Probability Theory and Related Fields. Manuscript-Nr.
(will be inserted by hand later)

Stochastic invariant imbedding

Application to stochastic differential equations with
boundary conditions

Josselin Garnier

Centre de Mathématiques Appliquées, Ecole Polytechnique, 91128 Palaiseau Cedex, France.
e-mail : garnier@paris.polytechnique.fr

September 22, 1997

Summary. We study stochastic differential equations of the type :

d
dxy = f(t, z;)dt + Zak(t,xt) odwF, zeR? tel0,Tyl.
k=1

Instead of the customary initial value problem, where the initial value z is fixed,
we impose an affine boundary condition :

hoxo + hixT, = V0,

where hg, h; are deterministic matrices and vy is a fixed vector. Our main
aim is to prove existence and uniqueness results for such anticipating stochastic
differential equations.
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1. Introduction

Stochastic integrals with anticipating integrands have been studied for several
years. As a result, usual stochastic calculus on It6’s integrals has been extended
to some class of integrals where the integrated term is not adapted to the dri-
ving Brownian motion (see in particular [11]). Therefore it has been possible
to deal with some stochastic differential equations containing parameters which
anticipate the Brownian motion.

The most investigated problem is the study of the solution of a stochastic
differential equation of the form :



2 J. Garnier

dX (t) = f(t, X(t))dt + Y _o*(t, X(t)) odwf, X € R, (1)

with a boundary condition, which means that we impose that the solution X
should satisfy a condition which involves both X (0) and X (1) :

F(X(0),X(1)) =0, (2)

instead of the classical initial condition where only the value of X is fixed.

Literature contains some results about such equations : Ocone and Pardoux
[13] have succeeded in developing a theory for the linear case (i.e. the case where
f(t,x) = Az +a, o(t,x) = Bz + b and F(zo,z1) = Hozo + Hiz1 — Vp). Nualart
and Pardoux [12] have presented existence and uniqueness theorems for the case
o = B. Donati-Martin [5] has dealt with the one-dimensional case. Zeitouni
and Dembo [4] have proved existence results for a class of equations by using
optimal control techniques. Finally Alabert et al. [1] have discussed the Markov
field property for solutions of one-dimensional stochastic differential equations
with a boundary condition of the form zq = (1), ' < 0.

It appears that the problem is quite difficult in the deterministic case (i.e.
when o = 0). Indeed, it seems hardly to found a general theory which could
unify the results. We only find some particular results in literature, which apply
to some classes of problems. Our aim is to develop a stochastic version of one
of these methods, called invariant imbedding. This method can be applied to
differential equations with affine boundary conditions :

HoX(0) + H X (1) = Vo, (3)

where Hy and H; are fixed matrices and Vj is a fixed vector. It produces in-
teresting results concerning some deterministic problems, so we translate this
technique to a class of stochastic equations of the form (1) and (3). We shall
see that this extension requires some smoothness in the Malliavin sense of the
integrands.

The paper is organized as follows. First we present in preliminaries the deter-
ministic invariant imbedding method, and we review some results of Nualart and
Pardoux [11] about the definition and the stochastic calculus associated with the
generalized Stratonovich integral. In Section 3 we develop a stochastic invariant
imbedding method and give general conditions for existence and uniqueness of
solutions. Section 4 is devoted to some examples of application of our existence
and uniqueness result. Finally we study in Section 5 a diffusion approximation
problem with boundary conditions, whose limiting process is identified as the
unique solution of a stochastic boundary value problem.

2. Preliminary results

2.1. Deterministic invariant imbedding method

Here we shall outline briefly the deterministic version of the invariant imbedding
method. Fore more detail we refer to [2]. Let us consider the dynamical system,
that will be denoted by (SBC) henceforth :
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X

SH(t) = F(LX(1),
with the boundary condition HoX (0) + H1 X (1) = V,, where Hy and H; are
fixed matrices, Vj is a fixed vector, and F' is a smooth vector field.

The invariant imbedding method consists in regarding the size of the interval
7 defined by the two endpoints of the boundary condition and the fixed value
v of the boundary condition as variables instead of parameters. Therefore we
consider X as a function which depends on three variables ¢, 7 and v and we write
X = X(t,7,v) from now on. Moreover we introduce a new unknown variable,
which is the value at the final point of the solution R(r,v) = X(7,7,v).

The result of the invariant imbedding theory which is of a great interest for
us is the transformation of the boundary value problem into a family of problems
with initial conditions. If we resume Chapter 2 in [2], then we have under nice
regularity assumptions :

Proposition 1. If the couple (R(t,v), X (t,7,v)) satisfies the following system,
denoted by (SIC) :

aR a
Hlkl‘Fl T, R(T ’U)) i(Tv R(T,’U)), (4)
k,i= , 0
starting from T=0: R(O v) = (Ho + Hy) o, (5)
Hlk;lﬂ T, R(T /U)) 0 (6)
k,l=1
starting from T =t : X(¢,t,v) = R(t,v), (7)

then X (t,1,Vh) is a solution of system (SBC).

The system (SIC) consists of two coupled problems with initial conditions.
An important fact to be noticed is that (6) is a linear partial differential equation.
As a consequence it possesses a solution as soon as (4) admits a solution. To
sum up, if there exists a function R(7,v) solution of the differential equation (4)
with the initial condition (5), then there exists a solution X (t) of the boundary
value problem (SBC).

2.2. Characteristics and invariant imbedding

The problem of integrating (4) can be reduced to the following characteristic
system of ordinary differential equations :

C;—J;(T,v) = F(r, R(T,U))a R(O,v) = (Hy + Hy) 1w,

Ci—‘:(T,v) = H F(r, R(T,U)), V(O,v) =.

If V(r,v) is invertible with respect to v for every 7 € [0,1], then the function
R(r,v) defined by R(r,V~1(r,v)) is the unique solution of (4). Further, if we
set X (t,7,v) = R(t,V~1(r,v)), then the couple (R(7,v), X (t,7,v)) is the unique
solution of the system (SIC). Therefore X(t,1,V;) is a solution of the system
(SBC).
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2.8. Generalized Stratonovich integral

Let us return to the stochastic differential equation (1). First of all we have to
T

define the stochastic integral / o"(s,X(s)) o dw® which appears in the S.D.E..

