Lower functions of empirical processes

and Brownian sheets

M.A. Lifshits*, Z. Shi**

We give a complete characterization of the lower functions for the two-parameter
Brownian sheet and for the uniform empirical process via integral criteria. Our result
for the Brownian sheet can be viewed as a solution, in a very special case (the general
case remains an open question), of the following problem: find the escape rate of
infinite-dimensional Brownian motion. Our result for the empirical process disproves
(and provides the correct form of) a conjecture in the book of Shorack and Wellner
[18].
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1. Introduction and main results
1.1. Escape rate for Brownian motions

We dedicate this article to the centenary of the great mathematician A.N. Kolmogorov.
His interest in the tests of asymptotic properties of random processes is well known — just

recall the famous Kolmogorov-Petrovski-Erdés-Feller test for upper functions of the Wiener

* Department of Mathematics and Mechanics, St.Petersburg State University, 198504, Stary Peterhof, Bib-
liotechnaya pl., 2, Russia and Université Lille I, Statistique et Probabilités, Bat.M2, F-59655 Villeneuve d’Ascq,

France, e-mail: lifts@mail.rcom.ru
** Laboratoire de Probabilités UMR 7599, Université Paris VI, 4 place Jussieu, F-75252 Paris Cedex 05,

France; e-mail: zhan@proba.jussieu.fr

T The work of the first named author was partially supported by grant “Universities of Russia” 99-26-11 and

by RFBR grant 00-15-96019.



process and random walks, see It6 and McKean [10]. Our work provides a solution, in terms
of integral tests, for some old problems related to escape rates of the Brownian sheet and

the empirical process.

Consider By := {By(t), t > 0}, a standard Brownian motion taking values in RY.
It is well-known that By is almost surely transient (i.e., ||B4(t)|| — oo, a.s., for ¢ — oo,
where || - || denotes the Euclidean norm) if and only if d > 3. When this condition is
fulfilled, the rate of escape of B; was determined by Dvoretzky and Erdés [7]. Throughout

(131

the paper, unless stated otherwise, we write “i.0.” to denote “infinitely often” when the

relevant parameter goes to infinity.

Theorem A (Dvoretzky and Erdds [7]). Let d > 3. Then for any non-decreasing
function f > 0,

1/2

IF’(”Bd(t)”S;Tt)i.o.):{(l)@/w?ﬁﬁi’;(t){iz.

What happens in the spaces of infinite dimension? Let X := {X(¢), t > 0} be
a Brownian motion in a real separable infinite-dimensional Banach space (FE, || - ||) with
X(0) = 0. That is, X has independent stationary increments, continuous sample paths,
and zero mean (i.e., for any continuous linear functional f and for any ¢ > 0, E[f(X(¢))] =
0).

The following infinite-dimensional theorem is due to Erickson [9].

Theorem B (Erickson [9]). Let X be a genuinely infinite-dimensional Brownian motion
on E with X(0) = 0. If f is a slowly varying at infinity positive continuous function on

Ry, then for any § > 0,

/°° PIX(MI < (1 -96)/7®)}

t1/2
dt = 0o = IP’(||X(t)|| < i.o.) —1,

tf2(t) f(t)
CP{IX(MW)) < (1+0)/f1)} pre\
/ t £2(t) dt <oo = P ( X @) < 0 1.0.> = 0.

This theorem is useful in determining the correct function f together with the correct

constant in the rate of escape of X, as long as we have sufficiently good information about
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the behaviour of P{||X (1)|| < e} when ¢ — 0+. (For precision upon the existence of such
functions, see Cox [5].) We mention that the original theorem proved by Erickson is more
general, and can be applied to any continuous semi-norm on E of rank at least 3 with
respect to X.

It is a challenging problem to find a necessary and sufficient criterion like in Theorem
A. In other words, what happens in the critical case (0 = 0)? There has been so far no
result available in this direction.

We analyze in the present paper a particular, but very important, example of infinite-
dimensional Brownian motion. Consider the Brownian sheet W := {W(s,t), s € [0,1], t >

0}. That is, W is a mean-zero Gaussian field with covariance
E[W(s,t)W(s',t')] = min(s, s') min(t, ).

