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Statistics of the hot spots of smoothed beams produced by random phase
plates revisited

J. Garniera)

Centre de Mathe´matiques Applique´es, Centre National de la Recherche Scientifique,
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This paper revisits and corrects the statistical theory of hot spots of speckle patterns such as those
produced by a random phase plate. Analytical expressions are derived which are sensitively
different from the previous results of Rose and DuBois@Phys. Fluids B5, 590 ~1993!#. The
departure essentially originates from a careful approach which takes into account the fact that the
fields are complex-valued, while the standard mathematical theory deals with the maxima of
real-valued Gaussian fields. This gives rise to an enhancement of the number of the most intense hot
spots. Excellent agreements between the theoretical formulas and numerical simulations are shown.
© 1999 American Institute of Physics.@S1070-664X~99!02205-3#
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I. INTRODUCTION

Smoothing techniques are extensively studied for iner
confinement fusion~ICF! applications. The future Frenc
Laser MegaJoule~LMJ! and the US National Ignition Facil
ity ~NIF!1 are designed for the indirect drive scheme, who
principle is the following. Numerous laser beams are focu
into a hohlraum and irradiate the inner gold wall to produ
x-rays. However, it was found that it is necessary to dimin
the wall expansion by filling the cavity by a gas. Unfort
nately, this means that the laser light has to propag
through an underdense plasma where parametric instabi
such as stimulated Raman scattering~SRS! or stimulated
Brillouin scattering ~SBS! may occur. Since experimenta
evidence of SRS and SBS in hohlraums from randomi
laser beams has been observed,2–6 the control of high laser
intensities has become of crucial importance.

The literature contains a lot of work which deals wi
self-focusing~SF! and/or parametric instabilities from opt
cally smoothed beams. Most of the theoretical papers
velop careful methods to study SBS and/or SF7–9 from a
single speckle and then average the single hot spot refle
ity over the statistics of hot spots. It is thus of great inter
to have precise expressions for the probability density of
intensities of the hot spots of a speckle pattern.

The statistical distribution of the maximal intensities
the hot spots can be calculated theoretically for a focal s
in vacuum or homogeneous medium, in the asympto
framework where the number of spatial modes is large,
that the Gaussian limit is valid.10,11 The corresponding dis
tribution is then entirely characterized by the autocorrelat
function of the field, which can also be computed very p
cisely for any smoothing method.12 The theory developed in
Ref. 10 is based on the ansatz that the number of intense
spots above a given intensity is proportional to the numbe
local maxima of the real part of the field. Unfortunately t
formulas derived by this method have some free parame

a!Electronic mail: garnier@cmapx.polytechnique.fr
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that have to be determined through numerical simulati
~Ref. 11!. Furthermore, we feel that the hot spot ans
should be carefully checked. In this paper we shall revisit
ansatz and obtain closed form expressions for the numbe
intense hot spots which do not coincide exactly with t
previous formulas.

This work is triggered by the study of the statistics
local maxima of the speckle patterns generated by rand
phase plates~RPP!13 or kinoform phase plates~KPP!.14 Al-
though very careful attention is devoted to this case, the
mulas we derive in our paper can be applied to more gen
situations where the Gaussian limit is valid. We focus o
attention on structures which are small compared to the fi
extent of the laser beam. For the sake of simplicity and w
out loss of generality, we shall consider translationally
variant beams.

We begin with a brief review of what is known in th
mathematical literature about the local maxima ofreal-
valued random fields with Gaussian statistics. We study
local maxima ofcomplex-valued fields with Gaussian statis
tics under the hypothesis that the real and imaginary part
the field are statistically independent, which is equivalent
assume that the correlation function of the field is real v
ued. We derive very general formulas which can then
applied to the hot spots of a speckle pattern generated
RPP in the focal plane. Unfortunately, in the focal volum
the hypothesis of the independence of the real and imagin
parts of the field does not hold true, but we are able to p
form a specific analysis which gives complete expressi
for the statistics of the hot spots of the speckle pattern g
erated by a RPP in the focal volume.

