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Abstract

A statistical approach of the propagation of solitons in media with spatially random dispersive perturbations is developed.
Applying the inverse scattering transform several regimes are put into evidence which are determined by the mass and the
velocity of the incoming soliton and also by the correlation length of the perturbation. Namely, the mass of the soliton is
almost conserved if it is initially large. If the initial mass is too small, then the mass decays with the length of the system.
The decay rate is exponential in case of a white noise perturbation, but the mass will decrease as the inverse of the square
root of the length if the central wave number of the soliton lies in the tail of the spectrum of the perturbation. ©1999 Elsevier
Science B.V. All rights reserved.

PACS:05.40.4j; 52.35.Sb
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1. Introduction

In the last decade a lot of papers have been devoted to the study of propagation of solitons through random
media. Most of them concern a perturbation of the potential or the nonlinear coefficient [1-5]. Numerical modeling
of the nonlinear Sclidinger (NLS) equation with random linear potential confirms this theory [6,7]. There are
also experimental investigations of the propagation of nonlinear waves in random media [8,9], describing the
Korteweg—deVries type wave propagation, but they have small relevance to the analytical work where the NLS case
is addressed. Only recently random dispersive perturbations have attracted attention because of their importance
for nonlinear optics and long Josephson junctions applications [10]. In Ref. [11] the authors find the probability
distribution for the effective potential which is equivalent at the first order to the dispersive perturbation for the
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trapped soliton. As a first motivation we think of the continuum limit of a nonlinear Anderson model [1], but the
same model can also be derived from the continuum limit corresponding to randomly dispersed impurities [12].
Our contribution consists in the study of the long scale behavior of these systems in the asymptotic framework
where both the amplitudes of the perturbations tend to small values and the size of the lsystetn to large

values. The basic tool of this approach relies on a perturbed inverse scattering transform which has already been
successfully applied to the study of different configurations and random perturbations [13]. Our main aim is to
demonstrate that original and unexpected behaviors can be exhibited in the sense that they are not encountered
when studying perturbations of the potential and the nonlinear coefficient. We shall show that random perturbations
of the dispersion are sometimes equivalent to a perturbation of the potential or else to a perturbation of the nonlinear
coefficient. The first case corresponds to an exponential decay of the mass of the transmitted soliton, and the second
one to a logarithmic decay of the velocity. But we shall besides prove that a random perturbation of the dispersion
may also give rise to an anomalous decay of the mass of the transmitted soliton as a poiwet faw

2. Physical motivations

Spatial random dispersive perturbations naturally arise from many real physical situations. The first one concerns
the electromagnetic beam propagation in planar waveguides with randomly varying tunnel-coupling terms. More
precisely we shall investigate the evolution of a spatial soliton in an inhomogeneous system of tunnel-coupled
nonlinear planar waveguides. The nonlinearity is assumed to be of Kerr type. The spacings between the waveguides
of the array are assumed to depend on the transverse coordinate. The waveguides are weakly coupled and so the
coupled modes theory is valid. Then the evolutiomibf complex electromagnetic field amplitudg is described
by the equation [14,15]

P 2
—10zun = Vi nt1Un+1 + Vin—1un—1 + lun|uy. (1)

HereV, ,41 are the linear tunnel-coupling coefficients. The constant coupling has first been considered in [16]. If
the envelope occupies a sufficient number of waveguides, typically of the order of 10, then we can apply a continuum
limit and further the effects of higher order terms in the Taylor expansion can be neglected:

2

h h h
Vant1=V x:I:E =V(x):|:§Vx+§Vm+...

