Asymptotic Behavior of the Quantum Harmonic Oscillator
Driven by a Random Time-dependent Electric Field

Josselin Garnier *

This paper investigates the evolution of the state vector of a charged quantum particle in
a harmonic oscillator driven by a time-dependent electric field. The external field randomly
oscillates and its amplitude is small, but it acts long enough so that we can solve the problem
in the asymptotic framework corresponding to a field amplitude which tends to zero and a field
duration which tends to infinity. We describe the effective evolution equation of the state vector
which reads as a stochastic partial differential equation. We explicitly describe the transition
probabilities which are characterized by a polynomial decay of the probabilities corresponding
to the low-energy eigenstates and give the exact statistical distribution of the energy of the
particle.

KEY WORDS: Harmonic oscillator; random perturbations; asymptotic analysis; stochas-
tic calculus.

1. INTRODUCTION

The quantum harmonic oscillator has been extensively studied, not only because it is a system that
can be exactly solved and a great pedagogical tool, but it is also a very relevant system.(!) Indeed
a lot of systems close to a stable equilibrium can be described by an oscillator or a collection of
decoupled harmonic oscillators. Furthermore time-independent and time-dependent modifications
of this model have been investigated, handling by the well-known perturbation theory. Literature
contains a lot of applications and discussions of special types of perturbations: sudden, adiabatic,
periodic, ..... (2) The considered phenomena are described by the Hamiltonian :

H(t)= H° + H'(t), (1.1)

where HO is the time-independent Hamiltonian of the harmonic oscillator, whose eigenvalue problem
has been solved, and H'! is a small time-dependent perturbation. The typical question one asks is
the following. If at + = 0 the system is in the eigenstate 1) of H?, what is the probability for it
to be in some given eigenstate 7 Most results that have been obtained follow a scheme in which
the answers are computed in a perturbation series in powers of H'.(1:2) Indeed it is exceptional to
find closed-form expressions, except for some very particular types of perturbations.(®) Nevertheless
rigorous results have been obtained for time-dependent perturbations of the harmonic oscillator.
Most of them concern periodic driven force.(*%) Although the problem is far less understood in
the case of random perturbations, literature contains some results about systems with randomly
time-dependent external driving force. A general class of quantum systems in Markovian potentials
has been treated in detail.(”:8) Under suitable conditions on the dynamics of the random potential,
it is shown in Ref. 9 that the spectrum of the quasi-energy operator is continuous. In Ref. 10
the authors study the long-time stability of oscillators driven by time-dependent forces originating
from dynamical systems with varying degrees of randomness and focus on the asymptotic energy
growth. In this paper we consider a charged particle in a harmonic oscillator which is driven by
a weak random time-dependent electric field. We aim at studying this problem by a rigorous and
non-perturbative method. Our approach is inspired by the works of Papanicolaou and its co-authors
about waves in random media.(!":1?) The first step consists in determining the characteristic scales
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of the problem at hand: oscillation frequency of the harmonic oscillator, amplitude, coherence time
and duration of the random perturbations. We then study the asymptotic evolution of the state
vector in the asymptotic framework based on the separation of these scales. Our main aim is to
exhibit the asymptotic regime which corresponds to the case where the amplitudes of the random
fluctuations go to zero and the duration of the external field goes to infinity. We then describe
explicitly the effective random evolution of the state vector and the probability transitions. The
paper is organized as follows. In Section 2 we review the main features of the harmonic oscillator,
while we state our main convergence result about the effective evolution of the state vector of the
particle in Section 3. Before proving this result in Section 5, we give remarkable properties of the
asymptotic system in Section 4.

2. THE HARMONIC OSCILLATOR

2.1. The main equation

We consider the quantum oscillator, that is to say, a particle of mass M whose state vector in the
coordinate basis obeys the Schrédinger equation():

o h? 1
h— = ——— At + ~Mw?(z® +y* + 2° 2.1
Ern Wi ¢+2 w(z” +y° + 2°), (2.1)
where A is the Laplacian % + 8‘9—; + BB—; and w is the oscillation frequency. In order to transform
this equation into a standard and dimensionless form, we multiply the spatial coordinates z,y, z by
ro ' == (Mw/h)*/? and the time t by ;' := w, so that (2.1) now reads:

21'68—15 = —AY + (2% + y? + 229 (2.2)

2.2. Eigenvalues and eigenstates

The spectrum of the harmonic oscillator is pure point with state energies (2p + 2¢ + 2r + 3)/2 and
corresponding eigenstates():

Ipar(®,9,2) = fo(@) f1(y) fr(2), (2.3)
where the real-valued functions f,, are the so-called Hermite-Gaussian functions:
fole) = e H, (£) e 2, Hy(a) = (1) (2.4
PO e P A g '

The family (fp,g,r)p.q,ren is complete in the following sense.(13)
PROPOSITION 2.1.
1. The (fp.0r)p.aren are an orthonormal and complete set in L?(R?,C):

/R3 g (T, 4, 2) fpr g0 (2, Y, 2)dxdydz = dpp dqqr Oprr, (2.5)

where § stands for the Kronecker’s symbol.
2. (t,z,y,2) —~ e_iwtfp,qw(w,y,z) is a solution of (2.2) for any p,q,7 € IN.
We define the eigenstate decomposition as the map © : 1 € L*(R®,C) = (Cpqur)p.qreN, Where

Cp.q,r is defined by:

OW)p,q,r = Cpgr = /R3 foar(@,y, 2)0(z,y, 2)dedydz. (2.6)

By Proposition 2.1, © is an isometry from L?(R®,C) onto 12, the space of all the sequences
(¢p,ar)paren from IN? into € which are squared integrable. 2 is equipped with its usual scalar
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product {.,.) and the associated norm ||.||:

oo oo
B, = Y b g P = D leparl’s (2.7)
p,q,r=0 p,q,7=0

so that it is a Hilbert space. The star denotes complex conjugation. We remember the reader
with the physical interpretation of the state vector. If 1 is the state vector of the particle, then
|©(1)p.q.r|* is the probability that the particle be observed in the state f,, .. If the particle is in
the state v, then the probability that the particle be observed in the elementary volume dx dy dz
is [¢|?dzdydz.

2.3. Functional spaces

The state vector (resp. the eigenstate decomposition) naturally lies in the space L? (resp. [?).
However, in order to prove the forthcoming results, we shall need sharp controls of the state vector
and its eigenstate decomposition. It will then appear necessary to consider ¥ and ©(¢) as lying in
suitable subspaces of L? and [2, which will constitute a convenient framework for our study. We
define in the following these spaces.

We first introduce subspaces of the physical space L2 (]R3, C). The space L2, a € N, is the space
associated with the following norm:

Il = > Y Ds.c o0 Ds P, (2.8)

Ce{wayaz} 517---76a€{0a1}

where ||.|| denotes the standard L?-norm, Dy ¢ is the multiplication operator Dg ¢t := (¢ and D1 ¢
is the derivation operator D; ¢t := %.