II. MAXIMA OF REAL GAUSSIAN FIELDS

We begin with a key theoretical result concerning loc
maxima of real-valued Gaussian fields, which we then ap
to complex-valued Gaussian fields in the next sections. LeX
be a statistically homogeneous, real-valued, zero m
Gaussian family with variances2 defined over the real spac
1 © 1999 American Institute of Physics

pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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Rd of dimensiond ~or a subset ofRd) and let Mu
X be the

number of local maxima ofX2 which are above the levelu in
some volumeV. Then, by denoting

C j~u!5
~21! jCd

2 j~2 j !!s2 j

j !2 ~d12 j 11!/2p~d11!/2EAu

`

xd22 j exp2
x2

2s2
dx,

one can refine results of Adler~Ref. 15, Theorem 6-3-1! and
establish that16

^Mu
X&5

2uVuudetLu1/2

s2d11 (
j 50

[d/2]

C j~u!1 O
u@s2

S exp2u/2s2

~u/s2!a/2 D , ~1!

wherea is any positive number andL is the matrix of the
second-order spectral moments of the processX:

L i j 5 K ]X

]xi
~0!

]X

]xj
~0!L . ~2!

III. STATISTICS OF THE HOT SPOTS OF A SPECKLE
PATTERN

Let us consider a complex-valued Gaussian fieldA, that
is to say, a field which is the superposition of two indepe
dent real-valued Gaussian fieldsAR and AI with the same
statistics and variancesI 0/2,

A5AR1 iAI .

The autocorrelation function of the fieldA is denoted by

C~x!5^A~y1x!A* ~y!&.

The matrix L which appears in the above section cor
sponds toX5AR or AI and is given by

L i j 5
1

2 K ]A

]xi

]A*

]xj
L 52

1

2

]2C

]xi]xj
U

x50

.

Given some domainV, the number of maxima ofAR
2 ~resp.

AI
2) above the levelu is denoted byMu

AR ~resp.Mu
AI). In this

section we deal with the statistics of the numberMu
A of local

maxima~the so-called hot spots! of the intensity distribution
uAu2 above the levelu.

In Ref. 10 Rose and DuBois assume the following a
satz:‘‘the relative frequency of intense hot spots with a giv
intensity is the same as the relative frequency of intense l
maxima of AR

2,’’ which implies that the numberMu
A of hot

spots above the levelu is proportional to the sum of the
numbers of maxima ofAR

2 andAI
2. This also reads as

^Mu
A&uR& D;

uVuudetLu1/22~d12!/2

p~d11!/2I 0
d/2 S u

I 0
D ~d21!/2

expS 2
u

I 0
D .

We shall follow the same strategy but we revisit t
ansatz of Rose and DuBois. It is based upon the fact thaAR

and AI are independent in any pointx0. Because of this
independence, if the pointx0 is a local maximum ofAR

2, then
x0 has no particular property in the point of view ofAI

2. By
definition of a Gaussian process,AI(x0) then obeys a real
valued Gaussian random variable, with varianceI 0/2. In
Refs. 10 and 11 Rose and DuBois then considered the
tribution of AI

2 as a negligible perturbation. But we shall s
 13 Aug 2000 to 171.64.38.26.Redistribution subject to AIP co
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that this is rigorously not correct. We claim that‘‘the intense
local maxima of the intensity distribution correspond to loc
maxima of AR

2 (or AI
2), the contribution of AI

2 (or AR
2) being

smaller, following the square of a Gaussian random variab
with variance I0/2.’’ This statement actually proposes an a
satz to deduce the statistical distribution of the maxim
value of the intensityAR

21AI
2 from the one of the real par

AR . Our own ansatz is carefully checked in Appendix B. L
us apply it and compute the mean number^Mu

A& of local
maxima of the intensity distribution above the levelu. Such
a maximum is produced either by a local maximum ofAR

2 or
AI

2. Thus the number of maxima ofuAu2 aboveu inside the
domainV is

Mu
A5 (

xPU~AR!
1A

R
2 ~x!1a

I
2~x!>u1 (

xPU~AI !
1A

I
2~x!1a

R
2 ~x!>u ,

where 1$..% is equal to 1 if the condition$..% is true and 0
otherwise, andU(AR) ~resp.U(AI)) is the set of the loci of
the maxima ofAR

2 ~resp.AI
2) insideV. The aI(.) andaR(.)

are independent Gaussian random variables with zero m
and variancesI 0/2. So theaI

2’s andaR
2 ’s obey the same dis

tribution whose common density with respect to the L
besgue measure overR` is p(v)51/(ApI 0)(v/I 0)21/2

3exp(2v/I0). Taking the expectation we get that the me
number of local maxima above the levelu of the intensity
uAu2 is given by the convolution:

^Mu
A&5E

0

vm

^Mu2v
AR &p~v !dv1E

0

vm

^Mu2v
AI &p~v !dv.

