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1 Introduction and preliminary results

Let Uy, Us,... be independent copies of a random variable U uniformly distributed over the
interval [0, 1]. Let

1 n
F, = — < <t<
w() =3 WU <t} 0<t<1,
k=1
denote the empirical distribution function based on Ui, Us,,...,U,, where 1 is the indicator

function. Let F,’ 1 be the left-continuous inverse of F,,. We denote the empirical and quantile
processes over the interval [0, 1] by

an(t) = nl?(F,(t)—1), 0<
Bult) = n'A(F7N()—1), 0

*OA

1,
<1,

IN

respectively. The sum
R, (t) := an(t) + Bn(t), 0<t <1,

of the empirical and quantile processes is known in the literature as the Bahadur—Kiefer process
(cf. Bahadur, 1966, Kiefer, 1967, 1970).

The Bahadur—Kiefer process enjoys some remarkable asymptotic properties, which are of in-
terest in statistical quantile data analysis (cf., e.g., Csorg8, 1983, Shorack and Wellner, 1986). We
summarize the most relevant results of Kiefer (1967, 1970) in this regard in the following theorem.
Throughout the paper, we use the notation log, z := loglogz for = > 3.

Theorem A (Kiefer, 1967, 1970) For every fized t € (0,1), we have

nRu(t) = (H1 - ) NN, 0 oo, (L.1)
. ”1/4|Rn(t)| 1/4 25/4

where N and N are independent standard normal variables and —4 denotes convergence in distri-
bution. Also,

[ R

lim n'/*(logn) /2122 _ —1 a.s., 1.3
N PN 9
where || f|| := supg<;<1 | f(t)| denotes the uniform sup-norm of f.

Concerning the a.s. result in (1.3), Kiefer announced it, but did not publish his proof. However,
he proved convergence in probability (cf. Theorem 1A, and the two sentences right after, in Kiefer,
1970). Eventually, the upper bound for the almost sure convergence in (1.3) was established by
Shorack (1982), and the lower bound by Deheuvels and Mason (1990). For a review of these results
and for further developments along these lines we refer to Shorack and Wellner (1986), Deheuvels
and Mason (1992, 1994), Einmahl (1996), Csorgé and Szyszkowicz (1998), Deheuvels (2000).

Via using the usual and the other laws of the iterated logarithm for «, (cf. Theorem G below),
(1.3) immediately implies

limsupn'/*(logn)~/?(logy n) V/*||R,|| = 2 /4 a.s., (1.4)
n—roo
1/4 1/2 1/4 m'/?
hnn_1>1£fn/ (logn) =2 (logy n) 4| Ry|| = FYVZ a.s., (1.5)



while a direct application of (1.3) together with the weak convergence of «,, to a Brownian bridge
B gives

n!/*(logn) 2| Rull =4 (IBI)'/?, n— oo, (1.6)

(cf. Kiefer, 1970, Deheuvels and Mason, 1990).

Moreover, initiated by Shorack and Wellner (1986, p. 593), and pursued by Deheuvels and
Mason (1990, Theorem 2A), the result in (1.6) was extended to convergence in distribution in
weighted sup-norm metric || - /¢|| under appropriate conditions on the weight function ¢(-) on
(0,1), concluding in

n!/*|| Ry / (2q log(max(n'/? /q,)))'/?|™) =4 (1B/ql)'/*, n— oo

where

A1 = sup £ ()]

1/(n+1)<z<1-1/(n+1)
The asymptotic behaviour of R, in L, norms was in turn established as follows.

Theorem B (Cso6rgé and Shi, 1998, 2001) For any p € [2,00), we have

: Ll
lim n1/4M = ¢o(p) a.s., (1.7)
5™ (only) 7

where

)
co(p) := (EINP)/P = V2 (7”@\%1)/2)) p, (1.8)

1
N stands, as before, for a standard normal variable, and ||f||, := (fol |f ()P dt) /p, the L, norm
of f.

In particular, (1.7) yields L, versions of the laws of the iterated logarithm (LIL’s) for the
Bahadur—Kiefer process R,. We also note that (1.7) combined with the weak convergence of o,
to a Brownian bridge B implies that, for p € [2, 00),

0| Rallp —a co@)(IBllp2) "%, n— oo. (1.9)

Nevertheless, in spite of all these convergence in distribution results of R, in various metrics,
the following result, due to Vervaat (1972a, b), is also true.

Theorem C (Vervaat, 1972a, b) The statement
anR, =4Y, n — oo,

cannot hold true in the space D|0,1] (endowed with the Skorohod topology) for any sequence {ay}
of positive real numbers and any non-degenerate random element Y of D0, 1].

Vervaat’s (1972a, b) proof of Theorem C is based, in a most crucial and elegant way, on the
following integrated Bahadur—Kiefer process

t
In(4) ::/ Ro(s)ds, 0<t<l.
0

Concerning the latter, he established the weak convergence of

Vi(t) == 2021, (t) (1.10)



to B2, the square of a Brownian bridge, via proving the following theorem (for a discussion of
related details we refer to Csorgé and Zitikis, 1999, 2001).

Theorem D (Vervaat, 1972a, b) We have
. 2 _ . -
nlggo |V — || =0 in probability. (1.11)
In particular, in the space C[0,1] (endowed with the uniform topology),

Vi =a B%, n— oo (1.12)

For use of terminology, we call the process V,, of (1.10) the uniform Vervaat process, that
coincides with the integrated empirical difference process in Shorack and Wellner (1986, p. 594).
For further references and elaboration on this terminology we refer to Section 1 of Zitikis (1998).

As a consequence of (1.12), Vervaat (1972a, b) concluded Theorem C on account of a Brownian
bridge B being nondifferentiable. In retrospect we note that Theorem C can also be concluded
from a combination of (1.1) and (1.6), or from that of (1.9) with (1.6).

2 The Vervaat error process: definition and main results
Bahadur (1966) introduced R,, as the remainder term in the representation
Pn =—an+ Ry

of the quantile process 8, in terms of the empirical process o,,. As we have seen in Theorems A
and B, the remainder term R,, i.e., the Bahadur—Kiefer process, is asymptotically smaller than
the main term oy, i.e., the empirical process, in both the L, and sup-norm topologies.

