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Abstract

We introduce the theory of modulational instability (MI) of electromagnetic waves in optical fibers. The model at hand is
the one-dimensional nonlinear Schrédinger equation with random group velocity dispersion and random nonlinear coefficient.
We compute the MI gain which reads as the Lyapunov exponent of a random linear system. We show that the distribution of the
MI gain can be expressed in terms of the log-normal statistics. The heavy tail of this probability distribution function involves
very different behaviors for the sample and moment Ml gains. In the anomalous dispersion regime, random fluctuations of the
nonlinear coefficient reduces the sample Ml gain peak, although the moment Ml peak is enhanced, and the unstable bandwidth
is widened. Still in the anomalous dispersion regime, random fluctuations of the group velocity dispersion reduces both the
sample MI gain peak and the moment MI peak. Finally, in the normal dispersion regime, randomness extends the Ml domain
to the whole spectrum of modulations, and increases the Ml gain peak. The linear stability analysis is confirmed by numerical
simulations of the full stochastic nonlinear Schrodinger equation. © 2000 Elsevier Science B.V. All rights reserved.

PACS:42.65—k; 42.65.Sf; 42.50.Ar
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1. Introduction

As is well known, the interplay between optical Kerr effect and chromatic dispersion leads to the phenomenon of
modulational instability (MI) of light waves [1]. This instability was discovered almost simultaneously in several
contexts inthe mid-1960s. In deep-water gravity waves, itis called the Benjamin—Feir instability [2,3] after Benjamin
and Feir found that they were experimentally unable to sustain a nonlinear constant-amplitude wavetrain of gravity
waves in deep water. In plasma physics it was called for the first time modulational instability and leads to the collapse
of Langmuir waves [4]. It actually occurs in many different physical environments: plasmas, fluids, anharmonic
lattices, electrical circuits and nonlinear optics. Ml leads to the breakup of a continuum or quasi-continuum wave into
atrain of ultrashort pulses and it can be used to generate a train of soliton-like pulses [5,6]. Ml also sets a fundamental
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nonlinear limiting factor in the transmission of dense wavelength-division multiplexed signals in long-distance fiber
links. The MI gain in homogeneous medium has been extensively studied for the scalar nonlinear Schrédinger
equation [1], and also for the vector nonlinear Schrédinger equation both in the normal [7] and anomalous [8]
regimes. It has been shown that MI depends on the frequencies of initial modulations and the powers of waves.

All these results were obtained in media where the characteristic parameters are constant. In realistic fiber
transmission links, the chromatic dispersion and nonlinearity are not constant but can fluctuate stochastically around
their mean values. The inhomogeneity of the medium may be inherent to the medium [9] or induced by other
propagating waves [10]. Recently it was pointed out that random inhomogeneities in nonlinear dispersive media
may extend the domain of the homogeneous Ml of nonlinear plane waves over the whole spectrum of modulations.
This effect is completely analogous to the stochastic parametric resonance which occurs for a harmonic oscillator
with randomly modulated frequency. Indeed, previous work analyzed the Ml of electromagnetic waves in nonlinear
Kerr media with random nonlinearity [11] or random group-velocity dispersion (GVD) [12,13]. In these references,
the authors adopt the following methodology. They consider white-noise models for the coefficients and compute
the mean of the intensity of the growing instability (i.e. the Lyapunov exponent of the mean, the so-called mean
Lyapunov exponent) in the limit of small deviations. We shall revisit this approach and extend it to a very general
class of fluctuating coefficients. We shall obtain the same qualitative picture as in [11-13] for the mean Lyapunov
exponent, but we shall show that the statistical distribution of the Ml gain is more complicated than expected, and
that the mean Lyapunov exponent s larger than the sample Lyapunov exponent that governs the typical growth of the
modulation. Indeed the intensity of the modulation has rare but very large fluctuations, and these rare configurations
impose the mean value. This behavior is predicted by the random matrix products theory [14], which claims that
the sample and moment stability of random dynamical systems may be very different.

This situation is relevant for telecommunication fiber cables where all characteristic parameters slightly fluctuate
around their mean values. Note that Ml is an important nonlinear limiting factor in long-distance fiber-based
telecommunication systems, but it is also a way to generate a train of soliton-like pulses. Indeed when a small
modulation is applied to an input signal, MI can be induced if the side band frequzfals within the Ml gain
spectrum. If we make use of this induced M, itis possible to generate a train of soliton-like pulses with a repetition
frequency determined by the inverse of the input modulation frequenf§]. As pointed out in [5], in order to
produce the desired pulse train, it is necessary to remove the pulse train at an appropriate distance which is very
sensitive to the Ml gain at frequengd. Itis therefore relevant to obtain precise expressions of the Ml gain in realistic
fibers, which take into account the unavoidable random fluctuations of the parameters of the fiber. The underlying
physical purpose is to prove whether or not randomness leads to a substantial extension of the Ml domain with
respect to the homogeneous case, and whether it involves a decay or an enhancement of the MI gain peak. Precise
expressions of the different Lyapunov exponents will provide the answers.

The paper is organized as follows. In Section 2, we state the problem at hand, and we remember the reader with
the standard homogeneous Ml gain in Section 3. In Section 4, we consider white-noise coefficients, and study and
growth of the mean intensity of the modulation. Sections 57 are devoted to the complete statistical descriptions
of the sample and mean MI gain in a general framework. The theoretical results are discussed in Section 8 and
compared with numerical simulations in Section 9.