It remains to determinevm . The natural choice for such
convolution would bevm5u. Nevertheless, we claim tha
the correct choice forvm is vmªu/2. Indeed, consider in the
first integral the contribution of the convoluted integrand f
somev.u/2. Then note thatv.u/2 means thataI

2.AR
2 so

that the maximum ofuAu2 is also very close to some max
mum above the levelu/2 of the imaginary partAI

2 of the
field. But this maximum is already taken into account in t
second integral. One must consequently stop the integra
with respect to the densityp(v) at levelu/2, since otherwise
one would count some maxima twice.vmªu/2 is the only
choice which leads to count each maximum ofAR

2 and AI
2

once and only once. Symmetry arguments further show
^Mu

AR&5^Mu
AI&, so that we get

^Mu
A&52E

0

u/2

^Mu2v
AR &p~v !dv. ~3!

Combining with Eq.~1! with s25I 0/2,

^Mu
A&5

uVuudetLu1/22~d12!/2

I 0
~d12!/2p~d12!/2

3S CdS u

I 0
D d/2

1Cd8S u

I 0
D ~d22!/2Dexp2

u

I 0
, ~4!

where

Cd5E
0

1/2~12v !~d21!/2

Av
dv52E

0

p/4

~cosu!ddu,
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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Cd85
d

2
Cd2

d~d21!

4
Cd22 .

In particular C251/21p/4, C2851/2,C355A2/6 and C38
52A2/4, so that we get the explicit formulas:

~1! If d52 ~two-dimensional case!, then

^Mu
A&5

4uSuudetLu1/2

p2I 0
S S 1

2
1

p

4 D u

I 0
1

1

2Dexp2
u

I 0
, ~5!

whereS is the reference surface.
~2! If d53 ~three-dimensional case!, then

^Mu
A&5

20uVuudetLu1/2

3p5/2I 0
3/2 S S u

I 0
D 3/2

2
3

10S u

I 0
D 1/2Dexp2

u

I 0
,

~6!

whereV is the reference volume.

IV. NUMERICAL SIMULATIONS

In order to test the formulas~5! and~6! we have carried
out numerical simulations in the two- and three-dimensio
cases~2D and 3D!. The routine to simulate a stationar
Gaussian field with any correlation functionC is described in
the following section..

A. Simulation of a Gaussian field

We describe here the routine to simulate a tw
dimensional stationary Gaussian field. The generalizatio
any dimension is straightforward, at the expense of havin
add more and more indices. First note that the Fourier tra
form of C is non-negative real-valued. Indeed the Four
transform of the correlation function of a stationary Gauss
field is proportional to its power spectral density which
obviously non-negative.17 The physical computation domai
is a square of size@0,Nh#3@0,Nh# with elementary steph.
Consider aN3N arrayXj ,l of independent, complex-valued
zero-mean and Gaussian random variables with^uXj ,l u2&
51. This array is a discrete Gaussian white noise. Then
has to filter it in three steps. First apply the discrete Fou
transform on the array:

X̂u,v5 (
j ,l 50

N21

Xj ,l expi ~2p~ ju1 lv !/N!.

Then multiply it by AĈ, where Ĉ is the discrete Fourie
transform of the correlation functionC:

Ĉu,v5 (
j ,l 50

N21

C~ jh,lh !expi ~2p~ ju1 lv !/N!,

X̃u,v5X̂u,vAĈu,v.

Finally apply the discrete inverse Fourier transform:

X̄j ,l5
1

N2 (
u,v50

N21

X̃u,v exp2 i ~2p~ ju1 lv !/N!.

The resultingN3N array X̄ is precisely a realization of a
Gaussian field with correlation functionC:
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X̄j ,l5A~ jh,lh !, j ,l P$0, . . .N21%.

The three steps of the filter are in fact linear operatio
which consequently conserve the Gaussian property of
initial field X. Furthermore, it is obvious to establish thatX̄

possesses the desired correlation function. If we denote bC̄

the inverse Fourier transform ofAĈ, then X̄ is simply the
convoluted arrayX!C̄:

X̄j ,l5
1

N2 (
j 8,l 850

N21

Xd j 2 j 8 e,d l 2 l 8 eC̄j 8,l 8 .