We now introduce the subspaces of [? corresponding to the eigenstate representation. For a € R,
12 denotes the space of all the sequences ¢ which are decaying so that their weighted norms ||c||a,
a € Ry are finite, where:

oo
lella = D (A+p)*+(1+@)* + (1 +7)*) el (2.9)
p,q,7=0

Both L2 and (2 are Hilbert and they correspond with each other as stated in the following
proposition.
PROPOSITION 2.2.
The eigenstate decomposition © is a continuous isomorphism from L2 onto 12 for any « € IN. There
exists a constant C,, such that, for any ¢ € L2 :

CHOW) e < [¥lla < CallO@)l|a- (2.10)
Proof. The proof is given in Appendix A. O

2.4. The harmonic oscillator driven by a uniform electric field

Let us assume that the particle possesses a charge g.. Suppose that we apply an external and
homogeneous electric field Eyu, where u is a unit vector of IR®. Let us denote by e the dimensionless
quantity:

€= (Iego
Rl 2 /2,372
It is well-known(!*) that the state energies of this system are (2p + 2q + 2r + 3)/2 — £2/2 and
the corresponding eigenstates f,(z — eu,)fy(y — euy) fr(2 — €u;) for p,q,r € IN. It means that
the spectrum is simply shifted by a constant with respect to the spectrum of the pure harmonic
oscillator.

(2.11)
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3. EVOLUTION DRIVEN BY A TIME-DEPENDENT ELECTRIC
FIELD

3.1. Formulation of the problem

Let us assume that the particle possesses a charge g.. Suppose that we apply an external, homoge-
neous and time-dependent electric field Eom(t). The dimensionless function m = (m,,m,,m.)
describes the time-fluctuations of the field. This corresponds to an electrostatic potential
Eo (xmy(t) + ymy(t) + zm.(t)) and a potential energy —geEo (xmy (t) + ymy(t) + 2m,(t)). The di-
mensionless quantity e defined by (2.11) is a parameter which characterizes the amplitudes of the
fluctuations. The perturbed equation which governs the evolution of the state vector is then:

ihid
ot

Existence and uniqueness of the solution will be stated in Proposition 3.1.

2io- = —AY + (2% + 47 + 2% — 2 (wmy () + ymy (1) + 2m. (1)) Y. (3.1)

3.2. Scales and hypotheses

We assume that the amplitudes of the fluctuations are of order £ < 1. The R3-valued function m
is assumed to be zero-mean, stationary and ergodic process under IP. We assume that the IR-valued
random processes mg, m, and m, are independent. We shall denote in the following by F]! the
o-algebra generated by o(m(7),70 < 7 < 71). We shall consider that the process m is not only
ergodic, but also ¢-mixing, i.e. that there exists a function ¢ — ¢(¢) vanishing as t — +oo and
belonging to L'/?(IR,.) such that

sup {P(B/A) —P(B),A € FJ,B € X} < ¢(¢). (3.2)
7>0
We introduce also the normalized processes m¢(t) = m¢(t/ £?) and ¢*°(t) = 9(t/€?), and the re-scaled
o-algebra ¢ = Fi/ =

3.3. Statement of the result

We aim at studying the evolution of the state vector 9 of the particle. The initial state vector at
time ¢t = 0 is 4o, which corresponds to the decomposition ¢y = ©(1)g). By Proposition 2.2 it is
equivalent to study the evolution of its decomposition onto the family of eigenstates (fp,q,r)p,q,reNs
i.e. the corresponding normalized coefficients ¢°:

Gr(®) = OW (1, Npre’™ & (3.3)
The equation which governs the evolution of ¢ is:
de¢ 1 t 1 t 1 t
i gmw(?)B;cs + gmy(E—Q)Bch + gmz(E—Q)Bics, (3.4)
where the B¢ are the continuous linear operators from 12 into I2_, (for any a > 1) given by:
e i it/e? —it /&>
(BzC)p,q,r = NG (\/i‘_’cp—l,q,re + VP +1cpi1.0e ) ) (3.5)

and B (resp. B;) acts on the g-index (resp. r-index).

PROPOSITION 3.1.

1. If co € 12 for some a > 2, then for any € > 0, for almost every realization of m, there exists a
unique solution in C([0,0),1%) of Equation (3.4).

2. If the initial state vector vy € L% for some a > 2, for any ¢ > 0, for almost every real-
ization of m, there exists a unique solution ¢ in C([0,00),L2) of Equation (3.1) and we have
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W5 (t,.) = ¥(t/e*,.)):

’(,[JE(t,.CL',y,Z): Z c;,q,r(t)e

p,q,r=0

. 2p+2g+2r+3 ¢
—3 2748

ﬁfp,q,r(xayaz)' (3.6)

Proof. The first point follows from Lemma 5.2. The second point is then a corollary of Proposition
2.2 and basic formulae (A.1) (see Appendix A). ]

We consider the infinite-dimensional system of linear differential equations starting from ¢(0) = ¢y:

de = /eB1,:cdWiy + /75 B2 zcdWay + v, Agcdt
+/VyB1,ycdWsy + /7y Ba,ycdWay + vy Aycdt (3.7)
+ﬁBl,szW5t + ﬁBQ,zchGt + ’YZAZCdt,

where W;, j =1, ...,6 are independent standard Brownian motions, A¢ and B, ¢ are the continuous
linear operators from /2 into I2_, (a > 2) defined by:

a—2
(B1,eCp,agr = —vPCp—1,4r + P+ Lepit,grs
(B2,cC)p,gr = i/PCp—1,qr T VP + 1epi1,4,r, (3.8)
(AzC)pgr = —(2p+ 1)cpg,r

B; , (resp. B, ;) acts on the g-index (resp. r-index) and v, ¢ € {z,y, 2}, is given by:

Y¢ = %/Ooo ]E[mg(O)mC(t)] COS(t)dt. (39)

¢ is nonnegative because it is proportional to the 1-frequency evaluation of the spectral density
function by the Wiener-Khintchine theorem.™% We can now state our main result.

THEOREM 3.2.

Let us assume that co belongs to I2 for some o > 2.

1. There exists a unique solution c in C([0,0),12) of Equation (3.7).

2. The processes ¢ converge in distribution in C([0,00),12) to the continuous Markov process ¢
solution of (3.7) as e — 0.

The |cp,q,-|*(t) given by (3.7) represent the probabilities that the charged particle driven by the
random field em be observed in the state fp,, at time ¢/ in the limit ¢ — 0. Theorem 3.2 is
very useful since it allows us to apply the powerful It6’s stochastic calculus to compute all relevant
quantities. Before turning to the Section 5 which is devoted to the proof of this theorem, we give
remarkable properties of the asymptotic system.