In a similar vein, we can think of the process

Qn(t) :== V() — O‘vzz(t)a 0<t<1, (2.1)

that appears in the statement (1.11) of Theorem D as the remainder term @,, in the following
representation

Vi =024 Qn (2.2)

of the uniform Vervaat process V,, in terms of the square of the empirical process. It is well-known
(cf. Zitikis, 1998, for details and references) that the remainder term @, in (2.2) is asymptotically
smaller than the main term oZ2. Thus, just like in the case of R,,, one may like to know how small
the remainder term @, is. We call this remainder term @),, the Vervaat error process.

In view of Theorems A and B, one suspects that there should be substantial differences between
the asymptotic pointwise, sup- and Lj,-norms behaviour of the process ),,. Indeed, Csorgé and
Zitikis (2001) established the following strong convergence result for ||Qy ||, -

Theorem E (Cs6rg6é and Zitikis, 2001) For any p € [1,00), we have

lim nlMM = Lc()(p) a.s., (2.3)

n—oo (||an||3p/2)3/2 V3

where co(p) is defined in (1.8).



For a comparison of this result to that of Theorem B, as well as for that of their consequences,
we refer to Csorgs and Zitikis (2001), who have also conjectured that in sup-norm the analogue
statement of (2.3) should be of the following form:

lim b,n'/* 19n] =c a.s., (2.4)

n=»00 ||04n||3/2

where b, is a slowly varying function converging to 0 and c is a positive constant.

One of the aims of this exposition is to prove that this conjecture is true with b, = (logn)
In addition, we also study the pointwise behaviour of the Vervaat error process @),. We summarize
our results in the following theorem, which parallels Theorem A of Kiefer (1967, 1970) concerning
the process R,,.

~1/2.

Theorem 2.1 For every fized t € (0,1), we have

n4Qn(t) —q (4/3)Y2((1 — )N (N2, n— o, (2.5)
n!/*Q, (1] 34 211/431/4

limsup —————+ = (t(1—1)) w5/

.S. 2.6
n—oo  (logyn)d/4 a-8. (2.6)

where N and N are independent standard normal variables. Also,

lim n'/*(log n)_l/QM = (4/3)'/? a.s. (2.7
R (ol ~

As a consequence of this theorem, as well as that of Theorem E combined with (2.7), we have
the following corollary, which confirms Conjecture 2.1 of Csorgé and Zitikis (2001).

Corollary 2.1 The statement
0nQn —qY, n— o0,

cannot hold true in the space D|0,1] (endowed with the Skorohod topology) for any sequence {ay}
of positive real numbers and for any non-degenerate random element Y of the space D|0, 1].

Another consequence via (2.7) is the following corollary.

Corollary 2.2 We have

21/4
limsupn'/*(logn)~?(ogy n) */4|Qn] = =+ a.s., (2.8)
n—00 31/2
. 1/4 —1/2 3/4 m3/?
liminfn " (logn)™/“(logy )" |@nll = gipmsm a8, (2.9)
n'/*(logn) " 2Qull —a (4/3)'2IBIP?, n = oo, (2.10)

where B is a standard Brownian bridge.

We note that (2.8) and (2.9) follow from (2.7) by means of the usual and the other LIL’s for
ay, (cf. Theorem G below). As to (2.10), it results from a direct application of (2.7) together with
the weak convergence of o, to a Brownian bridge B.

As an application of (2.8) of Corollary 2.2 one easily concludes the (functional) LIL and the
other LIL for the Vervaat process V,, itself via those for «,,. Concerning the functional LIL, we
also refer to Vervaat (1972a, b).



Remark 2.1 In the literature we also find general forms of the Vervaat process that are based on
random variables X1, X»,... replacing the uniform [0,1] random variables Uy, Us, ... In particular,
such a general Vervaat process first appeared and was put to good use in Csorgd and Zitikis (1996).
We refer to Zitikis (1998) for a detailed survey on this subject. For related though rather different
limit theorems for the general Vervaat process, we refer to Csorgé and Zitikis (1998). It is obvious
that the results of this paper can be generalized in such a way that they would cover general forms
of the Vervaat process as well. However, a solution of this problem under reasonably optimal
assumptions may constitute a rather challenging mathematical task which is definitely not within
the scope of the present paper. For a recent review of Vervaat and Vervaat error processes we refer
to Csorgd and Zitikis (1999). O

3 The Vervaat error process in terms of a Kiefer process

We introduce some two-parameter Gaussian processes. Let {W(z,y), z > 0, y > 0} be a Wiener
(Brownian) sheet, i.e., a two-parameter Gaussian process with EW (z,y) = 0 and covariance
function

EW (z1,y1) W(z2,y2) = (z1 A 22)(y1 A y2).

Next we define a Kiefer process {K(z,y), 0 <z <1,y >0} by
K(‘Tay) = W(‘T,y) - .’EW(l,y),

where W (z,y) is a Wiener sheet. A Kiefer process K(z,y) can be characterized as a mean zero
Gaussian process with covariance function

EK (z1,y1) K(72,y2) = (1 A 22 — 2122) (y1 A 12)-

Remark 3.1 In this paper we define, without loss of generality, all Kiefer processes K (z,y) and
Brownian bridges B(z) to be equal to zero if z < 0 or z > 1. O

Concerning the uniform empirical process «;,, Komlés et al. (1975) established the following
fundamental embedding theorem.

Theorem F (Komlés, Major and Tusnddy, 1975) On a suitable probability space, the uniform
empirical process {ag(z), 0 <z <1,k =1,2,...} and a Kiefer process {K(z,k),0 <z <1, k=
1,2,...} can be so constructed that, as n — oo,

2
—1/2 _ (logn)
lléllfmécn 021;15)1 |ag(z) — k= *K(z, k)| = O <7n1/2 a.s.

