6.9)

Let the stopping times Tj be as in (6.6). Then by the exponential Chebyshev in-
equality, by the definition of s,, and by (6.9) we conclude that
P(Tm(5m) > 1) < 671/57" (EeT(§M)/Sm)m < e~ ™ log7 _ 7m

As before, this implies that T,,(d,,) < 1 almost surely for all m greater than a
certain (random) mg.
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Define the random measure p as before by (1.12) and take the stopping times T}
at level 6,,. If T,,(0,,) < 1, then we have A; := [A(T;_1), A(Tj)] C [0, A(1)] and
Ju(Aj) > 0y, for all 1 < j < m. Therefore, by the definition of §,,(m) (cf. (2.2)) we
get the estimate

8(m) > b, = s (@712/5,)) " = (2 log Tm) "V (@7 (e m))

with ¢; =4 -log?7.
Hence, by Proposition 2.3 we finally arrive at
o (m) = mb" 8, (m) = mH (@ (e m))_H,

as asserted. This completes the proof. O

7. Time Inversion of RL—Processes

For a given stochastic process X = (X(t))o<t<1, the time inverted process X~
is defined by

X~(t)=X(1—-t), 0<t<1.

The aim of the present section is to compare the small deviation behavior of the
RL-process Ry with that of R;.
Let 1 be a finite measure on [0, 1]. At the first glance, there is no obvious evidence

for a similar behavior of P <||RHH(W < E) and P (HREqu, < s) as ¢ — 0. Note

that the latter expression may also be written as P’ ( || R ||, ,- < €); thusif the mass

of p is distributed in a very non—symmetric way around 1/2; the two probabilities
could be very different. However, the small deviation of a process is determined by
its local increments rather than by its global properties. Since the processes Ry and
Ry, are locally very similar, the asymptotic behavior of their small deviations turns
out to be similar. More precisely, we show that there exists a stationary Gaussian
process Yy = (Yu (t))o<t<1 which has similar small deviation behavior as Ry . Since
any stationary processes is invariant with respect to time inversion, i.e., Yy 4 Yy,
it is not a surprise that time inversion does not bring any essential change to the
small deviation behavior of Ry either.

To make this precise, let us introduce Weyl operators of fractional integration.
They are defined on the (complex) Hilbert space

L9[0,1] := {f € Ly[0,1] : Ll f(u)du = 0}

as follows. For a > 1/2 the Weyl operator I, from L3[0,1] into L. [0, 1] is given on
exponential functions by

I, (e¥™ ) () :

627rzkx

(2mik)e
then on the whole L3[0, 1] by linear and continuous extension. Note that I, maps

real valued functions into real ones. As in (4.3) for Ry q/9, for each H > 0 the
operator Iy, generates a real Gaussian process Yy by

keZ\{0} ,

Vi) = D 4 1/2)- 36 Unanjof)() . 0t 1,
k=1
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where &, are 1.i.d. standard normal random variables and (fx)x>1 denotes an ONB
n (the real) L9[0,1]. We call Y the Weyl process of index H > 0. Elementary
calculations (take the orthonormal basis generated by x — /2 cos(2kmz) and x —
V2sin(2kmz) ) give the covariance function

> co 27rk: t—s))

k=1
for all t, s € [0, 1]. In particular, Yy is stationary and it follows from this stationarity

that

(Yir(t))oe<1 = (Vi (D)o<i<t -

As already mentioned, Yy is tightly related to Ry in the following sense.

Proposition 7.1 Given an RL—process Ry, H > 0, there exist a Weyl process Yy
and a centered Gaussian process Zg on [0,1] (not necessarily independent of Yy )
such that

Ruy(t)=Yu(t)+Zy(t), 0<t<1,

and, moreover, for any 6 > 0 it is true that

limee-logP( sup |Zg(t)] <e) =0. (7.1)

e—0 0<t<1

Proof. This easily follows from the results proved in [2]. Namely, if o > 1/2,
the operator S, := R, — I, satisfies
3

en(Sa : La]0,1] — Loo[0,1]) < 27" (7.2)
Consequently, defining Zy by

Zu(t) :=T(H+1/2)- > &(Sus12 fi)(t), 0<t<1,
k=1

we have Ry = Yg+Zpy (when representing Ry and Yy with the same ONB (fi)>1
and with the same &;’s). Finally, (7.1) follows from (7.2) by virtue of Theorem 5.1
n [14]. O

Before proceeding further, let us recall an important special case of the partial
correlation inequality (cf. [12], Theorem 1.1).

Let X and Y be random elements of a Banach space (E, || -||) such that (X,Y)
is a centered Gaussian vector. There exists a universal constant K > 0 such that
for all € > 0 we have

PAX+Yl <92 P (Ix0 < 55) (I < ) - (73)

We may now state and prove the announced relation between the small deviation
behaviors of Ry and Ry;. We do it in a quite general form, not only for L,—norms.

Theorem 7.2 Let (E,||-| ) be a Banach space of functions on [0, 1] such that for
all f € E we have || f||p < ¢ ||fll- Then there exists a non—increasing function
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h:(0,1) — [0,00) with lim. o h(c) = 0 for any 6 > 0 such that for ¢ >0

log P (| Rl < <) 2 logP (|| Ry < 5) = h(e) (7.4)
as well as
logP (|| Ry ||, < €) = logP (||RHHE < %) — h(e) . (7.5)

Proof. Let us use the same notation as in Proposition 7.1. By (7.3), there is a
constant K > 0 such that

P(|Rulp <e) 2P (HYHHE < ﬂ) P(IZulp<5) . (76

Another application of (7.3) (this time to Y;; = R, — Z;) yields

P(Iills < 55) 2P (Ials < 5) 2 (1Zale < 55 ) - @D

Next, recall that the processes Yy and Y,; possess the same distribution, thus (7.6)
and (7.7) lead to
P(IRulls <92 P (IRallp < 5) P (1Zallp < 72 ) P (12ul < ) -
ES 9 ES K K
(7.8)
Let

_ £ £
h(e) := —logP <||ZH||E < \/§K> —log}P’(HZHHE < E) :

This function tends to infinity slower than any power of e ! (as e — 0). Indeed, Zj;
satisfies (7.1) as well, and, moreover we assumed ||f|| 5 < c- | f|,, for any f € E.
This observation combined with (7.8) completes the proof of (7.4). Property (7.5)
is proved similarly. |

Remark 7.3 It may be shown, either directly, or via results in [2], that estimate
(7.4) is also valid for the fractional Brownian motion By (defined on [0,1]). More
precisely, for 0 < H <1 we have

logP (| Bullp < &) = logP (|| By ||, < £/2) — h(e)
with h as in Theorem 7.2.
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