0
Indeed we cannot expect to obtain a solution X which is adapted to the driving
Brownian motion because of the boundary condition. The stochastic integral

t
/ o"(s,X(s))odw” cannot be understood using the usual definitions of stochas-
0

tic integrals according to It6 or Stratonovich. We shall use a new approach of
the stochastic integral which has been developed by Skorohod first. What is
interesting for us is that no restriction about the adaptness of the integrand is
presupposed. However that generality has a price, which is the substitution of
some smoothness requirement (in the sense of the derivation on Wiener space)
for the adaptedness requirement. Therefore we will have to prove some smooth-
ness properties for the processes that will be supplied by the invariant imbedding
method, so that we will be able to give sense to the stochastic integrals.

In this section we present the generalized Stratonovich integral and its asso-
ciated stochastic calculus. For more detail we refer to Nualart-Pardoux [11].
Throughout this subsection and the remainder of the paper we work on the
probability space (2, F,TP), where {2 denotes the space of all continuous func-
tions in C°(]0, 1], R%) equipped with the topology generated by the sup norm, F
is the Borel o-algebra of {2 and P is the Wiener measure on ({2, F).

Definition 1. A real valued process {us;t € [0,1]} is said to be Stratonovich
integrable if for any i =1,...,d and for any t € [0,1], the sequence
{&(t);n € IN} defined by :

2™ —1 o)t % I+1
Witr,, —Wa 23
i _ tal T AL t;, At I _ 76—n
gn(t) - E tl+1 . tl . usdsa tn - 12 9
=0 n n th

converges in probability as n tends to infinity.
In that case, the limit will be denoted by :

¢
/ U o dwy.
0

We review the notion of derivation on Wiener space (£2,F,P), which will be
needed below. ' '
S denotes the set of all random variables of the type : F = f(w;,...,w;"),
where f € C;°(R™),0<t <...<t, <1andi,...,i, € {1,...,d}.
If F € S, we define its derivative in the i-th direction as the process (D;(F'))se[0,1]
. i 9 i i
given by : Dy(F) = IZ. a—xl(wti,. o wi ) g 4 (2).
si1=1
Spaces DYP, p > 1.
DY? denotes the completion of S with respect to the norm :

1Elp = 1E], + HIDF | gsly
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d 1 .
where |.|,, denotes the Z7(£2) norm and |DF|% =3 /0 (DI F)2dt.
=1

Spaces LYP and I[Jé’p, p>1.

LY = L7([0,1], DY?). ILE? denotes the set of all random processes (ut)ef0,1]
which satisfy :

1. uelb?,

2. s — Dyu is continuous with values in L?({2), both on (0,¢) and on (¢,1),
uniformly with respect to t.

3. ess Sup(s’t)e(o,l)z E[|D5Ut|p] < 0.

Localization.
]Dlléf denotes the set of all random variables F' which are such that there exists
a sequence {(£2,, F,);n € N} C F x D"? with the two following properties :
1. 2, /" 2 when n — o0,
2. F = F,, almost surely on (2,.
We say that (£2,, F},) localizes F', and D.F is clearly defined by : D;F = D;F,
on 2,, n € IN. Moreover we introduce the notion of localizer : A sequence of
random variables 3, is said to localize a process u € ]Lllt;’cJ if
1. 3, belongs to D7 for any ¢ > 2,
2. {B, =1} / £ as n tends to infinity almost surely,
3. Bnu belongs to L2,
An important result is the following : If v € ]L}j?loc, then w is Stratonovich
integrable.

3. Stochastic invariant imbedding method
3.1. Formulation and notations

Throughout the paper we shall use the convention of summation upon repeated
indices. A process (X (t)):c[0,1] is said to be a solution of the stochastic differential
equation

dX(t) = f(t, X(t))dt + o*(t, X (t)) o dw} (8)

if o®(.,X(.)) is Stratonovich integrable and :

X(t)—X(O)=/Otf(s,X(s))ds+/0ta’“(s,X(s))odw’j as..

If in addition (X (0), X (1)) satisfies almost surely
HoX(0) + Hi X (1) = Vg, (9)

where Hy, H; are fixed matrices and Vj is a fixed vector, then we say that the
process X is solution of the stochastic differential equation (8) with the boundary
condition (9).

We aim at applying the invariant imbedding method which has just been
presented to the stochastic case. Let us introduce the characteristic processes R
and V defined by :
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{ fi f(r,R)dr + o (T, R) o dw”, (10)
R( ) (Ho + Hl) v,
dV = H, f(, R)dr + H,o"(r, R) o dw?,
5 T (11)
V(0,v) =
We can rewrite these S.D.E.’s with It0’s integrals instead of Stratonovich’s inte-
grals if we replace f by f = f + %%ak It comes immediately that :
V(r,v) = HiR(,v) + HO(HO + Hy) . (12)
We introduce the random matrices {Y; ; = 3'0 i:4,7=1,..,d} and
{Z,; = 6U ;1,7 = 1,..,d}. They are related by :
Z(r,v) = HiY (7,v) + Ho(Ho + H1)™". (13)

We denote by H1 and H2 the following conditions :

H1 f and o* are functions from [0,1] x R into R? which are
— continuous with respect to (¢,z),
— five times differentiable with respect to x, with uniformly bounded and
continuous partial derivatives.
‘H2 There exists some a > 0 such that
|det Z(7,v)| > « for every (7,v) € [0,1] x R? almost surely.