2. Formulation

The evolution of the field in random fibers is governed by the nonlinear Schrddinger equation with random
coefficients [1]:

i + Buw + y |ul’u = 0. 1)
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Here the standard dimensionless variables are ysisdhe nonlinear coefficient. The GVD coefficienfis> (<) 0
for anomalous (normal) dispersion. Both coefficients are fluctuating around their respective meapgvahts
so that they can be described as

Y (@) = yo(l+omy,(2), 2
B(z) = Po(1+ omp(2)), 3

whereo is a dimensionless parameter which characterizes the amplitudes of the fluctuations. The fluctuations of
the nonlinear coefficient are characterized by the random pracgssd the fluctuations of the GVD coefficient

by mg. We shall assume that := (mg, m, ) is a stationary, zero mean and random process. Note that a usual
model for random fiber is the random concatenation of different fiber sections whose coefficients have constant
values [15,16]. Typically the lengths of these segments are of the order of 10-100 km, much less than the dispersion
distancel.y = tg/|ﬂo| (o is the pulse duration of the order of 10 ps, while the mean GVD coefficient is of the order

of 0.1 p& m~1 for most glass fibers so that ~ 1000 km). We shall see that such a configuration may be described

by a white-noise model. Eq. (1) has plane wave solutions

u(z, 1) = \/Foexp(i/zy(z/) dZ/P()) ) (4)
0

Their linear stability is determined by considering a perturbed solution of the form

Zz
u(z,t) = (\/FO"‘Ml(ZJ)) eXp<i/ y(@) dZ/Po) . (5)

0
By substituting Eq. (5) into Eq. (1), and retaining only the first order terms, one obtains a linear equatian,for.
iug; + Bui + 2y PoRe(u1) = 0. (6)

Performing the Fourier transforin = [ u1 e 1" dr, and using the complex representatidn:= i1, + isi1j, one
obtains a system for the various Fourier components of the perturbation term

d (i) _ i1y _ 0 ﬂ(z)w2>
dz (ﬁli ) =Y <121i ) o= <2V(Z)Po - B(D)w? 0 ' ™

The sample Ml gain is defined as the Lyapunov exponent which governs the exponential growth of the modulation:
1 5
G(w) = lim =In|i1(z, w)|*. (8)
z—>007

Note thatG (w) could be random singgandy are. So it should be relevant to study the mean and fluctuations of the
MI gain. For this purpose, we shall analyze thgt2mean MI gain defined as the normalized Lyapunov exponent
which governs the exponential growth of thih moment of the intensity of the modulation:

1 .
Gon(w) := lim = InE[|i1(z, w)|?"], 9)
z—oonz
whereRE stands for the expectation with respect to the distribution of the praeessng). Note that this is a
generalization of the standard mean MI géig, which characterizes the exponential growth of the mean intensity

of the modulation. If the MI process were deterministic, then we would ligyéw) = G2(w) for everyn since

1 .
ZIn iz, 0)* = In Ji1(z, ®))?.
n
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But due to randomness, this does not hold true since we cannot invert the nonlinear power fun¢tibarid the
linear statistical averagingg[-]". Actually Jensen'’s inequality establishes that it 1, then

E[|i1(z, )|?"] > E[li1(z, 0)[]]",

and consequentlg,, (w) > G2(w). In case of equalityy2, = G2 = G, we can claim that the exponential growth
is deterministic, but ilGo, increases with, it means that the Ml process is fluctuating.

The random matrix products theory applies to the problem (7). For instance, assume that the random processes
m,, andmg are piecewise constant over intervalss + 1) and take random values on the successive intervals.
Under appropriate assumptions on the laws of the values taken, @ndmg, [17, Theorem 4] proves that there
exists an analytic functiog(p) such that

.1 .
z“—>moo2 INE[i1(z, 0”1 = g(p), (10)

1
lim = In|ii(z, w)| = g’(0) almost surely (11)
7007

JZ

whereN\ (0, s) denotes the Gaussian distribution with mean 0 and variaridereover, the convergence is uniform

for 11 (z = 0) with unit modulus, and the functiop — g(p)/p is monotone increasing. This proves in particular

that G(w) = 2¢’(0) is non-random. In case of non-piecewise constant procesgesndm,,, various versions

of the above theorem exist which yield the same conclusion [14,18-20]. Unfortunately, the expresgipn of

is very intricate even for very simple random processgsandm,,. We aim in this paper at deriving closed

form expressions for the Lyapunov expone6tgn) and G2, () in the natural framework corresponding to the
telecommunication applications, where the noise level is low. These expressions could be of practical interest for
predicting the modifications of the MI gain peak and spectrum induced by random fluctuations of the coefficients
B andy.

3. The homogeneous modulational instability

We remember the reader with well-known results which can be found in the literature (see for instance [1, Section
5.1]). The matrixY is constant hered(z) = Bo, y (z) = o), SO that the MI gain is given by twice the largest value
of the real parts of the eigenvaluesofIn the anomalous dispersion regiig > 0, there exists a characteristic
frequencyw: above which there is no Ml:

2 1 . 1
W = ——, = .
¢ Pore °7 2nPo
The frequencies below are unstable and the corresponding Ml gain is

Gdel(@) = 2polwl\/ i — ?.

The MI peakG get opt and optimal frequencyget opt are consequently

(13)

2 2 1 2
Gdetopt = Bowg, Wdetopt = 2%c-

In the normal dispersion reging < 0, there is no MI:Gget = 0.
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4. The moment equations for the white-noise case

Unlike the homogeneous case, the propagation matrix is no longer constant but varies randomly with distance.
So a stochastic approach is required to exhibit the statistical properties of the random MI gain and spectrum. In this
section, we study the influence of white random modulations of GVD and nonlinear coefficient on Ml in a fiber.
The fluctuations are assumed to obey independent Gaussian white noises with delta-correlated functions:

o?Elmpg(x)mp(N] = 08(x —y), o Blmy (x)my ()] = 026(x — y), (14)
so that (7) reads as a system of stochastic differential equations:
diiqr = ﬁoa)zﬁli dz + aﬁﬂowzﬁli o szl,
ditai = (2yoPo — Bow?)ii1r dz + 207 yo Poiiar 0 AW?Z — o fow?iin, o AW,
where W' and W? are independent and identically distributed standard Brownian motions atahds for the

Stratonovitch integral [21, p. 136]. This particular choice of stochastic integral will be made clear in Section 8.