2

h
XUppt1 = u(x £ h) =u(x):|:hux+?uxx+... (2)

Taking into account these expressions, we obtain that for (1) the continuum limit is
iy, = 2 E 2 4
iu, =2Vu+nh qux+4vxxu+Vuxx + |u|u + O(h™). 3)

By introducing the new variables= x/+/2h, v = uexp(—4iz), and: = z/2 we obtain [11]:
vy + Vyy + 2|v|2v = 1A= V)vex — Vyvy — %va — 4V = Dv. 4)

The second example is the propagation of a fluxon in the long Josephson junction with a randomly distributed
current. The governing equation is the randomly perturbed sine-Gordon equation [10]:

up — (J(X)uy)x + sinu = 0. ®)
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If we consider the case of a small amplitude breather, i.e. where’¢ + c.c. we obtain
2ige — (J(0)s), — 51610 = 0. (6)

Considering that these two examples are relevant motivations, we address in this work the nonliriinGahr
equation with a random perturbation of the dispersion.

3. Perturbed Schiddinger equation

We consider a perturbed Séllinger equation with a nonzero right-hand side:
iu,+uxx+2|u|2u =¢e¢Ru)(t, x). (7

The small parameter € (0, 1) characterizes the amplitude of the perturbation. The model of the perturbation is
taken to be

R@u)(t, x) = aV(xX)uxx(t, x) + BVe()ux(t, x) + y Vax (Xu(t, x),

wherex, B andy are constant numbeksis assumed to be a zero-mean, stationary and ergodic proceg8vpittths.
The jth derivative ofV will be denoted either by,... or by V), For j = 0, 1, 2, the Fourier transform of the
autocorrelation function of thigh derivative of the procesgis

dj(k) =2 / OOE[v<f>(0)v<f'>(x)] cos(kx) dx, (8)
0

which is nonnegative since it is proportional to tkérequency evaluation of the power spectral density of the
stationary procesg ) (Wiener—Khintchine theorem [17]). By integrating by parts, we get that

d;(k) = k? do(k). ©)
For instance, if the autocorrelation function of the prodésss Gaussian shape with correlation lernigth
$2
E[V(O)V (x)] = azexp<—l—2) , (10)
C

thendo(k) = /wo2icexp(—k2I12/4). SinceV hasC?-paths, the following quantity is finite, but random:

M= sup (IV)|+ Vi) + [Vax (0)]) . (11)
x€[0,L/£?]

The following lemma shows that we can only consider a sub-class of the general problem (7) if we impose the
very natural condition that the total mass is preserved by the perturbation. If the perturbation does not fulfill this
condition, then the problem becomes unstable and the method we develop below cannot be applied.

Lemma 3.1. If « = g, then the total mas&t = [ |u|?dx is preserved by the perturbed Sotinger equatior(7).

Proof. Differentiating the mass, we get

dgfttm = 2(a — B)Im (/ Veutu dx)

from which we can deduce the conservation of the total mass in thexcasg. O
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From now on we shall assume that= 8, but we shall keep both notations in Sections 57 in order to track the
influence of both terms. Eq. (7) can be derived from the Hamiltonian deHsity = Ho(x) + ¢ H1(x):

Ho(x) = lux|? — Jul*, (12)
Hi(x) = —aV]ux|* + y Vix (0)|u]?. (13)
We can now state a priori estimates of the solutiaf Eq. (7).
Lemma 3.2.
1. The following quantities (mass and energy) are preserved by the perturbeddBaier equatior(7):
Niot = / lul?dx, Eor = / Ho(x)dx + sf Hi(x)dx. (14)

2. If eM® — 0ase — 0, then theH-norm, theL*-norm and theL *-norm ofu(z, .) are uniformly bounded
with respectta € R ande € (0, 1).
3. ¢ [ Hi(x)dx can be bounded uniformly with respectita R by K (Niot, Etot)e M*.

Proof. The conservation of the mass has been established in Lemma 3.1. The conservation of the energy is straight-
forward since it is equal to the Hamiltonian density integrated over the full space. Besides, from the energy conser-
vation we have

/(1—saV>|ux|2dx = Etm+/|u|4—syvm|u|2dx.

