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Summary. Consider a planar Brownian motion starting from an interior point of the
parabolic domain D = {(z,y) : y > z2?}, and let 7p denote the first time the Brownian
motion exits from D. The tail behaviour [or equivalently, the integrability property] of 7p is
somewhat exotic since it arises from an interference of large deviation and small deviation
events. Our main result implies that the limit of T-1/31logP{rp > T} [as T — o]
exists and equals —372/8, thus improving previous estimates by Bafiuelos et al. (2001+)
and Li (2001+). The existence of the limit is proved by applying the classical Schilder
large deviation theorem. The identification of the limit leads to a variational problem,
which is solved by exploiting a theorem of Biane and Yor (1987) relating different additive
functionals of Bessel processes. Our result actually applies to more general parabolic

domains in any [finite] dimensions.
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1 Introduction

Let (B(t), t > 0) be a Brownian motion taking values in R, and let D be an unbounded
Borel subset of R¢*+!. We assume that B starts from a point in the interior of D, and we are

interested in

mp:=inf{t > 0: B(t) ¢ D},

the first exit time of the Brownian motion from D.
Of course, the distribution of 7p strongly depends on the form of D. Apart from trivial

situations, the example which has attracted the most research attention is when D is a



[possibly generalized] cone. In this case, the exact distribution of 7p is known, from which
it can be deduced that
P{rp >T}~cT™", T — oo,

where ¢ = ¢(D) > 0 and k = k(D) > 0 are constants whose values can be explicitly
formulated in terms of the eigenvalues and eigenfunctions of the Laplacian in D [see Banuelos
and Smits (1997) for a detailed account of the problem|. Throughout the paper, we adopt
the usual notation a(T) ~ b(T') (T — Ty) to denote limy_,7 a(T)/b(T) = 1.

The cone in dimension 2 can be thought of as the domain above the graph of a function
of the form y = a|z|. As pointed out in Banuelos et al. (2001+), it is highly non-trivial to
find other unbounded domains above graphs of functions for which one can say something
deep about the [tail] distribution of 7. They studied the natural example of a parabola in
dimension two:

(1.1) D:={(z,y) eR*: y>2*}.

Their main result says that 7p has a sub-exponential tail. More precisely, they proved the

following

Theorem A [Banuelos et al. (2001+)]. Let d = 1 and let D be as in (1.1). There are
two constants Ay > 0 and Ay > 0 such that

(1.2) -4, < liTni)ioIgf T~ Y3logP{rp > T} < limsup T3 logP{rp > T} < —A,.

T—oo

Therefore, the tail behaviour of 7p in the case of a two-dimensional parabola differs very
much from that in the case of a cone.

Recently, Li (2001+) has refined the result of Banuelos et al. (2001+) by showing that
(1.2) holds with
(1.3) Ay = (27333 Ay = (27T33)n3,

It is our aim to prove that 7'/3log P{rp > t} has a limit and to determine its value. Our

Theorem 1.1 below will imply that

2
(1.4) lim T3 logP{rp > T} = >0

T—00 8

[It is easily checked that (277/33)7%/3 < 3%2 < (277/33%3)7*/3. Thus (1.4) is in agreement
with (1.3). These inequalities also indicate that neither of numerical estimates in Li (2001+)

is optimal.]



Actually, one can consider generalized parabolic domains of arbitrary dimension. It was
the idea of Li (2001+) to study the generalized parabolic shape in R¢*!:

(1.5) D =Dy, :={(xy) = (z1, -, 24,y) ER"" : y>a|x|’},
where p > 1, and ||x|| := [ 327, 22]"/? is the Euclidean norm of x := (zy,---,z4) € R¢. Of

course, if a = d = 1 and p = 2, then we are back to the case in (1.1). We mention that the
presence of a is superfluous; it can be easily removed with appropriate changes by means of
the scaling property of Brownian motion.

Theorem B [Li (2001+)]. Ford>1,a>0,p>1 and D = Dy, as in (1.5),

—As < liminf 77D/ og P{7), > T}

T—oo
< limsup TP~/ oo P{r, > T} < — A, ,
T—o00
where
, 1/(p+1)
(a2 (p+1)*p* 755, /2)
A3 = ’
2(p—1)
2 :2p 1/(p+1)
A, = p+1 [ @ Ja-2)2
T2 (- ’

and j(g—2)/2 is the smallest positive zero of the Bessel function Jia_z)2().

Here is our main result.