Proposition 2. Under H1 and H2, there exists a unique adapted process V
solution of :
{ dV = a(t,V(1))dr + b*(1,V (1)) 0 dw”, (14)

V(0) = Vb,

where a(t,v) = —Z " Hy f(r, R(,v)), b*(1,v) = —Z"*Hyo* (1, R(1,v)).
Moreover

1. V is well-defined on [0, 1] almost surely,

2.V is the inverse of V, that means that almost surely, for every T, V(1) is the
unique element of R? such that :

V(r,V(r)) = V. (15)

3.V eLl'” for every p > 2.

loc

Proof . The proof of the first two points relies strongly on Lemma 6-1-1 [9] whose
key argument is the implicit function theorem. It claims that (14) possesses a
unique local solution, which is the inverse V=1(., V) until time T'(V;), defined
by T'(Vp) = inf{r such that V; € V(T, A} (=0if {...} = @), where A, is the
random subset of R? given by : A, = {y s.t. 3s < 7, det Z(s,y) = 0}. However
Hypothesis H2 yields that det Z(7,v) is never 0 for every (7,v) almost surely,
which implies that A, = (. As a consequence, T'(Vy) = oo almost surely.

The proof of the third point is rather technical and is deferred to the ap-
pendix. o
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3.2. Existence

In this subsection we assume that H1 and H2 are fulfilled.
Definition 2. We introduce the new processes (t < 1) :
R(r) = R(r,V(r)), X(t,7) = R(t,V())

Lemma 1. R and X can be expanded according to :
R(t)= (Ho+ H))™'Vo + / (Is =Y Z7Y) (s, V(s))H1f(s, R(s))ds
0

—f—/OT (I —YZ71) (s,V(s))H10"(s, R(s)) o dw?,

X(0,7) = (Ho+Hi) Vo — /OT(HO +H1)7'Z7 (s, V() Hy f (s, R(s))ds
- /T(Ho +Hy) ™ Z7(s, V() Hio® (s, R(s)) o dwy.

As a consequence HyX(0,7) + HiR(1) = Vi for every T almost surely.
Proof . We can get the expansion of R from the generalized It6’s formula (see
Theorem 2-3 [3]) if we apply it to R(r,v) and V(7) :

dR(7) = dR(7,0)| =y () + Y (1, V(7)) 0 dV (7).

The expansion of X is obvious since X (0,7) = (Hy + Hy) "'V (7).
Finally we add the first equation multiplied by H; to the second one multiplied
by Hy and we use (13), so that we obtain the last relation. m

Theorem 1. The following assertions hold :
o X(,1) € Lgh  for every p > 2,
e almost surely, for every t <1 :

X(t,1) - X(0,1) = /t f(s,X(s,1))ds + a*(s, X (s,1)) o dw”. (16)

o almost surely, HyX(0,1) + H; X(1,1) = Vj.

Proof . The first statement follows readily from Lemma 2-2-3 [14]. We have in
particular :

Dy R(t,V(1)) = (D, R)(t, V(1)) + Y (t, V(1)) D, V(1).

By Proposition 7-8 [11], % (., R(.,V(1))) is Stratonovich integrable and :

i

[ o R, ot o= [ 0o, Bt V1)) 0wt

Combining with (10) yields (16). Finally the boundary condition is satisfied al-
most surely according to the third equality of Lemma 1. o
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3.8. Uniqueness

In this subsection, we still assume that 1 and ‘H2 are fulfilled. ~
By Lemmas 2-2-1 and 2-2-2 [14], v — R(r,v) admits an inverse v — R~!(1,v)
which satisfies :

R~ (r,v) = (Ho +Hi .
—/ US(R_l(s,v))f(s,v)ds—/ U.(R7(s,v))a"(s,v) o dw”,
0 0

where U,(v) = Y ~'(s,v). The proof of the following proposition relies strongly
on this Itd’s formula.

Theorem 2. If X belongs to ]Llc’ioc and s a solution with continuous sample
paths of the problem (8) with the boundary condition (9), then, almost surely,

X = R(.,V7Y(1,Vp)).

Proof . The key argument is the generalized It6- Ventzell formula proved by Ocone
and Pardoux in [14]. We begin by checking that we can apply it to R~1(r,v)
and X (7). Under the above assumptions on X, we have

1. s+ f(s,X(s)) € L?([0,1], R?) almost surely, since it belongs to C°([0, 1], R?),
2. 5 a"(s,X(s)) € ]Llciioc,

3. R='(r,v) fulfils all the required conditions of Theorem 1-4-1 [14] by Lemmas
2-2-1 and 2-2-2 [14].

As a consequence we can apply a localized version of the generalized It6-Ventzell
formula (we do not explicit the straightforward localization procedure) :

] A (r, X(7)) = (Ho + H1)X(0)
/ UL(R™ (s, X (3)))f (5, X (5))ds — / UL(R (5, X (3)))0* (5, X (s)) o du’

/ OR”! (s, X ( ))f(s,X(s))ds+/T%(S,X(s))ak(s,X(s))odwf.

From (571)) = U,(R(s,v)) we obtain

R™Y(1,X(7)) = (Ho + Hy)X(0) for every T,

and in particular X(1) = R(1,(H, + Hy)X(0)). Thus we can rewrite the
boundary condition as V(1,(Hy + H;)X(0)) = V,. Since v — V(1,v) is in-
vertible almost surely by Proposition 2, we get that X(.) = R(.,V~1(1,1;)). ©

Remark 1. The smoothness requirement on V(1) is essential for our purpose.
Indeed, a very strlngent point is that we can only state uniqueness amongst the
processes of class ]LC 10cs Decause we need to apply the It6-Ventzell formula. As

a consequence we have to prove the existence of a solution in ]LC Lo

The stochastic invariant imbedding method is twice powerful for solv1ng stochas-
tic differential equations with affine boundary conditions. Firstly it provides us



Stochastic invariant imbedding 9

with a way to prove existence. Secondly it is helpful to prove the smoothness
of the random variable V(1) very efficiently, since we actually deal with the
stochastic process V(7) defined by a S.D.E.. It is much easier to prove that this

process belongs to ]Lll;f than to prove that the inverse of v — V(1,v) at the

point Vp belongs to D7

loc*

4. Applications of the existence and uniqueness theorem
4.1. One-dimensional problem

Let f and o be functions from [0,4+00) x R into R, hg, hy and Vy be real
constants such that hg + hy # 0.
Theorem 3. If f and o fulfil H1 and moreover hohy > 0, then H2 is satisfied.
As a consequence, there erists a unique process in ]le’sloc solution of :

dX(t) = f(t,X(t))dt + o(t, X (t)) o dwy,

ho X (0) + hy X (1) = Vp.

