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Abstract. This article deals with the narrow escape problem when there are two gates which open alter-
natively in a random way. We set up the problem and carry out a rigorous asymptotic analysis to derive the
mean escape time (MET) for a Brownian particle inside a domain to exit the domain through the switching
gates. We show that the MET decreases as the switching rate between the gates increases, and we give upper
and lower bounds for the decay rate. We then consider the case when there are multiple switching gates and
derive the leading-order term of the asymptotic expansion of the MET.
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1. Introduction. Recently the narrow escape problem has attracted a lot of at-
tention in connection with cellular and molecular biology. The narrow escape problem is
the problem of computing the mean first passage time (MFPT) for a Brownian particle
that moves in a domain before it exits through a narrow gate on the boundary of the
domain. Here the gate is an absorbing spot on an otherwise reflecting boundary, which is
why the MFPT coincides with the mean escape time (MET). A main concern for this
problem is to derive an asymptotic expansion of the MET when the size of the gate tends
to zero. We refer readers to a review paper of Holcman [9] for an overview of the narrow
escape problem.

There have been several significant works deriving the leading-order and higher-
order terms of the asymptotic expansions of MET in one, two, and three dimensions
[3], [6], [10], [11], [12], [14], [17], [18], [19], [22], [20], [21]. These works deal with the nar-
row escape problem when there are one or several gates and these gates are not fluc-
tuating in time; in other words, the gates are open all the time. However, there are
some cases when the reactivities of the gates fluctuate in time, or, in an equivalent
way, when the gates are time-independent, but the diffusing particle stochastically
switches between several states and can exit in only one state (see [15], [16], and refer-
ences therein). This is an important problem because a diffusing particle may randomly
switch between different states due to chemical interactions or conformational changes,
and when the exit through a gate is possible in a specific state only, switching can sig-
nificantly alter the process [7], [23].
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In this article we study the narrow escape problem when there are several switching
gates. First, we deal with the case when there are two gates which open alternatively
according to a telegraph process. This is an interesting stochastic system, as the dy-
namics of the diffusing particle and that of the gates interact in a nontrivial way.
We formulate the problem and rigorously derive an asymptotic expansion for the
MET in this case. The asymptotic expansion is expressed in terms of the sizes of the
gates. The nontrivial interaction manifests itself in that the MET depends on the switch-
ing rate of the gates, and one of the major objectives of this article is to investigate how
the MET depends on the switching rate. We then consider the problem when there are
more than two gates which open alternatively according to Markovian dynamics. We
formulate the problem in this case and derive the leading order term of the MET. In our
case the switching corresponds to a switching of boundary conditions, while in [4], for
instance, the Markov switching corresponds to a switching of the dynamics itself, which
has applications in econometric and financial modeling [5]. Here the focus is on the case
when the gates are relatively small and on a situation motivated by the biological
applications.

The main findings of this article are twofold. We show that the leading-order term of
the asymptotic expansion of the MET is twice that of the MET when there are two small
gates which are open all the time. It means, in particular, that the switching rate does
not affect the leading-order MET (this is the case even if there are multiple switching
gates). On the other hand, we show that the next term in the asymptotic expansion of
the MET decreases as the switching rate increases. In other words, the more rapid the
two gates switch, the faster the particle exits the domain.

This article is organized as follows. In the next section we formulate the escape pro-
blem when there are two switching gates. In section 3, we derive the relevant integral
equations using the Neumann function. In section 4, we derive the leading-order term
and the first-order correction of the asymptotic expansion of the MET when there are
two switching gates. Section 5 deals with the case when there are more than two switch-
ing gates. This article ends with a brief conclusion.

2. Formulation of the problem. We denote byΩ a smooth, bounded, and simply
connected domain inR2. We consider the reflected Brownian particle ðXtÞt≥0 confined to
Ω (in fact, it is not the standard Brownian motion, but the one with the generator Δ
instead of ð1 ∕ 2ÞΔ). The reflected process ðXtÞt≥0 can be rigorously defined as the unique
solution to the following equation [13]:

Xt ¼ X0 þ
ffiffiffi
2

p
Bt −

Z
t

0
nðXsÞdLs;ð2:1Þ

where ðBtÞt≥0 is a standard two-dimensional Brownian motion, n is the outward normal
vector on the boundary ∂Ω, and ðLtÞt≥0 is a continuous nondecreasing process with
L0 ¼ 0 which increases only when Xt is on the boundary ∂Ω:

Lt ¼
Z

t

0
1Xs∈∂ΩdLs:

Here we consider the situation that the boundary ∂Ω is partitioned into three parts,
∂Ω1, ∂Ω2, and the complementary ∂Ωc. We model an escape problem in which there are
two gates at the arcs ∂Ω1 and ∂Ω2 that open alternatively according to a telegraph pro-
cess ðNtÞt≥0 with parameter a (a is the rate of switching between the gates). When the
particle hits the open gate it escapes rather than being reflected. The telegraph process
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ðNtÞt≥0 with parameter a > 0 is a memoryless continuous-time stochastic process that
takes on two distinct values, say, 1 and 2 [8]. Given that N 0 ¼ 1, its random dynamics
can be described by

Nt ¼
�
1 if T 2j ≤ t < T 2jþ1 for some j;
2 if T 2jþ1 ≤ t < T 2jþ2 for some j;

where T 0 ¼ 0, Tj ¼
Pj

l¼1 τl, and ðτlÞl≥1 is a sequence of independent and identically
distributed exponential random variables with parameter a > 0 (E½τl� ¼ a−1). The dy-
namics are Markovian and the transition probabilities pðt; jjs; kÞ ¼ PðNt ¼ jjNs ¼ kÞ
satisfy the master equations:

∂pðt; 1js; kÞ
∂t

¼ −apðt; 1js; kÞ þ apðt; 2js; kÞ; t ≥ s; pðs; 1js; kÞ ¼ δ1k;

∂pðt; 2js; kÞ
∂t

¼ apðt; 1js; kÞ− apðt; 2js; kÞ; t ≥ s; pðs; 2js; kÞ ¼ δ2k:

Note that ðNtÞt≥0 is reversible and that its stationary distribution is the uniform
distribution over f1; 2g.