It is a common approach to treat multi-parameter processes as infinite-dimensional pro-

cesses (see e.g. Khoshnevisan [11]). For each ¢, one can think of
(1.1) X(t) := (s — W(s,t), s€]0,1]),

as an element of C([0, 1], R), the space of all continuous functions on [0, 1] endowed with

the uniform norm

(1.2) 11l :== sup [f(s)].

s€[0,1]

The importance of this particular Brownian motion is due to its close relationship (via the
Kiefer process and the KMT approximation) with empirical processes. We will give more
details on this topic later in Section 4.

Since X (1) is a standard Brownian motion defined on [0, 1], a classical result of Chung

[4] tells us that

(1.3 PUXWI <o~ Tow (-0 ). o

where a(z) ~ b(x), x — z¢, stands for lim,_,, a(x)/b(z) = 1. Applying Theorem B to W

yields that for any slowly varying at infinity positive continuous function f, and for any
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0 >0,

© 1 T +0 ) ( /2 )
———exp | — t)y|dt=c0 = P| || X()|| < — io0.| =1,
| e (e X0 < o5
[e%s) 1 7T2 _ 5 ) ) ( t1/2 )
————exp | — t)y|dt<oo = P || X(1)]| < — i0.})=0.
| e (e Xl < 5
We establish the following integral test corresponding to the case 6 = 0.
Theorem 1.1. Let X be as in (1.1). If f > 0 is non-decreasing, then
[e9] fﬁ(t) ,R.Q ) < 00 t1/2 ) B 0
/ = exp (=T f2(0) dt{zoo = PIX@] < 5 b0 fort—oo _{1,

where || - || is defined in (1.2).

The presence of the unusual power “6” in the test indicates that the Brownian sheet

has exotic features of escape to infinity.

1.2. Escape rate for the empirical process

Let us mention the original motivation of this work. Our starting point was a conjec-
ture of Shorack and Wellner [18] concerning the lower functions of empirical processes. Let
{an(t), t € [0,1]} be the uniform empirical process (for definition, see (4.1) in Section 4).
We are interested in [|a, || := sup,e(g 17 lan(s)], the sup-norm of av,. It is known (Mogulskii

[17], Kuelbs [15]) that

s
1.4 lim inf y/loglogn ||a,|| = —, a.s.
(1.4) iminf vloglogn [lan|| = —=

What about the lower functions of ||a,||? In the book of Shorack and Wellner [18] p. 530,

it was conjectured that for any positive non-decreasing sequence (),
1 . 0 A w2 < 00
1.5 P < —. io. :{ = Y n Ty { .

As a by-product of the techniques developed for the proof of Theorem 1.1, we disprove the

conjecture (1.5). In Section 4, we show that the correct answer is:
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Theorem 1.2. Let (\,) be non-decreasing, then
1. 0 bY 72 5\ [ < oo
< io. )= An _r _
P(”O‘"”—)\n’lo) {1 @;nexp< 8)\" {:oo
Clearly, this theorem yields (1.4) as a special case.

1.3. Critical subsequences

A few words about some key technical points of the present work. In the terminology
of Breiman [3], the integral test we are working on in Theorem 1.1 (or in Theorem 1.2)
is called “delicate” in the sense that replacing f by a constant multiple of f may change
the nature of the test, whereas the Dvoretzky—Erdds test stated in Theorem A is not that
sensitive. It is commonly believed (see however Section 5 for some comments) that for a

delicate integral test, one should examine the subsequence

7
b= exp (@) !

(or something similar such that logt; is comparable to i/logi for large i), the so-called
Erdds subsequence, referring to the pioneer work of Erd8s [8] in his proof of the Kol-
mogorov test. Of course, one may sometimes use variants of the Erdos subsequence such
as exp(exp(i/logi)) if a process has a random clock which bears a logarithmic nature. For
example, examination of Erdds subsequence led to the conjecture stated in (1.5).

We prove that the Erdés subsequence fails to work in our setting. Rather surprisingly,

in the proof of Theorem 1.1, we have to use the somewhat unusual subsequence

(1.6) ti = exp (@) .