Consequently, considerinrgsmall enough so thad|e M*¢ < 1.

|Etot| + lu(t, )74 + 1y leM® Niot
1— |aleM® :

lux (2, )12, < (15)

lu(z, .)||izl|u(t, .)||%oo, we can deduce from the mass conservation that, fomany0,

Further, substituting the Sobolev’s inequalipy”%oo < 2||ull;2|luxll ;2 into the obvious estimatgu(z, .)||‘L‘4 <

luett, 3a = Neot (0™ Moot + iz, 1122 (16)

Substituting (16) into (15) and choosing= (1/2)tht1 (1 — |a|e M?), we find that thel.2-norm of the derivative

u, is uniformly bounded with respect toe (0, 1) ands € R. Since the mass is conserved we get the estimate of
the H1-norm. The Sobolev’s inequality then yields the estimate of/tffenorm and (16) provides the estimate of
the L4-norm. O

Throughout the paper we shall assume that, foréasyO0,

P (gME < 8) — 1, (17)

e—0

so that we are allowed to apply the estimates of Lemma 3.2. This condition is readily fulfilled in realistic configu-
rations, as shown by the following result due to Adler [18]:

Lemma 3.3. If V is a stationary Gaussian process with a smooth autocorrelation function (say of@@3sthen
the expectation of the supremuMt of |V (x)|, |V, (x)|, and | Vi, (x)| overx € [0, L/?] is of order|Ing|1/2
ase — 0.

Thus, inthe framework of a perturbation with Gaussian statistics, the condition (17) is satisfidl@nte> §) <
cE[me] < Kelnel™ 0 ase — 0.
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4. The inverse scattering transform

We shall use the inverse scattering transform to study our problem. Indeed the random perturbation induces
variations of the spectral data. Calculating these changes we are able to find the asymptotic evolution of the field
and calculate the characteristic parameters of the wave. We shall be interested in the asymptotic dynamics of the
soliton propagating over the long distantg¢s2. The total mass and energy are conserved but the discrete and
continuous components evolve during the propagation. The evolution of the continuous component corresponding
to the radiation will be found from the evolution equations of the Jost coefficients. The evolutions of the coefficients
of the soliton will then be derived from the conservation of the total mass and energy.

4.1. The incident soliton

We assume that a pure soliton is incident from the left and propagates through the Sla?]0

expli2uo(x — 4por) + 4(v5 + )1l

t,x)=2
uo(t, x) = 2vp cosh2vo(x — 4uot))

(18)

The mass and the velocity of the soliton are respectidgly= 4vp andVg = 410, while its energyEg := [ Ho(x)dx
is equal toEg = 16(vou5 - v3/3). The width of the envelop of the soliton is conversely proportional to its mass.
The soliton solution (18) is associated with the following scattering data [19]:

A — (no + ivo)

W) = 5= (1o —ivo)’

bo(r) = 0. (29)
ap admits a unique zero in the upper complex half-plane denoted by 1o + ivo.
4.2. Expressions of the mass and energy in terms of the scattering data

Introducingn(r) = —7~1In|a(1)|2, and denoting by, the zeros of the coefficierat in the upper complex
half-plane, which correspond to solitons, the total msgsof the wave is also given by

Niot =Y 2i(07 = 1) + / n(A)dx. (20)
The unperturbed energyp := | Ho(x)dx can also be expressed as

Fo= Y 50:3 =29 +4 [ 220620 D

r

4.3. Evolutions of the scattering data

We now describe the evolutions of the Jost coefficiaraadb during the propagation through a slab contained
in the region [Q L /£2]. The initial scattering data(r = —oo, 1) andb(r = —oo, 1) are given by (19). They satisfy
the following exact equations [20]:

D) < e (@t 700 + B 2y 2),

% — —4ix%b(1, ) + ¢ (alt, DY (1, 1) + b(t, VP, 1)) | #2
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where the functiong andy are defined by

Yt 0) = / drRW)* 2+ RG) f2, 7(t.0) = f dvR@) f1f5 — RW)* f} fo. (23)

and f1, f» are the so-called Jost functions. It thus appears that the perturb&{ansouple the time evolution
equations of the Jost coefficients.

