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1. Introduction

The parabolic regime for wave propagation in random media describes many important
physical situations, in geophysics [3], in optics [4, 12], in underwater acoustics [6, 13],
or in medical imaging [14]. This regime has been extensively studied and the properties
of the transmitted wave are well-known. Much less is known about the reflected waves,
because the reflected waves are of small amplitude and incoherent in this regime.
However, in many situations (in imaging or remote sensing) only the reflected waves can
be measured, and it is therefore important to study them and to show how information
about the medium can be extracted from the incoherent reflections. In [8] we showed
that the second-order moments of the reflected wave follow a system of transport
equations in the case in which the background velocity and impedance are constant, the
medium is non-absorbing, and the random fluctuations of the medium are stationary. In
this paper we continue this analysis, we now assume that the medium is absorbing and
has two types of fluctuations: on the one hand, one-dimensional, deterministic, slow
and smooth variations, and on the other hand three-dimensional, random and rapid
fluctuations. In this case the heterogeneities in the medium do not create coherent
reflected waves, the reflected wave is incoherent. We develop the generalized system
of transport equations in this inhomogeneous case, and we show how the second-order
statistics of the reflected wave depend on the slow variations of the parameters of the
medium. With this result we show that it is possible to image the medium from the
observation of the incoherent reflected waves, in the sense that it is possible to invert
the system of transport equations from the observation of the cross correlations of the
reflected wave and to reconstruct the one-dimensional, slowly varying components of
the parameters of the medium.

Inverse problems in which one seeks to detect large scale features of the environment
from multiply scattered waves have been addressed in a number of configurations,
in particular in [1, 5, 7, 11, 18]. In these papers the authors address the situation
in which the slow background variations and the rapid random fluctuations of the
medium are one-dimensional. In our paper we discuss the case in which the slow
background variations are one-dimensional and the rapid random fluctuations are three-
dimensional. This setting is particularly relevant for background velocity estimation in
geophysics. The formulation we use here is similar to the one used in [1], the information
about the large scale features of the medium is contained in the cross moments of the
reflected wave, which are solutions of transport equations in which the background
velocity appear. The inverse problem then consists in inverting the system of transport
equations.

In addition to solving the inverse problem, the analysis of the second-order
statistics of the reflected wave allows us to study carefully the enhanced backscattering
phenomenon. Enhanced backscattering (or weak localization) refers to the phenomenon
that, when an incoming plane wave is applied with a given incidence angle, the mean
reflected power has a local maximum in the backscattered direction, twice as large as
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the mean reflected power in the other directions. It was first predicted by physicists
[2, 17] and then observed in several experimental contexts [10, 15, 16, 19]. In this paper
we study the dynamics of weak localization. We show that the enhanced backscattering
factor converges in time to two at an exponential rate, while the angular width of the
enhanced backscattering cone decays as a power law.

The paper is organized as follows. We introduce the scaling regime and the
quantities of interest in Section 2, and we present the system of transport equations
for the reflection operator in Section 3. Then, we study systematically the second-order
statistics of the reflected waves, including enhanced backscattering, in Section 4. We
use our results in the context of imaging problems in Section 5. Finally, in Section 6,
we carry out numerical simulations in the case in which the background velocity or the
statistical properties of the microstructure is stepwise constant, and when the detection
problem involves identification of the depth of the interface at which the parameters
change and also the parameters of the medium on either side.

2. Waves in a random medium

We consider linear acoustic waves propagating in 1 + d spatial dimensions with
heterogeneous and random medium fluctuations. The governing equations are

15 £

pe(z,x)% + Vp® +9°(z,x)u® = F°, @% +V-u =0, (1)
where p° is the pressure, u® is the velocity, p° is the density of the medium, K¢ is the
bulk modulus of the medium, ~¢ is the absorption coefficient, and (z,x) € R x R are
the space coordinates. The source is modeled by the forcing term F¢. Here we shall
focus on propagation through and reflection from a random slab occupying the interval
z € (0,L) with the source F¢ located outside of the slab, in the half-space z > L.
The parameterization is motivated by waves probing for instance the heterogeneous
earth and one may think of z as the main probing direction. We shall refer to waves

propagating in a direction with a positive z component as right-propagating waves.

2.1. Scaling

We consider the parabolic scaling where the medium has one-dimensional, slow and
smooth background variations, the ones that we want to identify in the imaging problem,
and three-dimensional, small, rapid and random fluctuations. We consider the following
model for the bulk modulus K¢, density p®, and absorption ¢:

K;'(2) if 2 € (—00,0),
1 B _1 z X .
m— KO (Z)<1+EV(Z,€—2,E>> leG(O,L),
K;'(2) if z € (L, 0),

pe(z’ X) = pO(Z) s
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0 if z € (—00,0),
Y (z,%x) =< v(z) ifz€e(0,L),
0 if z € (L, 00),

where ¢ is a small parameter and K, and py are smooth functions (of class C?). In
this scaling regime, the macroscopic scale of variations in the z-direction is one, while
the microscopic (and random) scale of variations is of order £2. The amplitude of the
random fluctuations is weak, of order €. The random field v(z, 2/, x") models the spatial
fluctuations of the medium. For a fixed z, we assume that (2/,x') — v(z,7,%) is
a zero-mean stationary random process which satisfies strong mixing conditions with
respect to the variable z’. The dependence with respect to the first variable z models
a macroscopic, slow variation of the statistical properties of the random fluctuations.
As we will see, the important statistical information is contained in the autocorrelation
function of the fluctuations of the medium defined by

Clz,2,x) =Ev(z,2" + 2, x" + X )v(z,2",x")]. (2)

We consider a scaling where the central wavelength of the source is of order 2 and write
- 1 t x

Fe(t, 2, %) = gf(g—Z, g)é(z ~ e, (3)

with 2y > L, and e, the unit vector pointing in the z-direction. The strong amplitude
factor 1/e ensures that the reflected wave has a typical amplitude of order one. Our
objective is to characterize the reflected wave, that is, the wave field reflected back from
the random slab (at z = L).

In order to identify equations that give a convenient description of coupling between
different wave modes we now decompose the pressure and longitudinal velocity fields as:

1/2 .wrg(2) - .wry(2) . wt
pi(t, z,x) = M/ (aa <w, z, §> R (w,z, §> e e )e_l?zdw, (4)
2T € €
_1/2 .wTg(2) . .wTrg(2) cw
e, u(t,z,x) = % / (de (w,z, E) ey (w,z, E) e e )e_lﬁdw, (5)
T 3 €

where ¢ and b° are generalized right-propagating and left-propagating modes
respectively. Here we have introduced the background impedance (y(z), velocity co(z),
and travel time 79(2):

Ko(z)

z dZ/
6 = VRGN, o) = 0D e = [

In the homogeneous medium (v = 0 and py, Ky, 7o independent of z), the expressions

(4-5) give a decomposition into uncoupled right- and left-propagating modes [6]. In the
inhomogeneous case, by substituting (4-5) into the wave equations (1) we obtain the
following coupled mode equations:

dat wro(2)

= (L] Lo)a + e (L] + L) (6)
70(2) (@ — —2i#0E oy Go(z) —2i970(2) 5

T 26 260" T T
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@(0) =0 a*(L) a*(z )| a(z)
—_— > > >
b°(0) b (L) b (z) | b(zf) =0
-~ < < <
V4
0 L 20 g

Figure 1. Boundary conditions for the modes in the presence of a random slab (0, L)
and a source at z = zg.

db*

.wTy(2) -
o= A (L L5 — (L] + L)
z
_ ’YO(Z) 622’%2(2)65 . Va) . C(/)(Z) 621’%2(@&& (7)
2¢o(2) 260(2) ’
where i ; ;
»CE - ( ) 90 ) ) ‘CE = A ’
! ZCo(z)ey Do SN VI ETC
co(2) Go(2)
A is the transverse Laplacian and () is the spatial derivative of (5. The transverse
velocity field e,, - u®(t,x,2),7 =1,...,d, can be expressed in terms of the modes a° and
b as
_1/2 —c1 aVE .wry(z)
e.CB,L' : ue(t7 Z7 X) = CO(Z) / EZ (i ((A}’ Z? §)el 50
27 w_ 4 22200) \ O €
co(2) Go(z)

ob° X\ @@\ _jwt
+8 w,z,— e " e 2 dw .
X 3

2.2. Boundary conditions

The mode amplitudes @° and b° satisfy the system (6-7) in the random slab z € (0, L).
This system can be complemented with boundary conditions corresponding to the
presence of the source term (3) in the plane z = 2y, with 2z > L. In the regions
z € (—00,0), z € (L,z) and z € (zp,00) the medium is slowly varying and non-
absorbing. The last terms in (6-7) average to zero as ¢ — 0 due to the fast phases. As
a result, the mode amplitudes satisfy the uncoupled paraxial equations

da®  ico(z) AL db* _deo(2)

dz 2w dz 2w ALY

Taking into account the fact that there is no source in (—o0,0), the right-going mode
amplitudes a° are zero in this half-space. By the continuity of the fields p® and e, - u®
at z = 0, this gives the first boundary condition

a‘(w,z=0,x)=0. (8)