Although the thorough analysis of some aspects of planar Brownian motion shows that
the subsequence defined in (1.6) is what we need, we do not have any good explanation
of why a priori it should be so and why the Erddés subsequence fails to work in this case.
The infinite-dimensional nature of our problem certainly plays a crucial role, and we are
tempted to think that the Erdés subsequence would not work for any genuinely infinite-

dimensional escape problem. A few more remarks about this can be find in Section 5.
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The rest of the paper is organized as follows. We prove Theorem 1.1 in Section
2 by admitting a key probability estimate (Proposition 2.1) concerning the probability
that a planar Brownian motion stays in a parallelogram. The proof of Proposition 2.1 is
postponed to Section 3. Section 4 is devoted to the study of lower functions of empiri-
cal processes. In particular, we prove Theorem 1.2. Finally, some further remarks and
questions are provided in Section 5.

Throughout the paper, the letter ¢ with subscripts denotes unimportant constants
which are finite and positive. We employ the usual notation a; =< b; to denote that

0 < liminf; a;/b; < limsup, a;/b; < cc.

2. Proof of Theorem 1.1

Throughout the section, W = {W(s,t), s € Ry, t € Ry} is a Brownian sheet, and

f > 0 is a non-decreasing function on Ry . Let us recall the two parts of Theorem 1.1:

e [ L0 (—”—zﬂ(t)) dt < oo —> P(||W(o,t)|| Pk i.o.) — 0,

t 8 f(t)

(2.2) /Oo fet(t) exp (—%Zf%)) dt = 00 —> ]P’<||W(o,t)|| < %2) i.o.> _1,

where || - || denotes as before the sup-norm.

The proof of (2.1), which is based on a Mogulskii-type minimal inequality, requires
only standard techniques. The part (2.2), on the other hand, is the main contribution of
the present paper. Dealing with infinite-dimensional Brownian motion, one can use some
general Gaussian techniques such as Anderson’s inequality, but even for particular case of
the Brownian sheet, they do not yield (2.2). We will exploit some special properties of the
Brownian sheet, and relate the latter to an R%-valued Brownian motion indexed by R, .

It is well known for the kind of integral tests in (2.1)—(2.2) that without loss of gener-
ality, one can consider only the “critical functions”. Therefore, in what follows, we assume
that

Vloglogt
(2.3) % < f(t) < +/loglogt, for ¢t > to.



For rigorous justification, see e.g. Erdés (8], or Csaki [6].

We introduce the sequence (¢;);>2 defined by

(2.4) t; = exp (@) .

(This is indeed the sequence we mentioned in (1.6).) It is easy to see that

tit 1 1
2.5 —1x =
(2:5) L (logi)® = Fo(ty)’

and that

(2.6) o Gt(t) exp (JT; fz(t)> dt < 0o = ;exp <-%2 fz(ti)) < 0.

Now we prove separately the two parts (2.1) and (2.2) of Theorem 1.1.

Proof of (2.1). Assume that f is such that
(e9) 6 t 2
/ ! t( ) exp (—%f2(t)> dt < o0.

Vi
o; := inf {t >t ||[W(e, )] < —?_1 } ,
with the convention inf () := co. Then
{00 < tia} 0 {[W(o, ti1) = W(e,0)]| < Vi — £ |

N -
{nW( )l < VPR 4 iy tz}.

We use the filtration generated by the second parameter: F; := o{W(u,v) : v € [0,1], v €

Let

[0,]}, t > 0. By the strong Markov property, on the event {o; < t;11}, we have

P ([[W(e, tisa) = W(o, o)l < Vs b | Foy) 2 B(IW(o, DI S 1) := e > 0,

so that

P (o < tign) < P ([ Wlostirn)l| < Y2+ /i =,

g (”W(” ) < - m>

ST T Ve

1 Ca
P (||w<-, Dl < 7+ fs(ti)) ,
7

IN

1
a
1
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the last inequality being a consequence of (2.5). Therefore, in light of (1.3), we get

P(0s <tit1) < c3 exp <_8[1/f(ti) + o/ f3(t;) ]2>

< ¢4 exp (_%2f2(ti)) :