Theorem 1.1. Letd >1,a >0 andp > 1. Let D = Dy, , be as in (1.5). We have

.2p 2 9/p—1 1/(p+1)
TJa-22% (%)

i T @=D/(+1) - (d-2)/2 2

(6) T el = 1) =~y (2 b0 TR )
where ja—2)/2 15 as before the smallest positive zero of the Bessel function Jy_2)/2(-), and

['(-) denotes the usual Gamma function.

Since j_i/2 = 7/2, Theorem 1.1 immediately yields (1.4) by takinga =d =1 and p = 2.

The rest of the paper is as follows. In Section 2, we give (an outline of) the proof of
Theorem 1.1. Further technical details are given in Section 3. In Section 4 we give an
extension of Theorem 1.1 by studying exit times from non-polynomial shapes.

Throughout the paper, the letter ¢ with subscripts denotes some constants which are

finite and positive.



2 Proof of Theorem 1.1

It is easily seen that the asymptotic behaviour of P{rp, > T’} [for T'— oo| does not depend
on the starting point of the Brownian motion, as long as it is in the interior of D. Without
loss of generality, we assume that the ¢ = 1 and that our Brownian motion starts from
(0,-+-,0,1) € R, By definition, for any 7 > 0,

{rp >T}={B() € D, Vt€[0,T]}.

Therefore, if we write
Yap(T) :=P{rp > T},

then
(2.1) 1ua(T) = B{IW@IP < W(t) +1, Ve € [0,7]},
where W := (W, - - -, W,) is a d-dimensional Brownian motion starting from 0 € R?, and W

is a one-dimensional Brownian motion starting from 0, such that W and W are independent.

A few simple lines of heuristics about the asymptotic order of —logya,(T) for large
T. [These heuristics were already known to Li (2001+), where the correct rate T®~1/(®+1)
was proved rigorously.] Indeed, the event on the right hand side of (2.1) is of very small
probability: it is hard for the independent Brownian motions W and W to satisfy the
condition |[W(t)||P < W(t) +1 for all t € [0,T]. A sufficiently economical way to meet
such a condition is that both |W(¢)||P and W (¢) should behave like T f(%) for some o > 0
and f : [0,1] — R,. An easy optimization of polynomial’s degree yields o = 1% while
the right choice of the profile function f boils down to a functional optimization problem.

Summarizing the argument, one would expect that

Yap(T)

22) = p{IW(| <77

1
(2.3) ~ exp (—01/ I 2/1J (s)ds T(P-1)/ p+1)) X exp (_%/ f2(s)d8 T(p—l)/(p+1))
0
= exp (_ e (f) TP 1)/(p+1)).

) 1<t T} xP{W(t)ZT#f(%)JgtST}

The function f providing an optimal constant cy(f) appears via solution of an extremal

problem

(2.4) By := 3 flélAfg/ 2

4



where A(T) is the set of all non-decreasing absolutely continuous functions f : [0,1] — R, such

that f(0) = 0 and fol f~2/7(t)dt < 1. Assuming that the infimum on the right hand side of

. . e _ . p/(p+1)

. * 2 x) = P 0 =\ 7B: .

(2.4) is attained at some f,, we minimize cy(vf,) = ¢;v~2/P+ Byv? by taking v (p%o)
@50\ 1B+
pP )

Since p > 1 by assumption, we have 1/(p+1) < 1/2 and p/(p+1) > 1/2 . Therefore, on the
right hand side of (2.2), the first probability expression is a so-called “small ball probability”

Hence, f = v f, gives the optimal value ¢3(f) = (p+ 1)

for W [i.e., probability that the Brownian motion stays in a narrow domain for a long time],
whereas the second one is a “large deviation probability” for w [i.e., probability that the
Brownian motion reaches a high level in a short time]. Estimation of 7,,(7") requires thus a
mixture of small ball and large deviation techniques.

The rest of the section is devoted to a rigorous proof of Theorem 1.1. To clarify the

presentation, we admit a few technical results which will be proved in Section 3.

Proof of Theorem 1.1: upper bound. To get a rigorous upper bound for v,,(7), let
0=ty <t1 <ty <--- <ty <T and observe that

te[ti—15ti] te[oatz]

1/p
(25) M <P sp W< (sup W<t>+1) Vi<
Let 0 < a; < --- < ay. By Anderson’s inequality [see e.g. Lifshits (1995)], we have

P{ sup ||[W(@)|| < ai, Vi< N}
te

[ti—1,t:]

< ]P’{ sup ||[W()] < a;, ‘v’iSN—l} X]P’{ sup ||W(t)||<aN},
te

[ti—1,t:] te[0,ty —tn 1]

and by induction, this leads to:

[tiz1,ts] te[0,t;—ti—1]

