Amplification of incoherent light with wide spectrum
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Abstract
We consider a wide-frequency-bandwidth incoherent pulse and its propagation
through an amplifier medium. We show how the intensity grows and how the correlation
function behaves in the medium. We see how a small nonlinearity may greatly affect
the amplification.

1 Problem

We aim at studying the propagation of a Gaussian incoherent field through a nonlinear
amplifier medium. The medium, which draws power from a source other than the input
signal, provides the pulse with energy. Our first task is to study this phenomenon called
amplification. However, the medium is not perfectly linear, and we will have to consider
that the index of refraction is slightly nonlinear. Then, because of self-phase modulation,
we will see that it induces spectral broadening on the one hand, and that it affects the
amplification on the other one.

The results of this paper seem to agree with with some experimental observations (see
[2]) concerning the amplification and the spectral broadening of an incoherent laser beam.
In particular a saturation of the output intensity is observed while the transverse effects
and the variation in the population inversion are negligible.

1.1 Incoming field

We consider a plane wave incoming from the left z < 0, with the form Ey(¢) at z = 0.

We assume that Ey has Gaussian statistics, that means that Ey(t) = X1(¢) +¢X2(t), where
X, and X are independent stationary real Gaussian processes with the same correlation

A2
function < X;(0)X;(t) >= 70f(t), f(0) =1. As a consequence Ej is a complex Gaussian
field with correlation function Ky(t) =< Eo(0)Eg;(t) > given by :

Ko(t) = A2f(1).

Ap is the initial amplitude of the electric field (A2 is the initial intensity). The angle
brackets refer to the expectation with respect to the statistics of Fy. Besides we will denote
by ag the modulus of the initial field and by ¢ its phase, so that Ey(t) = ag(t) exp(i¢o(t)).
In the numerical simulations, we will assume moreover that the correlation function is
2
Gaussian, f(t) = exp(——2 T2 ), where T, will be called the coherence time of the initial field.
In that case, we can note that :
e ag(t) and ¢y(t) are independent at every time ¢,
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2
e the distribution of ag(t) admits a density which is equal to p(a) = % exp(—;?),
0 0

e the distribution of ¢y(¢) is uniform on [0, 27].

1.2 Amplification
The equation which governs the propagation is :

oF
1 —2— + A E=P
() Z82+ L ?

where P is the polarization of the amplifier medium.
Throughout the paper, the transverse aspect will be neglected. Moreover, the evolution of
the polarization P is governed by :

oP
2 e—+ P =—inFE
where n is the population inversion, which is the characteristic of the amplifier. What is
important to notice is that the characteristic time of the evolution of the polarization is
assumed to be much shorter than the coherence time of the initial field, i.e. that ¢ < T.

1.3 Self-phase modulation

During its propagation, the electric field is subject to a self-phase modulation, induced by
a nonlinear index of refraction :

E=E(T), T=t- -,
(3) E Vg
_99F v|E|*E = P,
0z

T is the reduced time at position z, and v, is the group velocity.

1.4 First approximation

Let us first consider the very simple case where both the evolution of the polarization and
the self-phase modulation are neglected. In the present approximation, the electric field £
is, for any z, given by :

E._oq=0(2,t) = e Ey(t).

We define the average intensity as I(z) =< |E(z,u)|*> > and express it as :
Is:O,'y:O(Z, A()) == A%e”z.
The correlation function K(¢,2) =< E(z,u)E*(z,u +t) > is given by :
K’EIO,’)’:O(t? 2, AO) = A(Z)enzf(t)'

2 Evolution of the polarization

We will study here the effects induced by the evolution of the polarization on the electric
field. We still neglect the nonlinearity and the self-phase modulation, i.e. we consider the
limit case v = 0. Moreover we consider that the population inversion n is constant.
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Then we are able to find the new expressions for the field intensity and the correlation
function for any z :

2 4
Lo olz, Ag) = A2e™ <1 - <%) (nz)+ 0 (Ti> ) ,

g

K.olt, 2 Ag) = A2e™ £ (1) <1 N (i)2 (n2)g(t) + O (—)4) ,

T. T.

2

t\? t
with g(t) = (77) —1 when f(t) = exp(—ﬁ). Note that the expansion of the correlation
c C

function is valid for times ¢ such that et < Tcz. According to the experimental data, where