According to (2.6), this implies ) ;. P (0; < t;41) < co. Since

i <tig1} = inf ||[W(e,?)|| <
(v <teny = {_int [Wie] < Y

it follows from the Borel-Cantelli lemma that almost surely for all large 1,

inf  [[W(e, )| > Yoit!

te[t tiv1] f(t:) -

Hence, for all t € [¢;, t;+1] (recalling that f is non-decreasing)

(e, )] > Vit 5 V2

t
f) — f@)

This completes the proof of (2.1). O

Before tackling (2.2), we need the following notation and a probability estimate. For
any pair of stochastic processes V7 and V5 with sample paths in C|0, 1], and for any € > 0
and 7 € (0,1], we define

D(Vl,sz,E,T) = { ||V1|| <eg, ||\/1 -7V +\/FV2|| < 6} .

Proposition 2.1. Let W7 and W5 be independent one-dimensional Brownian motions.

Then for ¢ > 0 and 7 € (0, 1],

™ Cg T

2 1/3
P (D(Wy, Wa,e,7)) < c5 exp (__ - ) |

Re2 g2

From the geometric point of wiew, this proposition concerns the probability that
a planar Brownian motion stays in a parallelogram. It is worthwhile to point out the

importance of the power (1/3) of 7 on the right-hand side. Indeed, a direct application
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of Anderson’s inequality would only yield the power 1, which would not suffice to prove
(2.2).
By admitting Proposition 2.1 for the moment (its proof is postponed until Section 3),

we are ready to proceed the calculations.

Proof of (2.2). Assume that

/°° fGt(t) exp (_%sz(t)> df —

and consider the sequence of events
t; C
Ai = { [W(e, 1) < L } P>,

with sufficiently large initial index %,.

It follows from (1.3) that

1) B4 = exp (5209

which implies, via (2.6), that ). P(A;) = occ.

In order to apply a version of the Borel-Cantelli lemma, we study > >, .. n P(4:4;),
and establish an upper bound of the double sum by a constant multiple of [ 3,y P(A;) 1%
The desired bound for P(A4;A;) will be obtained in three different ways, depending on the

location of the pair (4, j). Denote

Ey=Ei(N):={(i,j): io<i<j<N,j—i< (logi)®},
Ey = E>(N) :={(i,§) : i0 <i<j<N, (logi)® <j—i< (logi)*},
E3=E3(N):={(4,5): 40 <i<j<N,j—i> (logi)*}.

We start with easier cases where the classical Anderson inequality (see e.g. Lifshits
[16], Chapter 11) provides a satisfactory bound: since (t; — t;)~*/2[W(e,t;) — W(e, ;)]

and ti_l/ 2\W(o, t;) are independent standard Brownian motions, we have

P(A4;4;) < P(4;) P (||W( —t)l < f{fﬁ))

2.9 :IF’(Ai)IF’(HW( IS e )



If (¢,5) € Es3, then j —¢ > (logj) which, in view of (2.3), yields ¢;/t; < 1/f%(t;); hence,

by means of (1.3),

P(A;Aj) < P(A;) P (IIW(°

||_¢1_7f )

<cy P(Al) exp <— (1 _g (tj))fQ(tj))

< cgP(A;) exp (—%fg(tj))
< coP(A;) P(A;).

It follows that

(2.9) Y P(Aid;) <o | Y P(A;

(i,)EEs i<N
Now let us consider the case (i,5) € E». Inequality j — i > (logi)® implies z—; <enn <1
In view of (2.8), (2.3) and (1.3), we have

1

P(A:4;) < P(4;) P (||w<o, Dl <

) < ci3P(A;) 5.

Accordingly,
(2.10) Y OP(Aid) <cis Y P(A) D T < Y P(A).
(1,3)EE i<N j:i<j<i+(logi)* i<N
Now we proceed to the upper bounds for P(4;A;) in the delicate case (4,j) € Ej.

