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Abstract

This paper investigates pulse propagation in randomly birefringent optical fibers. We consider two polarization-mode
dispersion models. Using a separation of scales technique we derive an effective stochastic partial differential equation for
the envelope of the field. This equation is driven by three independent Brownian motions, and it depends on the polari-
zation-mode dispersion model through a single effective parameter. This shows that pulse dynamics in randomly birefrin-
gent fibers does not depend on the microscopic model. Numerical simulations are in excellent agreement with the
theoretical predictions.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Optical fibers have been extensively studied because they play an important role in modern communication
systems [1]. In particular, polarization mode dispersion (PMD) has attracted the attention of engineers, phys-
icists and, more recently, applied mathematicians. PMD is one of the main limiting effects of high bit rate
transmission in optical fiber links. It has its origin in the birefringence [2,3], i.e. the fact that the electric field
is a vector field and the index of refraction of the medium depends on the polarization state (i.e. the unit vector
pointing in the direction of the electric vector field). For a fixed position in the fiber, there are two orthogonal
polarization states which correspond to the maximum and the minimum propagation velocities. These two
polarization states are parameterized by an angle with respect to a fixed pair of axes that is called the birefrin-
gence angle. The difference between the maximum and the minimum of the index of refraction is the so-called
birefringence strength. If the birefringence angle and strength were constant along the fiber, then a pulse polar-
ized along one of the eigenstates would travel at constant velocity. However the birefringence angle is random-
ly varying which involves coupling between the two polarized modes. The modes travel with different
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velocities, which involves pulse spreading. Random birefringence results from variations of the fiber
parameters such as the core radius or geometry. There exist various physical reasons for the fluctuations of
the fiber parameters. They may be generated during the drawing process as a result of a drift of the operating
parameters. They may also be induced by mechanical distortions on fibers in practical use, such as point-like
pressures or twists [4].

In our paper we consider the linear propagation of a pulse in a randomly birefringent optical fiber. The
electric field is solution of two coupled Schrédinger equations with random coefficients. Randomness is inher-
ent in PMD. The length scales present in the problem are the fiber length, the beat length (proportional to the
inverse of the birefringence strength), and the PMD correlation length. We consider realistic configurations
where the fiber length (typically 10% km) is larger than the PMD correlation length (typically a few tens of
meters) which is itself larger than the beat length (a meter or less) [5]. We study the asymptotic behavior of
the field envelope in the framework based on the separation of these scales, using a technique first introduced
by Papanicolaou and coworkers [6]. We derive an asymptotic stochastic partial differential equation driven by
three independent Brownian motions and parameterized by a single effective PMD parameter. This result can
be extended to more general configurations, where other length scales come into the play: the nonlinear length
and the length of the dispersion map in the presence of a dispersion-management scheme. The result obtained
in this paper should remain true as long as the PMD correlation length is smaller than these new length scales,
which holds true in practical configurations. We shall give numerical evidence of this conjecture.

The paper is organized as follows. Section 2 is devoted to the presentation of the first model introduced by
Wai and Menyuk [2,3] for linear randomly birefringent optical fibers. In Section 3 we introduce the second
model introduced by Wai and Menyuk [2,3]. Section 4 is devoted to the study of the asymptotic dynamics
of the electric field in the two PMD models. In Section 5 we present numerical results which are compared
with the theoretical asymptotic results.

2. Random birefringence with constant birefringence strength

The evolution of the two polarization modes of the electric field in a randomly birefringent fiber is governed

by the coupled Schrodinger equation [2]:

OE : OE dy O°E

— +bK(Z)E+iHK(z) —+— = =0 1

g+ (z)E +1i (Z)6t+26t2 ; (1)
where E(z, 1) is the column vector (E;(z,1),E>(z,1))" representing the field vector envelope depending on the
position z € [0, + co) and the local time ¢ € R. b (resp. b’) is the birefringence strength (resp. the frequency-
derivative of the birefringence strength). The usual beat length is related to b through the identity
Lg=m/b. We denote by 6(z) the random birefringence angle which depends on the position z. The matrix
K is given by

ko =eostin) °)vsmoa(0 1),

dy is the group velocity dispersion (GVD) parameter. We perform the change of variables £ = M~ (z)N'(2)E
where

 [cos(0(z)/2) —sin(0(z)/2) W) T
Ne ‘<sin<9<z>/z> cos<e<z>/2>) and M(Z)‘<—vz<z> v1<z>>

is the unitary matrix solution of

idM+id6() 0 -1 b 1 0 M0
_ ——(z = V.
dz 2 dz 1 0 0 -1
Here X stands for the conjugate of a complex number x. The equation describing the evolution of the new elec-
tric field E is:
QE dy?E . ,~, OE



546 J. Garnier, R. Marty | Wave Motion 43 (2006) 544-560

where f~: M~'N~'KNM. Note that NM is unitary so that, for any z, 7, we have ||E(z,1)||.2 = ||E(z, 1) 2. The
matrix X(z) depends on the position z € [0,+0c0) in the fiber. It is imposed by PMD, and it has the form

g(z):<lvl(z)2 AP ERE )
WMERE  REF-mEF

In realistic experimental configurations the typical amplitude of d0/dz is much smaller than the birefrin-
gence strength b [5]. Accordingly we can consider that the derivative d0/dz of the orientation angle can be
written as 2¢x where o is a stochastic process and ¢ (0 <& < 1) is a small parameter which characterizes
the amplitudes of the fluctuations of 0. The C*-valued process v := (v,,7,) is governed by the random
differential equation:

% = ibv; — ea(z)Vs, % = ibV, + ea(z)V,.