If j is an integer (j PN), then there exists a unique couple
integers (j 1 , j 2)PN3@0,N) such that j 5 j 1N1 j 2, and we
denotej 2 by d j e. Since theXj ,l are independent from eac
other and zero mean, straightforward calculations yield

^X̄j 1 ,l 1
X̄j 2 ,l 2

* &5~C̄!C̄* ! d j 12 j 2e,d l 12 l 2e .

In this expression the exponent* holds for complex conju-
gation while the sign! holds for the discrete convolution
The convoluted arrayC̄!C̄* is the inverse Fourier transform

of the multiplied arrayAĈ.AĈ* 5uĈu. Since Ĉ is non-
negative real valued, we haveuĈu5Ĉ so that the array
C̄!C̄* is exactlyC.

B. Analysis

Figures 1 and 2 compare the theoretically and num
cally determined numbers of local maxima above some le
I of two- and three-dimensional speckle patterns with Gau
ian statistics and Gaussian correlation function. They sh
excellent agreement between the theoretical formulas~5! and
~6! and the corresponding simulations.

V. SPECKLE PATTERN WITH A SLOWLY VARYING
ENVELOPE

In the above sections we have considered a stand
speckle pattern whose mean intensity is constant over

FIG. 1. AbundanceMI
A of local maxima of the intensity above levelI. Here

d52, C(x,y)5exp(2(x21y2)/rc
2) (udetuLu5rc

24) with rc50.005 and uSu
51. Results corresponding to two different simulations~crosses and circles!
and the theoretical mean abundance~solid line! corresponding to Eq.~5! are
shown.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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reference domainV. We now regard a speckle pattern who
intensity distribution has an overall slowly varying envelo
E(x) so that the field can be represented asA(x)E(x)1/2

whereA is a complex-valued field with Gaussian statist
and constant mean intensity as described in Sec. III. For

domainV, we denote byMu
AE1/2,V ~resp.Mu

A,V) the number
of maxima above levelu of the speckle patternA(x)E(x)1/2

@resp. A(x)] over the domainV. We aim at computing

^Mu
AE1/2,Vtot& where Vtot stands for the whole spaceRd.

Choosing I !supxPVtot
E(x), we consider the partition

(Vn)nPN of the whole domainVtot given by

Vnª$xPVtots. t.E~x!P@nI,~n11!I !%.

The results of Sec. III can be applied to the domainsVn

where the mean intensity@governed by the variations o
E(x)] is almost constant. Furthermore, formula~4! implies
that, for anya.0, the mean number of maxima above lev
u of a standard speckle pattern with mean intensityaI 0 is
equal to the mean number of maxima above levelu/a of a
standard speckle pattern with mean intensityI 0. Conse-
quently,

^Mu
AE1/2,Vn&5^Mu/~nI !

A,Vn &

and, summing overn,

^Mu
AE1/2,Vtot&5(

n
^Mu/~nI !

A,Vn &.

Since^Mu/(nI)
A,Vn & is proportional to the volumeuVnu, the sum

can be rewritten as

^Mu
AE1/2,Vtot&5E ^Mu/E~x!

A,1 &dx, ~7!

where^Mu
A,1& is the mean number of maxima above leveu

of the speckle patternA(x) over a domain with volume one

FIG. 2. AbundanceMI
A of local maxima of the intensity above levelI. Here

d53, C(x,y,z)5exp(2(x21y21z2)/rc
2) (udetuLu5rc

26) with rc50.04 and
uVu51. Results corresponding to two different simulations~crosses and
circles! and the theoretical mean abundance~solid line! corresponding to Eq.
~6! are shown.
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VI. APPLICATION TO THE SPECKLE PATTERN
GENERATED BY A RPP

A. Formulation

The standard model of RPP can be ideally characteri
as follows~see Fig. 3!. A monochromatic pulse illuminates
square RPP, which consists of square elements imposing
domly a phase shift of 0 orp. Each element of the RPP
generates a beamlet which is focused in the focal plane of
lens. The far-field intensity distribution then consists of
overall envelope function determined by the RPP elem
superimposed with a fine speckle pattern arising due to
interference among the various RPP elements. The bin
RPPs are currently used13 and they produce a far-field inten
sity envelope which is essentially an Airy function:

E~x,y!5I 0 sincS x

aD 2

sincS y

aD 2

, ~8!