4.4. The adiabatic approximation

The adiabatic approximation consists in assuming a priori that, while the soliton exists, its evolution and that of
the radiated wave do not interact. More precisely, we assume that the time evolutions of the Jost coefficiénts
b given by (22) depend only on the components of the functjoaady defined by (23) which are associated with
the soliton. We are first going to carry out the calculations under this approximation, which provide an expression of
the total waveu. A posteriori we check for consistency that this approximation is actually justified in the asymptotic
frameworke — 0. More exactly we show that the components of the functiprendy which correspond to
the interplay between the computed radiation and the soliton, or else which originate from the sole effect of the
radiation, can be considered as negligible terms for the soliton evolution.

5. Convergence results

LetL > 0. We denote bg® the spac€®([0, L], R?) of all theR?-valued continuous functions equipped with the
topology associated to the uniform nor; (x), ;(x))¢[o,z] IS the element of? defined as the unique solution
of the system of ordinary differential equations:

dv d
o Fon ), @ =ve, L =G ), wO) = puo. (24)
dx dx

The functions= andG are equal to

1 o
F(V, /’L) = _E/‘ C(Uv M, )")do(k(vv M, )"))d)\'v

1 [® (A2
G, ) =—— f (— +-— ﬁ) Cv, 11, Wdo(k(v, , 1)dA, (25)
8t ) _oo\ v u v
2 2 2 2 2
Cv, 1, 2) = (veok? = (v = pP)co — dpicr — 262))” + (B(2uco+ c)b)?, (26)
where the functions; andk are defined by
( » T A —pu+iv)?
colv, , = N
otvs K 2413 cosh(m (u? — v2 — 22)/(4uv))
o G in? (= w2 +1?) + 80202 + ik — 1))
b 9 A‘ = b
c1(v, s A) 3x 2%u4 (2 — )%+ v?) cosh(m (u? — v2 — 12)/(4uv))
oo 7 =+ (4 w2+ v?) (v + 17u2 — 6ap + 12)
c v? b = 9
ST T cosh(m (uZ — v2 — A2)/(4u))
(b — w)?+v?

kv, u, \) = T (27)
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Let us denote by2§ the measurable set of realizations of the prosésach that the transmitted wave consists of
one soliton plus some radiation. We denotebwand;.® the re-scaled processes definedajnby v (x) = v(x/e?)
andu® (x) = u(x/e?) (i.e. the coefficients of the transmitted soliton in positigfa?), and onQi° by v¥(x) =0
andu®(x) = 0. We can now state our main convergence result.

Proposition 5.1. Under the adiabatic approximation, the following assertions hold true foriany 0.
1. liminf._oP (Q5) = 1.
2. The R2-valued procesgv® (x), i (x))xe[o.2] CONverges in probability irf® to the R2-valued deterministic
function(v;(x), i (x))xeo,r] Which satisfies the syste@4).

The first point means that the event “the transmitted wave consists of one soliton plus some radiation” occurs
with very high probability for smalk, while the second statement gives the effective evolution equation of the
coefficients of the transmitted soliton in the asymptotic frameweork 0.

6. Strategy of the proof

We shall only give the main steps of the proof which follows closely the strategy developed in [4] and we shall
underline the key-points.

(1) Prove the stability of the zero of the Jost coefficientlae zero corresponds to the soliton. This part strongly
relies on the analytical propertiesofn the upper complex half-plane, and is very similar to the corresponding part
in [4].

(2) Compute the amount of radiatiobinder the adiabatic approximation, we solve the evolution equation (22)
so that we get a closed-form expression of the ratio.

Lemma 6.1. Under the adiabatic approximation, the scattering daga (¢, A) = b/a(t, A)e‘mz’ at timer/e? is
given by

b/t x(1/e?)
- (8—2 A) = —ie f VM (yeo(h, pu(x), V(X)) Vir (x) +1B(2p1c0 + 1) Vi (%)
0
+a(4(v? — u?)co — Aucy — 2c2)V (x)dx, (28)
Y (X, 1) = s (x) — 2hx + 4021 (x), (29)

wherex;, (¢) is the position of the center of the soliton at time t define(Biiy, 7, (x) is the arrival time of the soliton
at point x ¢, (x) is the phase defined I§81) of the soliton when its center is af and the coefficients; are given
by (27).

