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Abstract

This paper investigates pulse propagation in randomly birefringent optical fibers. We consider two polarization-mode
dispersion models. Using a separation of scales technique we derive an effective stochastic partial differential equation for
the envelope of the field. This equation is driven by three independent Brownian motions, and it depends on the polari-
zation-mode dispersion model through a single effective parameter. This shows that pulse dynamics in randomly birefrin-
gent fibers does not depend on the microscopic model. Numerical simulations are in excellent agreement with the
theoretical predictions.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Optical fibers have been extensively studied because they play an important role in modern communication
systems [1]. In particular, polarization mode dispersion (PMD) has attracted the attention of engineers, phys-
icists and, more recently, applied mathematicians. PMD is one of the main limiting effects of high bit rate
transmission in optical fiber links. It has its origin in the birefringence [2,3], i.e. the fact that the electric field
is a vector field and the index of refraction of the medium depends on the polarization state (i.e. the unit vector
pointing in the direction of the electric vector field). For a fixed position in the fiber, there are two orthogonal
polarization states which correspond to the maximum and the minimum propagation velocities. These two
polarization states are parameterized by an angle with respect to a fixed pair of axes that is called the birefrin-
gence angle. The difference between the maximum and the minimum of the index of refraction is the so-called
birefringence strength. If the birefringence angle and strength were constant along the fiber, then a pulse polar-
ized along one of the eigenstates would travel at constant velocity. However the birefringence angle is random-
ly varying which involves coupling between the two polarized modes. The modes travel with different
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velocities, which involves pulse spreading. Random birefringence results from variations of the fiber
parameters such as the core radius or geometry. There exist various physical reasons for the fluctuations of
the fiber parameters. They may be generated during the drawing process as a result of a drift of the operating
parameters. They may also be induced by mechanical distortions on fibers in practical use, such as point-like
pressures or twists [4].

In our paper we consider the linear propagation of a pulse in a randomly birefringent optical fiber. The
electric field is solution of two coupled Schrödinger equations with random coefficients. Randomness is inher-
ent in PMD. The length scales present in the problem are the fiber length, the beat length (proportional to the
inverse of the birefringence strength), and the PMD correlation length. We consider realistic configurations
where the fiber length (typically 103 km) is larger than the PMD correlation length (typically a few tens of
meters) which is itself larger than the beat length (a meter or less) [5]. We study the asymptotic behavior of
the field envelope in the framework based on the separation of these scales, using a technique first introduced
by Papanicolaou and coworkers [6]. We derive an asymptotic stochastic partial differential equation driven by
three independent Brownian motions and parameterized by a single effective PMD parameter. This result can
be extended to more general configurations, where other length scales come into the play: the nonlinear length
and the length of the dispersion map in the presence of a dispersion-management scheme. The result obtained
in this paper should remain true as long as the PMD correlation length is smaller than these new length scales,
which holds true in practical configurations. We shall give numerical evidence of this conjecture.

The paper is organized as follows. Section 2 is devoted to the presentation of the first model introduced by
Wai and Menyuk [2,3] for linear randomly birefringent optical fibers. In Section 3 we introduce the second
model introduced by Wai and Menyuk [2,3]. Section 4 is devoted to the study of the asymptotic dynamics
of the electric field in the two PMD models. In Section 5 we present numerical results which are compared
with the theoretical asymptotic results.

2. Random birefringence with constant birefringence strength

The evolution of the two polarization modes of the electric field in a randomly birefringent fiber is governed
by the coupled Schrödinger equation [2]:
i
oE
oz
þ bKðzÞE þ ib0KðzÞ oE

ot
þ d0

2

o
2E

ot2
¼ 0; ð1Þ
where E (z, t) is the column vector (E1 (z, t),E2 (z, t))T representing the field vector envelope depending on the
position z 2 [0, +1) and the local time t 2 R. b (resp. b 0) is the birefringence strength (resp. the frequency-
derivative of the birefringence strength). The usual beat length is related to b through the identity
LB = p/b. We denote by h (z) the random birefringence angle which depends on the position z. The matrix
K is given by
KðzÞ ¼ cos hðzÞ
1 0

0 �1

� �
þ sin hðzÞ

0 1

1 0

� �
:

d0 is the group velocity dispersion (GVD) parameter. We perform the change of variables eE ¼ M�1ðzÞN�1ðzÞE
where
NðzÞ ¼
cosðhðzÞ=2Þ � sinðhðzÞ=2Þ
sinðhðzÞ=2Þ cosðhðzÞ=2Þ

� �
and MðzÞ ¼

em1ðzÞ em2ðzÞ
�em2ðzÞ em1ðzÞ

� �

is the unitary matrix solution of
i
dM
dz
þ i

2

dh
dz
ðzÞ

0 �1

1 0

� �
þ b

1 0

0 �1

� �� �
M ¼ 0:
Here x stands for the conjugate of a complex number x. The equation describing the evolution of the new elec-
tric field eE is:
i
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þ ib0eRðzÞ oeE
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¼ 0; ð2Þ
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where eR ¼ M�1N�1KNM . Note that NM is unitary so that, for any z, t, we have kEðz; tÞkC2 ¼ keEðz; tÞkC2 . The
matrix eRðzÞ depends on the position z 2 [0, +1) in the fiber. It is imposed by PMD, and it has the form
eRðzÞ ¼ jem1ðzÞj2 � jem2ðzÞj2 2em1ðzÞem2ðzÞ
2em1ðzÞem2ðzÞ jem2ðzÞj2 � jem1ðzÞj2

 !
:

In realistic experimental configurations the typical amplitude of dh/dz is much smaller than the birefrin-
gence strength b [5]. Accordingly we can consider that the derivative dh/dz of the orientation angle can be
written as 2ea where a is a stochastic process and e (0 < e� 1) is a small parameter which characterizes
the amplitudes of the fluctuations of h. The C2-valued process em :¼ ðem1;em2Þ is governed by the random
differential equation:
dem1

dz
¼ ibem1 � eaðzÞem2;

dem2

dz
¼ ibem2 þ eaðzÞem1:
Note that jem1j2 þ jem2j2 ¼ 1. We assume that a is centered, bounded a.s., and has a unique invariant probability
measure P, under which it is ergodic and that its infinitesimal generator A satisfies the Fredholm alternative,
i.e. A admits an inverse on the subspace of functions centered under P. The symbol E denotes the expectation
with respect to the invariant probability measure P. Moreover, we assume that the integrals
cc :¼
Z þ1

0

cosð2bzÞE½að0ÞaðzÞ�dz and cs :¼
Z þ1

0

sinð2bzÞE½að0ÞaðzÞ�dz
are well-defined. Note that cc is nonnegative by Wiener–Khintchine theorem. We can now study the birefrin-
gence state. First, we apply a diffusion-approximation theorem to the process em. Second, we show that the limit
process has good ergodic properties.