Direct application of Anderson’s inequality turns out to be too crude. This is where we

need Proposition 2.1. Indeed, writing as before W; and W5 for a pair of independent

o} (»)
1
<P (Wl < g, IVT7Wa + vaWall < 7).

one-dimensional Brownian motions, we have

||\/1—TW1+\/_W2||

P(4iA;) = P (||W1||

where 7 = 7;; := 1 — (¢;/t;). If (i,j) € E1, then, again using (2.3), we derive

Jg—i _cr(j—1)

(logi)® = fO(t:)

10
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We apply Proposition 2.1 to € := 1/ f(¢;) and obtain (using (2.7) at the last step)

P(AiA;j) < cs exp <—7T2j;(ti) —cs(j — i)l/s)

< c19 P(4;) exp ( c1s (J — ’6)1/3) :

It follows that

By combining this estimate with (2.9) and (2.10), we get:

lim sup > Ziogi,jgN ]P(AiAj)
N—oo [ZiogiSN P(A;) ]2

Next, we apply the following version of Borell-Cantelli lemma.

SCIO < 0.

Lemma 2.2 (Kochen and Stone [12]). Let (A;) be a sequence of events such that
> ;P(A4;) = co. Then

-1

o P(AA;
P(A;, i.0.) > |liminf ZZZOSWSN ( 23)
Novoo [ <ian P(A)]

According to Lemma 2.2, we have
t‘
(2.11) P ( ||W(e, ;)] < f\/_'z , i.o.) > 0.

Instead of the subsequence t; = exp(i/(logi)3) defined in (2.4), we can also consider the

subsequence t; = |exp(i/(logi)3)|. Since t; < t; < #; + 1, the argument leading to (2.11)

also applies to (¢ ) in place of (¢;), possibly with different constants. Accordingly, we have
~ .
o t)|| < —, io. | >0,
(ti

P ( [W(e,n)| < % i.o.> > 0.

11

~
SN—r

which, in turn, yields that



Note that W(e,n) =>"7_,[W(e, k) —W(e,k—1)], and that {W(e, k) —W(e,k—1), k > 1}
is a sequence of iid random variables taking values in (C([0,1],R), || - ||). Since any finite
permutation of {W(e, k) — W(e, k — 1), £ > 1} does not affect the event {||W(e,n)| <
v/n/f(n), i.0.}, the Hewitt—Savage 0-1 law confirms that

P ( [W(e,n)| < % i.o.) —1.

This completes the proof of (2.2). 0

3. Proof of Proposition 2.1

The sole goal of this section is to prove Proposition 2.1. Let us first recall the statement
of the proposition: let W1 and W5 be independent Wiener processes, then there exist finite

and positive constants c5 and cg such that for € > 0 and 7 € (0, 1],

P (|[W1(t)| <e, [VI—1TWi(t) + VT Wa(t)| <e, for all t € [0,1])

2 1/3
m ceT
< c5 exp (——— 6 )

R¢e2 g2

For every h > 0, we define a sequence of stopping times 0 = 0 (h) depending only on the
process Ws. Let 6 = 0 and then

02k+1 = 1nf{t > ng : ‘Wz(t)‘ = 2h},
02k+2 = 1nf{t > 02/9—1—1 : |W2(t)| = h}, k> 0.

Denote also 6}, := min{f, 1}. Furthermore, define the duration of upward crossing
Yi(h) = Oak41 — 02 (kK >0)

and the duration of downward crossing
Zi(h) := 03 — O2k—1 (kK >1).

Similarly, Y/ (h) and Zj (h) are defined via ;.
Notice some scaling and moment properties of Yy (h) and Zi(h). For upward cross-

ing times, we have Yk(h)ithk(l). The variables {Y;(1),k > 0} are independent and
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identically distributed for £ > 1. It is well known that some exponential moments, e.g.
Eexp{Y%(1)/4} are finite. Hence, by the exponential Chebyshev inequality, for every
b > EY; (1), there exists a positive constant ¢, such that for all h and all integer N,

(3.1) P (iYk(h) > bh2N> < exp{—cpN}.
k=0

On the other hand, for downward crossing duration, we have not only the scaling
property Zi(h) & h2Z(1) for i.i.d. variables Zx(h), but also the stability of order (1/2).

Namely,
N

3" Zu(1) £ Zy(N) £ N?Z,(1).
k=1

In particular, we have

P (i Zp(h) < 1) =P (N’h*Z1(1) < 1)

k=1

=P ( sup  Wa(t) > 1)

0<t<N—2h—2

(3.2) < 2exp{—N2h2}.