2
nz is of order 1 and Ti < 1, the corrective term of order (%) nz is negligible.

c c

3 Self-phase modulation
In this section we neglect the evolution of the polarization, which will be taken to be equal
to —inE. Thus the electric field is affected by the self-phase modulation according to the
following equation :

E=E(:T), T=t— vi

g
%P Y|E|*E = —inE,
0z

The electric field is therefore given by :

(4) Bemos(5.T) = ¥ ao(T)expi (60(T) = -alna)a(D))

where a(z) =e* — 1.

On the one hand, since the self-phase modulation only affects the phase of the electric field,
it does not induce any effect on the field intensity. We still have :

(5) IE:O,'y(za A()) = €nzAg

On the other hand, we can explicitly compute the correlation function (cf appendix), and
find that it is greatly affected by the self-phase modulation :

e Af(T)
.
(1+ (432)° aln2)2(1 - f(T)?))

Therefore, even if the nonlinear component of the index of refraction v is small, we can
deal with an important correction if the initial intensity A% and the size of the medium z
are so large that 21 (e —1) A% > 1.

In Fig 1, we coTanpare different correlation functions plotted as functions of position z
and reduced time T, for different values of Ag. For a fixed value of the initial intensity
A2, the correlation function K (T, 2) looks like Ky(t) for small 2. However for larger values
of z, T +— K(T,z) has still the same shape as Ky(T'), but with a rescaling; we mean that
T — K(T, z) becomes more and more concentrated near 7 = 0.

The higher the intensity is, the stronger the previously described trend is, i.e. the rescaling

(6) K&:O,'y(T, Z, Ao) =
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and the concentration of the correlation function near T

considerable.

In Fig 2, we compare different correlation functions plotted as functions of initial

amplitude Ay and reduced time T, for different values of position z.

to underscore the concentration near T = 0 of the correlation function when z and Ag

grow.

REMARK 3.1. If we take the limit n — 0 in (6), then we get back the result of Manassah

[1], who has considered the propagation of an incoherent field in a dispersionless nonlinear

Kerr medium.

Let us regard now how the evolution of the polarization and the self-phase modulation both

4 Joint action of self-phase modulation and polarization
affect the electric field and its statistics during its propagation.

1 Average

4

First we consider the intensity of the electric field. We have already proved that the self-

phase modulation does not affect the growth of the intensity if we do not take the evolution
of the polarization into account. On the other hand we have shown that the evolution of
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nz=1

K(T, Ao)

K(T)

nz=2
K(T, Ao)
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Fic. 2. Correlation function K.—o (T, Ao), 2l =0.1.
n

the polarization has only a negligible influence on the intensity if we set aside the self-phase
modulation.

We aim at showing here that if we take both the evolution of the polarization and the
self-phase modulation into account, then it appears a new corrective term in the expression
of the average intensity I, ,(z, Ag), which may be non-negligible.

nz e)? € nz 2 e\?
(7) IE,’Y(szU) = A(z)e X 11- <7Tc> nz — <i%14(2)6 ) B(nz) + O (i) )

where 3(z) = 2 — 8¢ * + 4ze ** + 6e 2.

2
€
In the expression of I, ,, we can recognize the term (17> nz which corresponds to
c

the direct effect of the evolution of the polarization (see the expression of I, ,—g). Besides,

2
g
we find the new corrective term (—lA%e”Z> B(nz), which is due to the joint action of

T 2n
the evolution of the polarization and the self-phase modulation. This term depends on the

initial intensity A2 since it derives from a nonlinear effect. The higher the initial intensity
is, the more important this corrective term is.
Moreover, it can be proved by a recursive argument (cf appendix), that the term
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n A

I1 denotes I.—g y=o0,
3
12 denotes I, , except the term in O (Ti) 5

L E a7
C denotes the coefficient — A2—e"2.
g T. Yan

3 J
(0] (%) is a sum of terms of the type <7T L A2 "z> , J 2 3, and some others which

c

J
are negligible in front of these, like (Tinz) ,j >3

c
Therefore anyone of these two curves are exact. Fig 3 and 4 must be understood as

follows : -
e When ?—AQ e" < 1, then Il = I.—¢,—o is a good approximation of the average