We consider that the fiber length is much larger than the correlation length of the fluctuations a. Consid-
ering that the correlation length is of order one we look for the birefringence state em after a propagation dis-
tance of order e�2. Accordingly we introduce the re-scaled processes emeð�Þ :¼ emð�=e2Þ and ae (Æ):¼a (Æ/e2). We
have
deme
1

dz
¼ ib

e2
eme

1 �
aeðzÞ

e
eme

2;
deme

2

dz
¼ ib

e2
eme

2 þ
aeðzÞ

e
eme

1:
We perform the change of variables:
me
1 :¼ eme

1 exp � ibz
e2

� �
; me

2 :¼ em2
e exp

ibz
e2

� �
; ð3Þ
so that we get
dme
1

dz
¼ � aeðzÞ

e
exp � 2ibz

e2

� �
me

2;
dme

2

dz
¼ aeðzÞ

e
exp

2ibz
e2

� �
me

1: ð4Þ
We are now in a position to prove the following proposition:

Proposition 1. (i) As e! 0, the processes me converge in distribution in Cð½0;þ1Þ;C2Þ to the continuous Markov

process m solution of the stochastic differential equation
dmðzÞ ¼ i
ffiffiffiffi
cc
p ðP 1mðzÞ � dW 1ðzÞ þ P 2mðzÞ � dW 2ðzÞÞ þ icsP 3mðzÞdz; ð5Þ
where W1 and W2 are two independent standard Brownian motions, P1, P2, and P3 are the Pauli matrices
P 1 ¼
0 1

1 0

� �
; P 2 ¼

0 �i

i 0

� �
; and P 3 ¼

1 0

0 �1

� �
;

and � stands for the Stratonovich integral. Throughout this section the infinitesimal generator of m will be denoted

by Gm.(ii) The process m has a unique invariant probability l which is the uniform measure on the unit sphere S
3 of

C2 � R4. Moreover, if f : S3 ! R is a C2 bounded function such that
R

S3 fdl ¼ 0, then the Poisson equation

Gmg þ f ¼ 0 has a C2 bounded solution g which can be written as
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gðm0Þ ¼
Z þ1

0

E½f ðmðzÞÞjmð0Þ ¼ m0�dz:
Proof. The proof of (i) is an application of a diffusion-approximation theorem [6]. The proof of (ii) is a
consequence of Theorem 1.3.6 and Theorem 1.3.15 [7]. Indeed, the process m has a compact state space,
thus it remains to prove that its transition probability admits a continuous positive density with respect to
the uniform measure on the unit sphere S3 of R4. We remark that the Lie bracket of iP1 and iP2 is [iP1,
iP2]: = P2 P1 � P1 P2 = 2iP3. So the Lie algebra generated by iP1 and iP2 spans the tangent space to S3 at
every point. According to the probabilistic Hörmander’s theorem (see [8] volume 2, p. 251) on S3 the
transition probability of m admits a positive density with respect the uniform measure on S

3. Thus, m
has a unique invariant probability, and we can readily check that this probability is the uniform measure
l on S3. h

By Proposition 1, the birefringence model that has been introduced can be simplified by substituting
RðzÞ :¼ jm1ðzÞj2 � jm2ðzÞj2 2m1ðzÞm2ðzÞ
2m1ðzÞm2ðzÞ jm2ðzÞj2 � jm1ðzÞj2

 !
for the matrix eRðzÞ in Eq. (2). Thus, we now consider the new coupled Schrödinger equation for the polarized
fields in a randomly birefringent fiber:
i
oeE
oz
þ d0

2

o
2eE
ot2
þ ib0RðzÞ o

eE
ot
¼ 0: ð6Þ
We define the real-valued random processes g1, g2, and g3 by
g1 þ ig2 ¼ 2m1m2 and g3 ¼ jm1j2 � jm2j2; ð7Þ
and g stands for (g1,g2,g3). Then, Eq. (6) can be written as
i
oeE
oz
þ d0

2

o2eE
ot2
þ ib0ðg1ðzÞP 1 þ g2ðzÞP 2 þ g3ðzÞP 3Þ

oeE
ot
¼ 0: ð8Þ
From the definition (7) we write g2
1 þ g2

2 þ g2
3 ¼ ðjm1j2 þ jm2j2Þ2 ¼ 1 which shows that the process g takes values

on the unit sphere S2 of R3. We give some other properties of g in the next proposition. We denote by El the
expectation with respect to the process m starting from the invariant distribution l.

Proposition 2. (i) The process g is a function of m, which is a bounded, ergodic, Markov process with invariant
probability measure l.(ii) For j = 1, 2, 3 we have El½gjðzÞ� ¼ 0 and El½g2

j ðzÞ� ¼ 1=3 for any z P 0.(iii) Denoting

Lc = 1/(4cc), we have, for j, k = 1, 2, 3,
Z þ1

0

El½gjð0ÞgkðzÞ�dz ¼
Lc
3

if j ¼ k;

0 if j 6¼ k:

�

Note that Lc is the correlation length of the process g, which is the usual PMD correlation length. The

hypothesis saying that the derivative of the birefringence angle with respect to distance is smaller than the bire-
fringence strength is thus equivalent to saying that the PMD correlation length is larger than the beat length.
This corresponds to practical configurations where the beat length is typically one meter or even less while the
PMD correlation length is 10–100 m (see Section 5 for numerical applications).