2

Given N and h, consider the following events:

Dy := {||[W1]| < e}

N-1
D2,1 = {Z Yk(h) 2 bth} 5

Set, for brevity, D := D(Wy, Wa, e, 7). Since D C D;, we have
D = (D D21) U (D Dss) U (D Das)

Using the estimates (3.1), (3.2) and the independence of W7 and Ws, we obtain

(33)  P((D1Ds1) U (D1Dss)) < B(Ds) (exp{—ch} + 2exp] _J\; i }) .

13



Now consider the sample paths from D D, 3. Notice that in this case

N-1
(3.4) ) Yi(h) < bREN
k=0
and
N
ZZk(h) >1
k=1
Hence, 055 > 1, and we have
N-1 N
(3.5) S Vi) +) 2z (h) = 1.
k=0 k=1

The key observation reads as follows: every sample path from D D, 3 satisfies

[—e, €], if t € UpZy' [0, Ok 11);
Wi(t) €
[—e, —e + 2ep|sign {W5(02k—1)}, ift € U 11051, 05 );

where €5, is the half-width of the interval in which the process W7 has to stay when Wy
reaches the level h. Moreover, if h > 2,/7¢, this width obeys the bounds

i (o (e ) e

21— 1+v1—-1
thus
-2
N L VTh
(36) Eh Z 3 ( — 4—5) Z IS 253 .

Hence, by Anderson’s inequality and small ball bound (1.3) for W; we have

P (D Do 3|Ws) < (%)w]hlexr){ a7 Vi }Hexp{ (h)},

while by (3.5) and (3.6)
5—21:2__%1}/,;( +sh2ZZk
: (NZ Y + Z%(M) + YIS 2
B 253 (1 a Z Yi(h )

14




Replace ZkN_Ol Y/ (h) by the larger sum Zsz_Ol Yi(h) and apply (3.4). In this way, we

obtain the uniform bound for conditional probability

4\*N 2 w2 2
P(DD2,3|W2) S 1D213 (;) eXp{—@ —_ 1683\/;h(1_bh N)}
and we get an estimate
4\*N 2 w2 2
3.7 P(DD < |- ——— — ——+/Th(1 = bh*N) ;.
(3.7 D) < (2) e~ ol - ) |
Now we specify the parameters of our construction. Let
h:= 267'_1/6;
41n(4
b:= max{M,]E%(l)} +1;
7
1
N = .
{2bh2J

Consider two cases. If 2bh? > 1, then
e 273 = 4p72 < 8,

and the statement of Proposition 2.1 is trivial, since

4 w2 4e 2 /3
P(D) <P(Dy) < — _ s < = - = ;
(D) <P(Dy) < Wexp{ 862} - exp{ Re2 8b€2}

™

On the other hand, if 2bh? < 1, we derive from (3.7) the estimate

P(DDay) < exp{_”—2 ~ (ﬁ‘ - 10g(4/7r)> 71/3}.

8¢? 16 4b g2
The proof of Proposition 2.1 is, therefore, complete by application of the latter bound
jointly with (3.3). O

4. Application to empirical processes

Let Uy, Uy, --- be a sequence of independent random variables having the common

uniform distribution in (0,1). Let

(4.1) o (t) = '/ <Z Lty — t) ’ t €[0,1],
=1

15



which is the uniform empirical process based on the first n observations. As before, we
work under the sup-norm || f|| := supeo 17 [ f(2)]-

Our goal is to prove Theorem 1.2 characterizing the lower functions for empirical
process. In order to do it, we first obtain its Gaussian companion — a similar result for the
Kiefer process {K,,(t); n > 0, t € [0,1]}. By definition, the latter is a centered Gaussian

random field with covariance
E[ K,(s)Kp(t) ] := min{n,m} (min{s,t} — st).
Here is the version of Theorem 1.2 for the Kiefer process.

Theorem 4.1. Let K, (t) be a Kiefer process. Then for every positive and increasing
sequence (M\y,),

N 0 )\ZL w2 2 < o0
< -—.,10.| = — - .
11»<||Kn||_A , i.o {1<:>§n:nexp A {:OO

n

In the proof of Theorem 1.1, we only had to limit ourselves to the study of “critical
functions” in the sense of (2.3). Exactly for the same reason, in order to prove Theorems

1.2 and 4.1, we can assume without loss of generality that
Viog
w < A, < +/loglogn, for n > nyg.