Note that [v;|* + [7,]> = 1. We assume that « is centered, bounded a.s., and has a unique invariant probability
measure P, under which it is ergodic and that its infinitesimal generator .o/ satisfies the Fredholm alternative,
i.e. .7 admits an inverse on the subspace of functions centered under [P. The symbol [ denotes the expectation
with respect to the invariant probability measure P. Moreover, we assume that the integrals

P 1= /0+oo cos(2bz)E[x(0)a(z)]dz and y, := /0+oc sin(2bz)E[a(0)o(z)]dz

are well-defined. Note that y. is nonnegative by Wiener—Khintchine theorem. We can now study the birefrin-
gence state. First, we apply a diffusion-approximation theorem to the process v. Second, we show that the limit
process has good ergodic properties.

We consider that the fiber length is much larger than the correlation length of the fluctuations «. Consid-
ering that the correlation length is of order one we look for the birefringence state v after a propagation dis-
tance of order ¢ 2. Accordingly we introduce the re-scaled processes v(-) := v(-/&?) and o’ (-):=a(-/e?). We
have

dvi b, ai(2) = dvy b, of(z)=

&2 T e Vi
We perform the change of variables:
.~ bz . = bz
vi=viexp | —— |, vii=w'exp|— ), (3)
& &
so that we get
dvi o (z) 2ibz\ ,  dvy  af(2) 2ibz\
p= e () T e () @

We are now in a position to prove the following proposition:

Proposition 1. (i) As ¢ — 0, the processes v* converge in distribution in (|0, +00), C*) to the continuous Markov
process v solution of the stochastic differential equation

dv(z) = i\/7.(P1v(z) o AW (z) + Pyv(z) o dW,(z)) + iy,P3v(z)dz, (5)

where W and W5 are two independent standard Brownian motions, Py, P,, and Pz are the Pauli matrices

0 1 0 —i 1 0
PIZ ) P2: . ) andP3: )
1 0 i 0 0 -1

and o stands for the Stratonovich integral. Throughout this section the infinitesimal generator of v will be denoted
by 9,.(ii) The process v has a unique invariant probability u which is the uniform measure on the unit sphere S* of
C* ~ R*. Moreover, if f:S’ — R is a 4* bounded function such that Js fdu =0, then the Poisson equation
G.g+ f =0 has a €° bounded solution g which can be written as
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stn) = | RS OE)IN0) = vl

Proof. The proof of (i) is an application of a diffusion-approximation theorem [6]. The proof of (ii) is a
consequence of Theorem 1.3.6 and Theorem 1.3.15 [7]. Indeed, the process v has a compact state space,
thus it remains to prove that its transition probability admits a continuous positive density with respect to
the uniform measure on the unit sphere S* of R*. We remark that the Lie bracket of iP, and iP, is [iPy,
iP,]: = P, Py — P; P, =2iP;. So the Lie algebra generated by iP; and iP, spans the tangent space to s? at
every point. According to the probabilistic Héormander’s theorem (see [8] volume 2, p. 251) on S® the
transition probability of v admits a positive density with respect the uniform measure on S°. Thus, v
has a u?ique invariant probability, and we can readily check that this probability is the uniform measure
wonS. O

By Proposition 1, the birefringence model that has been introduced can be simplified by substituting

() = (Vl(z)z_ R@F MiEnE) )
2v1(z)vy(z) )] — @)

for the matrix i(z) in Eq. (2). Thus, we now consider the new coupled Schrédinger equation for the polarized
fields in a randomly birefringent fiber:

OE  dy OE OE

i ta e TIEES

0. (6)
We define the real-valued random processes #;, 1>, and 73 by

M+ in =2y, and gy = nf’ = |waf, (7)
and # stands for (#,%2,73). Then, Eq. (6) can be written as

QE dyE ., OF
e t5 3a T EP +m(@)P2 +n13(2)Ps) 5 - = 0. (8)
From the definition (7) we write 7 + 13 + 13 = (| \2 + |vz|2)2 = 1 which shows that the process 7 takes values
on the unit sphere S* of R>. We give some other properties of 5 in the next proposition. We denote by E, the
expectation with respect to the process v starting from the invariant distribution p.

Proposition 2. (i) The process 1 is a function of v, which is a bounded, ergodic, Markov process with invariant
probability measure y.(ii) For j= 1, 2, 3 we have E,[n;(z)] = 0 and [Eﬂ[njz.(z)] = 1/3 for any z = 0.(iii) Denoting
L.= 1/(4y.), we have, for j, k=1, 2, 3,

. % ifj=k,
/0 E,[n;(0)ni(2)]dz = {0 if j# k.

Note that L. is the correlation length of the process #, which is the usual PMD correlation length. The
hypothesis saying that the derivative of the birefringence angle with respect to distance is smaller than the bire-
fringence strength is thus equivalent to saying that the PMD correlation length is larger than the beat length.

This corresponds to practical configurations where the beat length is typically one meter or even less while the
PMD correlation length is 10-100 m (see Section 5 for numerical applications).