N
IP’{ sup  [|[W(t)|| < ai, ng} gHIF’{ sup  [|[W(2)|| <a,} .
te i=1

At this stage, it is convenient to recall from Ciesielski and Taylor (1962) that

(2.6) ]P’{ sup [|[W(t)|| < :E} ~ C3 €Xp (—i> , x — 0+,
]

2
tefo,1 2z



where K := j(gdq) /2 [7(a—2)/2 denoting as before the smallest positive zero of the Bessel function
J(a—2)/2], and c3 = c3(d) is a positive constant depending on d [whose value is explicitly
known]. By scaling, for any ¢ € (0, 1), there exists ¢, = c4(g,d) such that for all s,y > 0,

(2.7) P{amH“mnu<y}gc4ap{—gifff}.

t€[0,s] 292

Accordingly,

(1-¢)k Mg —t
, - i —ti-1
P{mﬁm wwnm<aﬁvZSN}Swap(— 5 )-

[ti—1,t:] i=1 1

Going back to (2.5), and by conditioning upon the linear Brownian motion W, we obtain:

VRO B S C )

i1 L+ supggoq,) W(T)?P

For brevity, we write 8 := 2/p and

Then we obtain

(2.8) Ya.p(T)

IN

N 1 _8 K al tz _tz 1

Cy ]E{exp ( 221 14 S(t:)])? )}

— N (1—-¢)k al (1; — 73_1)T®= /P

= ¢ E{exp (_ 5 ; [T-172 1 S(7;)]P )}a

where 7; := t;/T. We set now 7, = (1 —¢)V¥ % 1 <4 < N. In view of the monotonicity of

t — S(t), we have

= T — T, it (1—¢)(Tiz1 — )
Z 112 1—1 2 Z — 1+1 1
£ [T712 4 S(r))P U /+S (73))°

i=1

[T- 1/“rS( )P

”Z;w*ﬂ+aﬂW’



so that

20 ) <l Bl (T / msep) )

Observe that for any b > 0,

1 dr

E _

{e"p ( ') S<r>1ﬁ>}
1 dr
= F {eXp (‘b |7 Sm]ﬁ) I{T‘”zf”@“”}
2n dr

+]E{exp <—b/T [T_1/2 —{—S(T)]’B) 1{T1/2>6S(2T1)}}

b 1 br TP
. < — 7 “ALons )
(2.10) < ]E{exp ( (+2) /271 S(r) dr) } + exp ( 1 +51)g)

Taking b = (1 — ¢)2xT®~V/?/2 and sending T — oo, we arrive at:

limsup 7~ ®~V/¢+1) 1og 4, (T)

T—o0

— (r=1)/p 1
(2.11) < inf limsup 7~ ®~D/(P+D) logE{eXp ( (1= 9)~T / S(r)=*° dT) } :
9

6>0,0>0 T 2
— 00

The question is now how to evaluate

]E{exp (—)\ /91 SA(t) dt) } :

when A — oo and 8 € (0,2) is a fixed constant.
To obtain an upper bound for such an expression, we note that by Schilder’s theorem

[for justification, see (3.3) in Subsection 3.1],

1
(2.12) limsup z%# log P {/ Sh(t)dt < :L'} < — By,
9

z—0+4+

where
= — 1nf / f
2 feAg
Here and in the sequel, f denotes the Radon-Nikodym derivative of f, and Ag is the set of

all non-decreasing functions in the set Ay defined by
1
Ay = {f : [0,1] = Ry, f(0) =0, f absolutely continuous, / f)Pdt < 1} )
9

7



Clearly, inf ;ca, fal f2(t)dt = inffeAg fal f2(t) dt. [Indeed for any f € Ay, we can take g(t) :=

SuPseo, f(8), t € [0,1], to see that g € Al and fa t)dt < fa f2(t) dt.]
We now need the following elementary result.

Lemma 2.1. Let X > 0 be a random variable. Let « > 0 and B > 0. If

(2.13) limsup z*logP{X <z} < —B,
z—0+
then ( ) B/
: —a/(a+1) ox] . (af+1)B/
(2.14) hi\ri)solip A logE [e ] < ot )

The proof of Lemma 2.1 is fairly standard: it suffices to write E [e™**] = fol P{e X >
x}dz, and estimate the integral using Laplace’s method. We feel free to omit the details.
By combining (2.12) and (2.14) [with oo = 2/] we obtain

B

1 Bm
(2.15)  limsup A~%@ZA) log]E{eXp (—A/ S7A(t) dt)} < — 245 By —.
A—00 0 ﬁ (2/5)@

Next, plugging (2.15) into (2.11) with 8 = 2/p, and sending # — 0 we arrive at:

p

p—1 p+1 1
(216) msup 755 g0, (1) < = (1) () B,
where
(2.17) By := 5 flenAfo/ fA(t)dt = hmBg