Taking into account the fact that there is no source in (29, 00), the left-going
mode amplitudes b° are zero in this half-space. The jump conditions accross the source
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interface z = 2y then give the relation

- 1 ium'oézo) «

b (w, 29, x) = _We flw,x),
where the time Fourier transform is defined by
Flox) = [ s, 9)

By solving the paraxial wave equation for b° in the region z € (L, z), we obtain the
expression of the complex amplitude of the wave incoming in the random slab at z = L:

- 1 Z.w‘rQ(L) v

be(wa L,X) = ge 2 binc(wax) ) (10)
[3 ( X) —1 iW[TO(ZO){TO(L)] / f'( ,q,) _ZL‘HF f;o CO(Z)dZ-‘rZ'K,'XdK" (11)
inc(W, = e € w, e 2w ,
2(27T)dg(](20)1/2
where the transverse spatial Fourier transform is defined by
flw, k) = /f(w, x)e " Xdx . (12)

In the case in which the source is located just at the exterior of the random slab, zg = L™,
we simply have
- 1 jen@ - 1

b (w,L,x) = =€ 2 bipc(w,Xx), bine(w,x) =

E —Wf(w,x). (13)

2.3. Multimode wave equations

We shall make use of an invariant imbedding step and introduce reflection and
transmission operators. First, we define the transverse Fourier modes

a(w,z,K) = /da(w,z,x)e_m’x dx b (w,z, k) = /Be(w,z,x)e_m’x dx , (14)
and make the ansatz
b (w,0, k) = / T (w, 2, k, Kb (w, 2, K) dK (15)
i (w, 2, K) = / R (w, 2, k, K0 (w, 2, K )dK . (16)

The incoming wave is given by b° (w, L, k'), the operator T 6(u), L,Kk, k') maps it to the
wave Ee(w, 0, k) transmitted to z = 0 while the operator ﬁe(w, L,k,Kk') maps it to the
wave a°(w, L, k) reflected from the random slab at z = L.

Using the mode coupling equations (6-7) one finds

d ~ £ .wTo (2 Ac
TR (w2, ) = U £ () 2, ke, K) (17)
V4

A E

.wTy(2) ~ ~
4eXTe //’R,E(w,z, K, nl)[,a(w,z,nl,ng)'R (W, 2, Ko, K')dKk1dKo

AE A E

+/ﬁe(w,z, K,k)R (w,z,k1,K) + R (w, 2, K, ml)ﬁg(w,z, K1, K')dK,
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T(z) |, Golz ) wm@/ 5¢ :
+ + (W, 2, K, k1) R (w, 2, k1, K')dK,
<2Co( ) 200(2 JR A )

10(2) 5 Go(2) \ —aiem@ I
‘<o<z>"‘(°"’z”‘”""”"’+<<o<>+2<o< >)6 * Ok,

d e ~c A€
%T (w, 2, Kk, K) :/T (w, 2,8, k1)L (w, 2, K1, K')dKq (18)

.wTg(2) ~ ~ ~
NP // T (w, 2,k k1)L (w, 2, K1, K2) R (w, 2, K, K') dk1dkos
Go(z)

;970(2) ~
+ (27(0(( )) + 26z ) e / (W, 2, Kk, k)R (w, 2, k1, K')dK,y
0 0
(%) :
+ T W,z K, K,
QCO( ) ( )
where we have defined
ac B i|k |? iw -
L (u),z, K',l,li',g) = — » +2i5270(z) 5([‘&1 —K2)+WV(Z,€—2,K1 —K',Q) ,(19)
co(z) Co(2)
with ©(z, k) the partial Fourier transform of v(z,x) as defined by (12). This system is

supplemented with the initial conditions
R(w,z=0rK)=0, T (wz2=0krK)=0K=—kK), (20)

corresponding to the boundary condition (8) and the fact that the medium is matched
there. The reflected wave field observed at the surface z = L and at the scale x/¢ is

L)Y/2 Jor ot
Pt ) = <°<2> [ e

L)/ R
2 d+1 /// w, L, K, K )bine(w, &) > Z PP dudidr’
m)dtle

3. Asymptotic analysis of the reflection operator

3.1. Transport equations in the weak backscattering regime

The reflection operator R~ solves (17) with the initial condition (20). Proposition
A.1 in Appendix A shows that it is possible to compute the cross moments of the
reflection operator using diffusion approximation theory in the limit ¢ — 0. The set
of transport equations (58) describes the statistics of the reflected wave. However, the
system is rather complicated and the corresponding inverse problem would not be easy
to solve. In this subsection we introduce a simplified system which holds when random
backscattering is weaker than random forward scattering.

In the following we assume that the spectrum of the source is contained in
+wo(l — B),wo(1 + B)] where wy is the carrier frequency and 2B is the relative
bandwidth. A central quantity that characterizes the backscattered wave field is the
cross spectral density

W(K17K2)7(l€3,l€4) (wv T, Z)
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1 A 2 AE 2 ;
= lim — /E [’T\’, (w+ %, 2, K1, K2)R (w — %,z, K3, ,4;4)} e~ ihr=2m@lgp - (21)

e—0 27

This quantity describes the cross correlations of the reflected wave field

lim Elpf (1 3)p (¢ + <2, %)] = QW o) / / Woees o) eseny (@ 65 L)

x el x iy’ eiwslginc(w, mg)bmc(w, Ky)dwdk dkedksdky . (22)

We are interested in this quantity in the regime of weak backscattering. This regime
derives from the modeling assumption

C(z,2
§ = sup (Z,Aw/co(z), ) <1, (23)
KER?, 2€(0,L), we[wo (1—B),wo (1+B)] C(z,0,0)

where C is the Fourier transform of the autocorrelation function C' defined by

:/]Rd/ Oz, 2, x")e i *+1=x) g dx" | (24)

As can be seen in Appendix A, the term 6(2, 2w/co(z), k) is proportional to the
conversion rate (at depth z) between right- and left- going modes, while 6(2,0,&)
is proportional to the conversion rate between two left-going modes (or between two
right-going modes).

Proposition 3.1 In the weak backscattering regime the cross spectral density
Wik ko), (ra,m) (W, T, 2) defined by (21) has the form

W(Hl,ﬁz)7(l-€3,ﬁ4)(wa T, Z) = VR2—I€47R1+I€4,I€1—I€2 (wa T, 2)5(""1 — Ko — K3+ H4) s (25)

where Vi, ko (W, T, 2) is the solution of the system of transport equations

8‘/”“7"‘"”7"‘"“’ + 2 8‘/’{’“7&”7&1” - _2f>/0(2) Ky,Ku,Kw - ZCO(Z) Ru : K"’UVKZu Koy,kKw
0z co(z) Ot Co(z) ™™ w b
w? ~
7O Nd 27\ C 707 {VR Ky—K,Ky—K VR Ky—K,Ky+K VK, — KKy, Ry —K
+ 4(27T)dc(2)(2)/ (2,0, )3 View o —rmn—r T Vicw iy —rmastre T View -0 0
+ Vnu—n,nv,nw—i-n - Vnu—n,nv—n,nw - Vnu-i-n,l-cv—n,nw - 2Vnu,nv,nw }d""
w? ~ 2w
C( : ; w> o(7), 26
T 1o S\ ey ) 00 (26)

starting from Vi, wy.rw (W, 7,2 =0) = 0.

This proposition is proved in Appendix A and it shows that the second-order
statistics of the reflected wave depends on the large features of the medium through
the system of transport equations (26). The inverse problem consists in determining
the coefficients of the transport equations from the solution V. In fact, we will see in
the following that we do not need to know all of V' in order to solve the inverse problem,
because of the one-dimensional structure of the large features of the medium.

Note that the density V is symmetric in (Ky, Ko): Vi kowe (W, T, 2) =
Viw surew (W, T, 2). This can be seen from the structure of the system (26), and this
also follows directly from the reciprocity relation R (k, k') = R (—k/, —k).
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3.2. Mean reflected intensity

As a first application, we compute the mean reflected intensity at time ¢:

1 (> 2
15 | Elvratt.x e 0

Proposition 3.2 The mean reflected intensity 1°(t) has the limit I(t) ase — 0:

1) = e [ Pl [ it )P (23)

() =

where
2

2 L ()
Pref(w7t> = ~ ) 2f g

mé(z(t),m,o 20 B (29)

Here C is the partial Fourier transform of the autocorrelation function C
C(z,k,x) = /C(z,z’,x)e‘ikz,dz/, (30)

and z(t) € (0, L) is such that

L t
d7 = —. 31
/z(t) co(2') 2 (531

This proposition is proved in Appendix C. Remember that the total input energy is

Einc W/ |b1nC w K,)| dl{/du} (32)

so that Ps(w,t) can be interpreted as the spectral density of reflected power at time
t. Note that P(w,t) and I(t) are zero if ¢ & (0,279(L))). The distance z(t) corresponds
to a round trip from L to z(¢) whose duration is ¢ when moving with the background

velocity cg(z). In the expression (29) the term ﬁzz)é(z, COQ—E’Z), 0) gives the generation

rate of backpropagating waves at depth z and exp(—2 fZL Zggz,l;

dz') is the damping due
to a round trip from L to z in the absorbing medium.