Proof. (i) The first point follows immediately from Proposition 1 and Eq. (7). (ii) We check that E,[1;(0)] = 0
and we have E,[n;(z)] = E,[n;(0)] = 0 because u is the invariant probability of v. (iii) We apply 1t0’s formula
[7, Theorem 2.3.1] to calculate the infinitesimal generator 4, of v: if we define vy, := Re(v1), vi; := Im(vy),
va, := Re(v2), and vy; := Im(v,), we have



548 J. Garnier, R. Marty | Wave Motion 43 (2006) 544-560

0

0
(=9evay + 9v2:) = + (—Vev2i — VsVar) e
V2

VeV [+ SV 7
(=7 1Li T 7 1,) s,

G, = (=yi, — P5V14)

oy, + oy, *

2 2 2 2
Ve o2 [ 90 9 ) Ve o2y (O O
+ 2 (VZJ' + VZ,i) (avir =+ avii> + 2 (vl‘r + vl‘i) (a‘}%’r =+ avg’i
o o o ?
+ 7. (Viivai — Vigvay) <6vlﬁr6v;r - ©vl,iGV2,,-) + P (Vi — Vivay) <6v17,.6vz,- + avl‘,@v;)'

We can check that 4,5, = —4y.n, for k=1, 2, 3. Then for any k and j we have

d

3 el O)me(2)] = Euln; (0%, (2)] = —47. B[ (0), (2)]
which can be readily integrated as [E,[n;(0)n;(z)] = E,.[n;(0)n,(0)] exp(—4y.z). Finally, the calculations of the
expectations [,[17;(0)n,(0)] and the integral f0+°° exp(—4y,.z)dz complete the proof. [

3. Random birefringence with nonconstant birefringence strength

Experimental results [9] have provided evidence that the second model of Wai and Menyuk [2,3] is more
appropriate for the modeling of PMD in optical fibers. This section is devoted to the study of this model.
As previously, the evolution of the two polarization modes of the electric field is governed by the coupled
Schrédinger equation (1) where K (z) is now given by

bK(z)zb’l(z)((l) _01>+I9'2(z)<(1) é)

51 and 52 are independent Langevin (also called Ornstein—Uhlenbeck) processes

d0,(z) = —c0,(z)dz + adW,(z), d0y(z) = —cOy(z)dz + adW,(2), (9)
W, and W, are two independent Brownian motions, and ¢ and ¢ are two positive constants related to the fiber
parameters.

Note that 0, and 0, are Gaussian ergodic Markov processes. They admit a unique invariant probability
measure which is the Gaussian distribution with zero-mean and variance ¢%/(2c). We denote by () the
expectation with respect to this probability measure. The square average birefringence strength is
b* = (0%) + (03), with b> = g*/c. To express c in terms of the experimental fiber parameters, we compute
the fiber autocorrelation function

(0,(0)01(2)) + (02(0)02(z)) = b* exp(—cz),

which shows that ¢ = 1/L, where L. is the PMD correlation length. Note that this model is clearly different
from the model presented in Section 2. Indeed, in the first model, the birefringence strength (that is to say
the squared root of det(bK(z))) is constant, whereas in the second model the square of the birefringence
strength has an exponential probability distribution function (because it is the sum of the squares of two inde-
pendent Gaussian random variables).

We make the change of variables £ = M~'(z)E where

M) = ( vi(2) E(@)

—7a2(2) vi(2)

is the unitary matrix solution of iddij + bK(z)M = 0. The coefficients v; and v, satisfy the ordinary differential
equations

dn dv,

= i51v1 — i@vj, E = 152\)71 + ib]Vz.
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The partial differential equation describing the evolution of the new electric field E is

QE dy?E . ,., OFE
R U R T X — =

Z T e TR
where ¥ = M~ 'K M. Note that M is unitary so that, for any z, 7, we have || E(z, 1)|| 2 = || E(z, )| 2. The matrix
2(z) is given by

Z(z) = m(2)P1 + ny(2)P2 + n3(2) P,
where P;, P>, and P; are the Pauli matrices and 5, #,, and 53 are the real-valued processes given by
= Re(2mva01 + (M — v3)02),
Ny = Im(2vn0; + (vi° — v3)01), (11)
s = (nf* = ') 01 — 2Re(viv2) 02,

0, (10)

and we have introduced the normalized processes 0; = 51 /band 0, = 52 /b. The random matrix X (z) is quite dif-
ferent from the corresponding matrix that was obtained with the first model in Section 2. In particular, we have

NG = m(2) +n3(2) + m(2) = 61() + 63(2)

which shows that the process #(z) does not take values on the sphere S of R, in contrast with #(z) defined by
(7), but the statistics of |(z)]* is an exponential distribution with mean /. However we are going to show that
the random matrix Z(z) possesses the same key statistical properties as the ones obtained with the first model.
We denote 6 = (61,0,) and v = (vq,v»).

Proposition 3. The process (0,v) is R> x S*—valued, where S* is the unit sphere of C* ~ R*. It is an ergodic
Markov process with the infinitesimal generator 9 given (12). It has a unique invariant probability measure

(dodvy) = % exp (—0; + 03) g3 (dv)d0,do0,,

where Ag3 is the uniform distribution on S*. Moreover, iff:R*x S* = Ris a 6* bounded Sfunction with compact
support such that [fdu = 0, then the Poisson equation $g + f = 0 has a €* bounded solution g which can be writ-
ten as

l00w0) = [ ELFO),vE)100) = 00,3(0) = ol

Proof. We have |v]: = |v;| 2+ |vo]* = 1, which shows that v takes values in S°. The Ornstein—Uhlenbeck pro-
cesses 07 and 6, are Markov, and v is the solution of an ordinary differential equation driven by 6. As a result,
the joint process (6, v) is Markov and its infinitesimal generator is given by