From Lemma 6.1 we can estimate the amount of radiation which is emitted during some time interval in terms
of mass and energy thanks to (20) and (21). We are then able to deduce the evolution equations of the coefficients
of the soliton by using the conservations of the total mass and energy. For times of ¢tflesitreN;ot and Eiot
are conserved, the variation..) of the relevant quantities are linked together by the relations

0=4Av + / An()dr,  0=16A (vuz _ u3/3> + 4/ 22An(L) dA + A (/ Hl(x)dx> .
R
An()) is of ordere?, but the last term in the expression of the total energy is of ard@hus our strategy is not

efficient for estimating the variations of the coefficients of the soliton for times of or¢bBr. Oet us now consider
times of order @—2). An()) is now of order 1, while the last term in the expression of the total energy is of order
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eM*® by Lemmas 3.1 and 3.3. Thus we can efficiently compute the long-time behavior of the coefficients of the
soliton in the asymptotic framewoek— 0, when the last term in the expression of the total energy is uniformly
negligible. Using probabilistic limit theorems, we then find that the coefficients of the soliton converge in probability
to nonrandom functions which satisfy the system (24).

(3) Compute the form of the transmitted wave

Lemma 6.2. Under the adiabatic approximation, neglecting the terms of higher order, the total wave is given by
the sumu(t/e2, x) = us(t/€2, x) + ur (t/€2, x), whereu is a soliton of masdv(¢/¢2) and velocitydu (/&)

! - expliCu(x — x5) + ¢s)]
= — 30
s <£2’X) v coshPv(x —x5)) (30)
x; and¢, are respectively the position and the phase of the soliton atsjiate
1 1] pr(t/e? . pr(t/€?)
c=o-In (| =), & =arg(—i——) +2ux, 1
v <2v a6 ) ) P = ( aezon) T .
Ay = u(t/€%) + iv(r/e?) anduy admits the following expression:
. i,x =.i/00 é(/\) ()\—M+iutanh(2_u(x _x“)))zezmdx
g2 in) _sa (A —p+iv)?
2 i _ 00 % .
.l)_ eXp[Zl(ZlLL(X Xs) + ¢S‘)] b_()\') 1 : ze—ZIAxd)L (32)
imT  cost (2v(x — xy)) Ceo@® (A= —iv)

ug is the soliton part of the total wave. The first componeni pfrepresents the scattered wavepacket, with a
correction in the neighborhood of the soliton~ x, (¢ /£2). The second component of represents the interaction
between the soliton and the scattered wavepacket, which is only noticeable in the neighborhood of the soliton. This
result is not surprising. Roughly speaking, the support of the scattered wavepacket lies in an interval with length of
ordere 2. Since thel.2-norm is bounded by the conservation of the total mass, we can expect that the amplitude of
the radiation is of ordes. More exactly, using the same arguments as in Lemma 4.2 [4], it can be rigorously proved
that the amplitude of the radiated wavepacket can be bounded abdve| bys|.

(4) Check a posteriori the adiabatic approximatiorhe final part of the proof consists in checking a posteriori
the adiabatic hypothesis, that is to say proving that the radiated wavepacket which has been determined here above
has actually no noticeable influence on the evolutions (22) of the Jost coeffigianth. One must estimate the
components of the functionsandy given by (23) which have been neglected until now and which are related to the
interplay between the soliton and the radiation on the one hand, and which are due to the sole effect of the radiation
on the other hand. These are technical calculations which are based upon the mixing properties of th¥.process

7. Analysis of the asymptotic behavior of the transmitted soliton

This section is devoted to the study of the asymptotic evolutions of the coefficients of the transmitted soliton as
a function of the macroscopic lengthof the random slab, i.€. /2 in the microscopic scale. By Proposition 5.1
these evolutions are given by (24). We aim at exhibiting the relevant characteristics of this deterministic system of
ordinary differential equations.