Combining (1.4) with Theorem F, we arrive at (cf. Csorgé and Révész, 1975):

Proposition A On the probability space of Theorem F for the uniform quantile process {fy(z), 0 <
z <1 k=12,...} with the Kiefer process {K(z,k),0 <z <1, k=1,2,...} of Theorem F, as
n — oo, we have

1/2(] 1/4
—~1/2 _ (logn)*/*(logy n)
1I§nka%(n 021;21 |Bk(z) + k" “K(z,k)| = O ( Yy a.s. (3.1)

We note in passing (cf. Deheuvels, 1998a,b, 2000 and references therein) that the almost sure
rate of convergence in (3.1) cannot be improved even when approximating the uniform quantile
process by any other Kiefer process.



In the sequel we will frequently make use of the following classical results.

Theorem G For any uniform empirical process ay(x) and Kiefer process K(z,n) we have

Jim sup Supp<z<i1 [K(z,n)| SUPy<z<1 |on(7)| _ 1 (3.2)
n—00 (nlogy n)l/2 n—»00 (logy n)1/2 21/27 )
.. . (logy n)1/2 SUPp<z<1 |K (z,n)| T 1/2 T
lim inf 12 = lim inf(log, n) P (@)l = g (33)

almost surely.

The usual LIL (3.2) for a;, was proved by Smirnov (1944) and Chung (1949) and that for K
was first established by Kiefer (1972), via his fundamental strong invariance principle. The other
LIL (3.3) was independently established by Kuelbs (1979) and Mogulskii (1979).

For further use we quote the following two results of A.H.C. Chan (1977) (cf. Theorem 1.15.2,
and Theorems S.1.14.2 and S.1.15.1, respectively, in Csérg6 and Révész, 1981 and Theorem 14.3.1
in Shorack and Wellner, 1986).

Theorem H (Chan, 1977) Let K(-,-) be a Kiefer process, and let {h,} be a non-increasing

sequence of positive numbers such that {nhy} is non-decreasing,

log(1/h,
lim nh, = o and lim M = 00
n—00 n—o0 10g2 n

Then

K(t — K(t
b s sup VST~ K(m)

=1 a.s.
N0 0<4<l hy 0<s<hn, (2nhylog(1/hy))1/?

Remark 3.2 The referee has called our attention to an oversight in stating the conditions of
Theorems 1.14.2 and 1.15.2 in Csorg6 and Révész (1981). Namely, there the essential conditions
in Theorem H that nh, is non-decreasing and lim, ,,,nh, = oo were omitted. We also note
in passing that the just mentioned Theorem 14.3.1 in Shorack and Wellner, i.e., Theorem H, is
correctly stated under its full set of conditions as it is also given here now. 0

Theorem I (Chan, 1977) Let 0 < ep < %, 0 < ar < T be functions of T such that er
and ap/T are non-increasing, ar and Ter are non-decreasing and limp_,oo Ter = oo. Define
K ((z1,22],t) = K(z2,t) — K(z1,t) (0 <z < z9 <1). Then almost surely,

limsup  sup sup sup sup Or|K((z,z+ s], t+2z) — K((z,z + s], t)]
T—oo 0<t<T—ar 0<z<ar 0<z<l—er 0<s<er

= limsup sup sup Or|K((z,z +e7], t +ar) — K((z,z + e7], t)| = 1,
Tooo 0<t<T—ap 0<z<l—er

where

~1/2
+ logy T)) .

If in addition, limp_, o (log EL) /logy T = oo, then limsup can be replaced by lim
ToT T 00 T—o0

Br = (2aT6T(1 —er) (log

erar

The main result of this section is the following strong approximation of the Vervaat error
process @, (t) defined in (2.1) via a Kiefer process.



Theorem 3.1 On the probability space of Theorem ¥, using the there constructed Kiefer process
K(-,-), Qun(-) can be approzimated as follows. Asn — oo we have

sup |Qn(t) — Zn(t)| = O(n=3/3(logn)*/*(log, n)>/®)  a.s., (3.4)
o<1

where {Z,(t),0 <t <1, n=1,2,...} is defined by
Zn(t) == 2M /01 (K (t — s@,n) — K(t,n)) ds. (3.5)

n

The proof of this theorem is based on the next two lemmas, which are of interest on their own.

Lemma 3.1 Let

t
An(t) = 2n1/2/ (W) — an(®)du, 0<t<1n=12,... (3.6)
0

Then

and, consequently, as n — oo,

Sup |Qu(t) = Au(t)| = O(n™*(log n)(logy )" /%) as. (3.8)

Proof. We have the following easy-to-check representation

t t
Vo) = 2nl/? / Ry (s)ds = 2n / (Fo(s) — 1) ds
0 ()

= —ap(t)Bn(t) + An(t) — (an(t) + Bn(t))Bn(t) (3.9)

for all t € (0,1) and » = 1,2,... The crucial identity in the first line of (3.9) is due to Vervaat
(1972a, p. 248). For details and further discussions we refer to Shorack and Wellner (1986, p. 594)
and Zitikis (1998, pp. 670-671). By (2.1), Qu(t) = Va(t) — 02 (t) = An(t) — R2(t), yielding (3.7).
The conclusion (3.8) follows from (3.7) and (1.4). O

Remark 3.3 While in this paper we are yet to study the stochastic process Qn(t) in terms of
A (t), it is interesting to note that, as a result of the representation (3.7), we already know the
best possible stochastic behaviour of their difference A, (t) — Qy(t) = RZ(t). Moreover, on account

of having (1.1)—(1.8), we can immediately write down exact analogues for the difference process
An(t) — Qu(t) via Ry (1). O

Lemma 3.2 On the probability space of Theorem F, using the there constructed Kiefer process
K(-,-), the stochastic process A,(t) of Lemma 3.1 can be approzimated such that when n — oo,

sup [An(t) — Zn(t)] = O(n~**(logn)**(logyn)*®)  ass,,
0<t<1

where Zy(t) is as in Theorem 3.1.



(t)) =t + sn~1/26,(t) in (3.6), we have

A, () = —28,(1) /0 1 (an (t+ si’;(/’;)) - an(t)) ds.