4. SOME PROPERTIES OF THE LIMIT SYSTEM

4.1. Asymptotic evolution of the state vector

First we want to underline that the assertion “the processes 1° converge in C(]0,00),L2)” does not
hold true, because of the fast varying phases of the eigenstate decomposition of the state vector
(3.6). However, the state vector presents the remarkable property that it is time-periodic in the
case of the perfect harmonic oscillator. This time period is of duration 4w. As a consequence, if
we plot the particle ”stroboscopically”, i.e. at the regularly spaced times 4wk, & € IN, then the
corresponding discontinuous state vector defined by:

P () = (4 | s o) (4.)

possesses nice convergence properties in the space of the cad-lag functions D (the so-called right-
continuous with left-limits functions) equipped with the Skorohod topology ([r] stands for the
integral part of a real number 7).
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PROPOSITION 4.1. 3
The processes 1° converge in distribution in D([0,00), L2) to v:

oo

zZ(t:x:y;z): Z Cp,a,r () fo,0,0 (2,9, 2), (4.2)

P,4,7=0

where ¢ is described by (3.7). 1 is the unique solution of:

~ o ) ~ N 82 T
dp = \/2%8—1}dW1t + i/ 27, 2 dWo, — vuxepdt + ywa_;fdt
o ) ~ - 924
+v/2v 8_ZdW3t + i/ 27,y dWay — vyt + ’yya—yzdt (4.3)
9y ; 7 2.7 621/jy
+ 27z$dW5t + i/ 27:29dWey — v2270pdt + vz@dt,

Starting from ,(L(OJ T,Y, Z) = ¢0(ma Y, z)
More generally, let us fix 7 € [0,4n]. If we plot the particle every times (7 + 47k), k € N and we
denote by 12 the corresponding state vectors at these times:

~ t
¢i(t,x,y,2)=¢ THAT | — y yY, 2 ), (44)
4re?
then the processes ¢)¢ converge in distribution in D([0, 00), L2) to 9,
~ i _;2pH2g42r43
ety 2) = 30 oar®e T E T fpn(@,y,2). (4.5)
p,q,7=0

The convergence at hand is uniform with respect to 7. Indeed the processes (’&f—)‘rE[OAW] actually
converge to (%Zr)re[o,m] in C ([0, 4], D([0,00), L%)). The asymptotic state vector 1, can be derived
from ’(Z through the following equation, in which ¢ is frozen:

o4
or

21 = _A'QZT + (-732 + y2 + 32)'&‘” ¢r(t,$,yaz) =0 = Kz(t,-%’,yaz)- (4'6)

4.2. Conversion of the fundamental state

We focus here into the following problem. We assume that the state of the particle is the lowest
order eigenstate fo,0,0 at time t = 0. We want to solve the question what is the probability that the
particle be in the state f, ,» at normalized time ¢.

PROPOSITION 4.2.

If cop g.r = 6p0dqadro, then the limit process c satisfies for any p,q,r € N:

2 p 2 q 2 r
Ellepgn ()] = — 20 G @b
B (]_ + 2’)’wt)1’+1 (]_ + 2’7yt)‘1+1 (1 T 2’77,t)7'+1

Proof. We denote C(t) = (]E[|Cp,q,r|2(t)])p oren- 1t follows from (5.44) and Ito’s formula that C
satisfies the homogeneous linear equation starting from C(0) = dopd0q90r-:

(4.7)

ac
a2 > xHC, (4.8)
¢e{z,y,2}
where (H;C)pqr = PCp1,qr — (20 + 1)Cpqr + (p + 1)Cpy1,q,r, and Hy (resp. H) acts on the
g-index (resp. r-index). Solving this equation provides the result. O

Proposition 4.2 shows that the decay of the fundamental state obeys a power law. It means that,
starting from the fundamental eigenstate fg 0,0, the probability that the particle be in this state at
time t decreases at rate ¢t 3.
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4.3. Conversion of any initial state

The result presented in Proposition 4.2 can be generalized to any initial configuration.
PROPOSITION 4.3.

If the initial state vector belongs to L2, then the limit process c satisfies for any p,q,r € N and for
every time t:

o
E[|cp,q, ()] = Z |00po,qo,ro|2Xpo,p(Q’th)qu,q(Q’Yyt)Xro,T(?th)a (4.9)
P0,90,70=0
where Xp, p(t) is given by:
Po ! p+2j—po
polp! t
Xpo.p(t) = NTY - . 4.10
ool j:(I;pH (po — §)125!(p — po + j)! (1 + t)pHrott (4.10)

Proof. The proof consists in solving the homogeneous linear system (4.8) with any initial condition.
This is just long but straightforward calculations. O

4.4. Energy of the particle

We have already seen that the processes )¢ do not converge globally in C([0, o), L?). However we
can explicitly estimate the variations of an infinity of observables which are constants of motion for
the unperturbed Schrédinger equation. We give in the following proposition the first two of them.
PROPOSITION 4.4.

Let us denote:

M = [ (‘%ﬁ
[ (5

If 4o € L3, then the quantities M5, and Mg, converge in C([0,00),R ) to the processes M, and
My, given by:

2

2 2

o*
ox

ox1)°
or

2
Mz (1) ; ‘x

"

+w4|¢5|2> (t,z,y, z)dzdydz.

M2,93(t) = M20,:c
Myo(t) = M7,

+ Ay (<R Wy + ID  Way) + 27, (Wi, + Way?) (4.11)
+ 16’7;/2 (_Rg,zwlt + Ii?,wWQt)

+ 8y, (M3, + R3 )Wy, + (M3, — RS ,)Wa” — 213 , W1, W)

+ 16922 (_R(l],azwlts + I?,mW2t3 - R(l),mwltWQtZ + I?,mwthWQt)
o4 (W + W), (4.12)

where the M ]? 2§ correspond to ¢y and

( RY - Re *
()= () (5 msrom)

1,z

p,q,T
R) Re .
4 ( Iﬁ,z > = ( TIm ) (Z \/p(p—'f‘l)Copl’q’TC()p_i_l’q’r) , (4.13)
” Pp,q,T

Ry, Re *
(5)-(2) (57 o)

. 3z p,q,T
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As a consequence the mean values of M; , obey:
]E[M27$ (t)] = Mg,z + 4"/-’/Et7
E[M.(t)] = M, +16M3 vt + 32v3t%.

Similar results hold true for M;, and M; ,
Proof.  Expressing M7 in terms of the coefficients ¢, we get from Theorem 3.2 that M5, and
Mj , converge to the processes M3, and My, given by:

(4.14)

Mo (t) = Z(2p+1)|cp,q,r|2(t)>

p,q,T (4.15)
Mo (t) = Z (4p” +4p + 3)|Cp,q,r|2(t)7

p’qY’r

where c¢ is given by (3.7). Applying It6’s formula and standard formulae of stochastic calculus we
get the representations of M; ; in terms of the Brownian motions. |

The expressions of the above Proposition can be simplified in the case where the initial state vector
is some eigenstate fp; q0,r0-

COROLLARY 4.5.