Proof. (i) The first point follows immediately from Proposition 1 and Eq. (7). (ii) We check that El½gjð0Þ� ¼ 0
and we have El½gjðzÞ� ¼ El½gjð0Þ� ¼ 0 because l is the invariant probability of m. (iii) We apply Itô’s formula
[7, Theorem 2.3.1] to calculate the infinitesimal generator Gm of m: if we define m1;r :¼ Reðm1Þ, m1;i :¼ Imðm1Þ,
m2;r :¼ Reðm2Þ, and m2;i :¼ Imðm2Þ, we have
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Gm ¼ ð�ccm1;r � csm1;iÞ
o

om1;r
þ ð�ccm1;i þ csm1;rÞ

o

om1;i
þ ð�ccm2;r þ csm2;iÞ

o

om2;r
þ ð�ccm2;i � csm2;rÞ

o

om2;i

þ cc

2
ðm2

2;r þ m2
2;iÞ

o2

om2
1;r

þ o2

om2
1;i

 !
þ cc

2
ðm2

1;r þ m2
1;iÞ

o2

om2
2;r

þ o2

om2
2;i

 !

þ ccðm1;im2;i � m1;rm2;rÞ
o

2

om1;rom2;r
� o

2

om1;iom2;i

� �
þ ccð�m1;rm2;i � m1;im2;rÞ

o
2

om1;rom2;i
þ o

2

om1;iom2;r

� �
:

We can check that Gmgk ¼ �4ccgk for k = 1, 2, 3. Then for any k and j we have
d

dz
El½gjð0ÞgkðzÞ� ¼ El½gjð0ÞGmgkðzÞ� ¼ �4ccEl½gjð0ÞgkðzÞ�
which can be readily integrated as El½gjð0ÞgkðzÞ� ¼ El½gjð0Þgkð0Þ� expð�4cczÞ. Finally, the calculations of the
expectations El½gjð0Þgkð0Þ� and the integral

Rþ1
0

expð�4cczÞdz complete the proof. h
3. Random birefringence with nonconstant birefringence strength

Experimental results [9] have provided evidence that the second model of Wai and Menyuk [2,3] is more
appropriate for the modeling of PMD in optical fibers. This section is devoted to the study of this model.
As previously, the evolution of the two polarization modes of the electric field is governed by the coupled
Schrödinger equation (1) where bK (z) is now given by
bKðzÞ ¼ eh1ðzÞ
1 0

0 �1

� �
þ eh2ðzÞ

0 1

1 0

� �
;

eh1 and eh2 are independent Langevin (also called Ornstein–Uhlenbeck) processes
deh1ðzÞ ¼ �ceh1ðzÞdzþ rdW 1ðzÞ; deh2ðzÞ ¼ �ceh2ðzÞdzþ rdW 2ðzÞ; ð9Þ

W1 and W2 are two independent Brownian motions, and c and r are two positive constants related to the fiber
parameters.

Note that eh1 and eh2 are Gaussian ergodic Markov processes. They admit a unique invariant probability
measure which is the Gaussian distribution with zero-mean and variance r2/(2c). We denote by hÆi the
expectation with respect to this probability measure. The square average birefringence strength is
b2 ¼ heh2

1i þ heh2
2i, with b2 = r2/c. To express c in terms of the experimental fiber parameters, we compute

the fiber autocorrelation function
heh1ð0Þeh1ðzÞi þ heh2ð0Þeh2ðzÞi ¼ b2 expð�czÞ;
which shows that c = 1/Lc where Lc is the PMD correlation length. Note that this model is clearly different
from the model presented in Section 2. Indeed, in the first model, the birefringence strength (that is to say
the squared root of det (bK (z))) is constant, whereas in the second model the square of the birefringence
strength has an exponential probability distribution function (because it is the sum of the squares of two inde-
pendent Gaussian random variables).

We make the change of variables eE ¼ M�1ðzÞE where
MðzÞ ¼
m1ðzÞ m2ðzÞ
�m2ðzÞ m1ðzÞ

� �

is the unitary matrix solution of i dM

dz þ bKðzÞM ¼ 0. The coefficients m1 and m2 satisfy the ordinary differential
equations
dm1

dz
¼ ieh1m1 � ieh2m2;

dm2

dz
¼ ieh2m1 þ ieh1m2:
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The partial differential equation describing the evolution of the new electric field eE is
i
oeE
oz
þ d0

2

o2eE
ot2
þ ib0RðzÞ o

eE
ot
¼ 0; ð10Þ
where R = M�1K M. Note that M is unitary so that, for any z, t, we have kEðz; tÞkC2 ¼ keEðz; tÞkC2 . The matrix
R (z) is given by
RðzÞ ¼ g1ðzÞP 1 þ g2ðzÞP 2 þ g3ðzÞP 3;
where P1, P2, and P3 are the Pauli matrices and g1, g2, and g3 are the real-valued processes given by
g1 ¼ Reð2m1m2h1 þ ðm1
2 � m2

2Þh2Þ;
g2 ¼ Imð2m1m2h1 þ ðm1

2 � m2
2Þh2Þ;

g3 ¼ ðjm1j2 � jm2j2Þeh1 � 2Reðm1m2Þeh2;

ð11Þ
and we have introduced the normalized processes h1 ¼ eh1=b and h2 ¼ eh2=b. The random matrix R (z) is quite dif-
ferent from the corresponding matrix that was obtained with the first model in Section 2. In particular, we have
jgðzÞj2 ¼ g2
1ðzÞ þ g2

2ðzÞ þ g2
3ðzÞ ¼ h2

1ðzÞ þ h2
2ðzÞ
which shows that the process g (z) does not take values on the sphere S2 of R3, in contrast with g (z) defined by
(7), but the statistics of |g (z)|2 is an exponential distribution with mean 1. However we are going to show that
the random matrix R (z) possesses the same key statistical properties as the ones obtained with the first model.
We denote h = (h1,h2) and m = (m1,m2).