A few words about the limit relation in (2.17). First, we note that for 5 € (0,2), the
infimum B is finite since the set Ay contains appropriate power functions. The family of
sets Ay being non-decreasing with respect to the parameter 6, the limit limy_,o By exists and

lim By < By < o0.
9—0

To see why the second identity in (2.17) holds, we take 6, = 1/n, and for arbitrary ¢ > 0,

we take a sequence of functions f, € Ay, such that

1 [t
—/ fi(t)dt < By, +¢ <limBy+e.
2 0 0—0



The Strassen ball being compact in the space of continuous functions, (f,) contains a sub-
sequence uniformly converging to a limit function, say f. By Fatou’s lemma, we have, for

any m,

n—00

1 1
/ f7P(t) dt < liminf / fA)dt <1,
Om Om

from which it follows that f € Ag. Moreover,
[t
B, < —/ f2(t)dt < lim By +«.
2 0 6—0

Sending ¢ — 0, we obtain By < limy_,¢ By, and (2.17) is completely justified.

Now we only need to identify By. This variational problem leads to an ordinary differen-
tial equation. However, we choose a different way, representing Bj as a solution of another,
and well investigated, variational problem.

Let R denote a two-dimensional Bessel process [i.e., the Euclidean modulus of an R?-

valued Brownian motion| starting from 0.

Lemma 2.2. Let § € (0,2). Then

! 92/6-35  T*(5F)
L 2/B : - 2
e g o eer{ [ R0 s} = T )

On the other hand, we also have

z—0+

1 1 1
(2.19) lim %% log]P’{/ RP(t)dt < :v} =——inf [ f2(t)dt = —B,,
0

where By is defined in (2.17).

By admitting Lemma 2.2 for the moment [its proof is postponed until Subsection 3.3],
we are ready to complete the proof of the upper bound in Theorem 1.1. Taking § :=2/p in
Lemma 2.2, we get
mpP (P50

PRI

Plugging this into (2.16) yields that

_ 1/(p+1)
. 7 kP T2(251)
1i T % | T) < — 1 2
HTn—>S£p Og’Yd,p( )< —(p+1) <2p+3 (p— 1)1 Fz(g) ’



which is the desired upper bound in Theorem 1.1. O

Proof of Theorem 1.1: lower bound. Take a function h € Ag solving the variational
problem in (2.12). Namely, let h € A} be such that

1 . 1
5 / h*(t)dt = B,  and / h7A(t)dt = 1.
0 0

For any § > 0, consider a piecewise linear approximation hs of h such that

1

1 1
(2.20) : / j2(t)dt < (1+6)B,  and / () dt = 1.
0 0

We bound our probability 4, by a split trick similar to that suggested in heuristic (2.2):
up(T) > PLIW@IP < o hs(t/T) <1+ W (1), V1 € [0,7]}
= P{IW@)I| < o/PT/ "R (t/T), Vi € [0,T]} x
P {ng/(p+1)h5(t/T) <1+ W), Vteo, T]} ,

where the additional parameter p > 0 will be the subject of forthcoming optimization. For
the first probability on the right hand side, the small ball estimate is well known [see Li (1999)
and related works Berthet and Shi (2000), Lifshits and Linde (2002)].

(2.21) lim T-@-D/@+) 1og]P{||W(t)|| < /PTVEIRP(1T) Wi € [o,T]} .

T—00

e
2087
where Kk = j(Qd_Q) /2 @S in (2.7). For the second probability, we have, by scaling,
P {ng/(p+1)h5(t/T) <1+W(t), Ve [o,T]}
=P {QT@*U/Q(P“)hJ(t) <T Y24+ W(t), Vteo, 1]} .

This is essentially a large deviation probability but, unfortunately, the presence of a non-zero
starting point on the right hand side prohibits a direct application of classical large deviation

results. Instead, we offer the following palliative.

Lemma 2.3. Let W be a standard Brownian motion and let a,b,u > 0. Then for every

piecewise linear function f(-) with f(0) =0,

liminf r ?logP{rf(t) < ar®+W(t), Vt € [0,u]} > — %/ F2(t) dt.
700 0

10



By admitting Lemma 2.3 for the moment [its proof is postponed until Subsection 3.2] we
are ready to complete the proof of the lower bound in Theorem 1.1. Taking in Lemma 2.3
f = hg, r = TP D/20+Y) e obtain
(2.22)  liminf 7-®=D/C+D jogp {QT@—U/%HUhJ(t) < T2+ W(t), Vt €0, 1]}

T—00

2 1
> / i2(t)dt > —(1 + 5)o*Bo.
0
The estimates (2.21) and (2.22) together yield

Lo ~(p—1)/(p+1) _k 2
llTIIi)lo{jlf T log va (1) > 508 (14 6)0°By.