The goal is to compute the expectation of the hitting time for the process ðXtÞt≥0 to
the time-dependent boundary segment ∂ΩNt

(i.e., ∂Ω1 when Nt ¼ 1 and ∂Ω2 when
Nt ¼ 2). We denote by T the stopping time which corresponds to the “escape” of
the particle:

T ¼ T 1 ∧ T 2; T j ¼ infft ≥ 0; Nt ¼ j andXt ∈ ∂Ωjg; j ¼ 1; 2:

The MET is the expectation Ek;x½T � of the stopping time when the initial states are
N 0 ¼ k and X0 ¼ x with k ∈ f1; 2g and x ∈ Ω. If N 0 follows the uniform distribution
over f1; 2g, then the MET is given by Eu;x½T �, where

Eu;x½T � ¼ 1

2
ðE1;x½T � þ E2;x½T �Þ:ð2:2Þ

We have the following proposition for the MET.
PROPOSITION 2.1. For x ∈ Ω and k ¼ 1; 2, we have

Ek;x½T � ¼ ukðxÞ;ð2:3Þ

where the pair of functions ðu1ðxÞ; u2ðxÞÞ is the solution of the coupled system

−
�
1
1

�
¼ a

�
−1 1
1 −1

��
u1ðxÞ
u2ðxÞ

�
þ Δ

�
u1ðxÞ
u2ðxÞ

�
ð2:4Þ

with the boundary conditions

∂νujj∂Ωc
¼ 0; j ¼ 1; 2;ð2:5Þ

u1j∂Ω1
¼ 0; u2j∂Ω2

¼ 0;ð2:6Þ
∂νu1j∂Ω2

¼ 0; ∂νu2j∂Ω1
¼ 0.ð2:7Þ

Here and throughout this article ∂ν stands for the normal derivative.
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Proof. Note that the right-hand side of the system (2.4) is the infinitesimal genera-
tor A of the process ð ffiffiffi

2
p

Bt; N tÞt≥0. Denoting uðx; jÞ ¼ ujðxÞ, we can check that, for any
s < t,

E

�
uðXt∧T ; Nt∧T Þ− uðXs∧T ; Ns∧T Þ−

Z
t∧T

s∧T
AuðXr; NrÞdrjF s∧T

�

¼ −E

�Z
t∧T

s∧T
∂νuðXr; NrÞdLrjF s∧T

�
;

where ðF tÞt≥0 is the natural filtration of ð ffiffiffi
2

p
Bt; NtÞt≥0 and Lt is defined as above. The

Neumann boundary conditions (2.5) and (2.7) imposed on u show that when the particle
reaches the boundary ∂νuðXr; NrÞ ¼ 0 if r < T . We also have AuðXr; NrÞ ¼ −1 by the
partial differential equation satisfied by u. This shows that

E½uðXt∧T ; Nt∧T Þ− uðXs∧T ; Ns∧T Þ þ ðt ∧ T − s ∧ T ÞjF s∧T � ¼ 0;

i.e., the process ðuðXt∧T ; Nt∧T Þ þ t ∧ T Þt≥0 is a martingale. Applying this equality with
s ¼ 0 and letting t → ∞, we obtain

E½uðXT ; N T Þ− uðX0; N 0Þ þ T jF 0� ¼ 0:

The Dirichlet boundary conditions (2.6) imposed on u show that uðXT ; N T Þ ¼ 0. There-
fore, we have

E½T jF 0� ¼ E½uðX0; N 0ÞjF 0�:

This gives the desired result when the initial distribution is such that N 0 ¼ k and
X0 ¼ x. ▯

3. TheNeumann functions and integral equations. We denote byN ðx; zÞ the
Neumann function for −Δ in Ω with a Dirac mass at z ∈ Ω:

�
ΔxN ¼ −δz; x ∈ Ω;
∂νN j∂Ω ¼ − 1

j∂Ωj ;
R
∂Ω Nðx; zÞdσðxÞ ¼ 0:ð3:1Þ

If z ∈ ∂Ω, then the Neumann function, which we denote by N ∂Ωðx; zÞ, can be expanded
as

N ∂Ωðx; zÞ ¼ −
1

π
ln jx− zj þ Rðx; zÞ;ð3:2Þ

where Rð·; zÞ belongs to H 3∕ 2ðΩÞ, the standard Sobolev space of order 3 ∕ 2, uniformly in
z ∈ ∂Ω; see [1].

For a positive constant a, we denote byMaðx; zÞ the Neumann function for−Δþ 2a
in Ω with a Dirac mass at z ∈ Ω:

�
ΔxM

a − 2aMa ¼ −δz; x ∈ Ω;
∂νMaj∂Ω ¼ 0:

ð3:3Þ

Note that we can write Maðx; zÞ as
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Maðx; zÞ ¼
X∞
l¼0

ψlðxÞψlðzÞ
λl þ 2a

;ð3:4Þ

where ðλl;ψlÞl≥0 are pairs of eigenvalues and corresponding (normalized) eigenvectors of
−Δ over Ω with Neumann boundary conditions on ∂Ω. In particular, λ0 ¼ 0 and
ψ0 ¼ 1 ∕

ffiffiffiffiffiffiffijΩjp
. It then follows that [2]

Z
Ω
Maðx; zÞdx ¼ 1

2a
:ð3:5Þ

If z ∈ ∂Ω, then Ma
∂Ωðx; zÞ can be expanded as

Ma
∂Ωðx; zÞ ¼ −

1

π
ln jx− zj þ Raðx; zÞ;ð3:6Þ

where Rað·; zÞ also belongs to H 3 ∕ 2ðΩÞ uniformly in z ∈ ∂Ω. We emphasize that R and
Ra are symmetric in their arguments.