If the background velocity ¢y, impedance ¢y, absorption o and the function C' do not
depend on z, then the mean reflected intensity is zero if t & (0,2L/co). If t € (0,2L/¢y),
then we have z(t) = L — ¢gt/2 and

Pref(w,t) = 8—000(0_0 0) —Cot“/o ’

which shows that the reflected intensity decays exponentially in time due to absorption.
4. The second-order statistics of the reflected wave

It is possible to get closed-form expressions for physically relevant quantities from the
system (26). These expressions become especially simple in a special regime that we
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now describe. From now on we assume that the random fluctuations of the medium are
smooth so that the autocorrelation function C' is at least twice differentiable at x = 0:

1 N
AC(2,0,0) = _W/ |k|?C(2, k, k)dkdrk < 0.

The longitudinal (respectively transverse) correlation radius [, (resp. [,) of the random
fluctuations and the standard deviation o of the fluctuations can be defined as follows:

1 L
o :—/ C(2,0,0)dz,

L Jo
1 L
o?l, = —/ /C(z,z',O)dz'dz,
L Jo
2 1 L

g
E = _d_L ; AXC(Z,O,O)CZZ

Note that it is possible to adopt other definitions for these quantities, as we will only

use their orders of magnitudes in this paper. If we also introduce the typical speed of
sound ¢ of the medium, then the parameters

cL wiLo?l,
o= —7 e
wol?’ 4¢2 7’

are the two dimensionless parameters that determine the behavior of the cross spectral

(33)

density, as is shown in Appendix B . For a given propagation distance L, the parameter
« is the inverse of the Fresnel number for the transverse scale [, and it characterizes the
strength of diffraction at this scale, while the parameter 3 characterizes the strength of
random forward scattering. The strength of random backscattering relative to random
forward scattering is ¢ defined by (23).

In Appendix D we analyze the behavior of the cross spectral density in the limit case
a — o0. This result allows us to get closed-form expressions for the physically relevant
quantities. We consider the time-resolved reflected beam width in Subsection 4.1, the
spectral width in Subsection 4.2, the spatial and spectral cross correlation functions in
Subsections 4.3-4.4. We study the dynamics of enhanced backscattering in Subsection
4.5.

4.1. Beam width

We define the rms (root-mean-squared) width R(t) of the reflected wave at time ¢ by

o ] IXPEl ()
B0 = R (4007 dx

Proposition 4.1 The beam width R*(t) converges to R(t) ase — 0, where R(t) is given

(34)

L 9 z

R(t) = R — %/2; () AC(Z,0,0) [(/(t) co(z”)dz”) + (/Z(t) co(z”)dz//> 2} dz'
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K2/ [* 2 Qoy [F
4 0 / / 4 / !
+ @ (/Z(t) co(z )dz) + o (/Z(t) co(z )dz)

s 2w
1 ACED), 55 0) / ' Co(z’)dz/)2 (35)
z(t)

Wi C2(1), 7785, 0)

in the regime where a > 1 and the relative bandwidth B < 1. Here z(t) is defined
by (31), Ry (respectively Ky) is the rms beam width (respectively spectral width) of the
mput beam:

s Pl x)Pdxde T 8P, ) Pdrde

- y ) B ) 36
0 I 1bine (w, x)|2dxdw 0 [ |binc(w, K)[PdKdw (36)
and Qo is defined by
[[ K -Im (Eimvn&m(w, n))dmdw — [/ x-Im (Bincvxl;inc(w, x))dxdw
Qo = = (37)

S Bine(w, ) [2drduw N S Bine(w, ) |2dxduw

This proposition is proved in Appendix E. For instance, in the case of a narrowband
Gaussian beam by,.(t,x) with a spatial chirp, obtained by sending a Gaussian beam
with radius ry through a converging (by < 0) or diverging (by > 0) lens, we have:

bine(w, k) = glw)e 20HLIBE 2 ﬁ(l - b—%) Kzl Q=
’ ’ 0 2 wg ’ 0 27’(2]’

with ¢ the Fourier transform of the pulse function of the source with carrier frequency

38
3

wo-
We can interpret all terms in the expression (35):

(i) The first term (with Ry) is the initial beam width.

(ii) The second term (with A,C(2’,0,0)) is the spreading effect due to random forward
scattering; it is the only term (with the initial beam width) that is independent of
wp (i.e., of the frequency).

(iii) The third term (with Kj) is due to the natural beam diffraction.

(iv) The fourth term (with ()y) is a convergence of divergence effect due to the curvature
of the initial beam phase front; this term is the only one in the sum that can be
negative; the condition )y < 0 means that the input beam has an initial phase
front that makes it converge, but this convergence is eventually overwhelmed by
natural diffraction, and also by the spreading induced by random scattering.

(v) The last term (with Axé(z(t),%,O)) is the spreading induced by random
backward scattering. This term is pointwise, in the sense that it depends only
on the properties of the medium at z(t), while the forward scattering term (ii) is

cumulative and depends on the properties of the medium between z(t) and L.

If the background velocity ¢y and the function C' do not depend on z, then the
squared rms radius has a cubic polynomial expression in terms of ¢ € (0,2L/co):
2 N\ K§ch et 2
(1) = B = SA.C(0,0) (£) +4202 (%)

2 wd \ 2
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() - S ()

This shows that the random forward scattering is the dominant phenomenon for long

+4 (39)

times and that the beam width increases like ¢3/2.

4.2. Spectral width

We define the rms spectral width K¢(¢) of the reflected wave at time ¢ by
_ JE[Vapi (6, x)Pldx [ [6PE[|P5 (L 5) lds

K= (t) = = - 40
= Tt Bl Pl o
Proposition 4.2 The spectral width K¢(t) converges to K(t) as e — 0, where K(t) is
given by
2 L v AC(2(t), =20 0
K2(t) — Kg o ﬂ/ Ca2(ZI)AXC(Z,, O, O)dZ/ _ < ( ( ) ;z(oz(t)) ) ’ (41)
2 z(t) Z(t>7 co(z(0)? O)

in the regime a > 1.

This proposition is proved in Appendix F. In the expression (41),

(i) the first term K2 is the initial spectral width (squared),

(ii) the second term (with A,C(2',0,0)) is the spectral broadening due to random
forward scattering during the round trip from L to z(t),

(iii) the third term is the spectral broadening due to random backward scattering at
2(t).
If the background velocity ¢y and the function C' do not depend on z, then the
squared rms spectral width has a linear expression in terms of t € (0,2L/cp):

2) " e, 0)

This shows that the spectral broadening is dominated by the random forward scattering

204\ 12 wy <
K=(t) = Kj 50,C(0,0) (42)
2¢;

for long times and that the spectral width grows like ¢'/2.

4.3. Spatial cross correlation function

Here we consider the spatial cross correlation function:

As (t X) — f E[pfof(t’ X/)pfof(t’ X/ + X)]dx/
7 IE[pfef(tv X/)2]dxl

Proposition 4.3 The spatial cross correlation function A®(t,x) has the limit A(t,x) as

e — 0, where A(t,x) is given by
> 2w —ik/-x|7,

C(Z(t)’ m’ X)eé sz(t) caz(z’)[C‘(z’,O,x)—C‘(z’,0,0)]dz’ ff € |binc(w> K’/)|2d’{/dw (43)
- 2w ~ ’
C(z(t)7 CO(Z(Ot)) ) 0) ff |b1HC(w7 R,)|2d’§,dw
in the regime where o > 1 and the relative bandundth B < 1.

At,x) =
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This proposition is proved in Appendix G. There are three contributions in the spatial
cross correlation function (43):

(i) The first term is the contribution of the random backscattering at z(t).

(ii) The second term is the contribution of random forward scattering during the round
trip from L to z(t).

(iii) The third term is the contribution of the spatial diversity of the input beam. It is
negligible if the transverse correlation length [, of the random fluctuations of the
medium is smaller than the beam width R,.

If the background velocity ¢ and the function C' do not depend on z, then we have for
any t € (0,2L/co):

C(%Ji) ﬂ%g[é(o,x)—c“(o,o)](c%t)ff e~ x| b (w, K [2dK dw

A(t,X) = ﬁezc =
C(ﬂ7 O) ff ‘binc(wv K'/>|2d’<’/dw

€0

(=)

This shows that, for small times, the cross correlation function is determined by the
form of the input beam and the spatial distribution of the backscattering process. For
times large enough so that B(cot)/L > 1, the form of the cross correlation function
is determined by the random forward scattering and we have approximately, if C' is
isotropic in x:

B(cot)/ L1 %AXC(O,O)le

Alt,x) >~ e ,

which shows that correlation radius decays as t~'/2.