4.1. The second moment MI gain

The analysis of the system of equations for the first momgfds,], E[#1;] shows that the dynamics is the
exponential decreasing of first moments and that the resonant phenomena are absent. This is an expected result
sinceiiyr andiijj are strongly oscillating and these oscillations make the first moments average to 0. So we shall
analyze the behaviors of the second momé]itfélr], E[”l.] and E[i1,i1i] (we addE[i1,i1i] SO as to close the
equations for the second moments). Applyinydtformula [21, p. 145], we obtain that the evolution of the row

vector of the second momeng? :=! (E[ulr] Elu1ra1i], E[ull]) reads as a closed form linear system:
,BOa) U 2Bow? ﬁoa) a
dx®@
& =MPx@ MmO = 1 — Bow? —Zﬂow o Bow? ,
ﬁgw“aZ Aglo? 20,51 — Bow?) —Bhwie}

wherel is the characteristic wavelength defined by (13). Instability emerges if an eigenvalti® dfas a positive
real part, and the mean MI gadip, defined by (9) is the largest value of the real parts of the eigenvalug&bfWe
have found that the matrix ® has three eigenvalues denoted(py, p2, p3), which can be expanded as powers
of £ ando/? uniformly with respect ta:

2 4 2, -1 -2\ 2 —-2._2
_ Bow? (BBw™ — BBowAc™ + Ac9)og + Ac oy
p1 =20y o(rc™ — Pow?) + ; 15
i 4 Aet — ow? 4o
2. 4 2, -1 -2\ 2 -2_2
_ Bow? (BBgw™ — BBow Ag™ + Ao + Ag oy
2= —20\ folhc " — fow?) + , 16
p c 4 )\,El . ﬁoa)z ( )
2y —2 o2 + o2
w
pP3=— Po v . (17)

)»gl — Bow? — 133 60’ 2

These general formulas coincide with the particular cases studied in [11-13].
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4.1.1. Normal dispersiofip < 0
In this case, the real parts pf andp, are negative, angs is positive real-valued for every frequenoywhich
proves that there is instability for all frequencies. The gain is equagto

_ 2 2
|Bolw?Ag? og +o,

Go(w) = —
et + |Bole? + |BolPedaf 2

The optimal frequency is high in the sense that it is of the ordeggf3:
05 opt = (2B3hco) >, (18)
The corresponding Ml peak is given by
_ 2 2
A 2 %p o
1432 Wcted?3 2

G2,opt = (19)

If o5 > 0, thenG2(w) — 0 asw — oo, otherwiseG (w) converges t@ 2 opt = %Agzaf.

4.1.2. Anomalous dispersigy > 0
In the standard stable regien> «c, the gain is now positive for every frequency. Comparing carefully the real
parts ofp1, p2 and p3 establishes that the gain is imposedy

2 4 g2 2
w0 %510y
Go(w) = B2——C
2() ﬁoa)z_wg 2

For the study of the standard unstable regiog «w¢, we introduce the dimensionless paramétes rrf/(rg. The
following two cases can be distinguished:

Case 11f § < 1, which means that randomness essentially originates from GVD fluctuations, then the gain is
imposed byp;:

2/, .2 2 2 2
(W — 0t (W — w5 ;)
G2(w) = 2Bowy/ g — ? + 2 2’(S as /33‘75’

— w2
wE — W

where the two characteristic frequencigs s andw, 5 are

w? 5= 12-21-8)wt = %= 12+ V2(1-8)wt. (20)

This shows that the random dispersion makes the instability increage ¢o(0, w_ s) andw € (w4 5, wc), and
decrease fok € (w_ s, w4 ). In particular, the optimal frequeney, opt is slightly belowwget opt:

wg,opt = %a)g - %ﬁoa)é(ag‘ — 05)7 (21)
and the corresponding Ml peak is reduced:
Ga.opt = Powi — 3B5we(0f — 07). (22)

Case 2If § > 1, which meansthatrandomness essentially originates from fluctuations of the nonlinear coefficient,
then the gain is

22 2 22+ s§—1 42
G2(w) = 2Bowy/ g — w? + @207 — wg)" + ( )/ ,6305,

2((1)% — w?)
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which shows that the random nonlinearity makes instability increase for all frequenee®, w¢). In particular,
the MI peak obtained aby opt defined by (21) is enhanced and given by (22).

4.2. Higher order moments

The results derived in the previous section give accurate expressions for the moment Mhghint the re-
lationship with the sample MI gaitv is not obvious. Further, we have chosen to analyze the second moment of
the modulationi; to characterize its stability, but this choice may seem arbitrary and should be discussed. In this
section, we study the exponential growth of higher order momenis eb as to get a picture of the fluctuations
of the exponential growth af1. Let n be an integer an& ?” the (2n + 1)-dimensional row vector of thenzh
moments:

X\ =E[af 7af]. j=0.....2n.

Applying 1td’s formula establishes that the vecio® satisfies

dx(2n)
dz

whereM @ is the(2n + 1) x (2n + 1) matrix:

= M@ x@)

M@ = (Bow? — 20 Po) AP — ow* B + JBjwofC Y + 2§ PEa D@

The matricesA®), B@" @D and D@ are null but for the following componentAEZ;')+1 Bﬁzj) =

. CP) = —on—anj+22,.C* ) = j(j— 1. C, = @n— j)2n— j— 1), andD*) , = j(j — ). Inthis
framework NGy, (w) is equal to the maximum of the real parts of the roots of the characterlstlc polynomial of the
matrix M ") whose degree isi2+ 1. This implies that the derivation of a closed-form expressio6 gf(w) for
anyn > 2 is quite intricate, but it can be carried out numerically. Figs. 1-4 display the MI gginsor different
values ofn, og, ando,,.