7.1. Limit behavior in the approximatiom < uo (linear regime)

The system (24) can be simplified to a first approximation:
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% — —do(4p)vps? ((a +4y)% + 4;32) . v(0) =, (33)
d 5
d_‘lf - —ﬁdomu)mz ((a +4y)% + 4ﬁ2) . u(0) = puo. (34)

It appears tha(l - 5/3(1)0/“0)2)1/2 < wn(L)/no < 1, which means that the velocity of the soliton is almost
constant during the propagation, while the mass (equab}aldcreases. More exactly the coefficierdecreases
exponentially withlL:

L
v(L) ~ voexp<—L—l> ., L7t = pddo(4uo) ((a +4y)% + 4,32) ) (35)

It should be emphasized that the three terms of the right-hand member of the perturlielitgenrequation (7) give
rise to a perturbation of similar order in this regime. We can give a simple physical explanation of this exponential
regime. In the limit caseg/uo — 0, the incoming soliton can be approximated by a linear wavepacket:

+00 o . _
wo(t, x) ~ / dko(k)e* =K% with o (k) = %cosh’l <f (k 21 °)) (36)

oo 4 Vo

whose spectrungg is sharply peaked about the wave numkgr= 2u0. Eq. (35) is therefore in agreement with
the linear approximation, where it is well-know that a random potential gives rise to an exponential decay of the
transmittivity of a linear wavepacket.

We can also analyze the spectrum of the radiation. This spectrum exhibits two peaks. The main peak is about
the wave numbek, 1 = —2uo and its mass is proportional tQudo(4u). The termdo(4u) is the spectral power
density of the perturbation evaluated at wave nuniber— ko = —4u0. When taking into account only this main
peak, the simplified system (33) and (34) is obtained. There exists also a secondary pe&kabouio whose
mass is proportional to3do(0). The termdq(0) is the spectral power density of the perturbation evaluated at wave
numberk, » — ko = 0. The second peak is in general weaker than the first one, but not necessarily, since it actually
gives rise to corrective terms in Egs. (33) and (34):

4

d_I‘j = —do(4p)vu® ((cx +4y)% + 4/32> - 2—7d0(0)v30l2, @37
O 2 do(ayon? (o + 49)2 + 452) + (0 (38)
diL ~ 3 1352 ‘

If do(4uo) is of the same order a%(0), then the supplementary terms are very negligible compared to the first
ones, so that the system (33) and (34) and the corresponding solution (35) hold true. If the autocorrelation function
of V has the Gaussian shape (10), this corresponds to the.ghsg 1, which means that the central wave number

2110 the soliton lies in the spectrum of the perturbation whose bandwidthlig/.. Nevertheless, in the converse
caseuolc > 1 (i.e. if the central wave number of the soliton lies in the tail of the spectrum of the perturbation), then
do(4po) = /mo2lcexp— pdi2/4 is much smaller thaido(0) = /a2, so that the supplementary terms have to

be taken into account. ffiuolc)? 3> In(1o/vo), then the second terms actually prevail over the first ones, and the
decay rate of the coefficiemtand the mass of the soliton obeys a power law:

L\ 2 18 2 2
v(L) ~vo 1+ L_2 . Lyt = 2—7do(0)vooz . (39)

Note that only the first term in the right-hand member of the perturbed8tiger equation (7) corresponding to the
perturbation of the diffusive component gives rise to the supplementary terms of Egs. (37) and (38). That is why the
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L~Y? decay has now been exhibited in the study of the soliton propagation in a random linear potential. Note also
that the value ofx does not come into Eqg. (39), which means that the decay (39) holds true whag&visrlarge

enough, and does not depend on the exact valug dfinally, sincev is decaying, the ratiguolc)?/ In(io/v) also

decays, so that whenbecomes small enough, the decrease of the mass obeys again the exponential law (35). The
crossover between the power decay and the exponential decay occurk vdaehmes the valuez ~ exp(8ugl§).