Proposition 3. The process (h,m) is R2 � S3�valued, where S3 is the unit sphere of C2 � R4. It is an ergodic

Markov process with the infinitesimal generator G given (12). It has a unique invariant probability measure
lðdhdmÞ ¼ 1

p
exp �h2

1 þ h2
2

� 	
kS3ðdmÞdh1dh2;
where kS3 is the uniform distribution on S3. Moreover, if f : R2 � S3 ! R is a C2 bounded function with compact

support such that � fdl = 0, then the Poisson equation Gg þ f ¼ 0 has a C2 bounded solution g which can be writ-

ten as
gðh0; m0Þ ¼
Z þ1

0

E½f ðhðzÞ; mðzÞÞjhð0Þ ¼ h0; mð0Þ ¼ m0�dz:
Proof. We have |m|2: = |m1| 2 + |m2|2 = 1, which shows that m takes values in S
3. The Ornstein–Uhlenbeck pro-

cesses h1 and h2 are Markov, and m is the solution of an ordinary differential equation driven by h. As a result,
the joint process (h,m) is Markov and its infinitesimal generator is given by
G ¼ � ch1
o

oh1

� ch2
o

oh2

þ c
2

o
2

oh2
1

þ c
2

o
2

oh2
2

þ ibðh1m1 � h2m2Þ
o

om1

� ibðh1m1 � h2m2Þ
o

om1

þ ibðh1m2 � h2m1Þ
o

om2

� ibðh1m2 þ h2m1Þ
o

om2

: ð12Þ
Here we have written the generator in terms of ðm1; m1; m2; m2Þ rather than in terms of the real and imaginary
parts of m1 and m2. As usual, if z = a + ib is complex, then oz = (1/2)(oa � iob) and oz ¼ ð1=2Þðoa þ iobÞ. Once
the infinitesimal generator is known, we can check that the measure l is an invariant probability measure.
From the classification of Markov processes [7, Theorem 1.3.10], the process is ergodic. The last point is a
consequence of [7, Theorem 1.3.15]. h

We denote by El the expectation with respect to the process (m,h) starting from the invariant distribution l.
We can then write the analog of Proposition 2.

Proposition 4. (i) The process (g1,g2,g3) defined by (11) is a function of (m,h), which is an ergodic Markov process

with invariant probability measure l.(ii) For j = 1, 2, 3 we have El½gjðzÞ� ¼ 0 and El½g2
j ðzÞ� ¼ 1=3 for any

z P 0.(iii) We have, for j, k = 1, 2, 3,
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Z þ1

0

El½gjð0ÞgkðzÞ�dz ¼
Lc
3

if j ¼ k;

0 if j 6¼ k:

�

Proof. (i) The first point follows from the definition of m and the properties of the Ornstein–Uhlenbeck pro-
cesses h1 and h2.(ii) The computations of the first and second moments with respect to the invariant measure l
gives the result, as well as the decorrelation property
El½gjð0Þgkð0Þ� ¼
1
3

if j ¼ k;

0 if j 6¼ k:

�
ð13Þ
(iii) We apply the infinitesimal generator G given by (12) on gj and we get simply Ggj ¼ �cgj. As a result we
obtain the differential equation
d

dz
El½gjðzÞgkð0Þ� ¼ �cEl½gjðzÞgkð0Þ�:
Integrating and using the initial condition (13) completes the proof. h
4. Asymptotic pulse dynamics

The typical fiber length for transoceanic transmission is 103–104 km and the typical PMD correlation
length Lc is of the order of 10–100 m (see Section 5 for numerical applications). Accordingly, we introduce
a new small parameter e so that the correlation length is of order 1 and the fiber length is of order e�2.
We look for the evolution of the field for macroscopic propagation distances of the order of e�2. We
address initial conditions that will be affected by GVD and PMD over such a propagation distance. In
this framework this means that U0 varies on a time scale of order e. We show in this section that
PMD has a macroscopic effect on such a pulse. Accordingly we consider U eðz; tÞ :¼ eEðz=e2; t=eÞ which is
solution of
i
oU e

oz
ðz; tÞ þ d0

2

o2U e

ot2
ðz; tÞ þ ib0

e
R

z
e2


 � oU e

ot
ðz; tÞ ¼ 0; ð14Þ
with the initial condition Ue (z = 0, t) = U0 (t). Denoting by ge ¼ ðge
1; g

e
2; g

e
3Þ the process g (Æ/e2), we have
R
z
e2


 �
¼ ge

1ðzÞP 1 þ ge
2ðzÞP 2 þ ge

3ðzÞP 3:
The main result of this section is the following one.

Proposition 5. Assume for simplicity that the Fourier transform of U0 is a C2 compactly supported function.(i)

Eq. (14) has a unique solution Ue a.s. in Cð½0;1Þ;L2ðR;C2ÞÞ such that Ue(z = 0, t) = U0 (t). Moreover, for all

z P 0,
kU eðz; �ÞkL2ðR;C2Þ ¼ kU 0kL2ðR;C2Þ: ð15Þ
(ii) Let W1, W2, and W3 be three independent Brownian motions and c ¼ 2b02Lc=3. The equation
Uðz; tÞ � U 0ðtÞ �
id0

2

Z z

0

o2U
ot2
ðf; tÞdfþ ffiffiffi

c
p X3

j¼1

Z z

0

P j
oU
ot
ðf; tÞ � dW jðfÞ ¼ 0; ð16Þ

has a unique solution U a.s. in Cð½0;1Þ; L2ðR;C2ÞÞ. Moreover, for all z P 0,

kUðz; �ÞkL2ðR;C2Þ ¼ kU 0kL2ðR;C2Þ: ð17Þ
(iii) As e! 0, Ue converge in distribution in Cð½0;1Þ; L2ðR;C2ÞÞ to U.

We can see that PMD has a macroscopic effect on the pulse: in the asymptotic framework e! 0 the pulse
dynamics is driven by three real-valued Brownian motions. A fact which is remarkable is that the three driving
processes gj are correlated in both PMD models (this is especially striking for the first model where
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g2
1 þ g2

2 þ g2
3 ¼ 1), but they act on the pulse like three independent processes at the macroscopic scale. The

effective propagation equation is the same for the first and second PMD models. All that remains from the
microscopic PMD model is the value of the effective PMD parameter c.

The proof of Proposition 5 is given in Appendix A.1. It consists in studying the Fourier transforms Ûe and
Û of Ue and U, applying relative compactness criteria in the space of L2-valued processes, and proving approx-
imation-diffusion results based on the perturbed test function method. Note that the stochastic integrals in Eq.
(16) are Stratonovich integrals. In the standard Itô form, the equation reads as
Uðz; tÞ � U 0ðtÞ �
id0

2

Z z

0

o2U
ot2
ðf; tÞdf� 3c

2

Z z

0

o2U
ot2
ðf; tÞdfþ ffiffiffi

c
p X3

j¼1

Z z

0

P j
oU
ot
ðf; tÞdW jðfÞ ¼ 0; ð18Þ
which exhibits an effective diffusion term.