Let us first consider the influence of GVD fluctuations and take> 0 ando, = 0 (Figs. 1 and 2). In the
anomalous regimesg = 1, Fig. 1), the optimal frequency is found bel@wetopt and the Ml peak is reduced in
agreement with the formulae (21) and (22) far2 2. But the striking point is that these quantities do not depend on

2n—j,

T F LPe=2 |7 " 3
1+ E .......... (}2 E
L o8> | ----- G, E
e e G E
AV + @G, |7
N, X x *, 3
c = 0.6 :l‘j+\.\‘ 4/2)*G, 3
S CX TS ;
= 05t = Ee T N 3
s = 04F v, o, 3
E + 3
~ ~ >* 3
F 1‘*"\4\’* . E
02F e T 3
: B A A
0 1 P - 0 E 1
0 0.5 1 1.5 2 1 1.5 2
(V) w
Fig. 1. Ml gain versus frequency for an anomalous dispersion regigne- 1, random GVDog = 3, and constant nonlinear coefficient

o, =0, 2yoPo = 1. The lines correspond 16>, for 2n = 2, 4, 6, 8, 10.
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B =11
""l""l""l"|Bﬂ_'lr'l""l""l""
0.15 - S ]
[ S [P 3 ]
Iy “,‘ """ G,
k x G,
s ko X +  (32)*
g 0.1_- fl;: *X ’\ x  (42)*G, |
< . Y X
80 # *
= i+ \\‘x
p= L X ]
0.05 4/ R -

Fig. 2. Ml gain versus frequency for a normal dispersion regfige= —1, random GVDog = % and constant nonlinear coefficient

o, =0,2ypPy = 1. The lines correspond 1G>, for 2n = 2, 4, 6, 8, 10.

n, since the figure shows that the maxima of all curves merge into one point. This indicates that the optimal frequency
and Ml peak should be nonrandom quantities equal to the values given by (21) anoh(g# )= V7/4 ~ 0.66 and
G2,0pt = % =~ 0.94. Another relevant feature is that the GVD fluctuations extend the MI spectral width with respect
to theog = 0 case. Indeed the Ml gain for frequencies aboye= 1 is now positive. Furthermore, the curves are
now distinct for differentz. An empirical relationship can be exhibited, as shown by the right picture of Fig. 1. It
seems that o, (w) ~ %(n +1)G2(w) for w > we. This relationship will be proved in Section 8. In the normal regime
(Bo = —1, Fig. 2), there is no Ml in the homogeneous case. Taking into account GVD fluctuations, the Ml gain is
positive for all frequencies and reaches a maximum at some optimal frequency which seems independemt of
the MI peak depends on For 21 = 2, the Ml peakG 2 opt iS reached ab; opt defined by (19) and (18), respectively:
Goopt = 1 ~ 0.071 andwp opt = /2 ~ 1.41. Moreover, the empirical laG2, (@) ~ 3(n + 1)Ga(w) is still
observed for every frequenay.

Let us now consider the influence of fluctuations of the nonlinear coefficient andjaked ando,, > 0 (Figs. 3
and 4). In the anomalous regime, the optimal frequency is atgs@pt and the MI peak is enhanced as shown by
Egs. (21) and (22). The values found for the optimal frequencies and MI peaks are in good agreement with (21)

T T =1 | T
15|
£ 1F £
O 5
I o
p= p=
0.5 §
0 1 0- - 1 1
0 1 2 3 1 1.5 2 2.5 3

Fig. 3. Ml gain versus frequency for an anomalous dispersion regigne- 1, constant GVDog = 0, and random nonlinear coefficient
o, = % 2yoPo = 1. The lines correspond @, for 2n = 2, 4, 6, 8, 10.
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T T n=- I"
| /x,x’*" -
02} / 4
F / WW
£ ;I ad
& I .
Y + P J
= ooap 4/ T o G, -
I G ]
ir . 4
L -0‘.: ...... Gﬁ
W BR)y*
L/ @2)*G,
0 1 n
0 5 10
w

Fig. 4. Ml gain versus frequency for a normal dispersion regippe= —1, constant GVDog = 0, and random nonlinear coefficient
oy = % 2y0Po = 1. The lines correspond Gy, for 2n = 2,4, 6.

and (22) which claim thab, opt = % = 0.75 andG,opt = % ~ 1.04. Further, these quantities depend:pwhile

they do not in case of GVD fluctuations. This shows that the optimal frequency and MI peak should be random
quantities. Furthermore, as for GVD fluctuations, the MI spectrum is widened with respectto #h6 case, and

the same empirical law is found between thg,’'s for v > wc. In the normal dispersion regime, all frequencies are
unstable as soon as > 0, and the Ml gain is an increasing functionafFor 2: = 2, the Ml peak corresponding

tow — oo is given by (19)Gz,opt = § = 0.125.

It thus appears that the moments of the modulatiogrow with different exponential rates, which proves that the
behavior of the modulation is not deterministic but exhibits strong random fluctuations. It should thus be relevant to
study the complete distribution of the Ml gain, and not only the first moments. We would also like to underline that
the result would have been quantitatively different if we had considered the clasSistddhastic integral instead
of the Stratonovitch integral. It is therefore important to justify why this particular stochastic integral is the suitable
one in our framework. Finally, we would like to underline that we have addressed in this section the white-noise
case, but it should be also relevant to consider a general colored noise and study the influence of the power spectrum
of the noise. All these points will be discussed in the following sections.

5. Sample exponential growth

5.1. The modulation in polar coordinates

We denote byn(z) the processgmg(z), my (z)) and we introduce the termrsands:

_ y0Po — Bow?
= 2y0Po — fow?’ (23)
P
(@) = —222 (24)

w) = .
2y0Py — Bow?