The usual LIL for 3, confirms that ||3,|| = @((log, n)/?) almost surely (when n — co). Therefore,

Proof. By a change of variables u =t — s(t — F,, !

by Theorem F, when n — oo,

At) = —2n128,(1) /0 1 (K (tw%’?,n) —K(t,n)) ds

+0 (n_1/2 (log n)?(log, n)1/2) , (3.10)

a.s.,

uniformly in ¢ € (0,1).
For all ¢,s € (0,1), we have

‘K (t+s'f:1(/t2),n> - K (t—s@,n)‘

= |K(u+v,n) — K(u,n)|
sup |K(u+v,n) — K(u,n)|,

< sup
0<u<i—hy 0<v<hn
where K(t t K(t
u:t—SM, v:s<ﬂ”1(2)+ (a”))
n nl/ n

and, on account of Proposition A, h, = O(n=3/*(logn)'/?(log,n)'/*) (n — o), almost surely.
Thus, according to Theorem H, almost surely, when n — oo,
K(t,n)
12 ) -K (t — ST,n) =0 (nl/s(logn)3/4(log2 n)l/s) ,
uniformly in ¢, s € (0,1). Inserting this into (3.10) and using again the LIL for f,,, we arrive at:

A1) = —2n728,(t) /01 (K (t—s@,n) —K(t,n)) ds

K(t—i—sﬂn—(t) n

+0O(n=3/8(log n)3/*(log, n)%/®) a.s. (3.11)
According to Proposition A,
- K(t,n log n)'/?(log, n)'/*
—2n 2B, (t) :2%+(’) <( ) n§/4 2") (3.12)

almost surely and uniformly in ¢ € (0,1). On the other hand, applying Theorem H to the integrand
in (3.11) with h, = O(n~/2(log, n)'/?), we obtain:
1 K
/ (K (t — SM,H) — K(t,n)) ds =0 <n1/4(log n)'/?(log, n)1/4) )
0 n
almost surely and uniformly in ¢ € (0,1). Plugging this and (3.12) into (3.11) yields that almost

surely, when n — oo,

An(t) = Zn(t) + O <(logn)7(1110/%2 ’n)l/?) v O(n—3/8(logn)3/4(log2 n)5/8),

9



uniformly in ¢ € (0,1). This yields Lemma 3.2. O
Proof of Theorem 3.1. Follows from Lemmas 3.1 and 3.2. O

We mention that the process Z,(t) was put to use in Csorg6 and Zitikis (2001) in their study
of Qn(t) in L, norm. Moreover, they also remarked that their conjecture as stated in (2.4) is
equivalent to stating it in terms of Z,, instead of @),,. Likewise, in view of Theorem 3.1 now,
the proof of Theorem 2.1 can, and will, be based on proving the statements (2.5)-(2.7) with the
process Zy,(t) replacing @y, (t) in all of them. The latter goal in turn will be achieved via using the
next simple, though essential, observation. A discrete time version of this was stated, somewhat
implicitly, in Einmahl (1996, p. 530) (cf. also Csorg6 and Shi, 1998).

Proposition B Let {K(z,y), 0 <z <1,y > 0} be a Kiefer process. For any fired 0 <u < v <1,
the process

{K(U+ (v —u)z,y) —zK(v,y) — (1 — 2)K(u,y)
Jo—u

is a Kiefer process that is independent of {K(s,y), s € [0,u], y > 0} and {K(s,y), s € [v,1], y >
0}.

Based on Theorem 3.1 and this crucial observation, the respective proofs of the pointwise
statements of (2.5)—(2.6) and the proof of the uniform property as in (2.7) of the process @, will
take different routes. Hence, Section 4 is devoted to proving (2.5)—(2.6), while Section 5 will be on
establishing the almost sure ratio statement of (2.7).

,w€[0,1],y20}

4 Pointwise behaviour of the Vervaat error process

In this section we are to prove (2.5) and (2.6) of Theorem 2.1, that are concerned with the pointwise
asymptotics of @, (t). The intriguing pointwise behaviour of the Bahadur—Kiefer process as in (1.1)
and (1.2), respectively, was first established by Kiefer (1967). Moreover, the result of (1.2) was
also proved, explained and extended via strong approximations and functional laws of the iterated
logarithm by Deheuvels and Mason (1992, 1994), Deheuvels, Einmahl and Mason (2000). One
of the key elements of the proofs in these papers is the establishment of local (pointwise) strong
approximations of the empirical process that are independent of its global (uniform) approximation.
Our own approach to proving (2.5) and (2.6) is similar and connects also the two approaches when
combining it with that of Deheuvels and Mason (1992) in our proof of (2.6).

Our approach is accomplished via first establishing a strong approximation of Z, (t) of (3.5) for
any fixed ¢ € (0,1) by a process in n, which is an integral of a Wiener sheet in its first parameter
(the local approximation) over a random interval determined by the global approximation that is
independent of this Wiener sheet (the integrand) (cf. Lemma 4.1). Moreover, we also believe that
our Lemma 4.1 is of independent interest in the context of studying the pointwise behaviour of
the Vervaat error process.

Lemma 4.1 Given Z,(t) as in (3.5), then for any fized t € (0,1) one can define a Wiener sheet
W*(-,-) such that, as n — oo, we have

|K(tn)|/n 1/2
Zn(t) = 2/ W*(y,n)dy + O <(10g n) " log, n) a.s., (4.1)
0

nl/2

where {W*(y,n), y >0,n=1,2,...} is independent of {K(t,n), n=1,2,...}.

10



Proof. Using Proposition B with u = 0, v = ¢t € (0,1) fixed, and writing 1 — z instead of z, we
see that

K(t(l—-=z),n) — (1 —z)K(t,n)

Ki(z,n) = 1172 )

0<z<1, (4.2)

is a Kiefer process, independent of K (t,-). Likewise, letting u = ¢, v = 1, we see that

Kit+(1—-t)z,n)— (1 —2x)K(t,n)

K5 (z,n) == (10 ;

0<z<1,

is also a Kiefer process, independent of K(¢,-). Moreover, Kj(-,-) and K5(-,-) are independent.
Consequently, the components of the vector

(K(ta ')7 Kik('a')a K;(a)) (4'3)

are independent processes.
In case K(t,n) = 0, we have Z,(t) = 0 by (3.5). Assuming K(t,n) # 0, we introduce a
substitution in the integral in the definition of Z,(¢) of (3.5) on defining z via

(1-a2)t = t—s@ it K(tn) >0,
K(t,n)

t 1-—-1¢ = t—
+ ( E? s—_

if K(t,n)<0.