4.4. Spectral cross correlation function

Here we consider the spectral cross correlation function:

PO o P M )
| JElF{t W) Pld’

Proposition 4.4 The spectral cross correlation function S*(t, k) has the limit S(t, k)

as € — 0, where S(t, k) is given by

8. (Z(t) w0 Jo(L)=Jo(2(1)) K)

7 co(2(1)’ wo
A 2w
C’(z(t), el o)
B L 5 G020 (04305 +E (0D =0 25 )20 0.0)
ff e2i[Jo(L)—Jo(z(t))]% |Binc(w7 l<.',2) |2dl<«',2dw
ff |Bin6(wa "‘"2)|2dl€2dw

in the regime where o > 1 and the relative bandwidth B < 1. Here z(t) is defined by
(31) and

S(t,k) =

: (44)

Jo(2) = /OZ co(2)dz'. (45)
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This proposition is proved in Appendix H. If the background velocity ¢ and the function
C do not depend on z, then we have for any t € (0,2L/co):

S(t H) = é<?’ 7W_O> %)2_ OCOt{C( ~C(0,0) }dz ff ew()t |b1nc(w 52)‘ dh‘,2d(,u
’ C(z“’o 0) ff\bmc w, Ko)|2dKydw

If 3 <1 (i.e. if random forward scattering is weak), then the form of the spectral cross
correlation function is determined by the input beam and the backscattering process. If
(> 1, then the form of the cross correlation function is determined by random forward

cok

scattering and we have approximately, if C' is isotropic in x:

Y

>>1 c3t3 .
S(t, k) 2 Fir AxCo 0

which shows that the spectral coherence radius decays as t~%/2.

4.5. Enhanced backscattering

In this section, we study the dynamics of enhanced backscattering, and compute the
time dependence of the maximum, the angular width, and the shape of the enhanced
backscattering cone.

We consider the following experiment: for a given ko, we send a quasi-plane wave
with carrier frequency wy, carrier wavevector kg, and angular aperture much smaller
than a=*(wpl,/¢)~!. We record the reflected power in the backscattered direction —rq
or close to it, in a cone of angular aperture of order a~*(wyl,/¢)~!. Accordingly we
observe

. 2
[Pres(t, =0 + K) [ = ‘/Pief(t,X)e_’(_“””)'xdx

—ko+ Kk, K)e'= <z[2ro(L) t]BinC(w,m’) dKk'dw

If we perform a series of such experiments with different incoming directions and average
with respect to the incoming direction, then we observe, in the asymptotic regime ¢ — 0,

! i —K r)?dk
Pult) =l g / E[[p%,0(t, —o + )[Ydrso

e—0

Proposition 4.5 The mean reflected power observed in the relative direction K
(relatively to the backscattered direction) is

w2 — >
Pn(t) = Py (t) 1-— 6_70 sz(t) e ()C( 0,0)dz'
+6“’73 Iy co2(z’){é(z’,0,[J0(L)—J0(z’)];—0)—0(2’,0,0)}dz’:| (46)

in the regime > 1. Here z(t) is defined by (51),

™ Elnc 8 < 2wo gfL "/O(Z)d /
T im0 o (2t , .0 SORTICO R 47
NEOMSEn R (4)

and B, is given by (32).

Po(t) =
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This proposition is proved in Appendix I. The reflected intensity Py (t) goes from P, (t)
p L |k| > 1 to the maximal value Py (t)fgpc(t) reached for k = 0, where the
enhancement factor is

wd L e TAYal ’
fEBC(t) —9_ 6—70 fz(t) ¢y “(2')C(2,0,0)dz

If the background velocity ¢, and the function C' do not depend on z, then we have for
any t € (0,2L/co):

fesc(t) =2 — ¢ L ooon ,

which shows that the enhancement factor goes from 1 to 2 — exp(—C/(0, 0)2‘%) (close
0

to 2 if § > 1) at an exponential rate in time. The shape of the cone is

“q feot/2 C(0,c02" £ )—C(0,0) rdz’
PKZ(t) p— Poo(t) |:1 —_ 6 4000(0 0) —I— 2c2 0 { (0 0 ) (0 0)} :| .

If random forward scattering is strong (8 > 1) and C is isotropic in x, then for ¢ large
enough so that 5(cot/L) > 1, we have

c3 3 .
Pu(t) = P (t) {1 + es)ﬁZAxcmmw] ’

which shows that the width of the cone decays as t~%/2. Note that:

(i) The asymptotic Gaussian shape of the cone is obtained if the random fluctuations of
the medium are smooth so that the autocorrelation function is twice differentiable
at x = 0. If the fluctuations are rough, then the cone has a cusp at kK = 0 [8].

(ii) The angular width of the cone is proportional to the wavelength, as predicted by
the physical theory based on diagrammatic expansions [17].

5. Statistical stability and inverse problems

5.1. Preliminary discussion

Here we discuss the conditions under which the second-order statistics of the reflected
field can be observed. The formula (22) gives in particular

o T Xt + s, 0l J Pt [ o, )P o
1m =
=0 Rt x)dx J P, 0)] [ b, 1) 2! ] o

)

which goes to zero when s — oo by Riemann-Lebesgue lemma. This shows that the
coherence time of the reflected wave is of order £2. Therefore, we can claim that, for
any p € (0,2), we have

1

t+eP
lim — / pfef(t/7 X)pfef(t/7 X/)dt/ = lim E[pfef (t7 X>p§ef(t7 X/>] :
e—0 2eP t—eP e—0
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A rigorous approach would make use of the fourth-order moments. This involves the
study of W, 4 for n, = ng = 2 (defined in the Appendix A), which is beyond the scope
of this paper.

The power delay spread (i.e. the duration of the reflected wave) is of the order of
2L /¢, while the coherence time is of the order of the initial pulse width 2. By time-
windowing the reflected wave into time-intervals long compared to the coherence time,
but short compared to the power delay spread, one can get statistically stable estimates
of the reflected intensity I(t), the reflected beam width R(t) and the spectral width
K(t). From these quantities, one can reconstruct the background velocity ¢y(z) and the
scattering coefficient s(z)

§%(2) = —AxC(2,0,0),

as we show in the next subsection.

5.2. Reconstruction of the background velocity

The identification of the background velocity is an important problem, in geophysics for
instance [3]. In the cases in which no strong interface is present, only the analysis of
the incoherent reflected wave (as we carry out in this paper) can give an answer to this
problem. We next describe how the the background velocity can be extracted from the
incoherent reflections. By performing two experiments with two input Gaussian chirped
beams of the form (38) with different chirps by and byo (which affect Ry and @, but
not Ky), we can observe the differences between the reflected beam widths:

_ w_g R*(t,bo) — R*(t,bo.1) — R3(bo2) + R3(bo1) in theory /L
2 bo,2 — bo,1 2(t)
Using the fact that 2 = —L1¢y(2(t)), we can compute z(¢) by integrating

01(t)

co(2")dz" . (48)

d=(t)  [1dsi(t)

dt 2 dt

2(0) =L,
from which we can get the background velocity by the identity

dos (1)
dt

co(2(1)) = /2

Alternatively, by performing two experiments with two input beams with zero chirp
and with different carrier frequencies wp; and wp2, we can extract from the reflected
beam widths:

52(t) = R2(t, (.U()72) — R2(t, (.U()71) s

and from the reflected spectral widths:

K2(t, (U(LQ) + BKg K2(t, u)(],l) + BKg
53(t> - 2 - 2 .

Wo,2 Wo,1
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N 52 (t) in theory /L /
t) = = 2 )dz
) \/ d3(1) (1) of

we can use this result to extract the background velocity from o (t) as described above
Beyond the background velocity, it is possible to extract the scattering coefficient by

Since we have

observing the spectral widths for two input beams with two different carrier frequencies
wo,1 and Wo,2:

0a(t) =2 cy2(2)s*(2)dz' .

Kz(t, (.U()72) — K2(t, CU(),l) in theory /L

2 2
Woe — Wi 2(t)

We can get the scattering coefficient s?(z) by the relation

d61( ) ddy(t)
2(=(1) = 2v2 s

5.3. Detection of an interface

In this subsection, we consider the situation in which the medium in (0, L) is made of two
materials. The slab (L — z;, L) close to the surface has constant background parameters
co, Co, Y0, and stationary random fluctuations C'(z, k,x) = Cy(k,x), as well as the slab
(0, L — z;) whose background parameters and autocorrelation function are denoted by
c1,C,m, and C(z,k,x) = Cy(k,x). By sending a narrowband beam and by observing
the reflected wave, we aim to extract the parameters c;,v;/¢;, and s; = —AC;(0,%),
7 =0,1, as well as the interface location z;.