1n‘cens1ty.C

e When f2—A2 e"? reaches values of order 1, then the average intensity does not follow
c

the curve I1 anymore, but the curve 12 : it means that the amplification is stopped.

e When ?—Az e > 1, then we should take into account all the terms which are
2n
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3
contained in O (%%A%e"ﬁ in (7). We do not know the behaviour of the average
e 2n

intensity in this region.
To sum up : We can affirm that the growth of the intensity is stopped when the initial

amplitude Ay is so high that Ti ZlA% €"? is not small compared to 1. Moreover the maximal
e 2n
output intensity that we can expect is independent of the input intensity and is of order

JE=AN
T.2n
4.2 Correlation function
Let us now regard the joint action of the evolution of the polarization and the self-phase
modulation on the correlation function of the electric field.
We find that the correlation function roughly behaves as in the limit ¢ = 0. However

the joint action induces a corrective term which is of the same order as in the intensity, so
that K. (T, 2, Ap), is, when T < T2, equal to :

(8) K.ro,(T, 2 Ao) x (1 + (TECYMgm + (Ti% Agenz>2 An)h(T) + O (%)3) ,
where \(z) = 22° (1 + o (1)).
When f(t) = exp(—%), we have g(T) = (%)2 “1and A(T) =1 — (%)2 (7).

Aden ...
(1+ (4355)" a(n2)’(1 = £2(7)))

2
There are two corrective terms of order O (%) :
C

We do not write the negligible terms of the type = j>3.

2
The first one, (%) nzg(T), which is the direct effect of the evolution of the polarization,

is independent of the initial intensity and is always negligible.

2
Ti A(nz)h(T), which is due to the joint nonlinear action of the
evolution of the polgrization and the self-phase modulation, depends on the initial intensity
A2. As in the case of the growth of the intensity, if the initial intensity A3 becomes too
high, then the second corrective term may become non-negligible.

The second one, ( lAge”z
2n

5 Spectral broadening

5.1 Limit case ¢ =0

We aim at exhibiting a relation between the spectral width and the output intensity. This
is worth studying, since both of them are observable quantities.

First we consider the case ¢ = 0. In that case, the correlation function K.—g , is given by
(6). We define the coherence time DT as the width of the correlation function (the spectral
width is then the inverse of the coherence time). More exactly we say that DT.—g, is the
unique time such that

K’g:()’»y(T, Z, A())dT = - ’5:0,7(T, Zy A())dT

/+DTE:0,’Y ]_ +o0
7DT5:0,7 2 —0o0
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Let us denote by Is the output intensity. We know that Is.—o, = €™ A3. Thus,
according to the explicit form of the correlation function, we can write K.—q , as a function

of Is, T and of the parameter 21, if we assume that e"* > 1. We can write DT.—q, as a
n

function of Is and 21
n
THEOREM 5.1. Let us assume that f admits an asymptotic expansion near t = 0 of the
type f(t) =1 — At™.
2

1 o
o Ifa> —, then DT.—q, X (115> ~ B,
2 ’ 2n

Is—o0

+B 1 1 [too 1
where B is such that/ —dt = 5/ —————dt.

—5 (14 2xt)? (14 2xte)?
1
o Ifa< -, then DT.—, — J3,
2 71 Is—oo
+4 +oo (t
where B is such that/ 1) ————=d / f ) —————dt.
5 (- faRP 2 f()?)
In fact, these behaviours hold as soon as 2—18 > 1.
n
2 DT._
Ezample. If f(t) = exp(—@), then ;_,7:0’7 x Is x % — a1, a1 ~ 2.26.
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Fic. 5. Coherence time DT,—q ,,

5.2 Asymptotic case ¢ < T,

We assume here that € # 0 but ¢ < T,, that means that the characteristic time of evolution

of the polarization is much shorter than the coherence time of the incoming field.
According to the previous results, we know that the output intensity Is, . is almost

equal to AZe™ and the correlation function is given by (8) when T2_A2 e"* < 1. Therefore
the coherence time behaves according to the formulas of theorem (5.1) when TiZ_I s 1.
¢ 2n