Hence we arrive at the following representation of the latter process for each fixed ¢:

Zn(t) = Ti(n)1{K (t,n) > 0} — To(n)1{K (t,n) < 0}, (4.4)
where
K(t,n)/(nt)
Ti(n) = 2t/0 (K(t(1 - z),n) — K(t,n)) de,
—K(tm)/(n(1-)
To(n) = 2(1 _t)/0 (K(t+ (1 t)z,n) — K(t,n)) da.

Considering 71 (n), and remembering that this is the case when K (¢,n) > 0, using the definition
(4.2) of K3(-,-), we obtain: almost surely as n — oo,

3/9 K(tn)/(nt) K(t,n)/(nt)
Ti(n) = 2t /0 Ki(z,n)dr — 2tK(t, n)/o zdz

K(tn)/(nt) tK(t,n))?
2t3/2 /0 K; (.’L‘, n) dr — %
K(t,n)/(nt) . log, 3/2
2#”4 Kﬂa@dw+0<£7%%—>, (4.5)

the last line following from the LIL for the Kiefer process with fixed ¢. Since K (-,-) is a Kiefer
process independent of K (t,-), we can use the representation

Ki(z,n) = Wi(z,n) — sWi'(1,n),

where Wi (-, ) is a Wiener sheet, independent of K (¢,-). This independence property will be crucial
in our use later on.

11



Observe that

K(t,n)/(nt) K(t,n)/(nt) 2 ¥
/ Ki(am)do = | Wi (a,m) do - LD WL
0 0 2t°n

By the LIL for the Kiefer process K and the Wiener process Wi (1,-), we have, when n — oo,
K2%(t,n) Wi (1,n) = O(n3/%(log, n)??) almost surely. Going back to (4.5), we obtain: as n — oo,
almost surely

K(tm)/(nt) log, m)3/2
Ti(n) = 2t3/2/0 Wi(z,n)dz + O (%)

K(tn)/n ) log, 1)3/2
_ 2/0 P2y (%n) dy + 0O (%) . (4.6)

Similarly, in the case K(t,n) < 0, we can show that as n — oo, for Zy(n) of (4.4) we have,
almost surely,

—K(t,n)/n . log., n)3/2
To(n) = 2/0 (1-1)"/°W; (&,n) dy + O <(i217/2)> ) (4.7)

where, just like W (-,-) of (4.6), the Wiener sheet W (-,-) of (4.7) is also independent of K(t,)

(cf. (4.3)).
Combining (4.6) and (4.7) with (4.4) yields that, for each fixed t € (0,1), as n — oo,

|K(t,n)|/n 1 1 1/2
Zn (1) :2/0 W*(y,n)dy-l—(?((()an)(Ogn) ) a.s.,

nl/2

where

W*(y, n) == t1/2W (%n) K(tn) > 0} — (1 — )2} ( ) 1{K(t,n) < 0}.

1—
Since W*(-,-) is a Wiener sheet, independent of K (,-), this yields Lemma 4.1. O

The rest of this section is devoted to the proof of (2.5) and (2.6) in Theorem 2.1. For the sake
of clarity, they are proved separately.

Proof of (2.5). For each fixed n and T,

31/2
L= 1/2T3/2/ W=(y,n

is a standard normal variable. Thus, by conditioning, if 7' is a random variable independent of
W*(-,n), then I';, is also a standard normal variable, independent of T'. In view of the independence
of K(t,-) and W*(-,-), we have, for each fixed n and ¢, (taking T := |K (¢,n)|/n)

|K(t,n)|/n
2 / W*(y,n)dy
0

AN )Y () NP s
(5) nl/t ((t(l—t))l/Z) (n1/2T3/2/0 w (yan)dy>

— (3" e o smye
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where “=,;” denotes identity in distribution, and N and N are independent standard normal
random variables. This, in the light of (3.4) and (4.1), yields (2.5). O
Proof of (2.6). Fix again ¢t € (0,1). Define
K(t,n)
1% = >1
Wi(z,y) = (1 -t 1/4W*(#,>, >0, y>0.

Clearly, Wy(-) is a Wiener process, and W;(-,) is a Wiener sheet, independent of {K(t,n), n =
1,2,...}, and thus of Wy(-) as well. We also observe that

Km)l/n
/0 W*(y,n)dy

(1(1 — 1y)3/ 2l W) /'W“")'/@"lf’g? m Wi (w(2E)2 )
0

nl/4 nl/4(2logy n)3/4 du.

By Theorem 1.1 of Deheuvels and Mason (1992), as n — 0o, the set of limit points of

% 2logy, ny\1/2
(e W2 )

2nlogyn)t/2’  nl/4(2logy n)3/4

is almost surely equal to

D :={(c, f) : f absolutely continuous with respect to the Lebesgue measure,
el € (0,1), F(0) =0, ¢+ fol(f'(w))? du < 1}. (48)
Consequently, with probability one,

nl/4

) K(tn)|/n 5/4 3/4 lel
lim sup 74/ W*(y,n) dy = 2574 (t(1 — ¢))** sup f(u) du.
n—oo  (logyn)®/4 Jo (e.n)ep o

We now determine the value of the “sup” expression on the right hand side. Integrating by parts,
using the Cauchy—Schwarz inequality and (4.8), we get, for each (¢, f) € D,

g el ,
@ du= [ (el = ) du

il 12 4 1/2 31— )\ 2
< ([ ([Crwra) < (FEED) T

Since |c[>(1 — ¢?) < 2 x 33/2/55/2 for any ¢ € [1,1], this yields
\c|f( Vdu < 91/2g1/4 (49)
sup / u)du < ——F——. .
(e Jo 55/4

Choosin
8 12 21/231/4 51/4 )
c= (3/5) ’ f(u) = 51/4 u - 21/231/4’11, s

it is seen that in (4.9) we have, in fact, an equality. Accordingly, with probability one,

nl/4 |K (t,n)|/n 97/4g1/4
li — w* dy = (t(1 —))3/*
msup e | (y,m) dy = (1 = )= 00
This yields (2.6) in view of (4.1) and (3.4). O
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5 Uniform behaviour of the Vervaat error process

This section is devoted to establishing the uniform property (2.7) in Theorem 2.1. In view of
Theorems 3.1 and F it suffices to show that

I n 12l (4>1/2 (5.1)
1m — a.S. .
nroe” (logn) 2 [K(-m)[P2 ~ \3 ’

- n 12| (4)1/2

1 f > — .S. 2
e e RCPE = 3 (5:2)

where || Zy[| := SuPp<i<i |Zn(t)] and ||K (-, n)|| == SuPp<i<i1 |K (2, m)|-

In our proof of (5.1) and (5.2), globally speaking, we make use of some ideas of Deheuvels and
Mason (1990). Moreover, here too we continue using strong approximation methods and combine
them with the approach that was established by Einmahl (1996) for proving the lower bound part
of (1.3).