) 3 & ¥ ) )
G= —c0 0 1 LT 0y73) = — ib(0,7 — Oyva) —
c 1@91 c 2692+269%+260§+1b(01‘)1 92\)2)61)1 1b(0]V1 92V2)av_l
. _. 0 _ 0
+ lb(H] V) — 92\)1)6_\)2 — 1b(0] vy + szl)a—v_z. (12)

Here we have written the generator in terms of (v, V7, v,,V;) rather than in terms of the real and imaginary
parts of v; and v,. As usual, if z=a + ib is complex, then 0. = (1/2)(9, — i0;) and 0; = (1/2)(0, + i0;). Once
the infinitesimal generator is known, we can check that the measure u is an invariant probability measure.
From the classification of Markov processes [7, Theorem 1.3.10], the process is ergodic. The last point is a
consequence of [7, Theorem 1.3.15]. O

We denote by E, the expectation with respect to the process (v, 0) starting from the invariant distribution pu.
We can then write the analog of Proposition 2.

Proposition 4. (i) The process (1,42, n3) defined by (11) is a function of (v, 0), which is an ergodic Markov process
with invariant probability measure w.(ii) For j=1, 2, 3 we have E,[n;(z)] =0 and [Eﬂ[n?(z)] =1/3 for any
z = 0.(iii) We have, for j, k=1, 2, 3, '
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+00 s — %‘ if j =k,
/0 Ey[n;(0)n (2)]dz = {0 if j+# k.

Proof. (i) The first point follows from the definition of v and the properties of the Ornstein—Uhlenbeck pro-
cesses 0, and 0,.(ii)) The computations of the first and second moments with respect to the invariant measure u
gives the result, as well as the decorrelation property

e OmO] = {3 77 (13

(iii) We apply the infinitesimal generator 4 given by (12) on ; and we get simply 95, = —cn;. As a result we
obtain the differential equation

S B 0] = el n(0)]

Integrating and using the initial condition (13) completes the proof. [

4. Asymptotic pulse dynamics

The typical fiber length for transoceanic transmission is 10°-10* km and the typical PMD correlation
length L. is of the order of 10-100 m (see Section 5 for numerical applications). Accordingly, we introduce
a new small parameter ¢ so that the correlation length is of order / and the fiber length is of order ¢ °.
We look for the evolution of the field for macroscopic propagation distances of the order of ¢ 2. We
address initial conditions that will be affected by GVD and PMD over such a propagation distance. In
this framework this means that U, varies on a time scale of order ¢. We show in this section that
PMD has a macroscopic effect on such a pulse. Accordingly we consider U®(z,t) := E(z/¢?,¢/¢) which is
solution of

QU* dy °U* ib' 2\ U
im0 +5 5 0 +22(3) -

82
with the initial condition U°(z = 0,¢) = Uy(¢). Denoting by #° = (3,5, n5) the process 1 (-/¢?), we have
z
=(5) = mE)P + (P2 + 15 ()P

The main result of this section is the following one.

; (z,t) =0, (14)

Proposition 5. Assume for simplicity that the Fourier transform of Uy is a €* compactly supported function.(i)
Eq. (14) has a unique solution U° a.s. in €([0,00), L>(R,C?)) such that U(z = 0,1) = Uy(t). Moreover, for all
z>=0,

HUE(Z")HLZ(RCZ) = HU0||L2(R,C2)' (15)
(i) Let Wy, W,, and W3 be three independent Brownian motions and y = Zb'ZLC /3. The equation
idy [FO°U
0 W(

Uz, t) — Uy(t) — 3

3 z QU
U+ VT | P cnoam=o. (16)

has a unique solution U a.s. in 6([0,00),L*(R,C?)). Moreover, for all z > 0,
Uz, ')”LZ(R,CZ) = ||U0HL2([R<,@2)- (17)
(iii) As ¢ — 0, U° converge in distribution in ([0, 00),L*(R,C?)) to U.

We can see that PMD has a macroscopic effect on the pulse: in the asymptotic framework ¢ — 0 the pulse
dynamics is driven by three real-valued Brownian motions. A fact which is remarkable is that the three driving
processes #; are correlated in both PMD models (this is especially striking for the first model where
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nm + 5 +ni = 1), but they act on the pulse like three independent processes at the macroscopic scale. The
effective propagation equation is the same for the first and second PMD models. All that remains from the
microscopic PMD model is the value of the effective PMD parameter 7y.

The proof of Proposition 5 is given in Appendix A.1. It consists in studying the Fourier transforms U* and
U of U? and U, applying relative compactness criteria in the space of L*-valued processes, and proving approx-
imation-diffusion results based on the perturbed test function method. Note that the stochastic integrals in Eq.
(16) are Stratonovich integrals. In the standard Ito form, the equation reads as

idy [7*U

3y [FOU < [F,0U _
U =U) -5 | Fz o= | W(c,t)duﬁ;/o Py (L0dW,(0) =0, (18)

which exhibits an effective diffusion term.
5. Numerical simulations

The theory developed in this paper shows that the pulse propagation does not depend on the PMD model
in the linear propagation regime. The goal of this section is to illustrate this fact, and to show by numerical
simulations that it also holds true in the nonlinear regime.