With the same notations as in Proposition 4.4, if Cop g r = OppoOqqoOrry, then:

M32(t) = (2po+1)+ 27, (Wlt + Way ) ) (4.16)
My, (t) (4p% + 4po + 3) + 87, (2p0 + 1) (Wi, + Wa,2) + 492 (Wi 2 + Wa,2) . (4.17)

The linear growth of the averaged energy IE[Ms ¢ (t)] was also established in Ref. 10. In this paper(1?)
the authors considered a one-dimensional harmonic oscillator and conjectured that “the energy be-
haves like the square of a Gaussian random variable with variance proportional to time when the
random potential m(t) has a positive Lyapunov exponent”. They proved the conjecture for an ex-
plicit example. From (4.11,4.16) we can claim that, whenever m(t) is ¢-mixing with ¢ € L'/2(RR,.),
the energy regarded as a time-process behaves like the sum of the squares of two independent and
identically distributed Brownian motions. As a consequence, if R(l),z = Iﬂz =0, then at some fixed
time ¢ the energy M> ,(t) obeys an exponential distribution with density:

1 E - Mgz
pm, . (E) = exp | ————— | Ip>np, - (4.18)

4yt 4yt

Furthermore, if R . = I{ . = 0 for { = x,y, z, then the total energy M := Ma , + M>,y + M> . for
the three-dimensional harmonic oscillator behaves like the sum of the squares of six independent
Brownian motions. If v, = v, = v, = v, then at some fixed time ¢ the total energy M, (t) obeys a
Gamma distribution with density:

E — MY)? E— M}
pa(B) = s E L) o (—72> Ip> ng- (4.19)

1
2 (1241)3 127t

4.5. Interpretation of the transition probabilities in terms of a jump process

The transition probabilities Cp q.-(t) := E[|cp,q,-|>(t)] satisfy the system (4.8) starting from the
initial configuration Cpq(0) = |copq-/>. We shall show that they can be regarded as the sta-
tistical distribution of a jump process. We denote v = (vz,7y,72), € = (1,0,0), e¥ = (0,1,0),

= (0,0,1), and u = e* + e¥ + e* = (1,1,1). Let N(t) = (N,(t), Ny(t), N.(t)) be the Markov
process with state space E = IN® and infinitesimal generator £:

L=2 > NV +7(Ne+ 1)V, (4.20)
¢e{z,y,2}
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where V- g(N) = g(N - e¢) — g(N) and Vzrg(N) = g(N +e%) — g(N). (N(t))i>o is a time-
homogeneous jump process defined on some probability space (2, F,P). It is a birth-and-death
process of three distinct and independent populations with birth rates \§ = 29¢(n + 1) and death
rates pu$, = 2yn. It means that the population levels change only through transitions to their
nearest neighbors. If at time ¢ the process is in state n = (ng,ny,n.), then the probability that
between t and ¢+ h the transition n — (ng +1,ny,n.) occurs equals A% h+o(h), and the probability
of n = (ny —1,ny,n;) equals puZh + o(h). The same holds for the other indices. The probability
that during (¢,t + h) more than one change occurs is o(h). It can then be checked that Cp 4., (t) =
P(N,(t) = p, Ny(t) = q,N.(t) = r), where P stands for the distribution of the paths (N(t)):>0
starting at time ¢ = 0 with the initial distribution P(N;(0) = p, Ny(0) = ¢, N.(0) = 7) = Cp,q4,-(0).
This interpretation of the transition probabilities may help to solve problems. Let us examine one
of them. The explicit results of Subsection 4.2. show that the decrease rate of the fundamental
mode is ~ t~3. We shall prove here that this is a very general feature. In the following we assume
that ¢ # 0 and consequently v > 0 for { = z,y, 2.

PROPOSITION 4.6.

We denote:

_ t
P}(az,ay,a;) =0 °E |C[am/6],[ay/6],[az/6]|2(5) ; (4.21)

which is proportional to the probability that the particle be observed in the eigenstate fla, s (a,/6],[az /6]
at time t/8 in the asymptotic regime (c is the solution of (3.7)).

If the initial state vector belongs to L2, then P} converge as a function of C((0,00), L (]Ri_)) to the
continuous function P; given by:

Py(ag,ay,a,) = ————¢ Pt i %t (4.22)
8717y'72t3

This proposition establishes that the probability that the particle be observed in some given
eigenstate decreases as t=3.

Proof. This proposition can be established directly by studying the exact formulae of Proposition
4.3. However we shall give a proof which is independent from these results and which is based upon
the above interpretation of the limit system in terms of the jump process N (t).

Step 1. The re-scaled process.

Let us denote by N° the re-scaled F} := Té/ 6—adapted process defined by:

N°(t) = SN (t/6). (4.23)

N9 is a Markov process with infinitesimal generator £°:

Lig(a)=20"2 Y v (ac(gla—de) — g(a)) + (ac + 6)(g(a + de) — g(a))) . (4.24)
¢€{z,y,2}

where a = (agz,ay,a;) € ]R3+. For any g € C3(]Ri, R) with bounded derivatives, the process
t
§0p) s 5, (Ao
Mg (t) := g(N°(t)) — g(6N(0)) —/0 L7g(N°(u))du (4.25)
is a FP-martingale. Applying this statement with g¢(a) = a¢ for ( = z, y and 2 yields:
E[N°(t + s5)/F] = N°(t) + 2vs. (4.26)

Besides, by Doob’s inequality:

E | sup (Mj(t+u)—Mj(t))2/}'f] < 4 sup E[M(t+u)®—M(t)/F]
u€l0,s] u€l0,s] (4.27)

t+s
4E [/ (L9 —29L°g) (N° (u))du/F} | .
¢
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Taking g¢(a) = ac¢, this establishes in particular that:

E | sup |N‘5(t +u) — N°(t) — 2fyu|2 JFP| < 16N%(t).ys + 167.v5> + 8y.uds. (4.28)
u€(0,s]
Step 2. Tightness.
In order to prove the tightness of the process N? in D([0,00), R?), we use the Aldous criteria (see
Lemma 5.6) which is fulfilled in view of (4.26) and (4.28).
Step 3. Convergence.
Expanding the right-hand side of (4.24), we get that there exists a constant K such that:

1£29(a) — Lg(a)| < K(1+[19™|cla])s, (4.29)
where L is the generator defined by:
- 0 0
=2 —ac=—. 4.
L > % Pac ™ B (4.30)
¢e{z,y,2}