7.2. Limit behavior in the approximatigng < vg (nonlinear regime)

The system (24) can then be simplified:

dv 7 2do(v2uYy v \?¥2? 3 vz [ (¢ 2 B\? _
T 7w 2do(v?ut) (v 212 3 —(rv/2u) | (¢ 2 B ? _

It can be readily checked thél — 2(u0/vo)2)1/2 < v(L)/vo < 1, which means that the mass of the soliton is

almost constant during the propagation, while the velocity of the soliton decreases. The limit behavior foofarge
the coefficientu depends on the functiafy, more exactly on the high frequency behavior of the Fourier transform
of the autocorrelation function of the procdésThe exact decay rate of the velocity results from the competition
between the termdy(v2n 1) and exg—(rv/2u)) in Egs. (40) and (41). Let us assume that the autocorrelation of
V has Gaussian shape so thgtv? ;. ™) = /mlco?exp(—v412/4u?). If (vole)? x vo/po < 1, then the exponential
term is the smallest one and consequently imposes the decay yate of
Vo

2InL’

This logarithmic rate actually represents the maximal decay of the velocity. Whatever the prottesserms of

the right-hand sides of (40) and (41) have at least an exponential decay of the typéex{2u)), which implies
liminf 7 oop(L) x In(L) > mvo/2. However the decay rate may be much slowetvdfc)? x vo/umo > 1, then
do(v?w~1) is much smaller than exp-(wv/2u)), so that the velocity decreases as the square root of the logarithm
of L:

u(L) ~ (42)

Uglc
2J/InL’

Note that, since: is decaying, the ratiovolc)?vo/ i goes to infinity, so that the second regime (43) is reached when
L exceeds values of order ex/(volc)?).

The decay ratgin L)~1/2 is imposed by the shape of the tail of the spectrum of the random précéisthe
spectrum decays faster than a Gaussian, then the regime corresponding to Eq. (43) will be slower. Conversely, if
the spectrum decays slower than any exponential, then one can only observe the regime (42).

As in the linear and exponential regime one can notice that the three terms of the right-hand member of the
perturbed Sclirdinger equation (7) give rise to a perturbation of similar order.

w(L) ~ (43)

7.3. Numerical integration of the asymptotic system

In the above paragraphs, we have exhibited two domains which are stable with respect to the evolutions of the
coefficients of the transmitted soliton. We aim at showing here that these regimes are not only stable, but also
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Fig. 2. Coefficients of the transmitted soliton, with the initial mags= 4 and different initial velocities. Herlg = 2 ando? = 1/(2/m).

attractive in the sense that, up to transitory regimes, either the mass tends to a constant positive value while the
velocity decays towards O (this is the so-called nonlinear regime) or the velocity tends to a constant positive value
while the mass decays towards O (this is the so-called linear regime). In order to prove this statement, we are going
to solve numerically the system (24) for different values of the coefficients of the incoming sogtandvg. For

the sake of simplicity we choose to analyze the case whete0 anda = 8 = 1.

Figs. 1 and 2 plot the evolutions of the coefficients of the transmitted soliton as functions of the length of the
random slab. The magg is chosen at a fixed value for all figures, equal to 4, but the initial veldgityaries from
2 to 12 and two different correlation lengthsare considered.

Let us first consider the cagg = 0.1 ando? = 1/(2/7). In these conditionglp(4uo) ~ do(0) = 0.05.
Comparing the terms in Eq. (37) then yields that the first term which gives rise to the exponential decay prevails
over the second term. Therefore two different behaviors can be put into evidence, and they are separated from each
other by a critical valué/; of the initial velocity Vp (see Fig. 1).