Under this assumption, the equivalence between Theorems 1.2 and 4.1 is immediate. In-

deed, a strong approximation theorem of Komlds, Major and Tusnddy [14] provides a joint
construction of a,, and K,, such that
K log? 1 1
“ll=o0 08 1 :0()\;3):0 _——
nl/2 A A1/,

E |

almost surely while the test series converges (resp. diverges) simultaneously for the se-

quences A\, and A\, = 1/\,.

Qypy —

The proof of Theorem 4.1 is in the same spirit as that of Theorem 1.1, with two
exceptions. Instead of using (1.3) for the sup-norm of Brownian motion, we use the corre-

sponding result for the Brownian bridge (noting that K is a standard Brownian bridge):

(4.2) PIKL <€) ~



(The computation of the distribution of || K;|| goes back at least to Kolmogorov [13].) Also,

the role of Proposition 2.1 is played by the following result. Recall our notation
D(V17 %7877) = { ”Vl“ <g, || v1—71V+ \/7_-V2|| < 8} ’

for any stochastic processes V; and V5.

[}
Proposition 4.2. (i) If W is a standard Brownian bridge independent of the Wiener
process Wy, then for any € € (0,1] and T € (0,1],

7'('2 C292 7'1/3
8e2 g2 '

(4.3) P (D(Wl,Wg,a, T)) < % exp (—— .
(ii) Let W1 and Wo be independent Brownian bridges. Then for any ¢ € (0,1] and
T € (0,1],

- 1 2 1/3
(4.4) P (D(Wl,WQ,S, 7’)) < a3 max{g’ 4} exp (_77'_ _ 6247; ) .

€ 82 €

Although Part (i) of the proposition does not directly contribute to the proof of
Theorem 4.1, it is used to prove Part (ii).

Once Proposition 4.2 is established, the proof of Theorem 4.1 goes exactly along the
same lines as of Theorem 1.1, and we feel free to omit the details. The rest of this section

is devoted to the proof of Proposition 4.2.

Proof of Proposition 4.2. We start with the proof of (4.3). Let q := 1 — 2, and write

for brevity [[v(-)[{0,q := SUPg<s<, [v(t)| and
Dy(Vi,Va,e,7) == { [Villp,g < & VI =7Vi+ T Vallo,q < €}

By the full probability formula, we have
P (Dq(Wla W27 €, T))

e . _yee{—r?/2}
_/_mp(pq(wl,wz,,HWl(l) ) NG d

> Co5 £ liilf/QP(Dq(Wl,Wm& T) | Wi(l) =)

=co5 € Inf P (Dq(Wl + rId, Wo, €, 7'))
Ir|<e/2

=cy5¢ Inf P (Dq(Wl + rhe, W, e, 7')> ,
Ir|<e/2
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where
t for 0 <t <gq;
hy(t) ==
g(1—t)/e* forg<t <1

is an admissible shift of Brownian bridge and the Cameron-Martin density of the corre-

sponding shifted measure is

r

_ r’q
Prh, (U) = €xp _@ + 8—2’0(q) .

o]
It is worthwhile to notice that under assumptions |r| < e/2 and ||[W1]|jo,q < €, we have

° 1 V?/' q _
Pria,(W1) > exp —g—% > ¢ 3/8,

We obtain via the Cameron—Martin formula,

P (D, (W W, —E|1 o (W
( (I(Wl + Th(la 2,€, T)) [ Dq(Wl,Wg,E,'r)p hq( 1):|
>e 38 P (Dq(l/?/l, W, €, T))

>e 38 P (D(V(I)/l,Wg,a, 7')> i
We infer from this calculation that
(4.5) P (Dg(W1, Wa,e,7)) > ca6 ¢ P (D(v?fl,m,s, T)) .
On the other hand, by scaling and Proposition 2.1, we have

P (Dy(W1, Wa,e,7)) = P (D(Wl,Wz, % 77')>

72¢2 T3¢
< G5 exp |~ 82 g2
2 g/

< ca7 €xp T2 T 2 .