5. Numerical simulations

The theory developed in this paper shows that the pulse propagation does not depend on the PMD model
in the linear propagation regime. The goal of this section is to illustrate this fact, and to show by numerical
simulations that it also holds true in the nonlinear regime.

We first consider linear pulse propagation in presence of PMD and in absence of GVD, as modeled by Eq.
(1) with d0 = 0. We consider a Gaussian pulse as an initial condition with an initial r.m.s. width T0 = 4 ps. In
order to simulate the random fluctuations of birefringence, we consider the first model studied in Section 2 and
assume that the birefringence strength is constant and the birefringence angle is stepwise linear. The process a
is consequently stepwise constant. We take a (z) = WN(z) where ðW nÞn2N is a sequence of independent and iden-
tically distributed random variables with Gaussian distribution, zero-mean and variance r2. (N (z))zP0 is a
Poisson process, that is to say NðzÞ ¼ n 2 N if

Pn
k¼1fk 6 z <

Pnþ1
k¼1fk where ðfkÞk2N is a sequence of indepen-

dent and identically distributed random variables with exponential distribution and mean h. Accordingly a is a
stationary Markov process and E½að0ÞaðzÞ� ¼ r2 expð�z=hÞ. The parameter cc is given by cc = r2 h/(1 + 4b2h2).
We take standard values for the fiber parameters [10,4]. The birefringence is small in absolute values in com-
munication fibers, with values of the order of Dn/ n � 10�7–10�5 so that b = pDn/k ’ 0.2–20 m�1

(k = 1.55 lm). The orientation of the birefringence is randomly varying on a length scale of a few centimeters.
We take b = 4000 km�1, b 0 = 1 ps/km, h = 10�4 km, and r = 800 km�1. In these conditions cc ’ 39 km�1,
which means that the PMD correlation length is Lc = 1/(4cc) ’ 6.5 m (which is larger than the beat length
LB ’ 0.8 m). These values correspond to measured experimental values [11,12]. Finally c = 4.3 · 10�3

ps2/km. We consider a fiber length of the order of a few L0 ¼ T 2
0=c ’ 400 km so as to exhibit a noticeable pulse

spreading. Note that LB� Lc� L0 so that the separation of scales that we have introduced in this paper
holds true. The number of samples used to evaluate the averaged values and variances is 104. We have solved
the linear Schrödinger equation in the Fourier domain, so that the numerical problem is reduced to the inte-
gration of a set of ordinary differential equations for the Fourier components. Comparisons of the numerical
results and theoretical formulas given in [13,14] show excellent agreement (Figs. 1 and 2).

We now address the propagation equation in presence of GVD, PMD, and nonlinearity. The evolution of
the two polarization modes of the electric field is governed by the coupled nonlinear Schrödinger equations [2]
i
oE
oz
þ bKðzÞE þ ib0KðzÞ oE

ot
þ d0

2

o
2E

ot2
þ NðEÞ ¼ 0; ð19Þ
where N (E) stands for the nonlinear terms
NðEÞ ¼ n2

ðjE1j2 þ a2jE2j2ÞE1 þ a2

2
E2

2E1

ðjE2j2 þ a2jE1j2ÞE2 þ a2

2
E2

1E2

 !
; ð20Þ
and the cross-phase modulation is a2 = 2/3 for linearly birefringent fiber. In absence of high-order PMD
b 0 = 0, a direct averaging procedure [3] leads to the result that Ue converge to U solution of
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i
oU
oz
þ d0

2

o
2U
ot2
þ 8

9
n2jU j2U ¼ 0;
where the nonlinear term |U|2U reads explicitly as (|U1|2 + |U2|2) (U1,U2)T. In absence of high-order PMD
b 0 = 0 we thus get the integrable Manakov system that supports soliton solutions [15]. The numerical simula-
tions are performed with a split-step Fourier method. We have carried out numerical simulations of Eq. (19) in
presence of high-order PMD b 0 5 0 with the two birefringence models introduced in Sections 2 and 3, respec-
tively. Our main motivation to compare the two different PMD models is to show that, even in the presence of
nonlinearity, there is no difference in behavior.

The first PMD model is considered with a stepwise constant a. We take a (z) = W[z/h] where [z] stands for
integral part of a real number z and ðW nÞn2N is a sequence of independent and identically distributed random
variables with Gaussian distribution, zero-mean and variance r2. Accordingly the parameter cc is given by
cc = r2 [1 � cos (2bh)]/(4b2h). Note that this numerical model is very close to the one considered here above,
but it involves an expression for cc which is quite different. This illustrates the fact that the effective PMD
parameter has a complicated dependence on the microscopic PMD model. We take b = 4000 km�1,
b 0 = 2 ps/km, h = 10�4 km, and r = 800 km�1. In these conditions cc ’ 30 km�1, which means that the
PMD correlation length is Lc = 1/(4cc) ’ 8 m and the effective PMD parameter is c = 2.2 10�2 ps2/km. The
initial pulse is a sech pulse

ffiffiffiffiffi
P 0

p
sechðt=T 0Þ with T0 = 6 ps and P0 = 1/36 W. We carry out two series of simu-

lations, the first one in the linear propagation regime in absence of GVD, the second one in the nonlinear
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dispersive propagation regime. More exactly we consider a nonlinear coefficient n2 = 9/8 W�1 km�1 and a
GVD parameter d0 = 1 ps2/km so that the initial sech pulse is a Manakov soliton in absence of high-order
PMD b 0 = 0. The number of samples used to evaluate the averaged values is 200. Once again, we can observe
in Fig. 3 that the numerical simulations in the linear regime agree with the theoretical predictions. We can also
observe that the broadening of the Manakov soliton is in the first steps similar to that of the corresponding
linear pulse, but after a while the departure increases and it eventually turns out that the Manakov soliton is
less stable. This may seem surprising and in contradiction with previous results [16–18]. However this can be
explained by the fact that the r.m.s. pulse width is plotted in Fig. 3, while the Full width at half maximum
(FWHM) was plotted in the previous studies. We plot in Fig. 4b the FWHM for the same set of experiments
as in Fig. 3. The results are in perfect agreement with the ones obtained in [17] for instance. We recover the
intuitive result that the Manakov soliton is more robust than the linear pulse. The opposite behaviors of the
r.m.s. pulse width and the FWHM can be explained by considering the typical pulse profile at the fiber output
plotted in Fig. 4a.