Note that in the case where hg = 0 or hy = 0, we deal with a S.D.E. with an
initial condition and the result is well known.

Proof . Consider for instance the case hg > 0 and hy > 0. The proof relies on
the fact that v — R(7,v) is monotone increasing for every 7, in other words that
Y (7,v) > 0 almost surely.

Thus det Z(T,U) = h1Y(T,U) + ho(ho + hl)_l > hg(ho + h1>—1 > 0. m]

Remark 2. This theorem has already been proved by Donati-Martin in [5] by
means of a different way. The stochastic invariant imbedding method provides
us with a very simple way to get back this result. Moreover, we shall see in the
further subsections that the stochastic invariant imbedding method is efficient
for solving some multi-dimensional cases.

4.2. Some results in multi-dimensional cases

We first deal with a simple situation which has been studied by Nualart and

Pardoux in [12]. We are able to exhibit new existence and uniqueness results.

We consider the space of d x d matrices My(IR) equipped with the norm :
d

|A] = sup Z |Ai;j|. We begin by recalling the elementary following lemma,
i=1,...,d
e |
which will be needed below.

1
Lemma 2. If |A| < 1, then I + A is invertible and |(I; + A)™'| < oAl
We assume that :
e Hy and H; belong to M4(IR) and V; belongs to R¢,
e t — B, is a continuous mapping from [0, 1] into M4(R),
e (t,z) — f(t,z) fulfils the conditions of H1.
Ofi .
We denote by V f the matrix 9t and by K itssupnorm  sup |V f(¢2)|.
Oz; te[0,1],z€R?
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Theorem 4. If Hy + H; is invertible and :

1
K <In (1 + > , (17)
|Hi || (Ho + Hi)7

then H2 is fulfilled and there exists a unique process in ]Lé:ioc solution of :
t ¢
X(0) - X(0) = [ S X(6)ds+ [ Buodu,, 1)
0 0
HoX (0) + HyX(1) = Vi,
Before we turn to the proof, we state two straightforward corollaries of this
theorem.

Corollary 1. Let n be an integer between 1 and d.
Let V{* € R™ and V™™ ¢ R,
If K < 1n2 then there exists a unique process in ]Llc:,sloc solution of :

X(t)—X(O):/O fs. X(s)ds + [ BLodw.
Xl(o) Xn—{—l(l)
: =V and : =V
X,(0) Xaq(1)

Corollary 2. If Hy is invertible and |Hy'Hy| < e~X, then there ezists a

unique process in ]L}isloc solution of (18).

Proof . This corollary follows easily from Theorem 4. Indeed, if Hy is invertible
then we can introduce the new boundary condition

HoX(0)+ H X(1) =V,

where Hy = 1, H = Ho_lHl and Vy = Ho_lVo. Now we can readily check that
(17) is satisfied :

1 1
In (1 + — = = ) =In (1 + —= - >
| Hi[1(Ho + H1)~'| | Hg " Ha| | 1s + Hy " H|
1

-1 1
| Ho Hi (1—\\H51H1||)
= —In(|Hy *Hi|) > —lne ™ ® = K.

>In |1+

O
Proof of Theorem 4 . We need to check that H2 is fulfilled. It is sufficient to
show that there exists # < 1 such that :
sup sup |Hy(Y(r,v) — (Ho + H1)™')| < 3 almost surely. (19)
T€[0,1] veR?
Indeed, we can rewrite (13) as Z(7,v) = I; + Hi(Y(1,v) — (Ho + H1)™'). As a
consequence, if (19) holds, then by Lemma 2 we obtain that Z(r,v) is invertible
1 1-pB)¢
and |Z7(,0)| < =5 for any 7,v almost surely. Hence |det Z| > %,
and ‘H2 is fulfilled. Finally it remains to prove the following lemma. '
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Lemma 3. (19) is satisfied with 3 = |Hy||(Ho + Hy)7'|(eX —1).
Proof . Let M(r,v) = Y (r,v) — (Ho + H1)~. M is solution of :

{ dM =V f(r, R)Mdr + V f(r, R)(Ho + Hy)~'dr,
M(0,v) =0.

Therefore
|M(7,v)| < /OT IV £ (s, B(s,0))] (1M (s,v)| + | (Ho + Hi)~*|) ds,

We can apply Gronwall’s inequality and the definition of K provides us with the
estimate :

sup_ [M (7, 0)] < |(Ho + Hy) ™ [(e" — 1),
T€|(0,

from which we can deduce the result. o

4.8. Triangular systems

To simplify the presentation, we shall assume that the dimension is equal to
2. However we can easily extend the following result to higher dimensions. We
assume that :

— (t,z) — f(t,r) and (t,2) — o*(t,2), k = 1,2 fulfil 1 and have the following
k
forms : f(t,z1,22) = ( fl(t’wl)) >, o*(t,my,m0) = ( oq (t,x1) )’

fa(t,z1, 2 ok (t,x1,79)
k=1,2.

— Hjy and H;j belong to M2(IR) and are inferiorly triangular. Both the coeffi-
cients Hyyq and Hyqq (resp. Hggy and Hjgs) have the same signs.

— The diagonal coefficients of the matrix Hy, i.e. Hy;; and Hygs, are different
from 0.