Using Green’s formula, (2.5), and (2.7), one can show that the solutions ðu1ðxÞ;
u2ðxÞÞ to (2.4) have the following representations for all z ∈ Ω (see Appendix A):

ujðzÞ ¼ gðzÞ þ C

2
þ
Z
∂Ωj

∂νujðxÞ
N ∂Ω þMa

∂Ω
2

ðz; xÞdσðxÞ

þ
Z
∂Ω3−j

∂νu3−jðxÞ
N ∂Ω −Ma

∂Ω
2

ðz; xÞdσðxÞ; j ¼ 1; 2;ð3:7Þ

where gðzÞ is the function defined by

gðzÞ ¼
Z
Ω
Nðx; zÞdx; z ∈ Ω;ð3:8Þ

and C is the constant defined by

C ¼ 1

j∂Ωj
Z
∂Ω
ðu1ðxÞ þ u2ðxÞÞdσðxÞ:ð3:9Þ

In view of (2.6), we have, for all j ¼ 1; 2 and for all z ∈ ∂Ωj,

gðzÞ þ C

2
−

1

π

Z
∂Ωj

∂νujðxÞ ln jx− zjdσðxÞ

þ
Z
∂Ωj

∂νujðxÞ
Rþ Ra

2
ðz; xÞdσðxÞ þ

Z
∂Ω3−j

∂νu3−jðxÞ
R− Ra

2
ðz; xÞdσðxÞ ¼ 0:ð3:10Þ

We solve the integral equations (3.10) asymptotically for ∂νu1 and ∂νu2 in the next
section. The method follows the arguments found in [12], but here we pay special atten-
tion to justify the asymptotic expansions which require control of the Sobolev norms of
the Neumann functions R and Ra.

4. Asymptotic expansions. We parameterize ∂Ωj by arclength:

∂Ωj ¼ fXjðtÞ; t ∈ ½−εj; εj�gð4:1Þ
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with εj ≪ 1, j ¼ 1; 2. The goal of the article is to study the asymptotic behavior of the
MET when ε ¼ maxðε1; ε2Þ goes to zero. The domain Ω is fixed in the analysis, which
means, in particular, that there are no bottlenecks (at the scale ε) in Ω. We denote by
x�j ¼ Xjð0Þ the centers of the arcs, and we define, for j ¼ 1; 2,

ϕjðtÞ ¼ εj∂νujðXjðεjtÞÞ; t ∈ ½−1; 1�:

We then introduce the operator L from X ¼ fϕ; ∫ 1
−1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− s2

p
ϕðsÞ2ds < ∞g to Y ¼ fϕ ∈

Cð−1; 1Þ;ϕ 0 ∈ Xg by

L½ϕ�ðtÞ ¼
Z

1

−1
ln jt− sjϕðsÞds:ð4:2Þ

The important theoretical result derived in [2] is that the operator L∶ X → Y is inver-
tible and

L−1½1�ðtÞ ¼ −
1

π ln 2

1ffiffiffiffiffiffiffiffiffiffiffiffi
1− t2

p :ð4:3Þ

After scaling, (3.10) takes the forms

1

π
L½ϕj�ðtÞ þ εKj;j½ϕj�ðtÞ þ εKj;3−j2½ϕ3−j�ðtÞ ¼

�
−
ln εj

π
þ Rþ Ra

2
ðx�j; x�jÞ

�Z
1

−1
ϕjðsÞds

þ R− Ra

2
ðx�3−j; x

�
jÞ
Z

1

−1
ϕ3−jðsÞdsþ gðXjðεjtÞÞ þ

C

2

for j ¼ 1; 2 and t ∈ ½−1; 1�, where the operators Kj;k, j, k ¼ 1; 2, are defined by

Kj;j½ϕ�ðtÞ ¼
1

πε

Z
1

−1
ln

�jXjðεjtÞ− XjðεjsÞj
εjjt− sj

�
ϕðsÞds

−
1

ε

Z
1

−1

�
Rþ Ra

2
ðXjðεjtÞ;XjðεjsÞÞ−

Rþ Ra

2
ðx�j; x�jÞ

�
ϕðsÞds;

Kj;3−j½ϕ�ðtÞ ¼ −
1

ε

Z
1

−1

�
R− Ra

2
ðXjðεjtÞ;X3−jðε3−jsÞÞ−

R− Ra

2
ðx�j; x�3−jÞ

�
ϕðsÞds

for j ¼ 1; 2. We emphasize that Kj;k is a bounded operator fromX into Y independently
of ε since XjðtÞ is C2 and R, Ra are in H 3∕ 2. Denoting

Aj ¼
Z

1

−1
ϕjðsÞds ¼

Z
∂Ωj

∂νujðxÞdσðxÞ; j ¼ 1; 2;

we can rewrite the equations in the form

1

π

�
L 0
0 L

��
ϕ1

ϕ2

�
ðtÞ þ ε

�
K1;1 K1;2

K2;1 K2;2

��
ϕ1

ϕ2

�
ðtÞ ¼

�
q1
q2

�
þOðεÞ; t ∈ ½−1; 1�;

where

qj ¼ gðx�jÞ þ
C

2
þ
�
−
ln εj

π
þ Rþ Ra

2
ðx�j ; x�jÞ

�
Aj þ

R− Ra

2
ðx�3−j; x

�
jÞA3−j; j ¼ 1; 2.
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It then follows from (4.3) that, for t ∈ ½−1; 1�,