In view of (4.5), this yields (4.3) and thus the first part of the proposition.
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It remains to check the second part. If 71/3 < &2, then there is nothing to prove, since

by (4.2), we trivially have

P (Il < IVI= 7+ Vel <e) <P () <)

Ca28 o 71'2
—_— X —_—
€ p Re2

C29 { w2 7'1/3}
expl ——s — —— ¢ .

IA

IA

We assume now 7'/3 > 2. Without loss of generality, we consider for i = 1 and 2,
Wz(t) = Wz(t) - tWi(l), t e [0, 1],

and we write W, = W; — W;(1) Id), where W; and W, are independent Wiener processes.
Note that the random variable W5(1) is independent of the processes W and W,. Observe
that P(|W5(1)| < z) > z/2 for x € [0, 1]. Hence, writing

pe = P([Wil| <e, [VI—TW1+ V7 W] <e),

we have

oy = PUWAI < e, V=7 W+ 7 Wa — FWa() ] < e, [Wa(1)] < €*/y/7)
‘ B([Wa(D)] < £3/V7)

Bl < e VI 7 Wy + Wl < e +¢9)
) NG

In light of (4.3) (which we have just proved), this yields

71'2 C29 7'1/3
8(c+e3)®  (c+e3)°

< \/F 7'('2 C99 7'1/3
C30 — €X —— — .
> €30 4 p ) 2

-
Pe < 2c21 64 exp (‘

This implies (4.4) and completes the proof of Proposition 4.2. ad
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5. Remarks and questions

This final section contains a few remarks and questions related to the lower functions

of infinite-dimensional Brownian motion and empirical processes.

(1) A standard time inversion argument immediately yields the following companion of

Theorem 1.1 for small times: Let X be as in (1.1). If f > 0 is non-decreasing, then

/O+ @exp (—%2]“2(15)) dt{iz

1/2

f(1/t)

<:>]P)(||X(t)||§ 1.0. fort—)O):{?)

where || - || is defined in (1.2).

(2) The present paper focuses on the rate of escape problem for a particular infinite-
dimensional Brownian motion in a particular space (the Brownian sheet under the
sup-norm). It would be very interesting to characterize the escape rate of more general
infinite-dimensional Brownian motions.

Looking at the two parts (2.1) and (2.2) of Theorem 1.1, part (2.1) can be ex-
tended with no extra efforts to any infinite-dimensional Brownian motion X taking
values in a separable Banach space (E,| - ||), as soon as one has sufficiently good
information about the asymptotic behaviour of P(||X(1)|| < ¢). Part (2.2), on the
other hand, seems far more delicate, and this is why we had to use special properties
of our example.

A question we ask ourselves is whether the behaviour of P(|| X (1)|| < ¢) suffices

to determine the escape rate of X.

(3) If we are not so ambitious, then we might like to study the same Brownian sheet W un-

' g%(t) dt]1/2. Is it possible to characterize P{|[W(e, t)[|2 <

der the L2-norm ||g||2 := | 0

Vt/f(t), i.0.} via an integral criterion? One can find a partial answer in Albin’s work
[2]. By using his Theorem 4, we get, for any T' > 1,

W(e,t logT 1
P minwge ~ 08 exps ——= ¢, e — 0.
1<t<T Vit g3 8¢e2
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An application of the Borel-Cantelli lemma, yields

[ L8 oy (L0

t

t1/2

F(@)

> dt<oo = P < |W(e,t)||2 < i.o. for t — oo) =0.

Similarly, for the Kiefer process we have

0 /
/ f4t(t) exp (—f28(t)> dt<oo = P ( | Kpll2 < % i.o. for n — oo> =0.

Both integrals on the left-hand sides suggest that t; := exp (W) could serve here
as a critical subsequence. Unfortunately, the problem of necessary and sufficient test

remains open, to the best of our knowledge.

(4) It is not the first time that the Erdds subsequence fails to work in a delicate integral
test. Indeed, in an attempt to characterize the upper functions of the square integral
of (one-dimensional) Brownian motion, Albin [1] showed that the Erdés subsequence

is not suitable.
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