Theorem 5. H2 is fulfilled and there erists a unique process in ]LIC:%OC solution

of :

Xl(t)—Xl(O):/0 fl(s,Xl(s))ds—%/[; o¥ (s, X1(s)) o dw”,

X2(t)—X2(0)=/0 f2(8,X1(5),X2(5))d5+/0 05 (s, X1(s), X2(s)) o dwf,

with the boundary conditions

{ Ho11 X1(0) + Hipy X1 (1) = V7,
Ho21X1(0) + Hoo X2(0) + Hig X1(1) + Hi20X2(1) = V5.
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Proof . At the expense of having to modify V), we may take Hy and H;j to have

the form :
1 0 c 0
HO:(G 1>7 H1:<b 6)7

with ¢ > 0 and e > 0. Hy + H; is obviously invertible. ~
Some straightforward calculations yield that the characteristics Ry (,v) and

Vi(7,v) do not depend on vy. As a consequence Z12(7,v) = 0. Besides

1+ cexp Ny(7,v) _ 1+ eexpNa(T,)

Z11(T,1))= l+e s ZQQ(T,U)— 1+e 5
T Of; - T ook .
where N,(1,v) = ; g—g(ﬂ R(r,v))ds +/0 a—xj-(T’ R(1,v)) o dw”.
This implies det Z(7,v) = Z11(7,v) Zaa(1,v) > 1 > 0. O

(1+c)(1+e)

4.4. Second-order equations

In this subsection we are looking for real processes (z(t),y(t)) which solve the

system :
{ dz(t) = y(t)dt, (20)
dy(t) = f(t,l‘(t),y(t))dt + G'(t,.’ll'(t),y(t)) 0 dwta

with the affine boundary conditions :

(50 )+ (50)) =%

where Hy et H; are matrices in My(IR) and V; is a vector in R?.

a 0
0 1 ’
Assume moreover that one of the following conditions is satisfied :

a(t,z,y) does not depend on (x,y),

3] 3]

H2' : { K= sup sup {|—f(t,x,y)| + |—f(t,x,y)|} satisfies K < In(2 + a),
tef0,1] z,yER Oz dy

a 1s a positive real such that a > e — 2.

o(t,z,y) does not depend on x,

7]

O (t,2,9) 2 0 for all (t,2,)

a 18 a non-negative real.

a(t,x,y) does not depend on (x,y),

H2" f(t,z,y) does not depend on y and %(t,x) > —

Theorem 6. Suppose that H' holds, Hy = and Hy =

O =
o O

H2"

72
Z;

a 18 a positive real.
Then H2 is fulfilled and there exists a unique process in ]le,sloc solution of (20)
2(1) + az(0) = Vg,

with the boundary conditions :
Y { y(0) = V.
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Proof . We shall only sketch the proof.

If we assume H2' then the conditions of Theorem 4 are clearly satisfied, which
produces the expected result.

If we assume H2" or H2'", then it can be checked that the matrix Z is triangular
and det Z(7,v) = Y11(7,v) + t§- On the one hand, the assumption H2" implies
that 7 — Y11(7,v) is nondecreasing for every v almost surely, which leads to

the conclusion. On the other hand the lower bound %(t,x) > —’;—2 is a suffi-

cient condition which insures that H?2 is fulfilled. Indeed, applying the technical
Lemma 4 about the behaviour of the solution of a second-order ordinary diffe-
rential equation, we get that Y11 (7, v) is non-negative for every 7 € [0, 1] almost
surely. This implies that det Z(7,v) > %3, which completes the proof of the
theorem. Hence it remains to prove the lemma, :

Lemma 4. Let g be a continuous function from [0,00) into R and u be the
solution of the real second-order ordinary differential equation :

{ (1) = g(tyult),
w(0) = A >0, w/(0)=0.

1
If tir>1£g(t) s finite and if we set Ky = 0 (Ko = +oo if

(—infi>0 g(t)) V
™/ K()
2 )
Proof of Lemma 4 . If we study the Wronskian associated with u and v,
K < Ky, solution of the ordinary differential equation :

{ T () = —ux(®),
UK(O) = A, UIK(O) =0,

inf;> g(t) > 0), then u > 0 on [0,

then we notice that u cannot take the value zero while ug is positive. Since
ug(t) = Acos(t/V K), we easily deduce the result of the lemma. m

Remark 3. The regularity hypotheses on the function f can be weakened in the
particular case where o* depends only on time ¢.

Remark 4. Of course I have not exhibited all the cases where the stochastic
invariant imbedding method could be applied (in fact, I have only presented
the most simple cases). I have aimed at showing that the invariant imbedding
method could be successfully applied to stochastic boundary value problems.

5. Limit theorem
5.1. Problem and result
We shall study in this section the asymptotic behaviour of the solution of a

boundary value problem with random coefficients. The tools used here are on
the one hand diffusion approximation results according to Kunita [9] and on the



14 J. Garnier

other hand our existence and uniqueness results concerning stochastic differential
equations with boundary conditions.

Let n*(t) be independent Markov processes defined on some probability space
(2,F,P) and w; be a d-dimensional Brownian motion defined on a stochastic
basis (12, Fo,Pg), where 25 = C°([0,1], R%).

We assume that 7* take values in a compact subset of IR, are centered,
have unique invariant probability measures under which they are ergodic, and
fulfil Doeblin’s condition (as a consequence their generators fulfil the Fredholm
alternative). Moreover we denote oy = [;° E[n*(0)n*(t)]dt (we assume ay # 0
and oy < 0o and, consequently, 0 < ay < 00).

Let f and o* be functions, Hy and H; be two matrices and V; be some vector,
such that H1 and H2 are fulfilled with Hy, H;, f and Mdk. Thus there exists

. . 1,8 .
a unique process X in ILC,loc solution of :

dX (t) = f(t, X(t))dt + Vaka®(t, X (1)) o dwy, (21)
HoX(0) + H X (1) = V.
Let us consider the boundary value problem :
axe 1 t
{ 2 () = F(LXE(0) + 0 (6, X5() S (55), (22)
HyX®(0)+ Hi X°(1) = V.

We denote by D the subset of {2 such that the problem (22) admits a solution.
Our main result is the following.

e—0

Theorem 7. ID° is a measurable subset of 2 and P(D®) — 1.
The smallest solution (X*(t))scp0,1] of the problem (22) (in the sense of the sup

norm) defined on ID° converges weakly to (X (t))ejo,) in C°([0, 1], R%).

One difficulty is due to the fact that X* is not defined on the whole set (2. In
fact we shall prove on the one hand that D is measurable and P(ID®) — 1,

and on the other hand that the process X¢ which is equal to X on D and 0
otherwise converges weakly to X.