The mean reflected intensity decays exponentially with time, but two exponential
branches can be distinguished. More precisely,

2wo —t i
800 CO 0 ,0)e < ift <t;,
[(t> = N0y, _C1ILF (49)

C’l 2;1006 o e < ifti<t<ti+2Lc;lzi,

801
where t =t — t; and

Z.
> (50)

This shows that there is a jump in the mean reflected intensity at time ¢; with the jump
amplitude given by

Al = w_g ( Cl(@ 0) — —CO(@ 0)) CogOti )
8 \¢ c1 Co Co

The spectral radius for ¢ < t; is given by (42) and for ¢t; <t < t; + 2LC;1Zi by

wzti ~ w2t~ ~ Axél(%a 0)
K2(t) = K2 — %%AXCO(O,O) —~ 4—21Ax01(0, 0) - TG (2.0)
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where t = t — ¢;. This shows that K?(t) is a piecewise-linear function, with a jump at
time t; whose amplitude is given by

Ay Co(32, 0 A «C1(22,0)

AK? =
Co(%2,0) Ci(22,0)

The mean squared radius R?(t) is a piecewise-cubic function. For t < ¢; is given by (39)
and for ¢t; <t < t; + 2Lc;lzi by:

20y _ P2 Lty v, 3t o 1
R@%RO[A%<>QQQ@m+m%yw» S leots)’)
. 1 . 1 c2t. . - 1, c2t -
+ AcC1(0,0) (== (erf)® + = () (e10)? + — ()2 ()
12 8" ¢ 16
Kg Qo 27 2 1 Axél(zc%’o) 27 2,12
+w8( t+c0 ) +2 0(1t+c0tl) I C*l(%,O) (it + cgti)” (51)

where ¢ = t —t;. There is a jump of the beam radius at time ¢; whose amplitude is given
by

AR — cot? (ATCO(%vO) B A%CH(Q%aO)) .
dwi C’o(%,O) Cl(%%ao)

We conclude that by measuring the jump time ¢; and the jump amplitudes AR?

and AK? for the beam radius and the spectral radius, we can extract the location of

the interface

4 w0t2 AR?
VT AR
Then, by using the value of t; we get the background velocity cq:
Co = t_Z .

From the slope of K?(t) for t < t; we get the scattering coefficient sy:

Ao K20
0 W2 dt

,forO<t<t;.

Finally, by using the reflected intensity () for times t < t; we get the relative absorption

parameter 7o /(o:
Y% 1dInl(t)

C() N Co dt

This completes the characterization of the parameters in the slab (L — z;, L).

,forO<t<t;.

Next, by using the reflected intensity for times ¢t > t; we get c¢17v;/(y:

C171 dIn [(t) L— Zi
2 TR or + o

In order to get c;, it is necessary to use two different input beams, either with two
different chirps or with two different carrier frequencies. For instance, by performing
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two experiments with two input Gaussian chirped beams of the form (38) with different
chirps by and by 2, we can observe the differences between the reflected beam widths

after time t;:
51(1) = wi R (¢, bo2) — R2(t, box) — R§(boz2) + Ri(bo,1) intheory ST
2 bo,2 — bo,1

Therefore it is a linear function whose slope gives c¢y:

/do L — z
1 = —1,f01"ti<t<ti+2 Z.
dt 1

With ¢; and ¢171 /¢, we get the absorption coefficient 7, /¢;. Finally, the slope of K?(t)

after time ¢; gives the scattering coefficient

dey dK2(t L—z
s%:% (),forti<t<t,-—|—2 Z.
wig dt a1

6. Numerical simulations

In this section we assume that there is no background impedance variation and no
absorption, and we then wish to extract the background velocity c¢y(z) from the
measurements of the incoherent reflected waves. Observe that with no impedance
contrast there will indeed be no strong interface in the medium generating a coherent
reflected wave. The resolution of the full wave equation with several different scales is
computationally expensive. Therefore the numerical simulations in a 1 + 1-dimensional
space are performed using the iterative scheme proposed in [9]. This scheme allows
us to obtain the complex amplitudes a(w,z,«) and b(w, z, ) with a computational
cost equivalent to the paraxial wave equation, but with comparable results to the full
Helmholtz equation. The algorithm is as follows:

Step 0: start from ag(w, z,2) = 0 for all z.

Step n: solve the paraxial wave equation with source from z = L to z = 0:

b, iw - dcg(2)
9z 2co(z)y(z’x)bn

starting from b,(w,z = L,x) = binc(w, z), and then solve the paraxial wave equation

AJ_[;n . €2iw7-0 (2) w

T T ow 2¢o(2) e )in-1,

with source from 2 =0 to z = L:

da iw ico(2) , iw .
no_ i, A A, —2iwTo (2) bn
Oz QCo(Z)V(Z’z)a + Lan t+e€ 260(2)1/(27‘%) )
starting from a,(w,z = 0,2) = 0. We use a split-step Fourier method for solving

the random paraxial wave equations (while a finite-difference scheme was used in [9]).
Although no convergence theory is (yet) available for this scheme, it has been shown
to converge to the solution of the full wave equation by comparison with numerical
simulations based on the Helmholtz equation. Moreover, we have observed that the
scheme converges very quickly (after two or three steps) in the weak backscattering
regime, even when random forward scattering is strong. This scheme is perfectly adapted
to our setting.



Background velocity estimation using cross correlations 20

6.1. Detection of background velocity change

In the first set of numerical simulations the medium consists of two different slabs with
the same statistics for the random fluctuations and different background velocities:

eo(2) = co forze|L—z,1],
N ey forze[0,L—z),

with L = 128, z; = 64, ¢o = 1, and ¢; = 0.7. The random process v(z,x) has the form

v(z,x) = Z Liz,.0,,)(2)vs(T),
5=0
where Ly = 0, L; = Zle l;; 1; are independent and identically distributed random
variables with exponential distribution and mean [, = 4; v;(x) are independent
and identically distributed Gaussian processes with Gaussian autocorrelation function,
standard deviation o (with ¢ = 0.01 or ¢ = 0.04), and transverse correlation length
{, = 10. We then have

§ § 1 x? y )

Cgk(l’) = CO(O)TH{J%% exp ( — E) y Co(O) =20 lz .
It follows that with the choice ko = 1 and I, = 4, we have Cy,(0)/Co(0) ~ 0.016 which
shows that we are indeed in the weak backscattering regime. The incoming beam has
a Gaussian shape in space with radius ryp = 16 and a sinc shape in time with a central

frequency wy = 1 and a bandwidth B = 0.15:
2

bine(t, ) = sinc(Bt)e ! exp ( — %) + cc. (52)
To

The separation of scales is not large in our numerical setup due to computational
limitations. As a consequence:

1) the spatial resolution of the inversion method (which is of the order of the pulse width
times the background velocity) is here not very high.

2) the statistical stability property is not achieved and one needs to average over
a series of independent experiments (here we average over 1000 experiments). In
practice, this corresponds to repeating the experiments by moving the source to different
(lateral) locations in order to probe different (quasi-independent) regions, while the one-
dimensional background velocity profile is constant.

The medium is probed with two different incoming beams with two different chirp
parameters by ; = 0 and by, = —2.5, thus with the latter corresponding passage through
a converging lens. The reflected signals are recorded (Figure 2), in particular the
reflected powers (¢, by 1) and I(t, by2) (Figure 3) and the reflected beam widths R(¢, b, 1)
and R(t,by2) (Figure 4). It can be checked that the reflected power does not depend
on the chirp, while the reflected beam width depends on it. The difference (48) is the
quantity that is used to determine the background velocity:

_ wp B2 (t, bo2) — R2(t, boy)
2 bo,2 — bo,1

2
ex T
54 (1) — Zo(bo,z +bo1)
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Figure 2. Reflected signals received with the unchirped incoming beam by = 0 (a)
and the chirped incoming beam by 2 = —2.5 (b). In both cases o = 0.04.
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Figure 3. Picture (a): the mean reflected power I(¢) for the unchirped and chirped
incoming beams (the two thin lines are almost undistinguishable) for o = 0.01. The
thick dashed line is the theoretical value (49). Picture (b): the mean reflected power
I(t) for o = 0.04. Picture (c): the difference d1(t) for & = 0.01. The thin solid lines are
the numerical results and the thick dashed line the theoretical formula (53). Picture
(d): the difference §;(t) for o = 0.04.

and it is plotted in Figure 3. By a least-square fit of the data 0\°® (t) with respect to
the theoretical formula:
S for t < t;,

@ GO0 for g <t < T

5§thoo) (t) _ (53)

with ¢; = 2z;/c, and T = 2z;/co + 2(L — z;)/c1, we obtain the following estimates of the
quantities ¢y, 1, t;, and z; (the theoretical values are ¢ = 1, ¢; = 0.7, t; = 128, and
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Figure 4. The rms reflected beam widths as a function of time for the unchirped
incoming beam, o = 0.01 (a), the chirped incoming beam, o = 0.01 (b), the unchirped
incoming beam, o = 0.04 (c), the chirped incoming beam, ¢ = 0.04 (d). The thin solid
lines are the numerical results and the thick dashed lines the theoretical formulas (39)
and (51). In the case o = 0.01 random forward scattering is rather weak. In the case

o = 0.04 random forward scattering is rather strong.

for o = 0.01:
for o = 0.04:

o =~ 0.98,
o =~ 0.97,

CAl ~ 072, tAZ ~
G ~066, t; o~

18, 22260£Z/2258,
28, % =(oti)2 ~62.