ϕjðtÞ ¼ πqjL−1½1�ðtÞ þOðεÞ ¼ −
qj
ln 2

1ffiffiffiffiffiffiffiffiffiffiffiffi
1− t2

p þOðεÞ; j ¼ 1; 2:

Integrating this identity in t we find

gðx�jÞ þ
C

2
þ
�
−
ln εj ∕ 2

π
þ Rþ Ra

2
ðx�j ; x�jÞ

�
Aj þ

R− Ra

2
ðx�3−j; x

�
jÞA3−j ¼ OðεÞð4:4Þ

for j ¼ 1; 2. Moreover, we have the compatibility condition

A1 þ A2 ¼ −2jΩj;ð4:5Þ

which can be obtained by integrating Δðu1 þ u2Þ over Ω.
Equations (4.4)–(4.5) determine the value of C up to terms of order ε:

C ¼ Cn

Cd

;ð4:6Þ

where

Cn ¼ 2jΩj
π2

�
ln

2

ε1

��
ln

2

ε2

�
þ
X2
j¼1

1

π

�
ln

2

εj

�
ðjΩjðRþ RaÞðx�3−j; x

�
3−jÞ− gðx�3−jÞÞ

−
X2
j¼1

gðx�jÞ
�
Rþ Ra

2
ðx�3−j; x

�
3−jÞ−

R− Ra

2
ðx�j; x�3−jÞ

�

þ Rþ Ra

2
ðx�2; x�2Þ

Rþ Ra

2
ðx�1; x�1Þ−

R− Ra

2
ðx�1; x�2Þ2;ð4:7Þ

Cd ¼ 1

2π

�
ln

2

ε1
þ ln

2

ε2

�
þ
X2
j¼1

Rþ Ra

4
ðx�j; x�jÞ−

R− Ra

2
ðx�1; x�2Þ:ð4:8Þ

They also determine the value of Aj up to terms of order ε:

Aj ¼ −
gðx�jÞ þ C

2 − jΩjðR− RaÞðx�1; x�2Þ
1
π
ln 2

εj
þ RþRa

2 ðx�j; x�jÞ− R−Ra

2 ðx�1; x�2Þ
; j ¼ 1; 2:ð4:9Þ

In view of (3.7) we have

Ej;x½T � ¼ gðxÞ þ C

2
þ Aj

2
ðN ∂Ω þMa

∂ΩÞðx; x�jÞ þ
A3−j

2
ðN ∂Ω −Ma

∂ΩÞðx; x�3−jÞð4:10Þ

for j ¼ 1; 2, up to terms of order ε as long as x is away from ∂Ω1 and ∂Ω2. If the initial
distribution of N 0 is uniform over f1; 2g, then we have
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Eu;x½T � ¼ gðxÞ þ C

2
þ A1

2
N ∂Ωðx; x�1Þ þ

A2

2
N ∂Ωðx; x�2Þ:ð4:11Þ

Asymptotic expansions of the MET can be derived using (4.6)–(4.9), which we do in
the next section.

5. Role of the switching rate. In this section we study the expressions (4.10)–
(4.11) and show that the leading-order term (of order lnð2 ∕ εjÞ) of the MET is indepen-
dent of the switching rate a, while the first-order correction term (of order one) depends
on a and is a decaying function of a.

5.1. Leading-order term. We find from (4.6)–(4.8) that the leading-order term
of C is independent of a and x:

C ¼ 4jΩj
π

ln 2
ε1

ln 2
ε2

ln 2
ε1
þ ln 2

ε2

þOð1Þ:ð5:1Þ

Since

Aj ¼ −
πC

2 ln 2
εj

þOð1Þ; j ¼ 1; 2;

which can be seen from (4.9), one can see that the leading-order term of the MET is also
independent of a:

Ek;x½T � ¼ 2jΩj
π

ln 2
ε1

ln 2
ε2

ln 2
ε1
þ ln 2

ε2

þOð1Þ:ð5:2Þ

It is worth emphasizing that it is also independent of the initial state N 0 and position x.
It is quite interesting to notice that the number

jΩj
π

ln 2
ε1

ln 2
ε2

ln 2
ε1
þ ln 2

ε2

is the leading-order term of the MET when there are two (well-separated) gates of half-
length ε1 and ε2 which are open all the time (see [12] or [3, Theorem 3.3]). Therefore,
(5.2) shows that the leading order term in the MET with two switching gates is twice the
one with two time-independent gates. In this scaling regime with small gates that are
open only half the time, the time to find a gate doubles to leading order.

Another interpretation follows from the fact that the MET for a single gate problem
with a gate that is always open at ∂Ω1 is, to leading order,

jΩj
π

1

ln 2
ε1

:

A similar result holds for the MET for a single gate problem with a gate that is always
open at ∂Ω2. Therefore, to leading order, the MET for the switching gates problem is the
harmonic average of the MET of the single gate problems.