(1) On the one hand, we can see that the central part of the soliton is very robust, because of the self-trap-
ping induced by the nonlinear potential generated by the nonlinear term. The FWHM is only sensitive to
the central part of the pulse. As a result the pulse broadening measured in terms of the FWHM is
reduced compared to the linear case.

(2) On the other hand, we can observe that the soliton emits small-amplitude radiation, which escapes the
attraction of the nonlinear potential. The phenomenon of dispersion radiation emitted by solitons in the
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presence of PMD has been discussed in great detail. It was first mentioned in the work of Mollenauer
et al. [19], and then in more detail in [20,21]. The FWHM is not sensitive to the small-amplitude radia-
tion, but the r.m.s. pulse width is very sensitive to it. The radiation spreading actually involves the fast
increase of the r.m.s. pulse width exhibited in Fig. 3.

The second PMD model is also considered. We choose b = 4000 km�1, Lc = 25 m, and we take
b 0 = 1.15 ps/km so that the effective PMD parameter is c = 2.2 10�2 ps2/km, as for the first model.
We use an exact updating formula to integrate Eq. (9) [22], where r ¼ b=

ffiffiffiffiffi
Lc
p

and c = 1/Lc. The
results are plotted in Fig. 3b. By comparing qualitatively and quantitatively Fig. 3b and Fig. 3a,
we can see that the results do not depend on the choice of the microscopic PMD model. This obser-
vation is in perfect agreement with the theoretical predictions because both models give rise to the
same value of the effective PMD parameter c. These series of simulations confirm the main theoret-
ical prediction that the pulse dynamics, in linear and nonlinear media, depends on a unique effective
PMD parameter. We have carried out our numerical simulations with very different PMD models,
but we have taken care to consider models involving the same values for the effective PMD param-
eters. The numerical results have shown that the pulse dynamics with the different models are the
same.
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6. Conclusion

In this paper we show that the effective pulse propagation equation in randomly birefringent fibers reads as
a stochastic partial differential equation driven by three independent Brownian motions. This result holds true
when the beat length is smaller than the PMD correlation length which is itself smaller than the other length
scales present in the problem (dispersion length, nonlinear length, dispersion map period, fiber length). The
striking feature is that this stochastic equation depends on PMD through a single effective parameter whatever
the PMD model. The PMD effective parameter has a complicated dependence on the microscopic PMD mod-
el, however our explicit calculations carried out in the linear propagation regime shows that it can be estimated
very simply by an experimental measure of the pulse broadening in the linear propagation regime. According-
ly, PMD simulations can be carried out with an arbitrary microscopic model without loss of generality. The
only requirement is that the simulated PMD gives rise to the same effective PMD parameter as the experimen-
tal value.



556 J. Garnier, R. Marty / Wave Motion 43 (2006) 544–560
Appendix A

A.1. Proof of Proposition 5

Proof of (i): We consider the equation
i
oX e

oz
ðz; hÞ � h2 d0

2
X eðz; hÞ þ b0h

e
eR z

e2


 �
X eðz; hÞ ¼ 0 ðA:1Þ
with the initial condition Xe (z = 0,h) = X0 (h). If h is fixed, Eq. (A.1) is an ordinary differential equation; by
Cauchy–Lipschitz Theorem, it admits a unique solution Xe (Æ,h) a.s. in Cð½0; Z�;C2Þ. A calculation of
dkX eðz; �Þk2

C2=dz shows that
kX eðz; �ÞkL2ðR;C2Þ ¼ kX 0kL2ðR;C2Þ: ðA:2Þ
We define
U eðz; tÞ :¼ 1ffiffiffiffiffiffi
2p
p

Z þ1

�1
eithX eðz; hÞdh;
and we derive the existence and uniqueness of the solution of (14). By Parseval’s formula and Eq. (A.2), we
have (15). By (A.2) and classical theorems about regularity of solutions of ordinary differential equation with
respect to initial conditions [23], we get that Xe (z, Æ) is a C2 compactly support function in h.

Proof of (ii): We consider the equation
X ðz; hÞ � X 0ðhÞ þ ih2 d0

2

Z z

0

X ðf; hÞdf� ih
ffiffiffi
c
p X3

j¼1

Z z

0

P jX ðf; hÞ � dW jðfÞ ¼ 0: ðA:3Þ
If h is fixed, (A.3) is a stochastic differential equation with linear coefficients; by the usual existence and
uniqueness theorem [7, Theorem 3.4.7], it admits a unique solution X (Æ,h) a.s. in Cð½0; Z�;C2Þ such that
X (0,h) = X0 (h). Applying Itô’s formula to kX ðz; �Þk2

C2 shows that
kX ðz; �ÞkL2ðR;C2Þ ¼ kX 0kL2ðR;C2Þ: ðA:4Þ
We define
Uðz; tÞ :¼ 1ffiffiffiffiffiffi
2p
p

Z þ1

�1
eithX ðz; hÞdh;
and we derive the existence and uniqueness of the solution of (16). By Parseval’s formula and (A.4), we have
(17).

Proof of (iii): We consider the Fourier transforms of Ue and U :
bU eð�; hÞ :¼ 1ffiffiffiffiffiffi
2p
p

Z þ1

�1
e�ithU eð�; tÞdt and bU ð�; hÞ :¼ 1ffiffiffiffiffiffi

2p
p

Z þ1

�1
e�ithUð�; tÞdt:
We suppose that the support of bU 0 belongs to [�A,A] where A 2 N	. To prove (iii), we show that ð bU eÞe
converge in distribution in Cð½0; Z�; L2ð½�A;A�;C2ÞÞ to bU as e! 0.