This yields that for any functions g, hy,...,h, € Cj and for any 0 <7 < ... <7, < tp <ty

t1 B
lim B | (7 (1)) (7 (7)) (9 (00) = o 00)) = [ LoV (sas) | =0 (4
to
If we consider a sub-sequence §, such that the processes N % converge in distribution to some limit
N as p — o0, then we get:

t1
B (V)i )) (9N (@) = oV @) - [ Lo¥oas)| =0, (@)
0
which means that N is solution of the martingale problem associated with the generator £. This
problem is well-posed and admits a unique solution, which is the distribution of a Markov diffusion
process with infinitesimal generator £ and continuous paths in C([0,00),IR?). This consequently
yields the convergence in distribution of N° to N as § — 0.
If the initial decomposition co belongs to 12, then N9 starts from the distribution P(N°(0) =
6p,08q,0r) = |cop 4.-|*, and consequently, in the limit § — 0, N starts from the initial distribution

P(N(0) = (0,0,0)) = 1. Applying the generator £, we then find that, for any (ng,n,,n,) € N°:

B[N, ()" Ny ()™ N (£)"] = nplng!In ! (27,1) "= (27,1) " (27:1)". (4.33)
It proves that the measures Pt‘sdal.daydaz weakly converge to Pidaydayda, as § — 0. With some
more work we can show the convergence as stated in the Proposition. O

4.6. Position of the particle

We can also give some piece of information about the position of the particle. Since the state vector
periodically oscillates, we cannot deal with the instantaneous position, but we can efficiently work
on the locally time-averaged position of the particle.

PROPOSITION 4.7.

Let us assume that co € 1. For any n < 4, we denote by ™. the mean n-th power of the position
of the particle in the x-direction at time T + 4w [#] :

7 (t) = /R3 a2 (t, z, y, 2)dedydz. (4.34)

Let 7@ be the mean n-th power of the position of the particle time-averaged over a local period 4 :

T 4n

(1) = — / " (). (4.35)
0
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Then the processes el converge in distribution in C([0,00),R) to the processes z" defined by:

— 0 . ifn=1,3,
$"(t) - { 2_n/2Mn,z(t) 7 zfn =24, (436)

where the My, ;(t)’s are given by (4.11,4.12).

Proof. We shall prove a more general result. Let us assume that co € [2 for some a > 2. Let g be
a smooth function of C(]R3, R) with polynomial growth of degree at most 2a. We can study the
asymptotic behavior of the following process, function of the position of particle:

1 [ .
G (1) = - / / 9,9, (¢, 2,9, 2)dedydedr. (4.37)
T Jr=0 JR3

We find from the results of Subsection 4.1. that the processes G° converge in distribution in
C([0,),R) to G defined by:

1 [ .
60 =1 [ [ 9@u 2P to0. dsdydzar (4.38)
4m Jr=o Jr3

where ¢, is defined by (4.6) and (4.3). If we choose g(z,y,z) = z", then we get that e converges

in C([0,0),R) to the process z” defined by:
0, if n is odd,
2(t) =9 27NN Bn(p,q,7)|cpgrP(®),  if n = 2N is even, (4.39)
p’q”r’

where c¢ is given by (3.7) and S is defined recursively by:

ﬂN-{-l(pa q, T) = (p+ I)IBN(p + laqa ’I‘) +pﬂN(p - laqa T), and ﬂO =1 (440)

The result then follows obviously from Proposition 4.4. O

5. PROOF OF THE MAIN THEOREM

This section is devoted to the proof of Theorem 3.2. For the sake of simplicity in the notations we
establish the result in the case of space dimension 1. We can easily extend the proof to any finite
dimension, so that the result as stated in Theorem 3.2, which holds in space dimension 3, is actually
a straightforward generalization of the one-dimensional case. In view of the following lemma,('6) it
is sufficient to show that the processes ¢ converge in distribution in D([0, c0),12).

LEMMA 5.1.

Let (E,d) be a metric space and T > 0. If f,, n > 1 and f are functions in C([0,T], E) such that the
sequence f, converges in D([0,T], E) to f, then the sequence f, actually converges in C([0,T], E)
to f. O

5.1. The e-process

We introduce a sequence of auxiliary processes ¢V € D([0,0),l2), which are finite-dimensional
approximations of ¢, the ¢*V taking their values in the finite-dimensional subspace Hy of 2:

Hy={c€ll,c,=0ifp>N}. (5.1)

Defining the projection Iy from 12 onto Hy by (IInc), = ¢, if 0 < p < N and 0 otherwise, we
denote by ¢V the unique solution in C([0, 00), Hy) of:

dcs,N
dt

1
= gms(t)HN o BN, &N (0) = TIn(co), (5.2)
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where B¢ is given by (3.5) (we drop the index z from the notations). Existence and uniqueness
are obvious since the evolution of ¢=*V is actually governed by a finite-dimensional system of linear
differential equations. Indeed it can be readily checked that cj N = ;N for 0 < p < N, where

&N € D([0,00), CV 1) is governed by the linear system:

déE,N 1 5 e,N ~,N ~e,N
= om BF=Y et ¢ (0) =cop for 0 <p < N. (5.3)

2
F=V is the linear mapping from €' into CV*' given by: F&N = Il o B o 1'1;,1 (HJ_\,1 maps
CM*! into 12 by completing any finite-dimensional vector with zeros).
LEMMA 5.2.
Assume that co € 12 for some a € N, a > 1.
1. There exists a unique solution ¢ in C([0,00),12) of (8.4) almost surely. Moreover, for anyt > 0,
there exists a constant K, ; such that:

sup E[||c"(t)12] < Ka,z- (5.4)
€€(0,1)

2. For any § >0, t > 0, there exists a function K5 o(IN) which goes to 0 as N — oo such that:

sup P | sup ||cE’N(s) —c*(9)|la > 6| < Ks,0,t(N). (5.5)
e€(0,1) s€[0,t]

3. le@®|| = l|eol| for any t > 0 almost surely.
Proof. We first introduce some notations. If (¢,)pen is a sequence of complex numbers, then we
define for any p € IN:

[\)

(Jic)p = V2 (—\/ﬂm (CP—IC;) +vp+1m (Cpc;ﬂrl)) )
(J20)p = \/5(\/1_71% (cp-1c) — /P + 1Re (cptac) ))

Hie = (ho)€i(t) + Re(hao)i(t) + Im(hac)&5 (1),
Hi,e = (hio)€5(t) — Re(hac)&5(t) + Im(hac)€i (1), (5.6)
(hc)y = @+ Dlepra* +plep1* = 2p+ Dley [,

(el = 2/pl0+ Dieprcius = Vol =~ Depoaty — Vo + Do+ e
cp)  — (t/e?) for j =1,
&) = { C—Ozin(i/ﬁ)ofojr J=2.