5.2. First-order correction. We can expand the expressions for C , A1, and A2 in
powers of lnð2 ∕ εjÞ. Taking into account the terms of order lnð2 ∕ εjÞ and of order one, we
find that
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C ¼ 4jΩj
π

ln 2
ε1

ln 2
ε2

ln 2
ε1
þ ln 2

ε2

þ 2jΩj
X2
j¼1

�
ln 2

ε3−j

�
2

�
ln 2

ε1
þ ln 2

ε2

�
2
ðRþ RaÞðx�j; x�jÞ

þ 4jΩj

�
ln 2

ε1

��
ln 2

ε2

�
�
ln 2

ε1
þ ln 2

ε2

�
2
ðR− RaÞðx�1; x�2Þ þ 2

X2
j¼1

ln 2
ε3−j

ln 2
ε1
þ ln 2

ε2

gðx�jÞ

þO

�
1

ln 2
ε1
þ ln 2

ε2

�

and

Aj ¼ −2jΩj
ln 2

ε3−j

ln 2
ε1
þ ln 2

ε2

þO

�
1

ln 2
ε1
þ ln 2

ε2

�
; j ¼ 1; 2:ð5:3Þ

This gives for the MET

Ej;x½T � ¼ gðxÞ þ C

2
− jΩj

ln 2
ε3−j

ln 2
ε1
þ ln 2

ε2

ðN ∂Ω þMa
∂ΩÞðx; x�jÞ

− jΩj
ln 2

εj

ln 2
ε1
þ ln 2

ε2

ðN ∂Ω −Ma
∂ΩÞðx; x�3−jÞ þO

�
1

ln 2
ε1
þ ln 2

ε2

�
ð5:4Þ

for j ¼ 1; 2, and finally

Eu;x½T � ¼ gðxÞ þ C

2
−
X2
j¼1

jΩj
ln 2

εj

ln 2
ε1
þ ln 2

ε2

N ∂Ωðx; x�3−jÞ þO

�
1

ln 2
ε1
þ ln 2

ε2

�
:ð5:5Þ

The terms of order one depend on a through the terms C and M ∂Ω. We have, up to
terms of order Oððln 2

ε1
þ ln 2

ε2
Þ−1Þ,

∂C
∂a

¼ 2jΩj
X2
j¼1

�
ln 2

ε3−j

�
2

�
ln 2

ε1
þ ln 2

ε2

�
2

∂Raðx�j ; x�jÞ
∂a

− 4jΩj

�
ln 2

ε1

��
ln 2

ε2

�
�
ln 2

ε1
þ ln 2

ε2

�
2

∂Raðx�1; x�2Þ
∂a

:ð5:6Þ

The following lemma applied with p ¼ lnð2 ∕ ε2Þ ∕ ½lnð2 ∕ ε2Þ þ lnð2 ∕ ε1Þ� shows that
∂C
∂a

< 0;ð5:7Þ

provided that εj is small enough.
LEMMA 5.1. We have the equality

∂Raðx�j; x�kÞ
∂a

¼ −2

Z
Ω
Ma

∂Ωðx; x�jÞMa
∂Ωðx; x�kÞdx; j; k ¼ 1; 2.ð5:8Þ

NARROW ESCAPE PROBLEM WITH SWITCHING GATES 825

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Moreover, for any p ∈ ð0; 1Þ, we have the inequality

p2

2

∂Raðx�1; x�1Þ
∂a

þ ð1− pÞ2
2

∂Raðx�2; x�2Þ
∂a

− pð1− pÞ ∂Raðx�1; x�2Þ
∂a

< 0:ð5:9Þ

Proof. We denote M  0
aðx; zÞ ≔ ∂aMaðx; zÞ for z ∈ Ω. It is the solution to the

problem

ΔxM
 0
aðx; zÞ− 2aM  0

aðx; zÞ ¼ 2Maðx; zÞ; ∂νM  0
að·; zÞj∂Ω ¼ 0:

Thus we obtain by Green’s formula

M  0
aðx; zÞ ¼ −2

Z
Ω
Maðx; yÞMaðy; zÞdy:

Since ∂aRaðx; x�jÞ ¼ ∂aMa
∂Ωðx; x�jÞ, we obtain (5.8).

From the Cauchy–Schwarz inequality, we have

����pð1− pÞ ∂Raðx�1; x�2Þ
∂a

���� ¼
����2
Z
Ω
pMa

∂Ωðx; x�1Þð1− pÞMa
∂Ωðx; x�2Þdx

����
<

�
2p2

Z
Ω
Ma

∂Ωðx; x�1Þ2dx
�
1∕ 2

�
2ð1− pÞ2

Z
Ω
Ma

∂Ωðx; x�2Þ2dx
�
1∕ 2

:

The inequality is strict since x�1 ≠ x�2, and therefore we cannot have M ∂Ωðx; x�2Þ ¼
M ∂Ωðx; x�1Þ for almost every x ∈ Ω. Using the inequality αβ ≤ ð1 ∕ 2Þα2 þ ð1 ∕ 2Þβ2, we
obtain (5.9). ▯

By substituting (3.4) into (5.6) we can obtain a representation formula of the quan-
tity ∂C ∕ ∂a in terms of the pairs of eigenvalues and eigenvectors ðλl;ψlÞl≥0 of −Δ over Ω
with Neumann boundary conditions on ∂Ω:

∂C
∂a

¼ −4jΩj
X
l≥0

�
ln 2

ε2
ψlðx�1Þ þ ln 2

ε1
ψlðx�2Þ

ðλl þ 2aÞðln 2
ε1
þ ln 2

ε2
Þ

�2
:ð5:10Þ

Since λ0 ¼ 0 and ψ0 ¼ 1 ∕
ffiffiffiffiffiffiffijΩjp

, we obtain the straightforward upper bound

∂C
∂a

≤ −
1

a2
:ð5:11Þ

This inequality is close to an equality when a is small since we have

−
1

a2
− C 1 ≤

∂C
∂a

≤ −
1

a2

with

C 1 ¼ 4jΩj
X
l≥1

�
ln 2

ε2
ψlðx�1Þ þ ln 2

ε1
ψlðx�2Þ

λlðln 2
ε1
þ ln 2

ε2
Þ

�2
:ð5:12Þ
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We have, up to terms of order Oððlnð2 ∕ ε1Þ þ lnð2 ∕ ε2ÞÞ−1Þ,