First, we prove the convergence of the finite-dimensional distributions. We fix n frequencies h1, h2, . . ., hn

and we apply Theorem 6 to the process ð bU eð�; h1Þ; bU eð�; h2Þ; . . . ; bU eð�; hnÞÞ. The hypotheses of the theorem are
readily fulfilled by the first model, in view of Propositions 1 and 2. For the second model, we must invoke
Propositions 3 and 4, and we also note that we can interpret the process (h,m) as having compact support,
at the expense of considering (atan(h1), atan(h2) instead of (h1,h2).

Second, we prove the tightness of ð bU eÞe in Cð½0; Z�; L2ð½�A;A�;C2ÞÞ. Because the weak limit belongs to
Cð½0; Z�; L2ð½�A;A�;C2ÞÞ, it is sufficient to show that ð bU eÞe is tight in Dð½0; Z�;L2ð½�A;A�;C2ÞÞ equipped with
the Skorohod topology. We recall a definition and two standard tightness criteria [24]:
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Definition A.1. Let (E,kÆk) be a normed space and (Xe)e>0 = ((Xe (z))z2[0,Z])e>0 be a sequence of processes with
paths in Dð½0; Z�;EÞ. We say that (Xe)e>0 satisfies the Aldous property if for all M > 0, g > 0 and k > 0, there
exists d > 0 such that
lim sup
e!0

sup
s2TM

sup
0<d0<d

PðkX eðsþ d0Þ � X eðsÞk > kÞ < g;
where TM is the space of all the stopping times bounded by M.
Lemma A.1. Let (E,kÆk) be a normed space and (Xe)e>0 = ((Xe (z))z2[0,Z])e>0 be a sequence of processes with
paths in Dð½0; Z�;EÞ. If for all z in a dense subset of [0, Z] (Xe (z))0<e61 is tight in E and satisfies the Aldous
property, then (Xe)0<e61 is tight in Dð½0; Z�;EÞ.

Lemma A.2. Let H be a Hilbert space and ðHkÞk2N be an increasing sequence of finite-dimensional subspace of
H such that, for any h in H, limk!1pHk

h = h, where pHk stands for the projection onto Hk. Let (Ye)e>0 be a
sequence of random variables in H. The family (Ye)e>0 is tight if and only if for all g > 0 and k > 0, there exist
qg > 0 and an integer kg,k such that
sup
e2ð0;1�

PðkY ekP qgÞ 6 g and sup
e2ð0;1�

PðdðY e;H kg;k
Þ > kÞ 6 g:
In view of Lemma A.1, the proof of the tightness of ð bU eÞe consists of two steps: the tightness of ð bU eðz; �ÞÞe in
L2ð½�A;A�;C2Þ for all z, and the Aldous property.

Step 1: ð bU eðz; �ÞÞe is tight in L2ð½�A;A�;C2Þ FOR ALL z. We apply Lemma A.2 with H ¼ L2ð½�A;A�;C2Þ and
Hn the set of all simple functions h = (h1,h2) such that
hjðhÞ ¼
XA2n�1

k¼�A2n

akIh2½k=2n;ðkþ1Þ=2nÞ;
with ak 2 C. The following criteria insure that ð bU eðz; �ÞÞe fulfills the hypotheses of Lemma A.2:
lim
d!0

lim sup
e!0

El sup
jh1�h2j6d;jh1j6A;jh2j6A

k bU eðz; h1Þ � bU eðz; h2Þk2
C2

" #
¼ 0; ðA:5Þ

lim sup
e!0

sup
jhj6A

El½k bU eðz; hÞk2
C2 � <1: ðA:6Þ
Let us introduce f ð bU Þ :¼ k bU k2
C2 , Lh the generator of bU ð�; hÞ, Le

h the generator of ð bU eð�; hÞ; mð�=e2ÞÞ, and f e
h

the perturbed test functions of f which are built according to the procedure described in the proof of Theorem
6. The martingale property ensures that
El½f e
h ð bU eðz; hÞ; mðz=e2ÞÞ� ¼ El½f e

h ð bU 0ðhÞ; mð0ÞÞ� þ
Z z

0

El½Le
hf e

h ð bU eðf; hÞ; mðf=e2ÞÞ�df;
then, using the perturbed test function method (see the proof of Theorem 6), we have
El½f ð bU eðz; hÞÞ� ¼ El½f ð bU 0ðhÞÞ� þ
Z z

0

El½Lhf ð bU eðf; hÞÞ�dfþ Re
h;
with Z

jRe

hj 6 Khe
z

0

El½f ð bU eðf; hÞÞ�df;
where Kh is such that jf e
h � f j 6 Khef and jLe

hf e
h �Lf j 6 Khef . We note that Kh can be chosen to be uni-

formly bounded with respect to h 2 [�A,A]. Moreover there exists a constant C > 0 such that
Lhf 6 Ch2f , so,
El½f ð bU eðz; hÞÞ� 6 El½f ð bU 0ðhÞÞ� þ ðCh2 þ KheÞ
Z z

0

El½f ð bU eðf; hÞÞ�df:
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By Gronwall’s lemma, we have
El½f ð bU eðz; hÞÞ� 6 El½f ð bU 0ðhÞÞ� expðCh2zþ KheÞ:

To get (A.6), we take the sup on |h| 6 A and we make e! 0. Let us show (A.5). We have for all
h1,h2 2 [�A,A], � �
k bU eðz; h1Þ � bU eðz; h2ÞkC2 6 jh1 � h2j sup
jhj6A

o bU e

oh
ðz; hÞ

���� ����
C2

:

So, 2 3

El sup

jh1�h2j6d;jh1j6A;jh2j6A
k bU eðz; h1Þ � bU eðz; h2Þk2

C2

" #
6 d2El sup

jhj6A

o bU e

oh
ðz; hÞ

�����
�����

2

C2

4 5:

From Sobolev’s imbedding H1 ([�A,A]) W L1 ([�A,A]) there exists a constant C > 0 such that
El sup
jhj6A

o bU e

oh
ðz; hÞ

�����
�����

2

C2

24 35 6 C
Z A

�A
El

o bU e

oh
ðz; hÞ

�����
�����

2

C2

þ o
2 bU e

oh2
ðz; hÞ

�����
�����

2

C2

24 35dh

6 2AC sup
jhj6A

El
o bU e

oh
ðz; hÞ

�����
�����

2

C2

þ o2 bU e

oh2
ðz; hÞ

�����






2

C2

24 35:

Then, to get (A.5), it is sufficient to show (A.6) for o bU e=oh and o2 bU e=oh2: we use again the perturbed test func-
tion method for ð bU eð�; hÞ; Y eð�; hÞ; Zeð�; hÞÞ with Y e :¼ o bU e=oh and Ze :¼ o2 bU e=oh2 for a fixed h.