By sending § — 0 and maximizing the term on the right hand side via the choice p :=

(ZPLBo)p/Q(p—HL), we obtain:

e e (p— A
lim inf 7~#=D/®* D log y,,(T) > ~(p+1) (%) By,

which yields on the right hand side the same constant as in the upper bound (2.16). This

implies the lower bound in Theorem 1.1. O

3 Technical details

This section contains the technical details which were left incomplete in Section 2 in the
proof of Theorem 1.1. They are presented here in three distinct subsections. Subsection 3.1
summarizes the large deviation theory which we need, and provides a justification of (2.12).

Subsections 3.2 and 3.3 are devoted to the proofs of Lemmas 2.3 and 2.2, respectively.

3.1 Large deviations

For the sake of completeness, we recall here a small part of large deviation theory which
is used in the main proof. For further details, see e.g. Dembo and Zeitouni (1998), Lif-
shits (1995).

Let P be a centered Gaussian measure in a separable Banach space E. Let | - | denote
the reproducing kernel Hilbert norm associated with P. Then for every measurable A C F,

we have

1. 9 .. .  logP(rd) _ . log P(rA) 1
. — = < - ~ 7 - ~ 7 —
(3-1) 2 hlenffo hI” < hggcl)g f 72 = hiiiljp 72 2 ;ez

11



The set A is called regular if inf¢ 40

h| = inf, 4 |h| [where A° and A denote, respectively,
the interior and the closure of A]. For regular sets, (3.1) yields

. logP(r4) 1. 9
(32) A e = g il

Let 3> 0and G : E — R! be a 3-homogeneous functional, i.e.,
G(\y) = NG(y), A>0, yeF.

Let A={y € E:G(y) > 1}. If G is upper-semicontinuous, or, equivalently, if A is closed,
we have from (3.1)

logP(y € E:G(y) >r)
r2/B

log P(r/8 A)
r2/8

(3.3) lim sup

T—00

= lim sup
700
Moreover, if G is continuous, then, as we will see, A is regular, and we obtain from (3.2)

that logP(yc E: Gly)>r) 1
logPyeE: Gly)>r) _ 1. ..,
(3.4) Tll)rgo 375 =3 éI€1£|h| .
It remains to check that A is regular. For any § > 0 and h € A, we have G((1+ 0)h) =

(14 6)?G(h) > 1. Hence, by continuity of G, we have (1 + §)h € A° and

= > ] .
(I+8)|hl =+ )h| > elenjo 14
Taking the minimum over all A € A, and making use of the fact A = A, we get

inf |h| = inf |h| > inf |¢|.
heA heA teA°
Since the inverse inequality is trivial, the regularity of A is verified.

We need here only one particular case of all these inequalities — which is often referred
to as the Schilder theorem [named after Schilder (1966)] — when P is the Wiener measure
on F = C([0,1],R¢) and

, fol h2(t)dt, if h is absolutely continuous with h(0) = 0;
A" =

00, otherwise.

12



3.2 Proof of Lemma 2.3

We prove Lemma 2.3 by induction over the number of linear pieces in the boundary function
f- Consider first the linear boundary. Let A > 0, H > 1. Then

P{%HWQZH@WEWJMMW%02H+%}

/H+H MP{W@) > Ht— A, Vte|[0,1] | W(1) =y} dy

v

H+% \/ﬁ
exp(=(H + 2)*/2) i
VorH P{W(t) > Ht— A, Vte[0,1] | W(1) = H}
csexp(=H?/2) o f . o
. o2 gy

> csH exp(—H?/2) min{A?; 1},

where WO(t) := W(t) — tW(1), t € [0,1], is a standard Brownian bridge. Moreover, for
induction argument, we need a scaled version of the proved inequality. Namely, for every
A > 0, we have

P{A+W@2JMVtEMA]deﬂQEAH+E}

H
2 2
> ¢s (HVA) exp (—H2A> min {AK, 1},

which is valid under the assumptions A > 0 and HvA > 1.
In particular, for A = u, A = ar~® and H = rK, we obtain immediately

K2
(3.5) liminf r?logP {rKt < ar™"+W(t), Vt € [0,u]} > — v

T—00 2

Lemma 2.3 is now proved for linear boundaries f(t) = Kt.