We first assume thaiy < 0. Introducing the polar coordinatéR(z), ¥ (z)) asii1r(z) = v/ —Bow?R(z) coLY (z))
andiiq1j(z) = v/2y0Po — Pow?R(2) sin(¥(z)), the system (7) reads as

R(z) = Roexp (/O G (). M) dz’) , (25)
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d‘gf) = h(¥(z). M), (26)

with g (¥, m) = go(¥) + oq1(y, m) andh(y, m) = ho(¥) + oha (¥, M):

qo(¥) =0, q1(¥, M) = k(w)s(w) SIN2y ) (my — mp),
ho(¥) = k(w), h1i(¥, m) = k(w)s(w)(my + (m, —mp) COK2Y)),

wherek(w) is the wave number defined by

k@) = ow?(Bow? — 2y0P0). (27)

If Bo > 0 andBow? > 2y0Po, then denotingi1,(z) = v/ Bow?R(z) cO ¥ (z)) andii1i(z) = —v/ Bow? — 2yoPoR (2)
sin(y(z)), the system (7) also reads as (25) and (26)3lf> 0 andBow? < 2y0Po, then denotingis (z) =

Vv Bow? R (z) coyr (z)) andii1j(z) = +/2y0Po — Bow?R(z) Sin((z)), the system (7) reads as (25) and (26) with

qo(¥) = Kk (w) SiN2y), q1(¥, M) = k(w) SIN2Y) (r(w)mp + s(@)my,),
ho(¥) =k (w) COS2Y), hi(¥, M) = k(w)s(w)(my —mp) + k(w) COA2Y) (r(w)mp + s(w)my ),

wherex () is the wave number defined by

K(w) = \/ —Bow?(Bow? — 2y0Po). (28)
5.2. Expression of the sample MI gain

Let us assume that the procesg) is an ergodic Markov process with infinitesimal genergoon a manifold
M with invariant probabilityz (dm). From Eq. (26),(1, m) is a Markov process on the spa§é x M, where
$1 denotes the circumference of the unit circle with infinitesimal generdtes: Q + h(y, m)(3/dy) and with
invariant measure (v, m) dyr 7 (dm), wherep can be obtained as the solution £fp = 0. According to the
theorem of Crauel [22], the long-time behaviorRz) can be expressed in terms of the Lyapunov expoG&a,
which is given by

Gl =2 gt mpes, m) dy (e, (29)

This result holds true under condition H1 [23] or H2 [24]:
(H1) M is afinite set and) is a finite-dimensional matrix which generates a continuous parameter irreducible,
time-reversible Markov chain.
(H2) M is a compact manifoldQ is a self-adjoint elliptic diffusion operator af with zero an isolated, simple
eigenvalue.

Note that the result can be greatly generalized. For instance, one can also work with the clagfs oty
processes withh € L2 (see [25, pp. 82—-83]). The Lyapunov exponétity) can be estimated in the case of smalll
noise using the technique introduced by Pinsky [23] under H1 and Arnold et al. [24] under H2. In the following
paper, we assume H2. As an example, we may thinksihat) = arctanU1(z)) andmg(z) = arctanlUz(z)),
whereU; andU are two (possibly correlated) Ornstein—Uhlenbeck processes.

We shall assume from now on that<« 1 and we look for an expansion 6f(w) with respect tar « 1. The
strategy follows closely the one developed in [24]. We first divide the genefadtdo the sumC = Lo+ o £1 with

d d

E0=Q+ho(1ﬂ)aw, E1=h1(1/f,m)aw~
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As shown in [24], the probability density can be expanded as= pg + op1 + 02p2 + - - -, wherepy, p1, and
p2 satisfyLipo = 0 andLyp1 + L1po = 0, Lip2 + L p1 =0, ... For once the expansion pfis known, it can
be used in (29) to give the expansion@fw) at order 2 with respect to:

G(w) = 2/51 M(qopo + 0 (q1p0 + qop1) + o2 (q1p1 + qop2)) (¥, m) dyr 7 (dm). (30)

5.3. Normal regime

Sincehg is constantpg is the density of the uniform distribution & x M : po = (27)~L. Further,p; satisfies
LEp1 = =L po = dy (h1po) and is consequently given by

1 o
pi(y, m) = _Efo dz E[oy h1(¥ + k(w)z, m(2))/m(0) = m].
Substituting into (30), we obtain
G(@) = 20%k(w)a1(w),

whereo (@) is nonnegative and proportional to the power spectral density of the proesss:, — mg) evaluated
at the frequency (w):

a1(w) = S(w)zfo dz co(2k(w)2)E[(m, (0) — mg(0))(my (2) — mp(2))]. (31)

5.4. Anomalous regime

If Bow? > 2y0Po, then we getthe very same resultas in the normal regime case. Let us assumgRhaiiw? >
0, which is the region where the homogeneous MI gain is positive. The vanishing poiagscofrespond to
equilibrium points for the probability measure. Since oy = /4 is stable, we get thaip = §y,. Further,
p1 satisfiesCip1 = —Lipo = 9y (h1po), S0 the standard identityy, ()5, (¥)) = —dyh(Yo)s), (V) +
h(wo)fsf//,o(lﬂ) yields thatpy (1, m) = rl(m)sipo(Ip), where

ri(m) = (Q — 2ic(w)) " tha(m, Yo).

Sincex (w) > 0, the operatofQ — 2« (w)) L is well defined as the resolvent of The second-order terpp satisfies
Lipz = —L3p1 = dy (ha(y, myru(m)s), (¥)). Applying the identitydy (7 (y)8], (V) = 95 h (Y0)8,, (V) + (h —
20y 1) (Y0)8y, (), we find p2 in the formpa (¥, m) = raa(m)sy, (V) + r22(m)s;; (), where

ra1(m) = —(Q — 2(w)) "M (dyh1(M, Yo)ra(m)), raa(m) = (Q — 4 (@) "*(ha(M, Yo)ri(m)).