Step 2: The Aldous property.
The following criterion insures that ð bU eÞe verifies the Aldous property:
lim
d!0

lim sup
e!0

sup
jhj6A

sup
s2TM

sup
0<d0<d

El½1 ^ k bU eðsþ d0; hÞ � bU eðs; hÞk2
C2 � ¼ 0;
where TM is the set of all stopping times bounded by M. For k = 1,2,3,4, we introduce the function fk from
R4 to R defined by fk (s1, s2, s3, s4) = sk. We build the perturbed test functions f e

k;h according to the procedure
described in the proof of Theorem 6. The process
Mf e
k;h
ðzÞ :¼ f e

k;hð bU eðz; hÞ; mðz=e2ÞÞ � f e
k;hð bU eð0; hÞ; mð0ÞÞ �

Z z

0

Le
hf e

k;hð bU eðw; hÞ; mðw=e2ÞÞdw
is a martingale with quadratic variation
hMf e
k;h
iðzÞ ¼

Z z

0

H f e
k;h
ð bU eðw; hÞ;emðw=e2ÞÞdw;
where Hf e
k;h
¼Le

hðf e
k;hÞ

2 � 2f e
k;hL

e
hf e

k;h. Because of (A.8), Mf e
k;h

can be written as
Mf e
k;h
ðzÞ ¼ fkð bU eðz; hÞÞ � fkð bU 0ðhÞÞ �

Z z

0

Lhfkð bU eðw; hÞÞdwþ OðeÞ;
where OðeÞ is uniform in h, k, and z in a compact set. Then for all s 2TM and d 0 2 (0,d):
fkð bU eðsþ d0; hÞÞ � fkð bU eðs; hÞÞ

 �2

6 4 Mf e
k;h
ðsþ d0Þ �Mf e

k;h
ðsÞ


 �2

þ 4

Z sþd0

s
Lhfkð bU eðw; hÞÞdw

 !2

þ OðeÞ: ðA:7Þ
Using
El Mf e
k;h
ðsþ d0Þ �Mf e

k;h
ðsÞ


 �2
� �

¼
Z sþd0

s
El½Hf e

k;h
ð bU e

jðw; hÞ; mðw=e2ÞÞ�dw;
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taking the expectation in (A.7), summing over k, taking the sup over d 0, s and h, and letting d! 0 then e! 0,
establish the desired result.

A.2. Diffusion-approximation theorem

In this appendix, we state and prove a diffusion-approximation theorem that is applied in this paper. We
consider the following problem: we aim at proving the weak convergence of the Rd�valued process Xe defined
by the system
dX e

dz
ðzÞ ¼ F ðX eðzÞÞ þ 1

e
GðX eðzÞ;meðzÞÞ
starting from X eð0Þ ¼ X 0 2 Rd . We denote me (z) = m (z/e2) and we assume that:

(i) The Markov process m is bounded a.s., stationary, ergodic with generator M, satisfying the Fredholm
alternative.
(ii) F (x) and G (x,m) are Rd�valued functions. G (x,m) satisfies the centering condition: for any x,
E½Gðx;mð0ÞÞ� ¼ 0 where E denotes the expectation with respect to the invariant probability measure of
of m. Instead of technical sharp conditions, we assume that all partial derivatives in x of F and G are
bounded.

Note that nor the result, neither the proof is original [6,25]. However the expression of the perturbed
test function that we derive in the proof is necessary for the technical estimates used in the proof of Prop-
osition 5.

Theorem 6. As e! 0, the processes Xe converge in distribution in Cð½0; Z�;RdÞ to the diffusion Markov
process whose infinitesimal generator is given by
Lf ðxÞ ¼ F ðxÞ � rxf ðxÞ þ
Z þ1

0

E½Gðx;mð0ÞÞ � rxðGðx;mðzÞÞ � rxf ðxÞÞ�dz:
Proof. We use the perturbed test function method. The process (Xe,me) is a Markov process with generator Le

given by:
Le ¼ F ðxÞ � rx þ
1

e
Gðx;mÞ � rx þ

1

e2
M:
According to Kushner [25 Chapter III, Theorems 2 and 4], the most important fact to show is: for any bound-
ed C1 function f (x), there exists a family of functions (fe (x,m))e such that for any compact set K
supx2K;mjf eðx;mÞ � f ðxÞj !
e!0

0 and sup
x2K;m

jLef eðx;mÞ �Lf ðxÞj !
e!0

0: ðA:8Þ
Let f be a bounded, C1 function. Define
f eðx;mÞ ¼ f ðxÞ þ ef1ðx;mÞ þ e2f2ðx;mÞ;
where f1 and f2 will be chosen so that (A.8) will be satisfied. Applying Le to fe, one gets:
Lef e ¼ 1

e
Gðx;mÞ � rxf þ

1

e
Mf1 þ F ðxÞ � rxf þ Gðx;mÞ � rxf1 þMf2 þ eF ðxÞ � rxf1 þ eGðx;mÞ � rxf2

þ e2F ðxÞ � rxf2:
Defining f1 :¼ �M�1ðGðx;mÞ � rxf Þ, which is well-defined because of the Fredholm alternative and the cen-
tering condition, the Oð1=eÞ�term in Le becomes 0. An explicit expression of f1 is
f1ðx;mÞ ¼
Z þ1

0

E½Gðx;mðzÞÞ � rxf ðxÞjmð0Þ ¼ m�dz:
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Our aim is now to get an expression with a Oð1Þ�term independent of m. Therefore we define:
f2 :¼ �M�1ðGðx;mÞ � rxf1 � E½Gðx;mð0ÞÞ � rxf1ðmð0ÞÞ�Þ:

It thus remains
E½Gðx;mð0ÞÞ � rxf1ðmð0ÞÞ� ¼
Z þ1

0

E½Gðx;mð0ÞÞ � rxðGðx;mðzÞÞ � rxf ðxÞÞ�dz;
which proves (A.8). h
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