We first consider linear pulse propagation in presence of PMD and in absence of GVD, as modeled by Eq.
(1) with dy = 0. We consider a Gaussian pulse as an initial condition with an initial r.m.s. width 7y =4 ps. In
order to simulate the random fluctuations of birefringence, we consider the first model studied in Section 2 and
assume that the birefringence strength is constant and the birefringence angle is stepwise linear. The process o
is consequently stepwise constant. We take o(z) = W) where (W,), ., s a sequence of independent and iden-
tically distributed random variables with Gaussian distribution, zero-mean and variance o> (N ()20 18 a
Poisson process, that is to say N(z) = n € N if 37 {, <z < 3071, where (), is a sequence of indepen-
dent and identically distributed random variables with exponential distribution and mean /. Accordingly « is a
stationary Markov process and E[x(0)a(z)] = > exp(—z/h). The parameter . is given by y. = a° h/(1 + 4b*h?).
We take standard values for the fiber parameters [10,4]. The birefringence is small in absolute values in com-
munication fibers, with values of the order of An/ n~10""-10"> so that »=mAn/i~0.2-20m™"
(4 =1.55 um). The orientation of the birefringence is randomly varying on a length scale of a few centimeters.
We take b =4000 km™', »' =1 ps/km, h = 10~*km, and ¢ = 800 km~!. In these conditions Ve~ 39 km™!,
which means that the PMD correlation length is L. = 1/(4y.) ~ 6.5 m (which is larger than the beat length
Lp~0.8m). These values correspond to measured experimental values [11,12]. Finally y=4.3x107?
ps>/km. We consider a fiber length of the order of a few Ly = T 2/7 ~ 400 km so as to exhibit a noticeable pulse
spreading. Note that Lp < L. < Ly so that the separation of scales that we have introduced in this paper
holds true. The number of samples used to evaluate the averaged values and variances is 10%. We have solved
the linear Schrédinger equation in the Fourier domain, so that the numerical problem is reduced to the inte-
gration of a set of ordinary differential equations for the Fourier components. Comparisons of the numerical
results and theoretical formulas given in [13,14] show excellent agreement (Figs. 1 and 2).

We now address the propagation equation in presence of GVD, PMD, and nonlinearity. The evolution of
the two polarization modes of the electric field is governed by the coupled nonlinear Schrédinger equations [2]

OE ., OE d,dE -

where N(E) stands for the nonlinear terms

2 2 53 2o
N(E) :n2<(|E1| TaalEal )E, +7E2E1>,

2 2 o 2 (20)
(|E2]” + oa|EV[7) Er + 3 ETES

and the cross-phase modulation is a«, = 2/3 for linearly birefringent fiber. In absence of high-order PMD
b’ =0, a direct averaging procedure [3] leads to the result that U® converge to U solution of
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Fig. 1. Expectation (a) and variance (b) of the time displacement T,.(z) :=[¢|E(z, )|*d¢/[|E(z,¢)]*dr. Comparison between numerical

simulations (dotted lines) and theoretical predictions (solid lines): (T,(z)) =0 and < T2(z) >= (73/2)[y/1 + 4yz/ T3 — 1].

) GR
ia—g+%a—g+§nz|U\2U =0,
where the nonlinear term |UPU reads explicitly as (|U|* + |Us]) (Ui, Us)". In absence of high-order PMD
b" = 0 we thus get the integrable Manakov system that supports soliton solutions [15]. The numerical simula-
tions are performed with a split-step Fourier method. We have carried out numerical simulations of Eq. (19) in
presence of high-order PMD b’ # 0 with the two birefringence models introduced in Sections 2 and 3, respec-
tively. Our main motivation to compare the two different PMD models is to show that, even in the presence of
nonlinearity, there is no difference in behavior.

The first PMD model is considered with a stepwise constant o. We take o(z) = W[/, where [z] stands for
integral part of a real number z and (W,),, is a sequence of independent and identically distributed random
variables with Gaussian distribution, zero-mean and variance o”. Accordingly the parameter y, is given by
7. = &> [1 — cos(2bh))/(4b*h). Note that this numerical model is very close to the one considered here above,
but it involves an expression for y. which is quite different. This illustrates the fact that the effective PMD
parameter has a complicated dependence on the microscopic PMD model. We take b =4000km ',
b’ =2ps/km, h= 1074 km, and ¢ =800 km~'. In these conditions 7e 30 km~', which means that the
PMD correlation length is L. = 1/(4y.) ~ 8 m and the effective PMD parameter is y = 2.2 10~ ps*/km. The
initial pulse is a sech pulse v/Pysech(z/Ty) with Ty = 6 ps and Py = 1/36 W. We carry out two series of simu-
lations, the first one in the linear propagation regime in absence of GVD, the second one in the nonlinear
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Fig. 2. Expectation (a) and variance (b) of the r.m.s. pulse width 72 (z) := [£|E(z, 0)*de/ JIE(z, £)[*dz. Comparison between numerical
simulations (dotted lines) and theoretical predictions (solid lines): < T2 >= T2 + 3z and Var(T%) = To(T? + 4yz)** — 6T2yz — T%.
dispersive propagation regime. More exactly we consider a nonlinear coefficient 7, =9/8 W' km™' and a
GVD parameter dy = 1 ps?’/km so that the initial sech pulse is a Manakov soliton in absence of high-order
PMD b’ = 0. The number of samples used to evaluate the averaged values is 200. Once again, we can observe
in Fig. 3 that the numerical simulations in the linear regime agree with the theoretical predictions. We can also
observe that the broadening of the Manakov soliton is in the first steps similar to that of the corresponding
linear pulse, but after a while the departure increases and it eventually turns out that the Manakov soliton is
less stable. This may seem surprising and in contradiction with previous results [16-18]. However this can be
explained by the fact that the r.m.s. pulse width is plotted in Fig. 3, while the Full width at half maximum
(FWHM) was plotted in the previous studies. We plot in Fig. 4b the FWHM for the same set of experiments
as in Fig. 3. The results are in perfect agreement with the ones obtained in [17] for instance. We recover the
intuitive result that the Manakov soliton is more robust than the linear pulse. The opposite behaviors of the
r.m.s. pulse width and the FWHM can be explained by considering the typical pulse profile at the fiber output
plotted in Fig. 4a.