6.2. Detection of change in microstructure

We next carry out a series of simulations with the same numerical model as in the
previous subsection, however, we now examine the impact of two different types of
background variations: a jump in the standard deviation of the random fluctuations of
the medium and a jump in the transverse correlation radius of the random fluctuations
of the medium.

In Figure 5, the background velocity ¢y = 1 and the transverse correlation length
l, = 10 are constant, but the standard deviation o of the medium fluctuations goes from
0.04 in the region [0, 64] to 0.028 in the region [64, 128]. The change in ¢ can be clearly
seen in the jump of the reflected power. This jump is smooth because the separation
of scales is not strong enough, and the pulse width is not much smaller than the total
travel time. As pointed out before, the resolution obtained with the use of the incoming
beam (52) with the pulse shape sinc(Bt) is of the order of 2m¢y/B ~ 40.
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Figure 5. Characteristics of the reflected beam in the case of two heterogeneous
layers with different standard deviations. Picture (a): the mean reflected power
I(t) for the unchirped and chirped incoming beams (the two thin lines are almost
undistinguishable). The thick dashed is the theoretical formula (49). Picture (b): the
difference 61(¢). The thin solid lines are the numerical results and the thick dashed
line stands the theoretical formula (53). Picture (c): the reflected beam radius for
the unchirped beam. Picture (d): the reflected beam radius for the chirped beam.
The thin solid lines are the numerical results and the thick dashed lines represents the
theoretical formulas (39) and (51). The faint dotted lines are the theoretical radii if
the standard deviation were 0.04 everywhere.

In Figure 6, the background velocity ¢g = 1 and the standard deviation o = 0.04
are constant, but the transverse correlation of the medium fluctuations goes from l, = 8
in the region [0,64] to [, = 16 in the region [64,128]. In this case the reflected power is
constant and the change in [, can be seen in the jump of the mean radius.

7. Conclusions

We have presented a theoretical framework that in particular can be used to characterize
the spectrum of waves reflected by a random halfspace. We consider here the case
when the reflected wave is weak and incoherent, corresponding to the absence of strong
reflectors in the medium. We analyze how central quantities such as wave intensity,
beam width and spectral radius depend on the medium parameters. We carry out a set
of numerical simulations that shows how this information can be used for imaging of
the medium. The simulations are carried out using a novel numerical scheme that
is based on the analytic decomposition of the wave field used in this paper. The
simulations demonstrate that indeed information about the medium can be inferred
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Figure 6. Characteristics of the reflected beam in the case of two heterogeneous layers
with different transverse correlation radii. The subplots are defined as in Figure 5. The
faint dotted lines in pictures (c) and (d) are the theoretical radii if the correlation radius
were [, = 8 everywhere.

from the spectrum of the reflections. In particular we are able to detect the depth at
which the correlation radius of the medium fluctuations changes by looking at the time
dynamics of the reflected wave. The analytic framework we have presented is important
for dealing with such an inverse problem where the useful information is fully contained
in the wave spectrum.
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A. The generalized system of transport equations

In this appendix we write the system of transport equations that determines the
moments of the reflection operator. The next proposition generalizes the result obtained
in [8] to the case in which the medium is absorbing and has slow variations of the
background velocity and impendance . It shows that it is possible to compute the cross

moments of the reflection operator using diffusion approximation theory in the white
noise limit € — 0.
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Proposition A.1 Let us introduce some notations: If ky(j), k,(j) € R, j =1,... np,

then the multi-vector p is the set

p = {(r(1). K1)}, (54)
where nyp stands for the number of pairs of p. We introduce the high-order moments of
products of ﬁe(w, z, Kk, K'), the reflection process, at two nearby frequencies:

Uy (W, h, 2) = (55)

A 2 mim) [T i)

where p, q are two multi-vectors of the form (54). We define the autocorrelation function
of the fluctuations of the medium by (2) and its Fourier transform by (24) and

CH(z, k, k) = 2/ / C(z, 2, x)e* = g/ dx' (56)
R Jo
The family of Fourier transforms
1
W5 (w7, 2) = %/e_’h“ (nptnq)7o(z L{E q(w, h, 2)dh, (57)
converges as € — 0 to the solution Wy, 4 of the system of transport equations
MWpq Np+nqOWpq Yo(2) zco( )
’ == — 4% —o, W,
P + o(z)  or Go(2) (np +1g)Wpq+ ——Pp.aWpq
w2
———— (LW 58
T 1emyia W ea: (58)

with the initial conditions Wy, o(w, 7,2 = 0) = 1o(np)1o(ng)d(7). Here we have defined

——Z [kp(7)]* + [y, (7 +Z kg (D + kg (D) (59)
and the operator Ly is given by

(LwW),q=— / [npéJ’(z, 2%k, k) 4+ ngC~ (2, 2k, K) + (np + ng)C(2,0, K‘,)] dr Wp 4

/C(z 0,K [Zmempm Kot () — }q+Zqu|{l\ CHORERAGR Jd’*
"'p

-y /{0(27%7%(]’1)—H}(jl))Wijm(np(jz),n—np(m),(n—n;,(m,n;(jz))},q
J1#je=1

1~

+50(2,0,5) [Wpl{jhh\(Rp(jl)—&%(jl)%("@p(j2)+'€7%(j2))}7q
+ 2Wpl1.ga (1) =) (1) (2) 1 (2) =) b
+ Wil ) s 1) =), (G2).kf (12) +)), } }dﬁ

Z / (2, 2k, kg (1) = Ko (1)) Wit tol (g (12) s toq (1)) (sl (12) 51 (12)) }
l1#£l=1
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1~

+50(2,0,5) [Wp,q\{zl,zz|<nq<zl)—mgal)>,<nq<zz>+n,ng<zz>>}
+ 2Wp al{11 Lol (g (1) = orely (12)), (104 (12) el (12)— 1)}

+ WP,QI{llh\(Rq(ll)#g(ll)—n)v(nq(12) Ky(l2)+r)} }}d’{

Np Nq

30D { O 2k iy (3) = wp(D)3(,() = K1) = (1) + K1) Wiy + / C(2,0.k)

7j=1 1=1
X [Wp\{j\('@p() w,kp, (7)) hal{ll (kg (1) =k, (1) N} T Wolgil(s ). »(1)—r) hal{ll(kq (), k4 (1) —rK)}

+ Wp\{j\(F»p(j)—ﬁv%(j))}&l\{ll(ﬁq(l),ﬁg(l)Jr'"»)} + Wpl{jl(Hp(j),%(j)—F»)}m{ll(ﬁq(l)+ﬁ,ﬁg(l))}} dk

+ / / / C (2, 2k, 1)W1y (7) s02), 02— 115, () 1l 1] 53 D)), 13 =115, (1)} d'fldﬁzdﬂs}’

where k = w/co(z) and we have used the notations:

plj = {(kp () kDY PG ma)} = (s (07), i (T}00 L, U (e, )

The proof of the proposition follows exactly the one of Ref. [8] in which the medium was
not absorbing and had no slow variation of the background velocity and impendance.
In the weak backscattering regime (23) we have

O1) if np=mng=0,
Woa=14 O0) if ny=ng=1,
O(6%) otherwise.

We have up to terms of order §2:
8W(R17R2)7('<37R4) + 2 8W(R17R2)7('<37R4) _ 27 (2)

- WH K KR3,K.
0z CO(Z) or Go Z) (k1,K2),(K3,K4)
’iCO(Z)
S (ol raf?) = (18 4 Ial) | Wy s
w2 foay
+ W /C(Z707K){W(nl—n,nz),(ng—n,m;) + W(H1,H2—H),(H3,H4—H)

+ W(nl—n,ng),(l-cg,n4+n) + W(nl,ng—n),(n3+n,n4)

- W(H1—H,R2—R),(H3,R4) - W(nl,nz),(ng—k;,,n4—k;,) - QW(nl,ng),(ng,n4)}dn

2 2w

+ C (z,
4(2m)?c5(2) co(2)
with Wik, o), (kam0) (W, 7,2 = 0) = 0. Note that the coupling terms preserve the sum
K1 — Ky — K3+ kg Therefore Wi, ), (ks,x0) 18 Supported on k1 —kz —k3+K4 = 0 and we

LK — ng) (K1 — Ko — K3 + Kq) 0(7), (60)

can write the solution in terms of three “effective” wavevectors. By parameterizing the
remaining three wavectors in a suitable form we obtain the statement of Proposition 3.1.

B. The system for the dimensionless density

In this appendix we introduce a dimensionless formulation of the system of equations
that determines the cross spectral density V' defined in Proposition 3.1. The
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autocorrelation function C' of the fluctuations of the medium is defined by (2). We
introduce the dimensionless autocorrelation function C of the random medium:
z 2 x
Oz, 7,x —02(,’(— — —)
( ) L1, 1,
where [, (respectively [,) is the longitudinal (respectively transverse) correlation radius

of the random fluctuations, and o is the standard deviation of the fluctuations. We
denote by C(%, K, ) and by C(Z, I, A) the full and partial Fourier transforms

C(3, K, p) = / / h C(5, 7, N)e F Az g | (61)

C(3, K, \) = / h C(2,7 Ne ¥z . (62)
We introduce the dlmensmnl;ss profiles (%), (o(2), and Fo(2):

wlz)=ca (7). Q=) =Ch (7)) (=) =7%(7). (63)

where ¢, ¢, and 7 are typical speed of sound, impedance and absorption coefficients. We
also define the dimensionless functions

Jo(3) = /0250(5’)615’, Go(2) = /0 : Z(O]Ej;dz’ 7o(2) = /0 2 50(12,)&’. (64)

We consider the Fourier transform D of the cross spectral density V

| P (P -3 /D Wy hy 2, Ky Ky, Ky )€ —hTdh . (65)

The following proposition shows that the parameters a and (3 defined by (33) determine
the evolution of D.