Now we justify the induction. Let

Kt, 0<t<A,
f(t) =
KA+g(t—A), A<t<u,

where g is a piecewise linear function having one less linear pieces than f. Since W has

independent increments, we have,
P{A+W(t) >rf(t), Vt € [0,u]} > pi(r) X pa(r),

13



where

pi(r) = ]P’{% +W(t) >rf(t), vt € [0,A] and W(A) > rf(A)+ Kir}’

plr) = B+ WO - W) 2 r(f(0) — (&), vee (A}

Since f(t) = Kt on [0, A], it follows from (3.5) that

K2A
liminf r~2log py(r) > — :

T—00 2

On the other hand, py(r) = {(Kr)™' + W(s) > rg(s), Vs € [0,u — A]}, so that by induction

assumption,

1 u—A
lim inf 772 log po(r) > —5/ §°(s)ds.
0

T—00

Assembling these pieces gives that

lim inf 72 1og11»{3 YW > fb), Ve o, u]}

r—00 rb
K2A 1 o2
> - 5~ 5/0 9*(s)ds
|
= —— [ fAt)dt,
2 Jo

and we are done.

3.3 Proof of Lemma 2.2

Recall that R denotes a two-dimensional Bessel process starting from 0. Let 5 € (0,2) be a

fixed constant, and write o := 22_—ﬂ

Our starting point is the following theorem of Biane and Yor (1987), also stated as
Corollary XI.1.12 in Revuz and Yor (1999).

Fact 3.1. The random variables

/0 "Rt and (a/ﬁ)ﬂ< /0 lRa(t)dt)

have the same distribution.

—B/a

14



A great interest of this identity in our context is that instead of studying the lower tail
behaviour of fol R~#(t) dt, we only need to study the upper tail behaviour of fol R%(t)dt. For
the latter problem, we use again the Schilder theorem [see (3.4)] which yields

1
lim y~%/° logIF’{ / R*(t) dt > y}
Yy—00 0

1 t
= 3 inf{/ R*(t)dt: h:[0,1] — R?, h(0) =0,
0

1
/ |h(t)|*dt > 1, h absolutely continuous} .
0

Next, it is easy to observe that the infimum is attained on the set of real positive increasing

2/a

functions and hence it equals to M ~*/¢, where

1 1
M::sup{/ h(t)|* dt / hz(t)dtgl,he]B},
0 0

with B := {h : [0,1] — R’ absolutely continuous, h(0) = 0}. We thus obtain

1 M—2/a
(3.6) lim y~%*logP { / R*(t)dt > y} =— :
0

y—00 2
Recall that the value of M is known: Strassen (1964) showed that M = Mg where

2(2 a/2-1 2(2 a/2—1,0/2 et 1
(3.7) Mg = (2+a) _ (2+a) o (5+3)

a/? [fol(l — 1)1/ dtr re3)

Strassen proved this result for @ > 1 but it is easy to check that it is also valid for « € (0, 1).
Indeed, in the latter case the functional

Go(h) = /01 he (1) dt—c/ol R@)dt (> 0)

is concave on B. Strassen’s calculation shows that for some h, € B one has

1 1
/hf(t)dt:Ms, /hQ(t)dtzl,
0 0

and for some ¢ > 0 the derivative of G, vanishes at h,. Hence, G, attains its maximum at
h,, or, equivalently,

1 1
Mgzsup{/ he (t) dt - / hz(t)dtzl,he]B}zM.
0 0
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Thus M = Mg for every positive a.
Now, using sequentially Fact 3.1, (3.6) and (3.7), we obtain,

1
lim x2/ﬂlogIF’{/ R_ﬂ(t)dt<x}
0

z—04
1
= lim z%PlogP {/ R(t)dt > (a/ﬁ)ax_a/ﬂ}
z—04 0
M—2eq? 2 22/8=3 P2(%)
T TR T MERG-AR . @-ARR ()

as claimed in Lemma 2.2.
Now we prove the second part [identity (2.19)] of the lemma. The upper bound in (2.19)

follows from the Schilder large deviation theorem (3.3), namely,

1 1 1
lim sup 2%/? logIP’{/ RP@t)dt < x} < —— inf / f2(t)dt = —B,.
z—0+ 0 2 fehg 0

The lower bound in (2.19) follows not from the general theory but from Lemma 2.3. Indeed,
take small numbers a > 0, 6 > 0 and denote 7, := inf{¢ : R(t) = a} the first hitting time of
the Bessel process. Then by the strong Markov property,

]P’{/OIR‘ﬂ(t)dtS (1+5)x}
]P’{/OTG R72(t)dt < éx; /Ta+1 RP(t)dt < x}

Ta

- IP{/OTGR‘ﬂ(t)dtg(5x}IP{/01R_ﬂ(t)dt§x‘R(O):a}
(3.8) > IP{/OTG RP(t)dt < 5x}IP{/01|a+W(t)|—ﬁdt§x}.