(1) On the one hand, we can see that the central part of the soliton is very robust, because of the self-trap-
ping induced by the nonlinear potential generated by the nonlinear term. The FWHM is only sensitive to
the central part of the pulse. As a result the pulse broadening measured in terms of the FWHM is
reduced compared to the linear case.

(2) On the other hand, we can observe that the soliton emits small-amplitude radiation, which escapes the
attraction of the nonlinear potential. The phenomenon of dispersion radiation emitted by solitons in the
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Fig. 3. Mean square pulse width for the first (a) and second (b) PMD model. The solid lines represent the theoretical predictions for the
linear propagation regime, the dashed lines represent the numerical simulations for the linear regime, and the dotted lines represent the
numerical simulations for the nonlinear dispersive regime.

presence of PMD has been discussed in great detail. It was first mentioned in the work of Mollenauer
et al. [19], and then in more detail in [20,21]. The FWHM is not sensitive to the small-amplitude radia-
tion, but the r.m.s. pulse width is very sensitive to it. The radiation spreading actually involves the fast
increase of the r.m.s. pulse width exhibited in Fig. 3.

The second PMD model is also considered. We choose »=4000km™', L.=25m, and we take
b’ =1.15ps/km so that the effective PMD parameter is y =22 10 2ps?’/km, as for the first model.
We use an exact updating formula to integrate Eq. (9) [22], where ¢ =5b/y/L. and ¢=1/L.. The
results are plotted in Fig. 3b. By comparing qualitatively and quantitatively Fig. 3b and Fig. 3a,
we can see that the results do not depend on the choice of the microscopic PMD model. This obser-
vation is in perfect agreement with the theoretical predictions because both models give rise to the
same value of the effective PMD parameter y. These series of simulations confirm the main theoret-
ical prediction that the pulse dynamics, in linear and nonlinear media, depends on a unique effective
PMD parameter. We have carried out our numerical simulations with very different PMD models,
but we have taken care to consider models involving the same values for the effective PMD param-
eters. The numerical results have shown that the pulse dynamics with the different models are the
same.
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Fig. 4. (a) Input (dotted) and output (solid) pulse profiles in the nonlinear regime. The input profile is a Manakov soliton
Uy(t) = /Posech(t/Ty) with Ty =6 ps and Py = 1/36 W. We can observe that the main part of the soliton is well preserved, but small-
amplitude radiation is emitted and spreads out far from the soliton. (b) FWHM in the linear case in absence of GVD (dashed), in the
nonlinear case with dy =1 ps?/km, n, =9/8 W' km™' (dotted with circles) and with dy = 4 ps*/km, n, =9/2 W' km™' (dotted with
squares). The enhanced robustness of the soliton compared to the linear pulse is obvious. For (dy, 1) large enough, the soliton spreads out

according to the relation predicted by Matsumoto et al. [16] Tewum (z)/Trwnm(z = 0) = 4/ 1 + 4yz/(3T3) (solid line).

6. Conclusion

In this paper we show that the effective pulse propagation equation in randomly birefringent fibers reads as
a stochastic partial differential equation driven by three independent Brownian motions. This result holds true
when the beat length is smaller than the PMD correlation length which is itself smaller than the other length
scales present in the problem (dispersion length, nonlinear length, dispersion map period, fiber length). The
striking feature is that this stochastic equation depends on PMD through a single effective parameter whatever
the PMD model. The PMD effective parameter has a complicated dependence on the microscopic PMD mod-
el, however our explicit calculations carried out in the linear propagation regime shows that it can be estimated
very simply by an experimental measure of the pulse broadening in the linear propagation regime. According-
ly, PMD simulations can be carried out with an arbitrary microscopic model without loss of generality. The
only requirement is that the simulated PMD gives rise to the same effective PMD parameter as the experimen-
tal value.
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Appendix A
A.1. Proof of Proposition 5

Proof of (i). We consider the equation
i@X ¢
0z

with the initial condition X°(z =0, 0) = X,(0). If 0 is fixed, Eq. (A.1) is an ordinary differential equation; by
Cauchy-Lipschitz Theorem, it admits a unique solution X°(-,0) a.s. in %([0,Z],C?). A calculation of
d||X?(z,-)||72/dz shows that

1X*Gz Mz@er) = Xoll2gery: (A2)

We define

1 +oo
U(e) = = / Xz, 0)d0,

and we derive the existence and uniqueness of the solution of (14). By Parseval’s formula and Eq. (A.2), we
have (15). By (A.2) and classical theorems about regularity of solutions of ordinary differential equation with
respect to initial conditions [23], we get that X°(z,) is a 4> compactly support function in 0.