An explicit representation ob; is

r22(M) = (Q — 4k () L (ha (M, Yo)(Q — 2k (@) " ha(m, Yo))

= f ds e % (@)s f dz e 2@ E[hy(m(s), Yo)hi(M(z + 5), Yo)/mM(0) = m].
0 0

Collecting the above results and using them in (29) establishes that
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G() = 2 (@) — 802k (0)E[r22(m(0))] = 2« (@) — 207 /0 " dz e E @R Ely(m(0), YoM (), Vo))
= 2c(@) = 20k (@) a2(),
a2(w) = s () /O " dz e E 8 Bl(n, () — mp(0)(my (2) — mp())]. (32)
Note that the coefficient af? is negative. This follows from its resolvent interpretation and the self-adjointness of

0, which implies thatt[(m, (0) — mg(0))(m,, (z) — mg(z))] is positive.

6. Fluctuations of the sample exponent growth
6.1. Central limit theorem for the fluctuations
The sample Lyapunov expone@{w) is the limit of
Y
G =2 Jim - [g(w ). me) d
707 0
with probability 1. It is interesting to obtain a central limit theorem for the corresponding fluctuations:
1 Z
F(z) = —/ 29y (z), M) — G(w) d7'.
VzJo

Let us denotej (¥, m) = 2q(y, m) — G(w). By the definition ofG(w), the random variablg (v, m(0)) has
zero mean with respect to the invariant measur€dm) dy. Thus the equatiofv = ¢ has a solutiorv which
is bounded and unique up to an additive constant. In the following, we denateh®y solution which satisfies
f vp(y¥, M)z (dm) dyy = 0. The process/, defined by

My (z) == v(¥(2), Mm(z)) — v(¥, m(0)) — /o Lo (). mE)) d7’

is a martingale whole increasing process [25 Section 1.5]:

(My, My); = fo (L2 = 20L0) ($(), ) .
Note that the procesR reads in terms of the martingalé, as

R(2)* = R§exp(G(w)z — My(2) + v(¥(2), M(2)) — v(y, m(0))), (33)
and the fluctuation#' of the sample exponent coefficient as

F@) =2 2(=My@) = v(¥ (@), m@) — v, m(0))). (34)

Applying Theorem 2.1 [26){M,, M,) satisfies

Mvav 77—>00 _
% — V5 = —Z/Sl Mqvp(l//, m) dyr 7 (dm), (35)

and the normalized process'/?M, (z) converges in distribution to a Gaussian random variable with zero mean and
varianceV, . This proves the desired result that the normalized fluctuatitips of the sample Lyapunov exponent
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obeys a Gaussian distribution with zero mean and vari&ycén the remainder of this section, we shall compute
the expansion o¥, at order 2 with respect to the noise level

Sinceg expands as g1 + 024> + - - - with g1 = 2q1, we can expand in the formo vy + o2vs + - - -, Wherevy
is the solution of

vy
ho— = 291. 36
Qu1 + 05y q1 (36)

Collecting the terms with powers 2 in (35) establishes that= 02V, + O(c3) with

Vo= — / q1v1po d(m) dyr. (37)
SixM
6.2. Stable regime

If Bo < 0 orBo > 0andBow? > 2y0Po, then solving Eq. (36), we get
o
v1(Y, m) = —Zk(w)S(w)/ dz E[sin(2yr + 2k(w)z)(my, (z) — mg(z))/m(0) = m].
0
Substituting into (35) yield¥, = V202 + O(c3) with
V2 = 4k(w) o1 (o),
which is twice the value of; (w).
6.3. Unstable regime
If Bo > 0 andBow? < 2y0Po, then by the same method as above, we getithat o2V, + O(o3) with
V2 = 8k (w)%az(w), (38)
o0
az(w) = /0 dz E[(r(w)mp (0) 4 s(w)m,, (0)) (r(w)mp(2) + s (w)my, (2))]. (39)

Note thatoz(w) is nonnegative since it is proportional to the power spectral density of the proeesss (z) +
s(w)my (2).

7. The mean exponent growths

Since we know the sample exponent growth and its fluctuations, there remains only a few technical points to
handle before establishing a closed form expression for the mean exponent growth. First note that the identity (33)
involves that the mean Lyapunov exponé, (w) reads in terms of the martingalé, as

Gon(w) = G(w) + [moonizln E[exp(nM,(z))].

Second/, is nothing else than the expectatioryof= Lv°—2vLv with respectto the invariant measyre (dm) di.

Denotingf (¥, m) := f(y, m) — V,, the random variablg (/, m(0)) has zero mean so that the equatibn = f
has a unique solution which satisfi€sup(y, m)z (dm) dy = 0. Accordingly, the proces¥,,:

My = w(¥(2), M(z)) — w(y, m(0)) —/0 Lw(y(z), m)) d’
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is a martingale whole increasing process:
Z
(My, My), = / (Lw? — 2wLw) (Y (), m(z)) dz'.
0

Note thatv is of ordero, so f andw are of ordew? and(M,,, M,,). < Ko*z. Besides, the increasing process of
the martingaleV/, reads as

(My, My); = Voz — My (2) + w((2), M(z)) — w(¥, m(0)).
Thus, for anyn > 0, the increasing process of the martingég — %nMw reads as
(M, — %nMwa M, — %nMw>z = (My, My); + %1”2<va My); —n{My, My); = Voz — My(2) + &5(2),

wherelé, (z)| < K (1+n03z+n°0%z). We substitute this identity into the expectation of the exponential martingale
associated witid/, — 3nM,:

E[exp(n(M, — 2nM,)(2) — 3n2(M,, — 2nM,,, M, — InM,))] =1,
so that we get

E[exp(nM, () — 3n?V,z — 3n8,(2))] = L.
From the uniform bounds of,, we obtain that

E[exp(nM, (2))] < exp(3n2V,z + $n2K (1+ no>z + n®o?z)),
E[exp(nM,(z))] > eX[X%nZK7 - %nzK(l + 1oz +n%c7)).