By the scaling property of R, we have, for z < 6~'a>7?,

]P’{/Om R7P(t)dt < 5x} = ]P’{/OTI RP(t)dt < aﬁ_Qém}

1
> ]P’{/ RP(t)dt < a2z, 7 < 1}
0

1
= ]P’{/ R72(1t) dt§a5_25x},
0

16
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the last equality following from the fact that { [} R~#(t)dt < af~20z} C {n < 1} for all
r < 6~ 'a®>P. Hence, by (2.18),

22/B=3 1 FQ(%)
(2—B)YF71B T2(3)

We mention that it is possible, by means of stochastic calculus techniques, to show that
Jo© R7P(t) dt is distributed as {2/(2 — 8)}2a*"# / sup,<; R*(t), so that the “liminf” expres-
sion on the left hand side of (3.9) is a true limit and its value actually is 0.

To estimate P{fol la+W (t)|7# dt < z}, we take a function h; from (2.20) and notice that
for w € {a+W(t) > 27 Phs(t), Yt € [0,1]}, we have

§5-2/Bg22B)IB

(3.9) liminf 2%/ logIP’{/ R7P(t)dt < 5:1:} > —
z—04 0

1 1
/\a+W(t)|—ﬁdt§x/ hif(t) dt = .
0 0

Hence, by Lemma 2.3,

1
lim inf 22/# log]P’{/ la+W ()P dt < x}
z—04 0

> lim inf 2?/PlogP{a+ W(t) > 2~ /Phs(t), Vt € [0,1]}
1 [
> = 5/0 hi (t) dt
(3.10) > —(1+6)B,.

Combining (3.8)—(3.10) and choosing § and «a sufficiently small, we obtain:

z—0+

1
lim inf z%/# loglP’{/ R7P(t)dt < :c} > —By.
0

This yields the second part of Lemma 2.2.

4 Slow exit from more general domains

4.1 Domains with regular varying boundary

Let A: R, — R, be a non-decreasing continuous function starting from zero and p-regularly
varying at infinity [with p > 1]: for any a > 0, A(ar)/A(r) — P, r — oo. Let A* denote
the inverse function of A. Then A* is (1/p)-regularly varying, so that

v(r) == rYPAS(r)
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is a slowly varying function. Let
(4.1) D=Dyp:={(x,y) = (x1, -, 2za,y) € R 1 y > A(|x]))},

where ||x|| is the Euclidean norm of x := (z1,---,z4) € R%. Rather sharp estimates for exit
times from such domains may be found in Li (2001+).

We provide the following generalization of Theorem 1.1.

Theorem 4.1. Let d > 1, A and v be as above. Let D = Dy be as in (4.1). Assume that

(42) 711—I>Iolo v(T)

Then 2 1\ V(D)
lim logP{rp > T} 4 D) ( T J(d—2)/2 F2(pT)>
X PR ) )

where

T®=1)/(p+1)
(4.3) fp(T) = v2p/(0+1) (Tw/(p+1))”

Remark. The extra assumption (4.2) is verified e.g. by functions v(T) = ¢ (logT)* [with
« € R] and by functions v(T') = ¢ exp{b(logT)*} [with « € [0,1/2)].

Proof of Theorem 4.1. We only sketch the proof, starting with that of the lower bound.
The splitting argument now reads:
P{rp > T} > P{A(IW(R)]) < o0 Dhs(t/T) < 1+ W (1), ¥t € [0,T]}
= P{A(IW®)) < oT? @ Dhs(t/T), Vit € [0,T]} X
P {QT”/(”“)h(;(t/T) <1+ W), Vtelo, T]} ,

and for the first factor we have

log P {A(|W (#)I]) < oI/ Dhy(t/T),Vt € [0,T]}
= logP {|IW(t)|| < A® (oT?/®*Vhs(t/T)), Vt €[0,T]}
= logP{|W(®)|| < T72AT (oT*/*Dhs(t)), V¢ € [0,1]}
KT

1
~ -5 (AT) 2 (oTP P D hg(t)) dt

1
= — 2;/17 T(p—l)/(p+1)/ h(;?/l’(t),/—2 (QTP/(P'Fl)hJ(t)) dt
0

~ — QLMT@—M/@H),,J (oTP/®+1)Y
0

18



The rest of the proof strictly follows that of the lower bound in Theorem 1.1 after (2.21)
with the replacement of xk by kv =2 (T”/ (”+1)). Note that the optimal choice of p is p =
o(T) := (%LBO)I’/Q(”H)I/_I’/(?’“) (TP/®*+1)), and (4.2) provides the equivalence v (oT?/@+D) ~
v (T”/ (”“)) which considerably simplifies the calculation.