By convention ¢_ = ¢_1 = 0. The time-derivatives of |c;’ A2

H3. On the one hand, for p=0,...,N,

can be expressed in terms of J; and

dieg™ (1) §
”T Zgj )T M), (). (5.7)
On the other hand, for p =0,..., N — 1, for j = 1,2:
d(J'cE’N) (t) 1 € € e, N
% =cm () (Hj ™ )p (1) (5.8)
For p= N, for j = 1,2, we have:
d( ;™M) 1 . 1o, .
ML) L (1) (B156), (1) + e (O O + DI P (0 (5.9

Besides, since (1 + p)* — pF < k(1 + p)k~!, straightforward calculations establish that, for any
celd,y, forj=1,2
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o

Z(l +p)*(Jj0)p

p=0

IN

a2®|lellg 1/ (5.10)

oo

3 (1 +p) (),

p=0

3a”2% 7 lello—1, (5.11)

AN

o0

S (1 +p)%(ha0),

p=0

3% |2, (5.12)

IN

If c € HV, then we can substitute the partial sum 211)\720 for the infinite sum in the left-hand side
of (5.10) and (5.12) for Jy, J2 and hy. However we have to take care that in the case of hy we have:

[e’s) N
S @ +p)(hac)y =Y (1 +p)*(hic)y + (N + 1N +2)%|en . (5.13)
p=0 p=0

We remember the reader with the techniques developed by Kurtz(!”) and Kushner('®) . Let Ty > 0
be fixed. M* denotes the set of all F*-measurable functions f(t) for which sup,<7, E[|f(?)[] < oco.

Following Kurtz,(!”) define the limit p — lim and the operator A° as follows. Let f(.) and fo(.) be
in M¢ for each § > 0. Then we say that f = p — limsf? if and only if:

sup E[f°(t)]] < oo, lim 16| Fo(t) — £(t)|] = 0 for each t. (5.14)
t,6 -
We say that f(.) € D(A®), the domain of A%, and A°f = g if f(.) and ¢(.) are in M* and

(E[f(t+ 6);3] - f(t) g(t)) —o. (5.15)

— 1
Pya™

For purposes of the sequel, the most useful property of A is given by the following Proposition!?):

PROPOSITION 5.3.

Let f(.) € D(A®). Then f(t) — f(f A® f(u)du is a F¢-martingale.

We denote by f; the 7*-adapted functions:

0= [ cosEme)/ s, 50 = [ sin@Eme)/ s (510
t/e? t/e2
Since m is ¢-mixing, f5(t) € L>(), i.e. [[fj(#)|lco < foo, Where:
o = . - ds. .
foo = lIml / B(5)ds (5.17)
Furthermore f5 € D(A®) and
Asff(t) = —E_Qms(t)fj-(t). (5.18)

Step 1. For anyt > 0, there exists a constant K, such that, for any family of F*°-adapted stopping
times T°:

sup sup sup E[[|c"N (s AT9)|2] < Koy (5.19)
€€(0,1) NEN s€[0,¢]

Let T¢ be a family of F¢-adapted stopping times. We aim at studying the process |c§,*N |2, whose
time-derivative (5.7) exhibits a O(¢~!)-term. We apply the perturbed test function method (see
Ref. 18, Section 6) in order to get rid off this O(¢~!)-term. We therefore consider the func-

tion |c5 V|2 + aZ?Zl(chE*N),, £, and we get from Proposition 5.3 and (5.8,5.18) that, for any
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p=0,.,.N—-1
M () = (e () = |ed ) +eZ (T3 M)p(0)£5 (1) = (T )p 5(0)

(5.20)

_Z/ Hs sN I s(t')f;(t')dtl

is a F°-martingale. For p = N, we must add some correction in order to take into account (5.9) so
that:

MEN () — (N +1 Z/ (N (e ()€ () £ ()t (5.21)

is a F°-martingale. Expanding [[¢="V||2 in terms of MZN, p = 0,..,N, we then get by taking into
account (5.13):

oo

2
E[|NZEAT)] < 12 +efo D 1D (L+D)*(Tich)s
=0

j=1lp
2 [e’s}

+6fooZ]E[Z(1+p (J;c¢5N)p(t A T?)

j=1 p=0

2 o
+C()22j/ElZl+p N (' AT®)|| dt’

j=1 70 p=0
+2C0 [(V + 1)(N +2)* — N+1“+1|/ SN2 t'/\TE)] dt',

(5.22)
where Cp = ||m||oo foo- Applying the estimates (5.10), (5.11) and (5.12):

E[lcNEEAT] < (15 +27 acfor (I8 12 1o + B [lN EATR )
t
o / E [|lc=N2 (¢ AT?)] dt (5.23)
0

t
+2a(N +2)*Co / B (6P A7) d
0

where C,, = (3a22%+4023%)Cy. Denoting K, = C,+a2%*1Cy, and replacing ||c=V |2 for ||c= V|2 _;
and [|¢*V||2_, , in the right-hand member, this inequality can be simplified:

1+ 20t e, K ¢
E e, N tANTE 2 < - re "CJx 2 —Q/ E e,N (|2 tl Te dtl 24
e (A TE] < 1o e 1B+ T garigey | BIEVIAW AT a, (5.2

so that we have for any £ < (2°T2a/f,) !

t
E [l (¢ AT)I3] < 3lleglla + 2Ka/0 E [l N3 AT*)] dt'. (5.25)

Applying Gronwall’s lemma completes the proof of the first step of the lemma, since ||c{’||a is
uniformly bounded by ||co||q-

Step 2. For any t > 0, there exists a function Ko +(k) which goes to 0 as k — oo such that, for any
family of F*-adapted stopping times T¢:

o

sup sup E Z(l +p)°‘|c;’N|2(t/\T5) < Ko (k). (5.26)

NeNe€(0,1) =k
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For any ¢ € I, we denote |[c[|?, , := > 7, (14p)%|cp|?. Note that [|clla,r < lleflak—1 < - < lcllaj0 :=

llclla- From the martingale property of M2 and the estimates (5.10), (5.11), (5.12) and (5.13), we
have for any e < (2°T2afy) !

E ([l N2, 5 AT#)] < 3llcoll? -1 + 2K / E [[|c N2 5o (' AT)] dt". (5.27)

Tterating this inequality we get that, for any k > 2kg + 1:

(2K t)ko
E [”CE’N”i,k(t AT®)] (21,1@71 + 6Kat||00”(i,k73 i 3%{)! o, k—2ko—1
2K ,t)ko (5.28)
$ DL Gy myjee V(s AT 2]
0 s€[0,t]
Applying (5.19) then establishes that, for any € < (2 2af,,)~! and for any N:
e,N (|2 € 2Kt 2 (2Kat)k0Ka,t
E [l 15, (¢ AT?)] < 3¢ leoll5 5—2r,—1 + B (5.29)
Let us fix t > 0. Let n > 0. On the one hand there exists some kg such that:
(2K t)kOKat ’I’]
kol < 2 (5.30)
On the other hand there exists some k; such that, for any k > ky:
2 N —2K.t
lleolla,r < 6¢ (5.31)

Consequently, for any k > ki + 2ko + 1, we have E [||cE’N||i’k(t A TE)] < n, which yields (5.26).