If Vo = 6, 12, then the velocity goes to a constant value, while the mass decays exponentially with a localization
length with depends on the limit value of the velocity. The exponential decay is noticeable in thibg mass)
scale.

If Vo = 2, 4, then the mass goes to a constant value while the velocity decays very slowly to 0.
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Fig. 3. The three possible regimes for an incoming soliton with M&ss: 4 as a function of the initial velocityy and the correlation length

(the correlation function is assumed to have Gaussian shape). Region | corresponds to an almost constant mass and a decaying velocity. Region
Il corresponds to an almost constant velocity and an exponentially decaying mass. Region Ill corresponds to an almost constant velocity and a
L~Y2_decaying mass. I¥ >> 1, then the boundary between regions Il and Ill lies aiput 2+/2/IN(Vo)/ Vo. If Ic > 1, then the boundary

between regions | and Ill lies aboug ~ 3.3.

Let us now consider the cage = 2 ando? = 1/(2/7). In these conditionglp(410) = exp(—lGuS) and
do(0) = 1. Comparing the terms in Eq. (37) it appears thatigf> 1, the first term is dominated by the second
term which gives rise to thé& —1/2 decay of the mass. In Fig. 2 the solid line corresponds to formula (39) with
do(0) = 1 anda = 1. If Vo = 2, then the mass decays very slowly and tends to a positive constant, while the
velocity converges to 0 at logarithmic rate, as shown in thel(ldgg velocity) scale.

If Vo =4,6,12, then the velocity is almost constant, while the mass decays as a power law because the second
termin Eq. (37) prevails. The slopes of the lines in the Jelpg mass) scale confirm tiie 1/2-decay forvy = 6, 12.

Further the figure clearly puts into evidence that, if the initial velocity is large enough, then the decay of the mass
is almost exactly described by formula (39).

In Fig. 3 we represent the three different regimes that can be encountered. The locations of the boundaries depend
on No and also on the precise shape of the correlation function of the pracbasthe qualitative picture remains
unchanged if one modifies the value of the initial mass or the shape of the correlation function. As a final remark one
can notice that thé ~1/2 decay of the mass cannot be observed in case of a white igise ). This anomalous
decay of the mass is involved by the colored property of the dispersive perturbation.

8. Conclusion

We have studied the propagation of a soliton in a nonlinear dispersive medium with random dispersive per-
turbations by applying the powerful inverse scattering transform. Although a similar behavior as in the case of a
perturbation of the nonlinear coefficient was expected because of the natural balance between dispersion and Kerr
nonlinearity, we have put into evidence that a spatial random dispersion gives rise to more complicated regimes.

In case of large amplitude, we have shown that the mass of the soliton is almost constant, as in the case of a
perturbation of the linear potential or the nonlinear coefficient. Furthermore the velocity is found to decrease at a
slow rate (at most logarithmic) which depends on the high-frequency behavior of the power spectrum of the spatial
dispersive random perturbation.

In case of small amplitude, we have proved that the amplitude of the soliton decays exponentially with the length
of the system ifuglc < 1. These results are similar to a perturbation of the linear potential, but only if the initial
velocity of the soliton 4 is smaller than the width /I of the spectrum of the perturbation. dhlc > 1, then
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a power decay a&~1/2 of the amplitude is shown. This regime is original and differs on the one hand from the
regime exhibited in case of a perturbation of the nonlinear coefficient (decay’d$ [4]) and on the other hand

from the regime corresponding to a perturbation of the linear coefficient (exponential decay [3]). There exists a
critical value of the velocity 4 of the soliton which depends only on the spectrum of the perturbation above which
we observe thé ~1/2 decay of the amplitude, and below which we get back the usual exponential decay. Thus a
random dispersive perturbation presents more complexity than both a linear and nonlinear perturbation.

We feel that it should be of great interest to consider other integrable systems with a different type of dispersion.
For instance the Korteweg—de Vries equation, with a third order dispersion, is worth studying. Besides the interaction
of solitons in random dispersive media represents also a challenge for practical applications in telecommunication
for instance.
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