Recall that (cf. (3.5)), by definition,

Zn(t) = 2M/01 (K (t—s@,n) —K(t,n)) ds

n

_ / KO et~ m) — K (b)) d. (5.3)
0

Let {h,} be a sequence satisfying the conditions of Theorem H, 0 < h;,, <1 and put N = N(n) :=
[1/hy], where [-] denotes integral part. Let t; = t;(n) :=i/N (for 0 < i < N).

Lemma 5.1 There exist Wiener processes {Win(-), 1 = 0,1,...,N — 1} that are independent of
{K(tj,n),1=0,1,...,N — 1}, and are such that, as n — oo, for t =t; +v/N, v € [0,1], we have

2n1/2 A;
Zn (t) = W /0 (Wi,n(v + y) - Wz,n(’U)) dy + 0 (Ilp(’n’a N)) ’ a.8., (54)
where
4 = MR ‘KT(L“’ nl, (5.5)
~_ (logn)(log, n)'/4  NY2(logn)'/?logyn  N?(log N)/21ogyn
P(n,N) := N1/Zp1/4 + 1/2 + - (5.6)

and O is uniform ini=0,1,...,N —1 and v € [0,1].

Proof. Let t € [ti,tﬂ_l]. Then
K(ti,n)/n K(tn)/n
Zo(t) = 2 / +/ (K(t— z,n) — K(t,n)) dz.
0 K(t;,n)/n

By Theorem H, when n — oo,

|K (t,n) — K(ti,n)| (logn)'/2
max sup =0 W a.s.

0<i<N—1 4, <t<tiy, n
On the other hand, by the LIL (3.2) for the Kiefer process and Theorem H with h, = (logTzn)l/Q’

K(t—zmn)— K(t,n) =0 (n1/4(log n)'/?(log, n)1/4) a.s.,
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uniformly in 0 <4 < N — 1, ¢ € [t;,tiy1] and z € [K(t;,n)/n, K(t,n)/n]. Therefore, on using
Theorem H again,

K(tn)/n (log n)(logy n) /4
/K(ti,n)/n (K(t— z,n) — K(t,n))dz = O < e as.

As a consequence, for ¢ € [t;,t;1+1], we have, almost surely when n — oo,

K(t;n)/n oe 1) (log, n)/4
Zn(t) = 2/0 O K- ) — K2, n))dz+(9<(1 gN)l(/lszM) ) , (5.7)

where O is uniform in i =0,1,...,N — 1 and t € [t;,t;11].
Let % be such that K(¢;,n) <0, and for u € [0,1] define

N1/2
Bin(w) i= oy (K (84 o) = uK(tirim) = (1= wK(tin) )
It follows from Proposition B that for each fixed n,
{Bi*,n(-), i=0,1,...,N -1}

are independent Brownian bridges, and independent of {K(¢;,n), 1 =0,1,...,N —1}.
Now, if ¢t € [t;, ti11], then ¢t = t; + v/N for some v € [0, 1].

K(ti;m)/m
/ (K(t—2,n) — K(t,n)) dz
0

nll2 A . K(tiz1,n) — K(ti,n) [4i
- T N32 /0 (Bin(v+y) = Bi,(v)) dy — N /0 v

where A; is defined by (5.5). Since f(f‘i ydy = N?K?(t;,n)/2n?, an application of the LIL (3.2) for
the Kiefer process and Theorem H yields that with probability one,

K(ti,n)/n
/ (K(t — 2,n) — K(t,n)) dz
0

/2 A N'2(logn)'/? logy n
= w37 || Bialo+y) = Biaw) dy+0 D) 5y
uniformly in 4 =0,1,...,N — 1 and v € [0,1].
Note that Bj, can be represented as
where (for each fixed n) {W},,7=0,1,..., N — 1} are independent Wiener processes which are
also independent of {K(t;,n), i =0,1,..., N —1}. Hence, almost surely,
A;
| Biatw+ ) = Bia@) dy
A;
= [ty W) dy Wi [y
Ai L . N2(log N)'/?logy n
— _/0 Wi (v+y) — W ())dy+(9< ( 71 2, (5.9)
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the last equality following from the LIL (3.2) for the Kiefer process and the fact that almost
surely, supg<;<y—1 |W,(1)] = O((log N )1/2). This last fact can be easily checked using the usual
estimate for Gaussian tails and the Borel-Cantelli lemma, regardless of the dependency structure
of the standard normal variables {W;,(1),4=0,1,...,N - 1;n=1,2,... }.

Putting (5.7), (5.8) and (5.9) together, we obtain:

2n}/2

Zn(t) = N3z

/oAi(Wft (v+y) = Wi, (v))dy + O (d(n,N)), (5.10)

fort=1t;+v/N,0<wv <1, K(t;,n) <0, where 1 (n, N) is defined by (5.6).
If K(ti,n) > 0, then by introducing the Kiefer process K< (t,n) := K(1 —t,n), we can write

tin
2/ (K(t —z,n) — K(t,n))dz
0
ti,n)/n
- ?/ (KS(1 =t +2,n) — K (1 — t,n)) dz,
0

and, similarly to the argument leading to (5.10), we can find independent Wiener processes

Wi, i =0,1,. — 1} which are also independent of {K(¢;,n),i = 0,1,...,N — 1}, such
that almost surely,
2n!/? — —
Zat) = 2 [ W0 4 0) - W) dy + 0 i, V), (5.11)

fort=t;+v/N,0<v <1, K(t;n) > 0.
Let
Win() == Wi, () {K (t;,n) < 0} + W5 ()1{K (t;,n) > 0},

= 0,1,...,N — 1. These Wiener processes {W;,,% = 0,1,...,N — 1} are independent of

{K(ti,n), 1 = 0,1,...,N — 1}, however we note that they are not claimed to be independent
between themselves.