where sinc(s)ªsin(ps)/(ps), a5l0f/h is the width of the fo-
cal spot,l0 is the carrier wavelength of the incident wave,h
is the length of the side of a square element of the RPP,
f is the lens focal length. This specific choice for the env
lope function does not appreciably affect the underlyi
speckle statistics. In Ref. 18 the authors carefully conside
realistic experimental configuration and analyze the statis
of the speckle intensityI (x,y) after the far-field intensity
pattern is divided by the envelope functionE(x,y). They
show that the histogram ofI (x,y)/E(x,y) follows closely
the exponential distribution characteristic of a stand
speckle pattern. A similar conclusion follows from Ref. 1
If one removes the envelope function from the far-field
tensity distribution, then it is observed that the remaini
speckle pattern is a standard speckle pattern wheneve
number of contributing phase plates elements is sufficie
large. Consequently, one can study the number of lo
maxima above levelu in some small surface or volum
where the mean intensity is locally constant. Formula~7!
will then give the number of local maxima above levelu in
the whole focal spot. We consider points in the focal pla
such thatx,y!a, so that the smooth sinc envelope of th
diffraction function of a square aperture can be considere
quasi-uniform. In this region of the focal spot, the beaml
generated by the elements of the RPP interfere and for
speckle pattern:

A~x,y!5
AI 0

2N11 (
j ,l 52N

N

expi S p
jx1 ly

Nrc
1f j ,l D , ~9!

FIG. 3. The RPP configuration.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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whererc is the correlation radius,

rcª
l0f

D
, ~10!

D is the near-field square beam aperture, and (2N11)2 is
the number of elements of the square RPP, i.e., 2N11
5D/h. f j ,l is the random phase imposed by thej ,l -th ele-
ment. We assume that thef j ,l are independent random var
ables which take either the value 0 orp with probability 1/2.
The modes are normalized by the factorAI 0/(2N11) so that
the mean intensity of the fieldA is I 0. In Fourier space, the
energy spectrum ofA is a top hat that cuts off forukxu or ukyu
larger than kmaxªp/rc and which is uniform inside the
square@2kmax,kmax#3@2kmax,kmax#. Throughout this section
we shall consider the asymptotic frameworkN@1 so that the
field A is a stationary, zero-mean, random process w
Gaussian statistics by application of the central lim
theorem.20

In the paraxial approximation, and assuming that the m
dium is homogeneous~absence of plasma density fluctu
tions!, the field satisfies the propagation equation:

2ik0

]A

]z
1D'A50,

wherek0 is the homogeneous wave number andD' the or-
thogonal Laplacian. This equation implies that the field
some planez is the superposition of the modes (j ,l ) changed
by a phase factor exp2i(p2/4)(( j 21 l 2)/N2)(z/zc), wherezc

is the longitudinal correlation length:

zc :5
k0rc

2

2
. ~11!

The correlation lengthsrc andzc can be rewritten in terms o
the laser wavelength and the so-called F-number (F5 f /D)
as rc5l0F and zc5pl0F2. Furthermore, the cutoff fre
quency in the RPP energy spectrum then writes askmax

5k0 /(2F).

B. The focal plane

In the central region of the focal plane the field is t
superposition of many beamlets~9!. By the central limit
theorem, in the asymptotic frameworkN@1 the complex-
valued fieldA obeys Gaussian statistics with mean 0 a
correlation function

C~x,y!5I 0 sincS x

rc
D sincS y

rc
D ,

where sinc(s)ªsin(ps)/(ps). The corresponding matrix o
the second-order spectral moments is equal to

L5
I 0

2 S lx 0

0 ly
D , ~12!

lzª2
]2C

]z2
~0,0!/I 0 . ~13!

Here we have lx5ly5p2/(3rc
2) so that udetLu1/2

5I 0p2/(6rc
2), and Eq.~5! then implies
 13 Aug 2000 to 171.64.38.26.Redistribution subject to AIP co
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^Mu
xy&5

2uSu

3rc
2 S S 1

2
1

p

4 D u

I 0
1

1

2Dexp2
u

I 0
, ~14!

where S is the reference surface~see Fig. 4!. This result
holds true for a surfaceS which is small compared to the
focal spot, so that we can neglect the variations of the en
lope of the spot. If we take into account the overall envelo
~8! and look for the expected number of local maxima abo
level u in the whole focal spot, then applying formula~7! and
computing only the leading order term one finds that

^Mu
focal&5

2a2

prc
2 S 1

2
1

p

4 Dexp2
u

I 0
.