Step 8. For any § > 0, t > 0, there exists a function Ks o (N) which goes to 0 as N — oo such
that:

sup sup P ( sup ||V () = &N ()]0 > 5) < Ks,0,t(N). (5.32)
N'eNe€(0,1) s€[0,t]

Let us fix some Ty > 0 and N’ > 3. Using the perturbed test function method as in Step 1, we
show that, for any p=10,...,.N -1, N+2,... N+ N' —1:

M) = 1 = GNP Y, — P

+EZ( NN M) (0[5 () = (e Y = )y 5(0))

(5.33)
_ Z / Ha e,N+N’ Ca,N))p(tl)ms (tl)f]a (tl)dtl
is a F¢-martingale. For p = N:
MY (@) + (N + 1) Z / Re (5" (3" = ™)) ()me @) @) F@har (5.3

is a F*-martingale. For p = N + 1:

MY () = (N + 1) Z / Re (" (MY - ™) (m GO F(Wd (539)
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is a F°-martingale. For p= N + N":

MV (6) — (N + N + 1) Z / Y P (yme (#)65 (#) £5 ()i (5.36)

is a F°-martingale. Let T° be a }'E—a,dapted stopping time such that 7T¢ < T, almost surely. We
then get from (5.10), (5.11), (5.12) and (5.13) that, for any € < (2° 2 f,)~!

E [l N2 aT)| < 8l - o2
t
+2Ka/ E[||CE,N+N —CE’N||§(tI/\TE) dt'
0

t
+2aCo(2 + N)® / [l e = @ A Te)) a
0

(5.37)
Applying the inequality ab < 1a® + 1b% and (5.26) in the case k = N to the last term of the
right-hand side of this inequality yields:

B[N — e NEEAT] < 8l — o
t
12K /0 B [l — N R AT ar (5:38)
+Ka,t(N) X a2°‘C0,

where K/, = K, + a2*Cy. On the one hand, K, +(N) goes to zero as N — oo. On the other hand,
by definition of ¢f:

N+N' 00
lleg Y = ella= 30 A+p)eopl* < 30 (1Hp) eyl = lleo =i lla (5:39)
p=N+1 p=N+1

goes to zero as N — oo uniformly with respect to N'. Applying Gronwall’s lemma consequently
establishes:

limsup sup sup E [||cE’N+NI (T?) — cE’N(TE)Hi] =0. (5.40)
N—oo £€(0,1) N'eN

If we take

T =inf {s < To, |V (5) = N (5)|I2 > 8} (5.41)

then we establish the statement of the third step.
Step 4. There erists a unique solution ¢ in C([0,00),12) of (3.4), which also satisfies (5.4).
We can extract a subsequence ¢(N) such that:

P ( sup [|¢@?M)(s) — PN+ (4| > 2—N> <27V, (5.42)
s€[0,t]

By Borel-Cantelli’s lemma, for almost every w, there exists N(w) such that N > N(w) implies that:

sup [|¢=?M)(s) — 5N+ (4|, < 27N, (5.43)

s€[0,t]
Therefore, as N — 0o, ¢5#(0) — ¢5:¢(N) = E;Y;Ol ) — 590+ converge in C([0,1],12) to some
element of this space that we express in the form ¢=¢(®) — ¢=. Since A and Bj; are continuous from
12 into I2_,, ¢ is found to be a strong solution of (3.4) in I2. Letting N — oo in (5.19), we get
that ¢¢ belongs to 2 and satisfies (5.4). Besides, if ¢ and ¢§ are two solutions in /2, then Step 1
establishes that ||¢§ — ¢§||o(t) = O for every ¢, which yields uniqueness. The second point of the
lemma is proved by letting N' — oo in (5.32). The third and last point is then straightforward since
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Re (B¢, c) = 0 for any c € I3. |

5.2. The limit process

We consider the system of linear differential equations (3.7) starting from ¢(0) = ¢o:

dc = ﬁBICdWIt + ﬁBgchQt + 'yAcdt. (544)

We also denote by ¢V € C([0,00), CN*!) the processes which are defined as the solutions of the
finite-dimensional linear systems:

deN = AFYEN AWy, + AFY N dWay + GV ENdt,  &Y(0) =cop, for 0K p< N,  (5.45)

where the linear mappings FYY and G are defined by FY¥ = Iy o Bjolly' and G =TIy o AoTIy'
respectively. We finally introduce the auxiliary processes ¢V € C([0,0),12) given by ¢}’ = &) for
p < N and 0 otherwise.
LEMMA 5.4.
1. Ifco € 12, a > 2, then there exists a unique solution ¢ in C([0,00),12) of the system (5.44).
Moreover, for any t > 0, there exists a constant K, such that:

E[[[c®)l2] < Kay- (5.46)

2. For any § >0, t > 0, there exists a function Ks o ¢(N) which goes to 0 as N — oo such that:

P ( sup ||V (s) = ¢(8)]]a > 5) < Ks,0,t(N). (5.47)
S€[0,¢]

Proof.

In the following we work with the natural filtration generated by the o-algebra Ft = o(W}l, W2, s <
u < t). The proof is similar to that of Lemma 5.2.

Step 1. There exists a constant ky such that, for any stopping time T':

sup E [||cV|2(EAT)] < [eol[%e=". (5.48)
NeN
For every p< N —1

M (1) = [N [2(t) — leoy |* — 27 / (hae™), ()t (5.49)

is a F-martingale, where h; has been defined in (5.6). For p = N, MY (t) —2y(N +1) fot leN 2 () dt!
is a F-martingale. Let T be a stopping time. We then get from (5.11) and (5.13) that:

t
E [[|cV5EAT)] < lleg' [I5 + (3a%2% + 2““@)7/ E [|lcV[5# AT)] dt", (5.50)
0

which yields the desired result since ||c}||o < ||colla-
Step 2. For any d > 0, t > 0 there exists a function Ks q,(N) which goes to 0 as N — oo such that:

sup PP ( sup [|c (s) — NV (s)[lo > 6) < Ko 54(N). (5.51)
N’eN s€[0,t]

For any p=0,...N—-1,N+2,.., N+ N' —1:

t
MYN(t) = | = P(t) — e, — e 1P — 2y / (ha (NN = M), ()dt' (5.52)
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is a F-martingale. For p= N, N + 1, N + N’ — 1 we must add some corrections. The proof is then
very similar to that of Lemma 5.2.

Step 3. There exists a unique solution ¢ in C([0,00),12) of the system (5.44), which also satisfies
(5.46).

The proof is very similar as in the Step 3 of Lemma 5.2. We can extract a subsequence such that
0 — co(N) = Z;-V:Bl ) — Ut converge in C([0,1],12) to some element of this space that we
express in the form ¢?(®) — ¢c. Since A and B; are continuous from [2 into I2_, (we have to assume
that a > 2) c is found to be a strong solution of (3.4) in /2. The end of the proof is the same as the
one of Lemma 5.2. O

LEMMA 5.5.