Proposition B.1 The density D is given by

w MLz nuzx,nvzx,nwzx)

D(w, h s Koy Ky) = DD -
(ot i) = DD (2222,

hL ~ = Z ) cL -~ =z
X exp [2@77‘0([/) - GGO(E) — 1Ky - KUUJO(Z)] ; (66)
with 5 27 1d
Pl lZl:fL, Gf—@
4(2m)de? ¢

The frequencies @ and h are frozen parameters in the equation satisfied by the

dimensionless density D(w, h, Z,u, v, w):

dD(@, h, Z,u,v, W)
dz

X ei%”'ij(E)D(@, h,Z,u— pu,v,w+ ) + e_i%“"’j‘)(z)D(cD, ﬁ, Zou+ @, v,w+ u)

~ o .g . T ~ _ -7~
— w2 QQ(Z,W)QZ@uVJO(Z)e 2ih7o (2 )eGGo /BO 7/J’

HEEOD(5, R 5, v — W ) 4 e SRODE R 2w, v+ W A )
_e—i%[;,L-u-i-ll‘(v'f‘ﬂ)]jO(E)D(~ h,Z,u+ W,V + p,w)

_e—i%[u~u—u~(V+u)]Jo(2)D(

JZu— v+ pu,w) —2D(0,h, Z,u, v, W) | dp, (67)

Ez
>
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starting from D(Z = 0,u,v,w) = 0, where

-~ 1 ~( _ u)(]lz
Bi(z.w) = o=C (5 =220, w) 68
(Z,w) 20 z Eco(z)w W (68)
C. Proof of Proposition 3.2
The mean reflected intensity /() has the limit /(¢) as € — 0:
1 . =
I(t) = 7(27r)d+1 /~-~/W(,ﬂ7,§2),(,ﬂ7,§4)(w,t, L)bine(w, K2)bine (w, Ka)dK1dKydikgdw .
Using the identity (66), this can be expressed as
iht !
0= 5 d+1/ /D w,h, L,0, b + 267, k) dise = by (w0, 1) Pdie/dhdes
W hL / Fo(1)—iht ,—GGo(1) |7 INEE
- 27T e o L 2wl ) e |bine(w, &) |2de’dhde , (69)
where

E@,h, 2,V /DJ}E L0, W+ 2v, w)dw .
Then, using the system of coupled differential equations (67), we get that the quantity
E(w, h, Z,v) satisfies

dE(&, h, 2, V)

d — (27T)d@28v2®(2’ 0)66'@0(2)6—27:;1,7:0(2)

IS

~2 ~ ~
n (% [ B[ @bz v+ ) - @R )| du
because all but two terms proportional to § in the right-hand side of (66) cancel each
other when taking (u,v,w) — (0,w + 2v,w) and integrating in w. Here By(Z, ) is
the inverse Fourier transform of Bg(Z, w):

~ 1 ~( u)()l
Bz (Z, A Clz,— W, A 70
#2= a5 mm™): )
The initial condition for the differential equation for £ is £(®, h,z = 0,v) = 0. The

solution is the function

5(@), ;l, Z,V) _ (271')ch2/ B%(é/’ O>€C¥C¥o(g')e_2iﬁfo(5')d2/’
0

which is independent of v. We next substitute in (69) and integrate with respect to h.
The integral in A generates a delta distribution:

- 5 7o(1) = 7o(2 >>)w ENY

x eC(Go(2)=Go(1 / |binc(w,n’)|2dr<c’] dzdw .
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The delta distribution concentrates the integrand on a particular value of z:

Deé owwrs (G (V) -
() = —ip / Co(z(t))?l?zw&o(z(t),O)eG(GO( @) GO“”[ / |bine (w, K')|*dK' | dw ,
T 0
where Z(t) € (0,1) is such that
L _
1, ct
-, 1
/Z(t) 50(5')0[2 2L (7)

For comparison, the total input energy is (32). The expression of the intensity in the
original variables is given by (28).

D. Asymptotic expressions for the cross spectral density

In the next two lemmas we give the asymptotic expressions for the dimensionless density
D in the regime o > 1. They generalize the results obtained in [§]

Lemma D.1 (i) Ifu-v #0, then lim,—o D(Z,u,v,w) = 0.

(i) Ifu#0,v+#0, andu-v =0, then

lim D(g, @, B’ u, v, W) _ / @28\2@(21’ W)6—2iil7~'o(2’)6(_}éo(2’)6—25&;2 f;, Bo(gup)dgwdgl ‘ (72)
0

a—00

0 and v # 0, then lim,_ ., D(Z, o, }NL,O,V,W) = Do(z,0, fz,w) where

~212 (= —2ih7y(2) JGGo(Z 2p&° R (=
Do _ 528, (5, w)e 20 0G0(s) 4 20 / 0(Z, 1) [Do(w + p) — Do(w)] dp, (73)

(v) Ifu=0 and v =0, then
lim D(%,&,h,0,0,w) = 2Dg(Z, &, h, w)

a—o00
z -
o N oiis (3 AA (21 _0@a~2 [E 3 (s P/
. / W2BQQ(Z'/, W)e 2ih7o (2 )6GG0(Z )6 208&% [ Bo(2",0)dz d3 .
0

By comparing the second and third items (or the fourth and fifth items) a sharp
transition is noticed from the case u = 0 to u # 0. This transition can be studied

in detail by looking at small u of order o™,

Lemma D.2 (i) If v # 0, then limy_.oo D(Z,&,h, a7 's,v,w) = Ds(2,&,h,v,w)
where Dy is solution of
dDg o N Y ¢ 52 ~
’E :WQBQJJ(Z,W)e_zlhm(z)eGGO(z)e’S'VJOT() + —(g:)d/[?’o(z,#)
Jo(2) Jo(2)

x [ D (v — w4 )+ D (v 4w+ ) — 2D, (v, w)| due, (74)

starting from Dgy(2 = 0,0, h,v,w) = 0.
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(ii) For any s,s’, we have

-1

lim D(Z,@, h,a"'s,a™'s',w) = Dy(Z,@, h,0,w) + Dy (3,&,h,0,w)

a—00

Z -
o _ Coifm (21 A (S _op~2 [E B (sn 1o
_ / w282@(2’,, W)€ 2ih7o (2 )6GGO(Z )6 2802 [Z Bo(2",0)dz ds
0

By solving the differential equation (74) we obtain the following integral
representation of Dy(Z, v, w) valid for all s € R%:

Ds(27a}7 il,V, // ~2B2w ~/7 —2zh7'0( N GGo(z) AW WsJo(Z)
Xeﬁw I Bo # A=< [Jo(2")—Jo(2 )})+Bo(~” A2 [Jo(2")—Jo(2 )]) 230(2”0dz”d~/d)‘ (75)

In the particular case in which s = 0 the function D, is independent of v and we have

lim D, (2, @, h,v,w) = Do(%,&, h,w)
N / / Z 52 Bos (2, N)e 2h70() (GC0(F) g =iw-X 2062 [ Bo(2" N)=Bo (2" 0)d=" g/,
0

Moreover, we have that

z
. I o ~ 9T A (3 A (31 _opr~2 [E B (s 1o
lim Ds(z,w,h,O,w) :/ w282@(2,,w)6 2ih7o(2') [ GGo(#') , =260 JZ Bo(2",0)dz ds
0

E. Proof of Proposition 4.1

The beam width R°(t) converges to R(t) as ¢ — 0, where R(t) is given by

T A Wi o), (o) (@, £ L) mgmrey Bine (@, 52)bine (w, a) dis1 diadisgdew
T Wier o) () (@5 b D)bine (@, K2)bine (w, K4)di1disadicgdw
[ [ D(w,h, L0,k + 2K, K)e" |V g bine (w, &) [Pdrdkdhdw
B [ [ D(w,h, L,0, Kk + 2K/, &)e= by (w, &) |2drdr’ dhdw

[ [(Ay + D)) D(w, hy L, 0, K + 2K/, K)e™ | biye (w, &) |2 dkdr'dhdw
- [ [ D(w, h,L,0, k + 26/, &)= biyo(w, &) | *dicdis’ dhdw
[ [2iVe,D(w, h, L,0, k + 2K/, &)e ™" Tm (bine V o bine (w, K))dkdk'dhdw
[ [ D(w, h, [,0,k + 26", K)e~iht| by (w, K)|2drdK dhdw
and D(w, h, z, Ky, Ky, Ky) 18 defined by (65). By the identity (66) we have