Applying to these inequalities the operatior~* In {-} and taking the limit — oo, we finally get the expansion
at order 2 with respect t@ of G, (w):

Gan(®) = G(w) + 2nV, + On?a3). (40)

SinceV, = Vo024 O(c'®), the relative error in Eq. (40) is proportionalse . It is all the more important as the
moment is higher. This fact is involved by the high sensitivity of the high-order moments to rare events.

8. Discussion
8.1. Stable regime

We assume in this section that eithfiar< 0 or o > 0 andBow? > 2y0 Po, which are the regions where there is
no Ml in the homogeneous framework. The sample and moment Lyapunov exponents have expansions at order 2
with respect tar which are the ones of the random process:

1(2) = Ipexp2o v/ k2(w)a1 (@)W, + 202k2(w)a1(w)z), (41)

whereW, is a standard Brownian motion angl is defined by (31). More exactly, theth moment Ml gain is given
by

Gon(w) = 2(n + Do %k?(w)a1(w). (42)
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This formula demonstrates the empirical relation = 2/(n+1) G2 which was conjectured in Section 4.2. Besides,
the sample Ml gain is

G(w) =20 2k2(w)ot1 (w), (43)

which is half the value ot72(w). Remember that the sample MI gain is the gain which is actually observed for
a typical realization. This replies in the positive to the question whether randomness enhances MI process in the
normal regime.

If the processesig andm, are independent white noises with delta-correlated correlation functions (14), then
o?a1(w) = 35()*(0? + 05) for any w and we get back the results corresponding to Section 4.1.1. This also
justifies the choice of the Stratonovitch stochastic integral in Section 4: this configuration is the kmit-a@ of
the general configuration (2) and (3). This is due to the fact that after reseating; /o2, the processesg and
m,, appear in the formSl/o)m,g(z/oz) and(1/o)m,, (z/o'?), whose distributions are close to white noises.

8.2. Unstable regime

We assume in this section thgf > 0 andfow? < 2y0Po, which is the region where the homogeneous Ml gain
is positive. The sample and moment Lyapunov exponents have expansions at order 2 with respebidb are
the ones of the random process:

1(z) = Ioexp2c(w)z + 20 v 22 (w)az(w) W, — 2022 (w)az(w)z), (44)
wherea; andas are defined, respectively, by (32) and (39). The moment and sample Ml gains are consequently

Gon (@) = 2c(w) 4 4nok (0)2a3(w) — 20%k (0)2a2(w), (45)

G(w) = 2 (w) — 20%k (w)02(w). (46)

Note that the sample MI gain spectrufiiw) cannot be deduced from the mean MI gain specttiiw) by a
simple transform unlike the stable case. Indee@») andas(w) are different from each other.

Let us examine the particular casg = 0. A striking point is that the MI peak is reduced due to the random
fluctuations of the GVD, and this reduction is deterministic. This is mainly due to the fact hadiopt =

vyoPo/po) = 0:
o0
GZn,Opt|myEO = Gopt|my50 = 2VOPO - 2(TZJ/OZPOZOM" 04 = /C; e_ZVOPOZ E[m/g(O)mﬂ(Z)] dZ' (47)
Furthermore, the optimal frequency is slightly bel@yetopt and is also deterministic:

2 2 -1 2p-1_2p2
C‘)2n,opt|m750 = wopt|my50 = 2,30 yoPo — 20 ﬁo Yo P0a4.

In the general casen, # 0 andmg # 0), the optimal frequency and the M| peak are random quantities. The
frequency which corresponds to the maximal gain is for almost every realization of the progesses):

W = By voPo — 2028y v P,
o
Ota = /(; dz g 2rvofoz E[(mﬂ (z) — my(Z))(mﬁ(O) - my(o))]’
and the corresponding Ml peak is

Gopt = 2y0Po — 20%yE Pgall,. (48)
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The frequency which corresponds to the maximum of the moment Mi@gjns

w%n,opt = ﬂo_l)’opo + 02,30_1)/02P02(2nayy + nayg — 201),
o

o0
oy = /O E[m, Qmy (2)]dz, ayp = /0 El[my, (0)mp(2) + mp(Qymy (2)] dz.
The corresponding Ml peak is
G2n,0pt = 2y0Po + 62)/02P02(4naw — 2ay). (49)

On the one hand, Eq. (49) shows that the fluctuations of the nonlinear coefficient involve an enhancement of the
moment MI pealG 2, opt for n larger thanx /2a,,,,. On the one hand, Eq. (48) shows that the corrective teens in

of the sample MI peaks ot is nonpositive, which means that randomness always involves a reduction of the sample
MI peak. This replies in the negative to the question whether randomness enhances Ml process in the anomalous
regime.

9. Numerical simulations

All of the above results stem from the linear stability analysis of plane wave solutions (4). To check the validity of
the analytic predictions, we perform extensive numerical simulations of Eq. (1) with randomly varying coefficients
B(z) andy (z). The simulations are carried out solving (1) with the split-step Fourier method. The initial condition
is set touy = € €719 + ¢ &' with ¢ = 10~°. The number of sampling points in the time domain is 256, and the
step is a small fraction of the total propagation length£dL /300, L = 6). As a model for the random processes
mg andm, , we choose step-wise constant functions which take independent and random véldesdn over
elementary intervals with lengtlisAccordingly,

1— cogq2kl)
4k2]

L, 2 4 2l —1

/O E[mg(0)mg(z)] cos(2kz) dz = o 27

o0
, / E[mg(0)mpg(2)] e % d;=0
0
This configuration can be approximated by a white-noise modelaﬁth: 03 = lo2. Note that this holds true
only for frequencyw such that 2(w)! <« 1, which is the case for all the configurations that are considered in this
section.