For any N, the processes &N € C([0,00),12
C([0,00),12) as e — 0.

Proof. Applying Theorem IV-6-7 in Ref. 18, the processes &V € C([0, ), C N+1) governed by the
system (5.3) converge in distribution to the process &N € C([0,00), CV*1) solution of the system
(5.45). To be very rigorous, we need to separate the real and imaginary parts, so that we actually
deal with processes in C([0, 00), RZ&*Y). The corresponding system then fulfills the hypotheses of
Theorem IV-6-7 in Ref. 18, because m is ¢-mixing with ¢ € L'/2(R, ). This yields the result. O

) converge in distribution to the process ¢ €

5.3. Tightness

We begin by stating some standard tightness criteria.1%)

LEMMA 5.6.
Let (E,d) be a Polish space, X a process with paths in D([0,To], E). If for every t in a dense subset
of [0, To)] the family (X*(t))cc(o,1) s tight in E and X° satisfies the Aldous property

For anym > 0, A > 0, there exists d > 0 such that

[A] limsupsup sup P (d(X*(T +80),X°(T)) > ) <n,
e=0 T 0<0<5
where T is a stopping time and supy is the sup over all such T < Ty — 4,

then the family (X*).c(0,1) 4s tight in D([0, To], E).
If the processes X© are continuous, then [A] is necessary for tightness. O

LEMMA 5.7.

Let H be a separable Hilbert space and Hy be an increasing sequence of finite-dimensional spaces
in H such that, for any h € H, limn_,oo THyh = h. Let Y be a H-valued process.

Y* is tight if and only if for any n > 0 and X > 0, there exists p, and a subspace Hyy,, x) such that

sup P(IY7]| > p,) <1 and sup PV, Hy(ya) > A) <71 (5.53)
€€(0,1) €€(0,1)

PROPOSITION 5.8.

The process ¢ is tight in D([0,00),12).

Proof. We shall prove on the one hand that ¢*(t) is tight in /2 for any ¢ and on the other hand

that ¢® satisfies the Aldous property, which establishes the result by Lemma, 5.6.

Step 1. () is tight in 12 for any t > 0.

From Lemma 5.2, we have:

K,
sup P(||c*(t)lla > M) < =2 (5.54)
e€(0,1)
Since ¢5N =0 for p > N + 1, we have
do((1), HN)? = D (1+p)%I () < [l (t) — N B)I12, (5.55)

p=N+1



A Random Quantum Harmonic Oscillator 19

which implies that c°(t) is tight in {2 by Lemmas 5.2 and 5.7.

Step 2. ¢ satisfies the Aldous property.

Let Ty > 0 and A > 0. Applying Lemma, 5.2, we have for any 8 < 1, for any stopping time T' < To—6
and for any ¢ € (0,1):

P (I(7+6) — (D)o > N) < P (VT +6) — N (D)o > M2) + 2K ja,0, (V). (5.56)
Let n be some positive number. We choose some Ny such that Ky 4,q,1,(No) < n/4. From Lemma
5.5, ¢No is tight in C([0,7p],12), so that there exists some § > 0 such that:

limsupsup sup PP (|[c=N(T +6) — =N (T)||a > A/2) < n/2, (5.57)
e—0 T 0<6<6

which finally establishes that

lim sup sup sup P(|(T+6) —c (Tl > A) <. (5.58)
=0 T 0<8

5.4. Convergence of the finite-dimensional distributions

PROPOSITION 5.9.

The finite-dimensional distributions of (c*(t)),s, converge in distribution in 12 to the corresponding
ones of (c(t));o- -

Proof.  Let us fix some m € N. Let F be a continuous and bounded function from 12%™ into
R. Let t; < ... < t,, be m nonnegative real numbers. We want to prove the weak convergence of
F(c*(t1),...,¢* (tm)) (that we denote by F(c®)) towards F(c(t1), ..., ¢(tm)) (that we denote by F(c)).
Expanding the difference A® := |E[F(c?)] — E[F(c)]| as follows:

A® < |E[F()] - E[F(¢N)]| + [E[F(c>N)] - E[F(cV)]| + [E[F (V)] - E[F ()], (5.59)
and estimating the first and third terms of the right-hand member, we obtain that, for any M > 0:

A® < 2|| sup | |F(e) = F()| + [E[F(c¢2N)] = E[F ()]
c|<M,|c—c'|<d

+2|[FlooP (sup I = ) > 6) + 2071 (s o= o 28) (54
t<t t<t .

m m

+2IIF||ooZ]P llei)lla > M) +2||F||002]P lle* t)lla > M) .
Jj=1 j=1
Taking the limsup as € — 0 and using Lemmas 5.2, 5.4 and 5.5,

limsupA© <2 sup [F(e) = P(e)] + 4] FllcKs e (N) +dm|[Fllc 2 (5.61)

e—0 le|<M,|e—c'|<6
Taking first the limit N — oo in the right-hand member, then the limit § — 0, and ﬁnally M — oo,
we establish the desired result. O

Appendix A: Proof of Proposition 2.2

From the recursion relations amongst the Hermite polynomials,29) we get that:

Ofpar _ vp-l- VP vp+1 VP

or \/— fp+1,w + ﬁfp—l,q,ra wfp,q,r \/— fp+1,qﬂ‘ + \/ifp—l,q,r
Ofpar _ _Va+1 q vg+1 q

qu = \/— fp,q+1 rt+ %fnq—l,ra f‘/fp,q,r = \/5 fp,q+1,r + %fnq—l,ra (A.1)
Ofpar _ _Vr+1 VT VT +1 VT

8z \/— fp,q,r-l-l"‘ﬁfp,qm—la zfp,q,r \/— fp,q,r+1+\/§fp,q,r—1-
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Expanding (g - a%) and using Minkowski’s inequality proves that: ||c[|2 < [[#||2. On the other
hand,

If ¢ = > cpg,rfpqr then we have:

o
p+a)  (¢g+a) (r+a) 1
D S e s L 1D

! !
p,q,r=0 P & ¢e{=z,y,z}

2

(A.2)

o1l = Qia Z Z [((=1)%20_1,¢ +61,¢) 00 ((=1)"0_1,¢ + b1.¢) CH2 ;o (A3

¢€{z,y,2} d1,...,00€{0,1}

where (01,2¢)p,q,r := VP + Lept1,q,r and (0_1,2€)p,q,r := /PCp—1,q,r, and 6, (resp. 6; ) acts on the
g-index (resp. r-index). Straightforward estimates then show that:

. = + a)! q+a)! r+ a)! o
W2 <20 3 ((” Lt gt ))|cp,q,r|2322 a2 (Ad)

! ! !
ity p: q' r
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