∂Ej;x½T �
∂a

¼ 1

2

∂C
∂a

− jΩj
ln 2

ε3−j

ln 2
ε1
þ ln 2

ε2

∂Raðx; x�jÞ
∂a

þ jΩj
ln 2

εj

ln 2
ε1
þ ln 2

ε2

∂Raðx; x�3−jÞ
∂a

for j ¼ 1; 2, and finally

∂Eu;x½T �
∂a

¼ 1

2

∂C
∂a

:

The last result allows us to conclude that the MET decays with the switching rate
whatever the initial starting point x, since we have, for εj small enough,

∂Eu;x½T �
∂a

< 0;ð5:13Þ

with the hypothesis that the initial open gate is chosen randomly between the two pos-
sible ones. This is the main practical result of this article. It answers in a positive way the
conjecture that the MET decreases with the switching rate. More quantitatively, we
have

−
1

2a2
−

C 1

2
≤

∂Eu;x½T �
∂a

≤ −
1

2a2
;ð5:14Þ

where C 1 is defined by (5.12).
If the first open gate is ∂Ω1 (i.e., if N 0 ¼ 1), then the sign of ∂aE1;x½T � is not guar-

anteed by the estimates of this article for all x ∈ Ω. However, one can show that the
average quantity ð1 ∕ jΩjÞ∫ ΩE1;x½T �dx actually decays in a. Indeed, we have from (3.7)

1

jΩj
Z
Ω
E1;x½T �dx ¼ 1

jΩj
Z
Ω
gðxÞdxþ C

2
þ A1

2

1

jΩj
Z
Ω
ðN ∂Ω þMa

∂ΩÞðx; x�1Þdx

þ A2

2

1

jΩj
Z
Ω
ðN ∂Ω −Ma

∂ΩÞðx; x�2Þdx.

Since Aj does not depend on a to this order (see (5.3)), we obtain

∂
∂a

�
1

jΩj
Z
Ω
E1;x½T �dx

�
¼ 1

2

∂C
∂a

þ A1

2

∂
∂a

�
1

jΩj
Z
Ω
Raðx; x�1Þdx

�

−
A2

2

∂
∂a

�
1

jΩj
Z
Ω
Raðx; x�2Þdx

�
:

By differentiating (3.5) we get

∂
∂a

Z
Raðx; x�jÞdx ¼ −

1

2a2
:

Thus we have

∂
∂a

�
1

jΩj
Z
Ω
E1;x½T �dx

�
¼ 1

2

∂C
∂a

þ 1

2a2
ln 2

ε2
− ln 2

ε1

ln 2
ε1
þ ln 2

ε2

;
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up to the term of order Oððln 2
ε1
þ ln 2

ε2
Þ−1Þ. Using (5.11) we get

∂
∂a

�
1

jΩj
Z
Ω
E1;x½T �dx

�
≤ −

1

a2
ln 2

ε1

ln 2
ε1
þ ln 2

ε2

;ð5:15Þ

which shows that the quantity ð1 ∕ jΩjÞ∫ ΩE1;x½T �dx is decreasing in a. As noted above
this inequality is close to an equality when a is small. A similar reasoning shows the same
for ð1 ∕ jΩjÞ∫ ΩE2;x½T �dx.

6. Generalization to an arbitrary number of gates.

6.1. The Markovian dynamics of the gates. Suppose that the boundary ∂Ω is
partitioned into nþ 1 parts, ∂Ω1; : : : ; ∂Ωn, and the complementary ∂Ωc. We model an
escape problem in which there are n gates at the arcs ∂Ωj, j ¼ 1; : : : ; n, that open alter-
natively: at time t the open gate has indexNt and ðNtÞt≥0 is a jumpMarkov process that
is stepwise constant and takes values in f1; : : : ; ng. The Markovian dynamics can be
described as follows: if at time t the process is in state k ∈ f1; : : : ; ng, then during
the small time interval ½t; tþ h� the process can either jump to a new state or stay
in k. The probability that it jumps to state j ∈ f1; : : : ; ng \ fkg is

PðNtþh ¼ jjNt ¼ kÞ ¼ Qjkhþ oðhÞ;

and the probability that it stays in k is

PðNtþh ¼ kjNt ¼ kÞ ¼ 1þQkkhþ oðhÞ:

We have Qjk ≥ 0 for j ≠ k, Qkk ≤ 0, and
P

n
j¼1 Qjk ¼ 0. The n× n matrix

Q ¼ ðQjkÞnj;k¼1 characterizes the distribution of the Markov process ðNtÞt≥0, and it is
called the infinitesimal generator. The transition probabilities Pðt; jjs; kÞ ¼
PðNt ¼ jjNs ¼ kÞ satisfy the master equations:

∂Pðt; jjs; kÞ
∂t

¼
Xn
l¼1

QjlPðt; ljs; kÞ; t ≥ s; Pðs; jjs; kÞ ¼ δjk; j; k ¼ 1; : : : ; n:

Example 1. The telegraph process addressed in section 2 is a particular example
with n ¼ 2 and

Q ¼ a

�
−1 1
1 −1

�
:

Example 2. Here n ≥ 2. Assume that the Markov process is stepwise constant dur-
ing time intervals whose durations follow independent and identically distributed ex-
ponential random variables with mean 1 ∕ a and that the Markov process chooses
another gate with equiprobability amongst the n− 1 available gates when it jumps.
Then

Q ¼ a

n− 1

0
BBBBB@

1− n 1 : : : : : : 1
1 1− n 1 : : : 1
..
. . .