More generally, let us assume that the focal spot envel
has the following form:

E~x,y!5I 0 exp2
~x21y2!n

r 0
2n

.

For n51 we have a Gaussian envelope, whilen.1 corre-
sponds to a flat-top super-Gaussian envelope (2nth power!.
Applying formula ~7!, we get that the expected number
local maxima of the focal spot above levelu is given by the
integral:

^Mu
focal&5

2pr 0
2

3rc
2 ER51

` S S 1

2
1

p

4 D u

I 0
1

1

2RD
3expS 2

uR

I 0
D ~ ln R!1/n21

n
dR.

If we restrict ourselves to the computation of the leadi
order term, we then find that

^Mu
focal&5

2pr 0
2

3rc
2

1

n
GS 1

nD S 1

2
1

p

4 D S u

I 0
D 121/n

exp2
u

I 0
,

whereG(s)ª*0
`r s21e2rdr is the so-called Euler’s gamm

function. In case of an almost perfect flat-top envelopen
→`, we get back the formula~14! with uSu5pr 0

2 since

FIG. 4. AbundanceMI
xy of local maxima of the intensity above levelI in a

sub-domainS of the focal plane of a RPP. HereN535, rc50.02 anduSu
51. Results corresponding to two different simulations~crosses and circles!
and the mean theoretical abundance~solid line! corresponding to Eq.~14!
are shown.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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(1/n)G(1/n)→1. In case of a Gaussian envelopen51 or the
Airy spot ~8! with the same central mean intensityI 0, one
finds that the number of maxima above levelu is smaller by
a factor (u/I 0)21. This is, of course, expected, because
speckle pattern with a flat-top envelope presents a m
larger surface area where the mean intensity is close to
maximal valueI 0.

C. The 2D focal volume

Most of the numerical simulations which study th
growth of parametric instabilities in speckle patterns gen
ated by RPP actually consider the following 2D case, wh
consists of one transversal dimension, sayx, and one longi-
tudinal dimension, sayz. The field in the focal ‘‘line’’ is

A~x!5

AI 0

A2N11
(

j 52N

N

expi S p
j

N

x

rc

1f j D ,

which implies that the field in the focal ‘‘volume’’ is given
by

A~x,z!5

AI 0

A2N11
(

j 52N

N

expi S p
j

N

x

rc

2
p2

4

j 2

N2

z

zc

1f j D .

In the asymptotic frameworkN@1 the complex-valued field
A obeys Gaussian statistics with mean 0 and correla
function:

C~x,z!5
I 0

2 E21

1

dsexpi S ps
x

rc
2

p2

4
s2

z

zc
D .

The real and imaginary parts of the fieldA obey the same
Gaussian statistics with zero mean and the correspon
matrix of the second-order spectral moments is equal to

L5
I 0

2 S lx 0

0 lz
D , ~15!

where lz is defined by~13!. Here we havelx5p2/(3rc
2)

andlz5p4/(80zc
2). A very important fact is that the corre

lation functionC has a nonzero imaginary part, which mea
that the real and imaginary parts of the fieldA are correlated.
In particular the coefficienta defined by

iaª
]C

]z
~0,0!/I 0 ~16!

is real and equal to2p2/(12zc). This implies in particular
that AR and ]zAI are correlated in any point. As a cons
quence, close to a local maximum of the real part of the fie
the partial derivative]zAI is also very large which can b
verified by applying Appendix A. We cannot apply the fo
mulas of Sec. III to derive the statistics of local maxima
the fieldA, because the independence of the fieldsAR andAI

was assumed in that section. In Appendix C we carefu
study the 2D focal volume and come to the conclusion t
there exists an effective matrixL̃ given by

L̃5
I 0

2 S lx 0

0 ~lz2a2!
D , ~17!
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which we must substitute forL in order to get the correc
result:

^Mu
xz&5

4uSuudetL̃u1/2

p2I 0
S S 1

2
1

p

4 D u

I 0
1

1

2Dexp2
u

I 0
, ~18!

where udetL̃u1/25I 0p3/(12A15rczc), andS is the reference
surface. This formula is very similar to Eq.~5!. The only but
important difference comes from the fact thatL̃ is not the
matrix of the second-order spectral moments of the fieldAR

or AI , but it is an effective matrix which captures all th
relevant parameters of the statistical properties of the
spots of the field. As explained in Appendix C,L̃ is the
matrix corresponding to the field Ã(x,z)ªA(x,z)
3exp(2iaz) whose hot spots obey the same statistics
those ofA and whose correlation function has vanishing p
tial derivatives at 0. The above expression can then be s
plified into

^Mu
xz&5

puSu

3A15rczc
S S 1

2
1

p

4 D u

I 0
1

1

2Dexp2
u

I 0
, ~19!

which is plotted in Fig. 5.