When the intensity is such that the quantity TZ_’Z_A2 e"” reaches values of order 1, then

we have shown on the one hand that the amphﬁcatlon of the output intensity was stopped,
i.e. Is does not grow anymore when A3e™ increases. On the other hand it is easy to check
from (8) that the coherence time still behaves according to the formulas of theorem (5.1), if
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T,
nz ——57 goes to infinity

we replace Is by A3e™*. Combining these facts, we can affirm that

0ls
€ . .
when Is reaches values such that — -1 I's becomes of order 1. However, as in the previous
e 2n
sections, we are not able to describe the behaviour of the coherence time when the quantity
€7 42 nz .
— —Agje"” is larger than 1.
T.2n 0 &
12
Ezample. In the case f(t) = exp(—ﬁ),
c
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6 Appendix

We aim at sketching the calculations of the average intensity and the correlation function.
First consider the case ¢ = 0. By the expression (4) of the electric field E.—g , the
correlation function K.—q , is :

K.—o(T,z,Ap) = € x < Eg(u)Eg(u+T)* expi%a(nz) (|E0(T + ) - \Eo(u)|2) >

Because of the stationarity of the process Ey on the one hand and the decomposition of Ejy
into the sum X; + ¢X, on the other hand, K.~ (7, 2z, Ag) can be rewritten as :

eV < (Xl(O) + in(O)) (Xl(T) _ iXQ(T)) eia(nz)%(Xl(T)2+X2(T)2—X1(0)2—X2(0)2) S

However the processes X; and X3 are independent and identically distributed, so we can
factorize the expectation < F(X;) X G(X3) >=< F(X) > x < G(X) >, where X has the
same distribution as X;. As a consequence,

Keeo(T, 2, Ag) = 26" x < X(0)X(T) expizla(nz) (X(T)? - X (0)?) >
n
Y 2 2
X < expz%a(nz) (X(T) - X(0) ) > .
Calculating the brackets gives (6).

Consider from now on the case € # 0, ¢ < T,. Using the perturbed function method, we
can compute the asymptotic expansion of the electric field E. We obtain that the average
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output intensity I, . at position z is :
2
e < ak > —&? (21) B(nz)e*™ < aéaff > —elnze™” (< a62 >+ < a%¢62 >) +0 (63) .
n

After some calculations, you can check that (7) holds. We can do the same for the
correlation function. However the computation is much more delicate. We find a lot of
terms of order £2. The one which prevails is :

£2e" (nz)2a(nz)? (%) i B(T, z, Ap),

n
B(T, 2, Ag) =< ao(0)2a6(0)a0(T)QQG(T)ei(a(M)f;(ao(T)2—ao(0)2)+¢o(0)—¢>o(T)) S

(However it is necessary to compute all the terms in order to find the prevailing one).

Decomposing the initial field Eg(t) = ag(t)e*?®) into the sum X; + iX5, developing and

factorizing the expectation by the independence of the processes X; and X5, we have found
that :

BTs A — 2 x A3 (T)W(T)
T (1 (43) )2 (1 - FA(TY))

where the ‘negligible terms’ represent a sum of terms of the type
A2

(1+ (A35)? a(nz)2(1 - f2(T)))

+ negligible terms,

j,Withj > 3.

About the further terms of order O (é‘k), k > 3, by a recursive argument we can affirm
that :
e The asymptotic expansion of the average intensity I. ,(z, Ag) can be written as :

nz 42 62 6’72nz2 b €l 6k+1
eAyx [1— (i) nz — (i%Aoe > B(nz) +§Cl(z,x40) (i) +0 (7—_,6) )
l
where the [-th corrective term Cj(z, Ag) is at most of the type (%A%e”z) .
n
e The correlation function can still be written as (except the ‘negligible terms’):
e A3 f(T
K. (T, z,Ag) ~ . o/ (T) 5 X
(14 (432) a(n2)2(1 — fX(1)))

(1 + (TE)Q nzg(T) + (Ti %A%e"“)z ARHT) + 32 DUT, 2, ) (Ti)l o (%)kﬂ)

=3

!
where Dy(T, z, Ag) is at most of the type (ZlA%em> X (1 + (nz)l> x hy(T).
n
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