Now we turn to [the sketch of] the proof of the upper bound. We keep the notation
of Section 2. In particular, we use a partition {fo,...,tx}, the supremum S(¢), and the
constant k. Take a small constant m > 0 and a large constant M > 0. Introduce three

events

m TP/ (P+1)
Q-=Q-(T) = {5 () < e (TP/@+D) }

m, TP/ (+1) M T?/®+1)
Q=Q() = {,,p/<p+1) ey < St = S0 < e ey } ’
M TP/ (P+1)
Q+ = Q+(T) = {S(T) > /(1) (Tp/(p+1)) } )

There is no problem to bound the parts related to () and ). Indeed, by the classical large
deviation estimate for S(7) we have
lim sup 710gIP’{Q+} < —%2,
T—o0 fp(T) 2
and we can choose M as large as possible. On the other hand, taking t; = ;T for any fixed
71 € (0,1), we have

lim sup
T—o0 fp (T)

. 1 A m TP/ (P+1)
< h;n_)s;ip A} logIP’{HW(t)H < (1 + o) (TP/(P+1))) , Vt e [O,tl]}

KT
2m2/p’

the last inequality being a consequence of (2.6) and (4.2). So this part does not present any

logP{rp >T; Q_}

trouble either, as long as we choose m > 0 sufficiently small.
Finally, the estimate related to the main domain () follows the scheme of Section 2.

Namely, let
Q(T) :=P{rp > T; Q}.
Similarly to (2.5), we obtain

tE€[ti—1,ti] t€[0,t5]

vo(T) < IP{ sup [|[W()]| < AT ( sup W(t) + 1) , Vi< N; Q} )
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Proceeding as in Section 2, we obtain the counterpart of (2.8), namely,

N 1—6 tz_tl 1

Note that uniformly for all 7 < N, we have, on the event (),

T/(+1) i)
v(1+8(t)) ~ v (Vp/<p+1) (Tp/(p+1))> ~ v (TR

indeed, the first equivalence follows from the definition of () and the Karamata represen-

tation for slowly varying functions, whereas the second is a consequence of condition (4.2).
Accordingly, for all large 7,

N
(1 —¢)? li— 1
N i—1
7(T) < ¢ E{GXP( 92° Tp/p+1> Z[l 2/p>}'

Now we literally follow Section 2 with the sole replacement of x by kv =2 (Tp/ (p“)). At the
place of (2.9), we have

N (1—¢e)3xT®-D/p [ dr
79(T) < ¢} ]E{GXP (— 202 (Te/e D) | T2+ 8(r)2 ) [

and taking b = (1 — )*sT®~ D/ /2,2 (TP/(**T1)) in (2.10), we arrive at the following counter-
part of (2.11):

: log v(T)
limsup ——=—
T—o0 f P (T)

1 (1 —0)kT=-1/P L
< _ /p
S bl ISP )logE{eXp( 202 (T#/+D) /(, St ) ¢

We already know from (2.16), via the key estimate (2.15), that the expression on the right

hand side equals —(p + 1)(x/2p)?+T PiT B”Jr1 which yields the desired upper bound. O

4.2 Non-Euclidean norms

According to Theorem 7.2 from Port and Stone (1979) the following is valid. Let K be a

non-empty connected open set in R? that contains 0. Then
P{W(t) € K,Vt € [0,T]} ~ cexp(=AT), T — oo,
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with some positive constant ¢ and A being the principal eigenvalue of laplacian (—%A) on K
(with zero boundary condition).

We can transform this statement in

A

P{W(s) € zK, Vs € [0,1]} ~ c exp (— P) , z — 0+,

by ordinary scaling arguments. Using the latter relation instead of our formula (2.6), one

can easily obtain the results of this article for the exit times from a parabolic shape
Dy, = {(Xa y) € R y > H(x)p},

for any norm H(-) in R¢ equivalent to the Euclidean one. Obviously, the doubled principal

eigenvalue of laplacian for the H-unit ball will everywhere replace j(2d_2) /-

4.3 Open problem: quasi-conic domains

The natural question is to find out what happens if p = 1 and v is an appropriate power of
logarithmic function (using notation from Subsection 4.1). The answer should be something
intermediate between the sub-exponential behaviour of the exit probability treated in the
present paper and the polynomial behaviour which appears for purely conic domains.

The only known results are those of Li (2001+) but his upper and lower estimates are
still of different orders of magnitude. It does not seem that our methods are appropriate for

complete analysis of this case either.
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