Proof of (ii). We consider the equation

(z,e)_92%xs(z,e)+@z( 2)x(z0)=0 (A1)

X(z,é))—X0(9)+i92d7°/OZX(C,H)dC—iGWjZI /OZP_,X(C, 0) o dw,(() = 0. (A3)

If 0 is fixed, (A.3) is a stochastic differential equation with linear coefficients; by the usual existence and
uniqueness theorem [7, Theorem 3.4.7], it admits a unique solution X(-,0) a.s. in %([0,Z],C*) such that
X(0,0) = Xo(0). Applying It6’s formula to || X(z, ~)||éz shows that

HX(Z7 ')||L2<R,cz) = ”XOHLZ(RCz)' (A-4)

We define

+00
U(z,t) := \/%ﬁ / e X (z,0)do,

and we derive the existence and uniqueness of the solution of (16). By Parseval’s formula and (A.4), we have
(17).
Proof of (iii): We consider the Fourier transforms of U® and U :

~

U(-,0) ‘”"U‘ ,0)dr and U(-,0) “"’U ,0)dr.

We suppose that the support of Us belongs to [—A4,A] where 4 € N*. To prove (iii), we show that (U ),
converge in distribution in %([0, Z], L*([-4, 4], C?)) to U as ¢ — 0.

First, we prove the convergence of theAﬁnite—dinAlenswnal dlstilbutions. We fix n frequencies 0y, 0, ..., 0,
and we apply Theorem 6 to the process (U*(-, 0,), U*(+,6,),..., U(-,0,)). The hypotheses of the theorem are
readily fulfilled by the first model, in view of Propositions 1 and 2. For the second model, we must invoke
Propositions 3 and 4, and we also note that we can interpret the process (6,v) as having compact support,
at the expense of considering (atan(6,), atan(6,) instead of (6,0,).

Second, we prove the tightness of (U *), in %([0, Z], L*([~A4,4],C%). Because the weak limit belongs to
%(]0, 7], L*([-4, 4], C?)), it is sufficient to show that (U?), 1s tight in 2([0, Z], L*([~4, 4], C*)) equipped with
the Skorohod topology. We recall a definition and two standard tightness criteria [24]:
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Definition A.1. Let (E, ||-||) be a normed space and (X*).~¢ = ((X°(2))-<p0.27)>0 be a sequence of processes with
paths in Z2([0,Z],E). We say that (X°)~ satisfies the Aldous property if for all M >0, >0 and 1> 0, there
exists 0 > 0 such that

limsup sup sup P(||X*(z+6) — X(z)|| > ) <1,
e—0 €Ty 0<§'<é
where 7, is the space of all the stopping times bounded by M.

Lemma A.1. Let (E, ||||) be a normed space and (X%),~0 = ((X*(2))-[0,2)):~0 be a sequence of processes with
paths in Z([0,Z],E). If for all z in a dense subset of [0, Z] (X*(2))o<.<1 is tight in E and satisfies the Aldous
property, then (X*)o<.< is tight in 2([0,Z], E).

Lemma A.2. Let H be a Hilbert space and (H),., be an increasing sequence of finite-dimensional subspace of
H such that, for any 4 in H, limy_,, i h = h, where 7y, stands for the projection onto Hy. Let (Y°),~o be a
sequence of random variables in H. The family ( Y*),~¢ is tight if and only if for all # > 0 and 4 > 0, there exist
p, > 0 and an integer k,, , such that

sup P(|Y*]| = p,) <n and sup P(d(Y",H, ) > 7) < 1.

£€(0,1] £€(0,1]

In view of Lemma A.1, the proof of the tightness of (U ?), consists of two steps: the tightness of ( U(z, 1), in
L*([~A4,4],C?) for all z, and the Aldous property.

Step 1: (Ut(z,-)), is tight in L?([—4, 4], C?) FoR ALL z. We apply Lemma A.2 with H = L*([—4, 4], C?) and
H, the set of all simple functions /& = (h, h,) such that

A2"—1

h;(0) = Z o Doegeson (k1) /215

k=—A2"

with o € C. The following criteria insure that (U*(z, -)), fulfills the hypotheses of Lemma A.2:

lim limsup E,, sup 1U%(z,0,) — Uz, 0,) |22 | =0, (A.5)

=0 .0 10, —05]<5,]0,|<A4,]05|<A4

limsup sup E,[|| U (z, 0)22] < oo. (A.6)
e—0 10|<4

Let us introduce f(U) := Hﬁ”éz, &, the generator of U(-,0), &, the generator of (U(-,0), v(-/¢%)), and 5
the perturbed test functions of f'which are built according to the procedure described in the proof of Theorem
6. The martingale property ensures that

Ef5(U*(z,0),v(z/&"))] = Eu[f(Uo(0), v(0))] + / BT 0), (/)L
then, using the perturbed test function method (see the proof of Theorem 6), we have
Ef(U*(2,0))] = Eu[f(Uo(0))] + / TELof (U 0))dC + S,
with
5] < Ko [ EIF(DC O

where Kj is such that |fj — f| < Kyef and | L fi — LS| < Kypef. We note that K can be chosen to be uni-
formly bounded with respect to 0 €[—A,A4A]. Moreover there exists a constant C>0 such that
Lof < CO*f, so,

Euf(U*(z,0)] < Euf(To(0))] + (CO° + Koe) /0 E,[f(T(C,0))]dL.
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By Gronwall’s lemma, we have

Eu[f (U*(2,0))] < Eulf (Uo(0))] exp(CO°z + Kpe).
To get (A.6), we take the sup on |0] < 4 and we make ¢ — 0. Let us show (A.5). We have for all
01,02 S [—A,A],