Before we turn to the proof, some comments are called for. We have had
some trouble to state uniqueness of the solution of the boundary value problem
(22) by means of a rigorous way. Indeed we cannot deduce from the almost sure
hypothesis H2 that a similar condition is fulfilled by the problem (22), because

the processes t — fot %nk(e%)ds take values in the Cameron Martin space H!,
which is a negligeable subset of {2y with respect to the Wiener measure. On the
other hand we are not allowed to use a density argument to extend the claim of
‘H2 to the space H!, since the map defined by the process Z on {2 (see Section
3) need not to be continuous. Besides we cannot even state uniqueness for the
problem (22) when £ goes to zero, because only weak convergence results for
the flow Z° associated with (22) are available to us. As a consequence we lack
control over the flow Z* for large values of v and do not manage to prove an
asymptotic lower bound for | det Z¢| over the whole space R?. Hence we do not
succeed in deducing from H2 and the convergence results that (22) possesses
no more than one solution when ¢ goes to zero. Namely we shall prove that a
second solution, if any, has no option but to take larger and larger values as ¢
goes to zero.
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Nonetheless the hypothesis H2 is very close to insure existence and uniqueness
for the problem (22), so we may have assumed without loss of generality that
the boundary value problem admits a unique solution IP-almost surely for every
e > 0. Indeed, it is natural to expect that explicit assumptions on f and o*
under which H2 holds will also insure that H2 holds true with the stochastic
integral "odwr” replaced by ”¢*(t)dt”, g € H'. This is satisfied in practice.
In particular, every situation we have studied in Section 4 does actually take
place in this simple case, so that the claim of the theorem may be reduced to :
P(D®) =1 for every e > 0. The unique solution of the problem (22) defined on
D° converges weakly to (X (t)):cf0,1] in C°([0, 1], R%).

Remark 5.

a. This theorem has already been proved in the particular case where f and o*
are linear in [7].

b. In this model we have studied an equation driven by a Markov process 7.
However we can extend the limit theorem to much more situations, namely

every situation where usual diffusion approximation results can be applied (see
[9] or [6]).

5.2. Proof of the theorem

We introduce the characteristics RS and V¢ associated with the boundary value
problem (22) as in Section 3. Let W1 = C°([0,1],C!) be the set of all the conti-
nuous maps 7 from [0, 1] into C*(R%, R%) such that 7#(0,v) = (Ho + Hy) " 'v. W1
is equipped with the topology generated by the sup norm over compact subsets.

Lemma 5. R® converges weakly to R in W.

Proof . This is a straightforward corollary of Kunita’s results [9]. It is sufficient
to notice that R*(7,v) = ¢2((Ho + H1)"'v) and R(7,v) = ¢,((Ho + H1) 1v),
where ¢° and ¢ denote the standard flows. o

Let 7 be an element of W1. Using the now classical notations, we set
o(r,v) = Hi7(7,v)+Ho(Ho+H:1) ‘v and Z(r,v) = Hi1 & (7,v)+Ho(Ho+H1) L.
By the implicit function theorem (see also Lemma 6-1-1 [9]),

e the map 9(r, .) is a diffeomorphism from A, into R? for every 7 almost surely,
e the inverse 3~ (7, V), 7 < T(F,V) A 1 is continuous,

where we have set T'(7, V) = inf{t > 0,V € 9(t, A¢)} (= oo if A; = @ for every t)
and A; = {v such that 3s < ¢,det Z(s,v) = 0}. We denote by © the inverse of ¥
at the point Vj, i.e. the continuous function defined on [0, T'(7, Vp)) by 971(., Vo).

As a consequence we can introduce the measurable mappings F from W!
into R? and G from W' into C°([0,1], R?) given by :

FO={ Sotmermies 7 GO0 ={ e

Finally we denote by B,, the ball of radius n in R% and we introduce some subsets
of W' : D,, = {F such that inf|,|<, rcp,1]|det Z[r,v)| > 0} and D =, Dn.



16 J. Garnier

Lemma 6. If 7P is a sequence of W' which converges to some ¥ € D, then for
p large enough

o?(.) is defined on [0,1] and o7(1) == ©(1). (23)
If ¢(p) — oo and 9*®) is a solution of 9¢®)(1,v) = Vp distinct from 5% (1),
then lim inf [6%(P)| = oo,

pP—0
Proof . Since 7 € D, by the implicit function theorem #(r,.) is a diffeomorphism
for every T whose inverse is continuous in (7,v). Thus there exists an integer n
such that
sup |o(s)| <n-—2. (24)
s€[0,1]

Since D,, is an open subset of W', 77 belongs to D,, for p large enough. As a
consequence, again by the implicit function theorem, 77(.) is well defined until
it goes out of B,. Let us denote by o2 = inf{r € [0,1],]07(7)] > n} (= 1 if
{...} = 0), i.e. the first time when ” goes out of B,,. Since

(s Aol ,v(s Aol)) = Vo = 0P(s AP, 7P(s A oP))
for every s € [0, 1], we have

[0(s Aop,0P(s Aap)) — (s Aop,D(s Aap))| < sup sup [07(T,v) — 5(7, )],
T€[0,1] [v|<n

leading at once to the estimate

sup_[5(s,7°(s)) — (s, 9(s))| "= 0. (25)
56[0,05]

Let us consider (s,)pen a sequence of real numbers which belong to [0, 07]. By
(25) we have |#(s,, 77(s,)) — 9(8p, 5(5p))| "— 0. Besides (s,)pen is a bounded
sequence, so there exists a subsequence (sq(,))pen Which converges to some
s € [0,1]. The continuity of ¢ then implies that

|5(5, 5P (s 4p))) — B(8,T(84()))| "— O.