. ..
.

1 : : : 1− n 1
1 : : : 1 1− n

1
CCCCCA
:
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Example 3. Here n ≥ 3. Assume that the Markov process is stepwise constant dur-
ing time intervals whose durations follow independent and identically distributed ex-
ponential random variables with mean 1 ∕ a and that the Markov process chooses
either the right or the left gate with equiprobability when it jumps. Then

Q ¼ a

2

0
BBBBBBBBB@

−2 1 0 : : : : : : 0 1
1 −2 1 0 : : : : : : 0
0 1 −2 1 0 : : : 0
..
. . .

. . .
. . .

. ..
.

0 : : : 0 1 −2 1 0
0 : : : : : : 0 1 −2 1
1 0 : : : : : : 0 1 −2

1
CCCCCCCCCA
:

We assume that the Markov process is irreducible; i.e., there is a nonzero probability
of transitioning (even if in more than one step) from any state to any other state. It
means that for any j ≠ k, Qjk > 0 or there exists j1; : : : ; jp such that Qjj1Qj1j2 · · ·
Qjpk > 0.

We also assume that the matrix Q is symmetric, and therefore the process is rever-
sible (with respect to the uniform measure). Note that the process is irreducible and
reversible in the three examples listed above.

The matrix Q is therefore diagonalizable:

Q ¼ PDPT ;ð6:1Þ

and, by the Perron–Frobenius theorem, the matrix Q has one zero eigenvalue and the
other eigenvalues are negative and denoted by

ðD11; : : : ; DnnÞ ¼ ð−a1;−a2; : : : ;−anÞð6:2Þ

with a1 ¼ 0 and aj > 0, j ≥ 2. The eigenvector associated with the zero eigenvalue is the
normalized uniform vector:

Pj1 ¼
1ffiffiffi
n

p ; j ¼ 1; : : : ; n:ð6:3Þ

The process ðNtÞt≥0 is therefore ergodic, and the transition probabilities Pðt; jjs; kÞ con-
verge as t → ∞ to the unique stationary distribution of the process which is the uniform
distribution over f1; : : : ; ng.

The goal is to compute the expectation of the hitting time by the process ðXtÞt≥0 of
the time-dependent domain ∂ΩNt

. We denote by T the stopping time which corresponds
to the “escape” of the particle:

T ¼∧n
j¼1 T j; T j ¼ infft ≥ 0; Nt ¼ j andXt ∈ ∂Ωjg; j ¼ 1; : : : ; n:

The MET is the expectation Ek;x½T � of the stopping time when the initial states are
N 0 ¼ k and X0 ¼ x. Proceeding as in section 2, we have the following proposition for
the MET.

PROPOSITION 6.1. For x ∈ Ω and k ¼ 1; : : : ; n, we have

Ek;x½T � ¼ ukðxÞ;ð6:4Þ
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where the vector of functions uðxÞ ¼ ðujðxÞÞTj¼1; : : : ;n is the solution of the coupled linear
system

−j ¼ QuðxÞ þ ΔuðxÞð6:5Þ

with j ¼ ð1; : : : ; 1ÞT and with the boundary conditions

∂νujj∂Ωc
¼ 0; j ¼ 1; : : : ; n;ð6:6Þ

ujj∂Ωj
¼ 0; j ¼ 1; : : : ; n;ð6:7Þ

∂νujj∂Ωk
¼ 0; j ≠ k:ð6:8Þ

6.2. Integral equations. We introduce v ¼ PTu. For k ¼ 1; : : : ; n the function
vk ¼

P
n
j¼1 Pjkuj, k ¼ 1; : : : ; n, satisfies

Δvk − akvk ¼ −
Xn
j¼1

Pjk:

Using (6.3) and the orthogonality of the eigenvectors of Q we have

Xn
j¼1

Pjk ¼
� ffiffiffi

n
p

if k ¼ 1;
0 if k ≥ 2:

Therefore, Green’s formula gives us

vkðzÞ ¼
ffiffiffi
n

p
δk1gðzÞ þ δk1

1

j∂Ωj
Z
∂Ω

v1ðxÞdσðxÞ þ
Z
∂Ω

Mak ∕ 2
∂Ω ðx; zÞ∂νvkðxÞdσðxÞ

for z ∈ Ω. HereMa
∂Ω is defined by (3.3)–(3.6), and we have setM 0

∂Ω ¼ N ∂Ω, the Neumann
function (3.1)–(3.2). Since u ¼ Pv, we can show that the following representation holds
for all l ¼ 1; : : : ; n and for all z ∈ Ω:

ulðzÞ ¼ gðzÞ þ C

n
þ
Xn
j¼1

Z
∂Ωj

∂νujðxÞ
Xn
k¼1

PlkPjkM
ak ∕ 2
∂Ω ðx; zÞdσðxÞ

¼ gðzÞ þ C

n
−

1

π

Z
∂Ωl

ln jx− zj∂νulðxÞdσðxÞ

þ
Xn
j¼1

Z
∂Ωj

∂νujðxÞ
Xn
k¼1

PlkPjkSkðx; zÞdσðxÞ;ð6:9Þ

where C is the constant defined by

C ¼ 1

j∂Ωj
Xn
j¼1

Z
∂Ω

ujðxÞdσðxÞð6:10Þ

and

S1ðx; zÞ ¼ Rðx; zÞ; Skðx; zÞ ¼ Rak ∕ 2ðx; zÞ; k ¼ 2; : : : ; n:ð6:11Þ
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Here R and Ra are functions defined by (3.2) and (3.6), respectively. We then find that,
for all l ¼ 1; : : : ; n and for all z ∈ ∂Ωl,

gðzÞ þ C

n
−

1

π

Z
∂Ωl

ln jx− zj∂νulðxÞdσðxÞ

þ
Xn
j¼1

Z
∂Ωj

∂νujðxÞ
Xn
k¼1

PlkPjkSkðx; zÞdσðxÞ ¼ 0.ð6:12Þ

6.3. Asymptotic expansions. Denoting by x�j the center of the arc ∂Ωj and by
εj ≪ 1 its half-length, we find that the numbers Aj, j ¼ 1; : : : ; n, defined by