Lemma 5.1 now follows from combining (5.10) and (5.11). O

In our next lemma we are to study the process in the main term of (5.4). To this end, we fix
a positive real number A, and introduce the mean zero Gaussian process

31/2
X@L:EWA(Ww+w—W@»@, v eo,1]. (5.12)

It is straightforward to compute its covariance:

R A T Y
EX(u)X = = 5.13
(WX (v) { 0 it Jo—ul > A, (5.13)
and therefore
3|lv—uy| lv—ul® if < A
E(X(v) - X(u))? = a — wo if —uf <4 5.14
(X(©) () { 2 if |v—ul>A. (5.14)

Lemma 5.2 For any z > 0, and arbitrary p > 2, we have

8\/§ 2 00 _22
P| sup | X()|>z|[1l+ —+— <4 / e 5 /2 ds 5.15
(0921| ) ( hpAlogp» v [ (5.15)
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and

P < sup |X(v)] < :c) < (®(x))'/4, (5.16)

0<v<1
where ®(x) is the standard normal distribution function.

Proof. First we prove (5.15). According to a well-known inequality of Fernique (1964) for Gaussian
processes, for any z > 0,

2 oo —s? 2 [ —s2/2
P sup | X(v)| >z (0" +4 wlp ¥ )ds) | <4p e ds,
0<v<1 1 x

where p > 2 is arbitrary, and o and ¢ are such that
E(X(v)? <o?  E(X(v) ~X(u)* < ¢*(v —u).

In view of (5.13) and (5.14), we can choose o = 1 and ¢(h) = (3h/A)/2. Since

/ 90 fs d8< _/ f(slogp)/Z \/_
\/pA logp’

we conclude (5.15).
Concerning (5.16), we note that

X(v)| > max X(iA
5P, X ()] = max X (i),

where k = [1/A] and, due to (5.13), the random variables { X (0), X (A4),..., X (kA)} are seen to be
independent standard normal ones. Hence (5.16) follows as well. O

Now we are ready to prove (5.1) and (5.2).
Proof of (5.1). Let

N = N(n) := [n!/*(logom) ], (5.17)
For each n, we split {0,1,..., N — 1} into two (random) parts:

Ji=J(n) = {i:|K(i,n)| < n1/2(10g2 n) L,0<i<N-1},
Jo=Ta(n) = {i: |K(t;,n)|>n'"?(logyn)™,0<i<N-1}.

If i € J1, then on applying the LIL (3.2) for the Kiefer process and Theorem H with h, =
n~2(logyn)~", we conclude

K(t;n)/n (log n)1/2
‘/0 (K(t—z,n) —K(t,n)) dz=0 <W a.s.

uniformly in i € J7. In view of (5.7), we obtain: when n — oo,

(logn)'/?
2] = o loEm? s 5.18
?é%}f te[illtlz)ﬂ] 7l <n1/4(10g2 n)3/? as | |
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For i € J5, we consider the variables

31/2

Xin = —5= sup
’ Afﬂ 0<v<1

[ iato )~ Wnto)) dy

According to (5.4)—(5.6) of Lemma 5.1, when n — oo, we have almost surely

2K (- 3/2 1 1/2
max sup (2,0 < DG o, o (L08R T )
€T2 e[ty tig] 32 1€J2 nt/*logyn

which, combined with (5.18), yields

2| K (-,n) > . (logn)'/?

We now show that the variables X, ,, ¢ € J2 have Gaussian-like tails. Recall that the vector
{Win, i=0,1,..., N —1} is independent of the vector {K (t;,n), i =0,1,..., N—1}. Hence, given
A; = A, the conditional distribution of X, coincides with the distribution of supy<,<; | X (v)| of
Lemma, 5.2. Therefore, on applying (5.15) and using the fact that A; > (log,n)~¢ for all i € Js,
we obtain

log, n)° 00
P (X514 880080 / e='12 ds, (5.20)
VP logp o

Let ¢ € (0,1). We choose p = e 2%(logyn)® and ng = mg(e) such that for all n > ny,
8v/3 (logym)3/(,/p logp) < e. Thus, for any z > 0 and n > ny, (5.20) yields

?

4(1 12 roo 4(1 12 ,—z%/2
P(X;n > (14+¢€)z) < (Ogg+”)/ =52 gs < (Og€24’n,) e .
T

as well as

2022 4012 (log, m)e 12
P (maxXz-’n Z (]_ +€).’L‘) S 4.N(10g2 'n) e < 4n, (]Og2 ’I'L) e .

i€ etz - etz
Taking z := (1 + €)(logn)'/2, we obtain:
4(logy n)®
P Xin > (1+€)2(1 1/2> < 2 : 5.21
(?é%}; in 2 (1+¢€)(logn) ~ e*(1 + ¢)(log n)/2ns (5.21)

With (5.19) and (5.21) in mind, let n; = [Wf]. Consequently, by the Borel-Cantelli lemma,
we have, almost surely when k£ — oo,

2(1 + £)%(log ng)'/2 | K (-, ng)||3/2 log n ) /2
N n,' logy ng
Now let ngy < n < ngy1, and note that ngi 1 —ng = O(n,lc_E/Z), k — oo. By (5.3),
K(tyn)/n
Zut) = Zu O] < 2| [ Aunle) de
K(tn)/n
2| [ (K- 2 - K(tm) ]
K(tznk)/nk
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where Ay, 4(2) := K(t — z,n) — K(t — z,n) — K(t,n) + K(t,ng). According to Theorem I and
the LIL (3.2) for the Kiefer process, when k& — oo,