Since v — ©¥(s,v) has a continuous inverse, |®d’(p)(s¢(p)) — U(s4(p))| converges
to 0 as p goes to infinity. Thus we have just proved that we can extract from
any sequence (S,)pen Of real numbers which belongs to [0,027] a subsequence

s e~ which satisfies |79 (s — (s PZ3 0. This yields
#(p) )P é(p) #(p)

sup [oP(s AoP) —5(s A oP))| =3 0. (26)
s€[0,1]

Combining (24) and (26) we get that there exists some pg such that
(p>p)=| sup |5°(s)|<n—1].
s€[0,02]

Thus o2 is equal to 1 for p > pp and (23) follows from (26).
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Let us prove the second claim of the lemma. We begin by fixing an integer m.
There exists some p(m) such that 77 belongs to D, if p > p(m) and #? is a dif-
feomorphism from B,, into RY. In particular ¢” is one-to-one from B,, into R,
Now, if p > max(po, p(m)), then ©7(1) is the unique solution of #7(1,v) = Vp in
B,,,. This completes the proof of the second statement. ]

Proof of Theorem 7 . D® is a measurable subset of {2. Indeed w € D® if and
only if V¢(1,.)71({V4}) is non-empty, i.e. R € E, where

1

E= 7 e Wt such that |5(1,v) — V| < =

un U 51,0) = Vol < 7}
peNUEBkﬂQ

is a measurable subset of W!.

By Lemma 6 the mappings F' and G are continuous at every point of D.
Since Po(R € D) = 1, Corollary II-1-9 [6] yields that G(R?) converges weakly
to G(R) in €°([0,1],IR*). Remarking on the one hand that G(R®) is a solution
of (22), namely the smallest solution by the second statement of Lemma 6, and

on the other hand that G(R) is equal to the solution X of (21) by Theorem 2,
the proof of the theorem is complete. o

6. Appendix

The aim of this appendix is to prove the third claim of Proposition 2, which

_ 'R
states that V' € ]Lllfc’. Henceforth Fo. is a shorthand for the tensor of the j-
vj
order derivatives of the components of R and p > 2 is a fixed real number. We
begin by stating some uniform L"-estimates of R and its derivatives.

Lemma 7. We can find a modification of the flow R such that R is continuous

with respect to (1,v), R(7,.) is a C* diffeomorphism for any T almost surely and

IR

W("U) belongs to [),>o ]Lé’r for every v € R? and 0 < j < 4. Moreover for
v >

any real v > 2 and any integer n there exists constants ¢, and ¢, such that

E[ sup |R(7,v)["] < e (1+v]"), veRY

76[0,1]_ .
R

E[ sup |=—(r,0)|"]<¢r, 1<j<4, veERY,
refo,1] OV

'R
sup E[ sup sup |D,=—(1,0)|"] L ¢rmy, 0<5<2, neN.
ve[1]  refo,]jol<n OV

Proof . These statements may be found in [9] and in Lemmas 2-2-1 and 2-2-2
[14]. o

We now define the random variables that will be localizers. Here and below
we denote by ¢, 4 a sequence of functions in C°(R? R) such that ¢, 4(v) =0
for every |v| > n and ¢, q4(v) =1 for every |v| < n — 1.
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Definition 3. 3, ,, n > 2, is the random variable defined by :

1
ﬂn,p = ¢r(n),1 (Sn,p) 3 Sn,p = / / 1+ Z | 8 i |4d d+1)qd’UdT
0 n

2
p2 and r(n)

where By, is the ball of radius n, q(p) is an integer such that ¢ >
is equal to nid(d+)a+d+1

Proposition 3. {8, ,,n > 2} satisfies the required conditions to be a localizer :
1. {Bnp =1} 7 12 almost surely when n goes to infinity,

2. Brp € Ny>o DY" for every n > 2.
Proof . Applying the estimates of Lemma 7 we get IE [S,, ;] < C(1+n4d(d+1)q+d)‘

Hence
E [Snp]
r(n) —1 n—x

which yields the first statement. Besides S, € (1,5, D"" and Gr(n)1 € CF
imply the second claim by Lemma 3-5 [13]. - m

P(Bn,=0))<P(S,,>r(n)—1)<

)

We are going to consider a truncated version of the process V. We begin by
introducing the truncated random functions :

a™(7,v) = a(T,0)pn,q4(v), b”’k('r,v) = bk(T,U)(ﬁn’d(U), (27)
o . 1d <b™F(,v),w* >, 19b™F |
a (7-77]) =a (T,U) + 5 dr + 5 8U]' bj (T,U), (28)

where a and b* have been defined in Proposition 2. To express the corrective
terms of @™ it is convenient to introduce the notation :

—1_ 1
det Z

F(y) is a matrix whose coefficients are polynomial functions of degree d — 1 of
the coefficients of the matrix y.

F(Y), where F(Y)) = *com (HyY + Ho(Ho + Hy)™') .

d<bmk(,v),w* >, 1 ook o -
dr B _detZF(Y)H1 o, (1, R)oy (1, R)¢n,a(v)

1 oF c o
_detZ ayl,m (Y) (Hlva (T7 R)Y) Lm HlO' (T, R)¢n,d(v)

+7(det1 7y (F(Y>H1Vo’“(f, R)Y ) F(Y)Hy 0" (7, R)$n.a(v),

bk 1 oot - O0nd
ov; _mF(Y)Hl (3—961(7'73)1/1,3‘%41(”) ot (7, B) =5 v, v )>
1 oF Yim k D
_ Y —H
detZ@’yz,m( ) ov; 107(7, K)én,alv)
. oy
— _Tr{ F(Y)H
+(det Z)? ( ) 16”]

Before stating the next proposition we set out some straightforward estimates.

) F(Y)H 0" (1, R)$n,a(v).



Stochastic invariant imbedding 19

Lemma 8. The following statements hold for a™ and for b™*.
1. For i = 0,1 there exists a constant K such that a™ satisfies almost surely :

a,\ 3+’Ll 1+2 "" ( )
1+3)d
|az(TU)|<K EOJ E |—
J:

where « is the lower bound of | det Z| introduced in Hypothesis H2.
2. For every v € R, a™(.,v) belongs to ]L}jr for any r > 2.
Moreover, for anyi=1,..,d and v € [0,1],

4 2 .~

1am 1
Dol <k (Y| (140198 m|4d+2|D,,aJ (r, ) 4

7=0 7=0

We now show that a truncated version of the process V is smooth in the
sense of the Malliavin calculus.