~ . oU*
1U*(z,01) = U*(z,60)l[c2 < |01 — 02| sup (z,0)
|0]<4 00 o2
So,
- ~ 2
~ ~ ) 5 ou*
E, sup |U*(z,00) — U(z,0,)||c2| < 0°E,|sup 20 (z,0) .
([:2

[01—02]<0,|01|<4,]02|<4 |0]<4

From Sobolev’s imbedding H' ([—4,A]) & L>([—A, A]) there exists a constant C > 0 such that
2

~ 2 y g 2
é oU* o U*®
E, |su 0 <C/ E, 0 0 do
I ngg ag (Z ) @2] [ 69 (Z ) 692 (Z ) CZ]
~ ~ 2
oU* *U*

< 24CsupE, (z,0) —(2,0)

10]<4 00 o o0 o

Then, to get (A.5), it is sufficient to show (A.6) for ou*/ 00 and o*U* /00%: we use again the perturbed test func-
tion method for (U*(-,0), Y*(-,0), Z°(-,0)) with Y* := 0U*/00 and Z* := 8*U* /30" for a fixed 0.

Step 2: The Aldous property. R
The following criterion insures that (U¢), verifies the Aldous property:

lim limsup sup sup sup E,[l A Ut +8,0) — 172(170)”%02] =0,

=0 .0 10|1<4 €T M 0<8' <5

where 7, is the set of all stopping times bounded by M. For k= 1,2,3,4, we introduce the function f; from
R* to R defined by fj (51,52, 53,54) = 5. We build the perturbed test functions Sio according to the procedure
described in the proof of Theorem 6. The process

My (2) = fo(U(z,0),v(z/)) = fo(TF(0,0),(0)) — /0 Lofio(T(w,0),v(w/e?))dw
is a martingale with quadratic variation

(Mg )(z / Hpe (U*(w,0),7(w/e"))dw
where H. = S’g(fk(,) — 2f30Z0of%y- Because of (A.8), M. can be written as

My @) =02, 0) = FiTa(0) ~ [ Lofi(D 0w, )+ )
where ((¢) is uniform in 0, k, and z in a compact set. Then for all t € 7, and ¢’ € (0,9):

(A +8.0) (D2, 0) < 4(My (2 +8) ~ My ()

+4</ Lofi (T (w, ))dw) +0(e). (A7)

Using

6 (415,60~ 115,0) ] = [ B0, (T, 0), 00/ o
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taking the expectation in (A.7), summing over k, taking the sup over ¢’, t and 6, and letting 6 — 0 then ¢ — 0,
establish the desired result.

A.2. Diffusion-approximation theorem

In this appendix, we state and prove a diffusion-approximation theorem that is applied in this paper. We
consider the following problem: we aim at proving the weak convergence of the R —valued process X* defined
by the system

dXC
dz
starting from X*(0) = X, € R. We denote m"(z) = m(z/¢?) and we assume that:

(2) = FUX'() 41 G (), m(2)

(1) The Markov process m is bounded a.s., stationary, ergodic with generator .#, satisfying the Fredholm
alternative.

(ii) F(x) and G(x,m) are R?—valued functions. G(x,m) satisfies the centering condition: for any x,
E[G(x,m(0))] = 0 where E denotes the expectation with respect to the invariant probability measure of
of m. Instead of technical sharp conditions, we assume that all partial derivatives in x of F and G are
bounded.

Note that nor the result, neither the proof is original [6,25]. However the expression of the perturbed
test function that we derive in the proof is necessary for the technical estimates used in the proof of Prop-
osition 3.

Theorem 6. As ¢ — 0, the processes X° converge in distribution in %([0, 2], RY) to the diffusion Markov
process whose infinitesimal generator is given by

+00
Lf(x) =F(x) - Vof (x) + /0 E[G(x,m(0)) - Vi(G(x,m(2)) - V. (x))]dz.
Proof. We use the perturbed test function method. The process (X*, m®) is a Markov process with generator #*
given by:

, 1 1
% :F(x)~Vx+EG(x,m)~Vx+8—2ﬂ.

According to Kushner [25 Chapter III, Theorems 2 and 4], the most important fact to show is: for any bound-
ed € function f(x), there exists a family of functions (f*(x,m)), such that for any compact set K

SUP.cicpl/*(x.m) = f(0)] =0 and sup | Z"f*(x.m) = £f(x)] 0. (AS)
Let f'be a bounded, ¥ function. Define
filxym) = f(x) + efi(x,m) + & f(x, m),
where f; and f> will be chosen so that (A.8) will be satisfied. Applying Z* to f°, one gets:
L= %G(x,m) -Vif +%%f1 + F(x) - Vof + G(x,m) - Vifi + Mfr+ eF(x) - Vi fi + £G(x,m) - V>
+ &F (x) - Vifo.

) .
Defining f; := —.# ' (G(x,m) - V.f), which is well-defined because of the Fredholm alternative and the cen-
tering condition, the ((1/¢)—term in ¥* becomes 0. An explicit expression of f is

fiem) = / " E[G(x, m(2)) - Vof (6)m(0) = m]dz.
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Our aim is now to get an expression with a ((1)—term independent of m. Therefore we define:
f 1= =7 (G(x,m) - Viofi — E[G(x, m(0)) - Vi (m(0))]).

It thus remains

6165 m(0) Vi (m0)] = | " EG (. m(0)) - V1 (G(x, m(2)) - Vof ()],

which proves (A.8). O
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