Apnp(2) = O (nf 9 (log ng) /2 (logy mi) 1) as,

uniformly in ¢ € (0,1), z € [0, K(¢,n)/n] and ngx < n < ngyi. Thus, by the just mentioned LIL
(3.2) for the Kiefer process,

K(tm)/n _ .
/0 Apni(z)dz =0 (nk (+ )/4(10g nk)1/2(10g2 nk)3/4) a.s.,

uniformly in ¢ € (0,1) and ng < n < Ngy1.
On the other hand, by the same LIL (3.2) for the Kiefer process and Theorem H, as k — oo,
we have
K(t—=zng)— K(t,ng) =0 (n,lc/4(log ni) /2 (log, nk)1/4) a.s.,

uniformly in ¢ € (0,1), z € [K(t,nk)/ng, K(t,n)/n] and ng < n < ng41. Moreover, since Corollary
1.12.4 of Csorgd and Révész (1981) implies that, as & — oo,

sup |K(t,n) — K(t,ng)| = O (n,lc/2_5/4(log nk)1/2) a.s., (5.23)
0<t<1

uniformly in ng < n < ng41, it follows that

K(t,n) Kt ng)

n Nk

max sup
Nk <N<nk+1 ¢e0,1]

=0 (n;1/275/4(10g nk)l/Z) a.s.
Therefore, almost surely when k& — oo,

K(t,n)/n
S (€= 2m) = K ma) = = O (7 hogme) oy i)
sk )/ Tk

uniformly in ¢ € [0,1] and ng < n < ngy1. Thus we have proved that, as k — oo,

max || Zy — Zug|l = O (ny, T (log my) (logy mi) 1), as.

N <N<Mg41

Going back to (5.22) and taking (5.23) into account, when n — 0o, we obtain

2(1 + ¢€)? (logn) /2 3/2 (logn)1/?
1Znll < 31/2,, K (,n)|[** +O 2/ Togy n
2(1 +¢)? (log n)!/2 3/2
= (o) S EY KPR s,
where in the last line we used the other LIL (3.3) for the Kiefer process. This also completes the
proof of (5.1). O

Proof of (5.2). Here we are to show that for any given € € (0, 1)

lim inf —" 17
n—oc (logn)'/? || K (-,n)

4 1/2
7 = (-9 (5) as. (5.24)
Let N := [n*/?] and t; = i/N,i=0,1,...,N. Put

N
A, = gorgrl@vlff(ti,n)l
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and let ig be the almost surely unique index where the latter maximum is attained. Using this
index, and A, as just defined, via Lemma 5.1 we let

~ 31/2  rAn
Xa0) = g [ Wion0 +3) = Wi ) dy,

and conclude that, given A, = A, the distribution of the process {)Z'n('u), v € [0,1]} is equal to
that of {X(v), v € [0,1]} in (5.12).

Using now the almost sure representation of Z, as in Lemma, 5.1, on recalling that N = [n°/?]
and taking ¢ € (0,1) small enough, via (5.6) we conclude

onl/2 A3/ ~ (log n)(logy n)/*
> e B, eI+ O\

2 maxo<i<n | K (ti,n)[*/? (log n)(logy n)

N 1/4
- 31727 é‘i%'X"(U)HO( (/1 ) (5.25)

12l

By the inequalities 1 — ®(z) > (c¢/z)e~*"/2 for z > 1 with some constant ¢ > 0 and 1 —u < e~
for u > 0, it follows from Lemma 5.2 that for all large n

P < sup | X, (v)] < (1 - 6)(10gn)1/2|ﬁn> < (Q((l — e)(logn)l/Q)l/An

0<v<1
1/A,
< (1_ c n—<l—f>2/2)/
: (1—¢)(logn) 72

< exp|-— ¢ (=92
(1 o)(logn)*A,

Taking expectations on both sides, we arrive at

P ( sup X (v)] < (1 - 6)(10gn)1/2>

0<v<1

IN

Eexp | — ¢ _p(1-9)/2
(= o)(logm) 24,
centl—e)/2
(1—¢)(logn)3/2)"

< P4, > nl Y 2l0gn) + exp <— (5.26)

Estimating now the first term on the right hand side of the inequality (5.26), via the Kolmo-
gorov—Smirnov distribution (cf., e.g., Shorack and Wellner, 1986, p. 34) we get

P(A, >nl"Y2logn) < P(sup |K(t,n)| >n'/?logn)
0<t<1

— P(|B|| > logn) < 2exp(~2(log n)?),

where we used the fact that K(-,n)/n'/? = B(:), a Brownian bridge for each n. Combining now
the latter inequality with that of (5.26), and then using the Borel-Cantelli lemma, we obtain with
probability one that we have for all large enough n

sup [ X,(v)] > (1 - ¢)(logn)'/>.
0<v<1
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This in turn, in combination with (5.25), results in concluding that with probability one we have
for all large n

_ 1/2 _ C\13/2 1/4
1Z0]] > (1 —€)2(logn)'/* maxi<i<n | K (t;,n)| ) ((10gn)(10g2 n) )’

312, n(+e)/4
or, equivalently,
n|| Zn|| o 20— &) maxicicn [K (L, n)[*/?
(logn)' 2| K (- n)[¥2 = 312 1K (- )|/

Lo n3/% (logn)/?logyn
(logy n)3/* || K (-, n)||3/2 ne/t '

(5.27)

Consider next the obvious inequality

on)|| < ; — K(ti—1,m)|.
IKC )l s max (K (G n)l + max  sup (K (tn) = K(tioy,n)]

Consequently, on applying Theorem H and the other law of the iterated logarithm for a Kiefer
process (cf. (3.3)), we obtain

i maxici<n K (ti,n)|

=1 a.s. (5.28)
n=00 1K (-,n)l

It remains to show that the O term of (5.27) goes to zero almost surely as n — oo, which in
turn follows by the other law of the iterated logarithm for a Kiefer process (cf. (3.3)). The latter
in combination with (5.27) and (5.28) results in (5.24). Since € can be taken arbitrarily small, this
also concludes the proof of (5.2). Having now (5.1) and (5.2) verified, the proof of the uniform
property (2.7) in Theorem 2.1 is also complete. O
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