Proposition 4. There erists a unique process V,, solution of :

dVp, = a™(7, Vo (7))dr + bR (7, Vi (1)) dwk,
Vn(0) = Vp.
Moreover, ﬂn,an e L',

Proof . Let us define Vn,l as the unique process solution of :

{ AVpp = 8™ (7, Vo i (1(7)))dr + b™F (7, Vo (1 (7)) du’,
Vn,l(o) = VvOa
where ¢;(7) = m/2" if T € [m/2!, (m + 1)/2%).
Step 1. BnpVn, € L7,
Vn,l(O) is equal to V and obviously belongs to DL? . By recursion with respect

to m, if we assume that V,,;(7) € D" for any 7 < m/2!, then by Proposition
3-4 [11] we find that V,,;(7) € D"? for any 7 € [m/2!, (m + 1)/2!] and

) 0, V(5 i) Lve(z 1
+/ D;aﬂ(s,vm(m))dH/ Dybﬂvk(s,vn,l(g))dwf

T dan > i Tk om ie M
e s Tad G s (gds + [ 25 (s, V(G DL Vi st

ol ol
Finally, V,,; € L and §n (V) = D} (V,,.(7)) satisfies, for 7 > v >0:

. () =t (v, Vaa(61(v)))
+/ D}a™ (s, Vai(41(9))) d8+/ D™ (5, Vii(di(s))) dwt

- ’/’l(”)al\f Pi(v)AT ok
am _ T n, _
+/ P) (57 Vn,[(¢l(8))) é-n I, sds + / p) (87 Vﬂ,l(¢l(s))) n,l, sdw ’
1/}1(1/)/\7' v 1/)1(1/)/\7' v

(30)



20 J. Garnier

where ¢, (v) =m/2" if v € (m —1)/2", m/2Y].

In order to simplify the notations it is convenient to set A, = —— (s, V,,,1(61(9))),

o™ ,k ;
By = —— (s, Vau(9u(s))) and 0. = sup [&,,(v)].
v s€[0,7]
We also introduce the stopping times 1 and T, , defined by :

Ty = inf{r such that |§an( )| > M},

n,p = inf{7 such that / / 1+ Z | (s,0)|* 4 Vgpds > r(n)},

where ¢(p) and r(n) have been defined in Deﬁnition 3

|4d

Since A, and B* are bounded by K sup ( , applying Sobolev’s

[v|<n i=0
inequality we obtain that there exists a constant C such that

Ta pAL To pAL
/ 14,[P/7=1ds < Cr(n) and / \BE2P/7=2ds < Cr(n)  (31)
0 0

Now, applying Burkholder-Gandy’s inequality and combining with the estimates
of Lemmas 7 and 8, we deduce from (30) that :
pl

T/\TM/\Tn_p .

/ 4.6, (0)ds
T/\TM/\Tn‘p

/ BS54, ds

‘(l)l(ll)/\T/\TM /\Tn‘p
ViWIATATM AT, »

E[nf/\TM/\Tn,p] < CpnXx <1 +E

d
+Y E
k=1

p/2

Using Holder’s inequality and (31), we get :

]E[nf/\Tn_P/\TM] <Kpn (1 +/ ]E“fi,z,s/\Tn_p/\TM(V)|p]d3) .

(VAT

Since [£2 1.s(")] < ns by the definition of 7, we finally obtain from Gronwall’s
inequality that

P Kpnt
E[WTATH,;,/\TM] < Kpnen 7.

As a consequence, letting M — oo and applying the monotone convergence
theorem yields :
]E[nf/\Tn‘p] < 00.

However 3, ,m < miat, , almost surely, moreover the LP-estimate of 1) is uniform
with respect to v and [. Therefore it follows that :

sup sup [ sup |§n,z,f( V)[?1Bn,p "] < 0. (32)
leEN* v€[0,1] T€[0,1

The proof of the first step is now complete.
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Step 2 . B pVin € L7
Let us introduce the stopping time 73, defined by :

v = inf{7 such that sup Z| R (r,0)| > M}.
lvl<n 5o

This stopping time satisfies limsup,,;_, ., 7ar > 1 almost surely by the uniform
L"-estimates of Lemma 7 and Sobolev’s inequality. Now, if we take care to remain

dan ob™Fk
on [0, 7y A 1] in order to deal with almost sure bounds for %, 0 a™ and

b™* . we can apply a slight modification of Lemma 2-1 [8], so that we get :

E[ sup |Vou(r) = Vu(n)P] == 0, (33)
TE[0,Ta AL]
sup B[ sup |Ba,l?lEL, . (v) — €L, (0)IF] =Z 0, (34)

vel0,1] T€[0,7TmAl]

where V,, is the solution of (29) and & ,(v) is the solution of :

L W)= R,V /D“" y ))ds+/7Dib"’k(s,‘7n(s))dwf
n,ku _ .
O TN s+ [ O (s, ) ()

From (32) and (34) it follows that, for every M :

sup B[ sup [Bn,l”lE,(0)I7] < C.

ve(0,1] T€[0,TmMAL]

Letting M — oo and applying the monotone convergence theorem, we get that :

sup [ sup [Bn,[7lE, . (¥)IP] < C,
velo,1]  T€[0,1]

which produces the desired result : 3, ,V, € L. o

We are now able to state the smoothness of the process V.

Proposition 5. The process V,, defined by (29) is the unique solution of :

(35)

:S |

{ dV, = a™ (1, Vy(7))dr + b™* (1, V(1)) 0 dwk,
(0) = Vp.

Obviously V,, =V on 2" = {w such that sup |V( ) <n-—1}.
€01

Thus (ﬁn,an, 2N {fn,= 1}) localizes V in ]Ll’p.
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Proof . (35) is the Stratonovich’s form of (29). Indeed It6’s and Stratonovich’s
integrals are related by :

_ _ 1 _
bk (1, Vi (1)) 0 dw® = bk (7, V, (7))dw® + 5d < (™R V() wF >,

and a™ has been chosen so that the relation

%d BT (), 0 >e= a7 (r, Va(P))dr — a™(7, Va(7))dr

holds by the definition (28) and by the generalized It6-Stratonovich formula
proved by Bismut in [3] :

n,k - B
o (R Valr) e Vi (7).

d(b™* (7, Va (7)) = db™ (7,0) lozv, () +
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