Aj ¼
Z
∂Ωj

∂νujðxÞdσðxÞ; j ¼ 1; : : : ; n;ð6:13Þ

satisfy the n equations

gðx�l Þ þ
C

n
−

ln εl ∕ 2
π

Al þ
Xn
j¼1

�Xn
k¼1

PlkPjkSkðx�j; x�l Þ
�
Aj ¼ OðεÞ; l ¼ 1; : : : ; n;

ð6:14Þ
where ε ¼ maxðε1; : : : ; εnÞ, together with the compatibility condition

Xn
j¼1

Aj ¼ −njΩj:ð6:15Þ

Therefore, the nþ 1 linear equations (6.14) and (6.15) determine the constant C andAj,
j ¼ 1; : : : ; n (up to terms of order ε), and they can then be substituted in (6.9) to get the
expansion of the MET:

ulðzÞ ¼ gðzÞ þ C

n
þ
Xn
j¼1

Xn
k¼1

AjPlkPjkM
ak ∕ 2
∂Ω ðx�j ; zÞ þOðϵÞð6:16Þ

for l ¼ 1; : : : ; n and z ∈ Ω away from x�j , j ¼ 1; : : : ; n.
To leading order in ε we find that

C

n
≃

jΩj
π

�
1

n

Xn
l¼1

1

ln 2
εl

�−1

þOð1Þ;ð6:17Þ

and one can see that the leading-order term of the MET is independent of the initial
state N 0 and of the detailed dynamics of the Markov process:

Ek;x½T � ¼ jΩj
π

�
1

n

Xn
l¼1

1

ln 2
εl

�−1

þOð1Þ:ð6:18Þ

This shows that, to leading order, the MET for the switching gates problem is the har-
monic average of the MET of the single gate problems. It is also quite interesting to
notice that the leading-order term of the MET for the n switching gates problem is
n times the leading-order term of the MET when the gates are time-independent
and open.
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7. Conclusion. In this article we have considered the narrow escape problem and
derived the asymptotic expansion of the MET when there are multiple gates which open
alternatively according to Markovian dynamics. The major findings of this article are
(i) the leading-order term of the asymptotic of the MET does not depend on the initial
state or the particular dynamics of the Markov process; it only depends on the number of
gates and their sizes; (ii) when there are two switching gates, the leading-order term of
theMET is twice that which occurs when there are two gates which are open all the time;
(iii) the higher the switching rate, the shorter the MET in its first-order correction, and
we give lower and upper bounds for the decay rate of the MET as a function of the
switching rate. The first-order correction of the MET also depends on the starting point
and on the distribution of which gate is initially open.We finally remark that it would be
interesting to extend the result of this article to three dimensions. The analysis is more
tedious in the three-dimensional case since Green’s function has a Coulomb singularity
and an additional weaker logarithmic singularity, but it should be possible to carry out a
full analysis in the case when the gates have the forms of small circular disks as was done
in [19].

AppendixA. Proof of (3.7). First we apply Green’s second identity with the func-
tions uj and Ma:

Z
Ω
ujðxÞΔxM

aðx; zÞ−Maðx; zÞΔujðxÞdx ¼
Z
∂Ω

ujðxÞ∂νMaðx; zÞ

−Maðx; zÞ∂νujðxÞdσðxÞ:

Using (2.4), (3.3), and the boundary conditions (2.5) and (2.7), we find

ujðzÞ ¼ a

Z
Ω
ðu1 þ u2ÞðxÞMaðx; zÞdxþ

Z
Ω
Maðx; zÞdxþ

Z
∂Ωj

Maðx; zÞ∂νujðxÞdσðxÞ

for j ¼ 1; 2. Taking the difference of these two equations gives

u1ðzÞ− u2ðzÞ ¼
Z
∂Ω1

Maðx; zÞ∂νu1ðxÞdσðxÞ−
Z
∂Ω2

Maðx; zÞ∂νu2ðxÞdσðxÞ:ðA:1Þ

Second we apply Green’s second identity with the functions uj and N :

Z
Ω
ujðxÞΔxNðx; zÞ− Nðx; zÞΔujðxÞdx ¼

Z
∂Ω

ujðxÞ∂νNðx; zÞ−Nðx; zÞ∂νujðxÞdσðxÞ:

Using (2.4), (3.1), and the boundary conditions (2.5) and (2.7), we find

ujðzÞ ¼
Z
Ω
ð1þ aðu1 þ u2ÞÞðxÞNðx; zÞdxþ 1

j∂Ωj
Z
∂Ω

ujðxÞdσðxÞ

þ
Z
∂Ωj

Nðx; zÞ∂νujðxÞdσðxÞ

for j ¼ 1; 2. Taking the sum of these two equations gives
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u1ðzÞ þ u2ðzÞ ¼ 2

Z
Ω
Nðx; zÞdxþ 1

j∂Ωj
Z
∂Ω
ðu1 þ u2ÞðxÞdσðxÞ

þ
Z
∂Ω1

Nðx; zÞ∂νu1ðxÞdσðxÞ þ
Z
∂Ω2

Nðx; zÞ∂νu2ðxÞdσðxÞ:ðA:2Þ

The two formulas (A.1) and (A.2) give (3.7).
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