(w hlL =z
(U()’EL

R*(t) = —

,  (76)

(Ag, + Ag,)D(w, h, 2,0,k + 2K k) = DI2F, (K + 26, nlx> 2i%70(£)~GGo($) :

N h'L ~ (z ala z
2V, D(w, b, 2,0,k + 26, ) = D fz(i,— = (K + 2k, KL, ) 2 T0(1)=CC(]) |
Wop C L
with
h a5 a? - s
Fi(@,h,z2,v,w) = {Au + A, — QiEJO(é)V -Va— §J0(2)2|v‘2} D@, hy 2,0, v, W) |uco,

Fa(w,

>
2
Il
[\)
<
|
[\
i
S
=
9
&
>
R
£
<
2
s
Il
(=]
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In the limit o — oo, we obtain by using Lemma D.2
—2i L7 (1)+GGo(1)

(27)iDa?

e

/(A,.g1 + Ay,)D(w,h, L, 0,k + 2K’ K)dk ==
/0 1 AxBy o (2,0)e > E B GDB(Jy(1) — Jo(2))%d2

—4|K|212 /1 Bgi(z, 0)e 2"E () GGG (Ji (1) — Jo(2))2d2
+20 / —32 o (3,0)e 25D GG0E)

[ AXBy (2, 0)[(Jo(1) = Jo(2))? + (Jo(2) = Jo(2))*)d2'dz,

and
—2ihL 7, (1)+GGo(1)
e z 10 0 , e
(27T)dDa /2V,¢1D(w,h, L,0,k+ 2K ,H)dlﬂ', —
1
—4il<,/lm/ i5’2&(2,0)6_22@70() GGo(Z)(J( ) JO( ))d
0o Wo 0

Substituting these limits into (76) we obtain that, in the large-a regime, the beam radius
is
R*(t) = Rj — 25&215/ AxBy(Z,0)[(Jo(1) = Jo(2(1)))? + (Jo(2(8)) = Jo(Z'))*]dZ’
(1)
J B (2(1 f|,4| |bine (w, K')|2dKdw

e 0 et o) ~ B

fiB2i (Z(t ,0)]1{, . Im(bincvnbinc(w,n)>dn/dw i
’ f %;62% (Z(t)’ 0) f |Binc(w, Ii')|2dl<:/dw
f|i71nc (U H')Pdl{/dw B

( 7 2
Jo(1) = Jo(2 :
( f|bmc w K/)Pdl‘&/dw( ( ) ( (t)))

o2 J AxB o
e
where Z(t) is deﬁned by (71). If we assume that the relative bandwidth B < 1 so that
Boz(2,X) ~ By(2,A) for any & € (1 — B, 1+ B), then the expression can be simplified
into
1
R*(t) = R} — 25&212/ AaBo(Z,0)[(Jo(1) — Jo(Z())? + (Jo(Z) — Jo(2(1)))?]dZ’
2(t)
+ 4K (Jo(1) = Jo(2(1)))° + 4Qolaa(Jo(1) — Jo(2(1)))
Z(t

2 QA)\B2( ( ) ) T(3 2
—a ZEWW” — Jo(2(1)))".

We can write R(t) in terms of the original variables by using the expressions (33) of «
and (3, which gives (35).
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F. Proof of Proposition 4.2

The spectral width K*(t) converges to K(t) as ¢ — 0, where K (t) is given by

K2(t) = f to f |K’1|2W(n1,n2),(n1,n4) (wa ta L)Binc(wa ""'Z)Binc(wa H4)d’{1d’<’2d’<’4dw
f : "fW(nl,IQQ),(nl,n4)(w7t7 L)Einc(waK2>[;inc(w7’q'4>d’q'ld’q'2dn4dw

[ [|5+K]2D(w, h, L,0, k + 26, K)e " by (w, n)|2dmdm’dhdw

= 7
[ [ D(w,h,L,0, Kk + 2K/, &)|bine (w, &) [2e~ihtdrdr’ dhdw (77)
In the limit &« — oo we obtain
! y AxB,y(%(t),0)
K*(t) = K} —2ﬁl;2/ AxBo(3',0)ds — 22222 h -2 78
(t) = K3 [ (00 = SR (78)

where Ky is the spectral width (36) of the incoming beam. Substituting the value of 3
we get the expression (41).

G. Proof of Proposition 4.3

The spatial cross correlation function A®(¢,x) has the limit A(¢,x) as ¢ — 0:

I Wit o) (sr.0) (W, £, L)e‘i("l_"”*"‘l)'xgim(w,ng)ginc(w,n4)dn1d&2d&4dw
T S W ia), 1) (@5, L)bine (W, 52)bine (w, £a) diydRadicsdw

[ [ D(w,h, L0,k + K,k — K')e Mem by, (w, W) [*drsdrs'dhde
[ [ D(w,h,L,0, k + 2/, &)= byo(w, &) |2dicdic’ dhdw

In the limit & — oo, we obtain by using Lemma D.1 that A(¢,x) has the form:

At,x) =

282 (1 Bo(3,2)—Bo (5 ,0)d3’ . -
waBzw %)6 ﬁgg Lzt Bo(Z',75)—Bo(2',0)dz [fe_m,'x‘binc(w,Fi/)|2dﬁ',/ dw

[ 4Bs2 (1), 0)| [ [bnelw, 1) 2! o

“"O

A(t,x) =

)

where Z(t) is defined by (71). If we assume that the relative bandwidth B < 1 so that
Bas(2,A) ~ By(2,A) for any @ € (1 — B, 1+ B), then the expression can be simplified
to

_ B0 3) 020 [y Bo(Z' ) ~Bo (2 0)dz' JJ e bine (w, &) PdKdw
- By(2(1),0) [ |bine(w, &) |?dK'dw

In the original variables, we obtain (43).

A(t,x

H. Proof of Proposition 4.4

The spectral cross correlation function S°(¢, k) has the limit S(¢, k) as € — 0:

f f Wfil K2),(K1+K,Ka) (w t L)bmc(u) n2)bmc(w &4)d&1dn2dn4dw
f e f W(R1,H2),(R1,R4)(w7 tu L)binc(wa ’62)binc(w7 n4)dn1d&2d&4dw

S(t,k) =

[ [ D, h, L~k Ky + Ko+ K, K1 — Ka)e” i (w, K2)bine (w, Ko + K)dkdkadhdw
[ [ D(w, h,L,0, K + Ky, k1 — Kg)e~ | biye(w, ko) |2dk drydhdw ’
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In the limit & — oo, we obtain by using Lemma D.1 that S(¢,a ') has the form:

I B2 (3(0), 2 (o(1) = JoE )AL ) el 162) PX (0, 53) s
S B2 2 (2(1), 0) |bine (w, ko) [PdReadw

6 fz(t)BO(Z shle 2 [JO() 2Jo( Z(t )+Jo(2')] ) (Z skl [Jo() jo(z’)})—2l§o(2’,0)d2’

S(t,a 'k) =

Y

X(w,ky) =€
212 (Jo(1)=Jo (3(1)) kol ’
where Z(t) is defined by (71). If we assume that the relative bandwidth B < 1 so that
Bas(2,A) ~ By(2,A) for any @ € (1 — B, 1+ B), then the expression can be simplified
to
By (2(1), (o(1) = Jo(2(1)))xL
5f~1(t) Bo(#', "‘lx[jO(l)—2j0(5(t))+jo(Z')})+5’0(2’7Rlx[jo(l)—jo(z’)})—280(2’,0)d2’
AL 2= ToGUNR i by (w, Ky )| disadw
ff |ine (w, ) [2dK/dw '

In the original variables, we obtain (44).

S(t,a 'k) =

I. Proof of Proposition 4.5

The mean reflected power observed in the relative direction k is given by

1 R =
Pn(t) = W / co / W(—no+n,n2),(—no+n,n4)(wv t, L)binc(wa K’2>binc(w7 &4)d&0d&2dn4dw

/ /D w,h, L,0, —Ko 4+ K + Ko, —Ko + Kk — Ka)e~ M |bine (w, ko) [*dkodkodhdw |

271' (9. \d+2

If we take into account the fact that the angular aperture of the input beam is very
small, i.e. much smaller than a~!(wyl,/¢)~!, and that it is quasi-monochromatic, i.e.
B <« 1, then we find that the mean reflected power observed in the relative direction &
is

Pﬁ(t)_ / D(wo, h, L,0, &, =20 + k)~ Mdhdk, (79)

where Ej,. is the input energy defined by (32). In the large-a regime, we observe the
reflected wave in a cone of angular aperture of order ! and by Lemma D.2:

d YN - -
amoo T Emcl;zc()(Z(t)) By (5(t), 0)eCIGo(E0)~Co(1)

> [1 _ 2 S Bo(Z,0)dz’ 42 I 5’0(2’,1411[jo(1)—jo(2’)])—50(2’,0)6&’]

P, (t)

Y

where Z(t) is defined by (71). In the original variables we obtain (46).
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