Fig. 5 displays the comparison between numerical calculations (averaged over 100 simulations) and analytic
gain curves in the anomalous dispersion regime with random nonlinear coefficients and constant GVD. Theory (left
picture) predicts that the MI peak is enhanced and is random (in the senégthatincreases with), and that the
spectral width is enhanced with respect to éhe= 0 case (solid line). A good agreement between the theoretical
predictions and the numerical simulations is observed (right picture).

Fig. 6 compares numerical calculations and analytic gain curves in the anomalous dispersion regime with random
GVD and constant nonlinear coefficient. Theory (left picture) predicts that the Ml peak is reduced and is deterministic
(in the sense tha,, opt does not depend ot), and that the spectral width is enhanced with respect toghe 0
case (solid line). Once again the numerical simulations (right picture) confirm these predictions.

The results for the normal dispersion regime are shown in Figs. 7 and 8. The stability analysis predicts the
extension of the domain of unstable side modes to the whole spectrum. This prediction is well confirmed by
numerical simulations (here the average is over 1000 runs): as can be seen, the gain value agrees with the theoretical
estimate. Here the MI gain is solely due to the presence of randomness. The presence of random-induced Ml in
the normal regime may be relevant to signal transmissions in dispersion managed links, where fibers of opposite
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Fig. 5. Ml gain curves fopg = 1, yo = 1, Pp = 1, homogeneous GVD and random nonlinear coefficient wfth: 0.2( =0.2ando = 1).

The solid lines correspond to the homogeneous case, while the dashed lines correspond to the mean Lyapunowexpdreniesft picture
corresponds to the theoretical formulae obtained with the white-noise approximations. The right picture corresponds to numerical simulations
averaged over 100 runs.

dispersion are concatenated [27—-29]. Another important feature is that the exp6agistsongly depend on,
which proves that the Ml gain process is highly fluctuating.

In order to complete our comments, we point out that the value of /itte oment Ml gainG, is imposed
by very rare events (the realizations of the processes) which correspond to very large deviations from the typical
behaviorG. Furthermore, the sets of everfs, which controlG,, becomes smaller and smalleragcreases,
and they correspond to larger and larger deviations. In fact, these sets are a decreasing SEgUeReD - - - D
E3, D ---. Thatis why in the numerical simulations, the mean valiyeis well fitted, and so i34, but higher
moments are not, because the few hundred runs that were performed have obviously not met some of the events of
Es.
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Fig. 6. Ml gain curves fopBg = 1, yo = 1, Pop = 1, homogeneous nonlinear coefficient and random GVD mfth: 0.2( =0.2ando = 1).

The solid lines correspond to the homogeneous case, while the dashed lines correspond to the normalized exponential goowti inates

left picture corresponds to the theoretical formulae obtained with the white-noise approximations. The right picture corresponds to averaging
over 100 numerical simulations.
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MI gain

Fig. 7. Ml gain curves foBy = —1, yo = 1, Pp = 1, homogeneous nonlinear coefficient and random GVD wﬁh: 0.32 ( = 0.02 and
o = 4). The lines correspond to the theoretical formulae, while the crosses and circles correspond to the numerical results averaged over 1000

simulations.

—v—-——v—v—y—v—v—v—v—r—-y—v—v—v—v—y—v—v—r-v—_l=-1, 04=0.32
1+

MI gain

Fig. 8. Ml gain curves foBg = —1, o = 1, Pp = 1, homogeneous GVD and random nonlinear coefficient wﬁh: 0.32 ( = 0.02 and
o = 4). The lines correspond to the theoretical formulae, while the crosses and circles correspond to the numerical results averaged over 1000

simulations.

10. Conclusion

In this paper, we have investigated the Ml of the continuum wave in nonlinear medium with random coefficients.
Using the linear stability analysis and stochastic analysis, we obtain for the white-noise model of fluctuations of the
coefficients, the system of equations for the low-order and high-order moments of the intensity of the modulation.
Using this system, we obtain closed-form expressions for the Ml gains. As a conclusion of this section, we have
pointed out that the MI gain presents very large fluctuations, and that it is consequently difficult to predict a typical
behavior.

We then analyze a more general configuration with a colored noise model so as to describe the complete statistical
distribution of the MI gain. We have shown the following:

e The qualitative effect of randomness in the anomalous regime is to reduce the standard homogeneous Ml gain peak
and to enhance the MI spectrum. In the normal regime (where there is no instability with constant coefficients),

all frequencies are made unstable.
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e A striking point is that the statistical distribution of the intensity of the modulation can be expressed in terms
of the log-normal statistics (see Egs. (41) and (44)). The log-normal distribution has such a heavy tail that the
moments of the intensity have very different behaviors. More exactly, the growth of the intensity of the modulation
is governed by an expression of the kind &4V, + b2), whereW. is a standard Brownian motion. Accordingly,
there are different behaviors for the mean case and for a typical case, b&ausg/z with high probability,
butE[exp(aW.)] = exp(3a22).

e The Ml gain peak for almost every realization is described by a nonrandom quantity in case of GVD fluctuations,
where only the Laplace transform of the autocorrelation function of the random process at a particular frequency
occurs. In case of fluctuations of the nonlinear coefficient, we have put into evidence that the Ml peak is reduced
in probability, but is enhanced in mean, because there exist some rare events for which the Ml peak is drastically
increased, and these rare events impose the mean value.

We have checked the analytical predictions based on the linear stability analysis by numerical simulations of
the full nonlinear Schrédinger equation. We find good agreement between predictions of theory and results of
numerical simulations. Finally, we would like to add that the methodology we present here for the scalar nonlinear
Schrédinger equation can be applied to the vector nonlinear Schrédinger equation that governs the propagation of
electromagnetic waves in birefringent fibers [10].
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