D. The 3D focal volume

We now address the model of RPP developed in S
VI A. In some reference volumeV where the mean intensity
is almost constant and in the asymptotic frameworkN@1 the
complex-valued fieldA obeys Gaussian statistics with mea
0 and correlation function:

C~x,y,z!5
I 0

4 E21

1

dsE
21

1

du expip
sx1uy

rc

3exp2 i
p2~s21u2!z

4zc
.

If a5l0f /h stands for the width of the overall envelope
the intensity distribution, then the diffraction length of th
envelope is aboutk0rca. We therefore restrict ourselves to

FIG. 5. AbundanceMI
xz of local maxima of the intensity above levelI in a

subdomainS of the 2D focal ‘‘volume.’’ Here N5100,rc50.005,zc

50.005 anduSu52. Results corresponding to two different simulatio
~crosses and circles! and the theoretical mean abundance~solid line! corre-
sponding to Eq.~19! are shown.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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reference volumeV where thex,y-coordinates~resp. the
z-coordinate! vary less thana ~resp.k0arc). Adopting the
notations ~13!–~16! we have herelx5ly5p2/(3rc

2), lz

5(7p4)/(180zc
2) anda52p2/(6zc). As in the case of the

2D focal volume, the correlation function has a nonze
imaginary part. We then introduce the effective matrixL̃:

L̃5
I 0

2 S lx 0 0

0 ly 0

0 0 ~lz2a2!
D ~20!

whose determinant has squared root equal toudetL̃u1/2

5I 0
3/2p4/(36A5rc

2zc). Using exactly the same arguments
in Sec. VI C we find from Eq.~6! that the mean number o
local maxima above the levelu of the intensityuAu2 is given
by

^Mu
xyz&5

p3/2A5uVu

27rc
2zc

S S u

I 0
D 3/2

2
3

10S u

I 0
D 1/2Dexp2

u

I 0
, ~21!

which is plotted in Fig. 6.

E. Discussion

Let us compare the results demonstrated in this pa
with the ones which are derived in Refs. 10 and 11. F
note that our proof is fully theoretical, and that there is
free parameter that we must fit in order to come to an ag
ment between simulations and theory. Second, we recal
formula obtained by Rose and DuBois:10,11

^Mu
xyz&uR&D5

uVu

rc
2zc

AS u

I 0
1BDexp2

u

I 0
. ~22!

As shown by Fig. 7, the formula~21! is valid as soon as
u/I 0.2, and remains valid for the whole range of values
the detected maximal intensities. In comparison formula~22!
cannot fit the whole range of intensities and a clear bia
noticeable. Even in the case when one tries to fit the par
eters as efficiently as possible, one will fall into the follow

FIG. 6. AbundanceMI
xyz of local maxima of the intensity above levelI in a

subdomainV of the focal volume. HereN530, rc50.05,zc50.05 and
uVu52. Results corresponding to two different simulations~crosses and
circles! and the theoretical mean abundance~solid line! corresponding to Eq.
~21! are shown.
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ing trap. Indeed one has to fit the parameters by using
merical simulations in the areau/I 0P@3,6#. But then one
will observe an important departure in the areau/I 0

P@10,15# which corresponds to the very intense hot sp
which are very relevant in the point of view of parametr
instabilities growth. This departure is in the sense of an
derestimate of the number of very intense spots which is
order of 30% in the configuration of Fig. 7.

To be complete we add the following comment. T
results presented in Secs. VI B–VI D hold true for a squ
RPP, which corresponds to a square near-field beam. Ind
this configuration will be implemented in the LMJ and th
NIF. Nevertheless, many other laser facilities produce cir
lar near-field beams, so it is convenient to reformulate
above results in case of a circular RPP and near-field b
with radiusD/2. This is equivalent to a top hat model for th
RPP energy spectrum which is uniform for perpendicu
wave numbersk5(kx ,ky) such thatuku<k0 /(2F) ~where
F5 f /D), and vanishes outside this disk. Then, definingrc

andzc as ~10! and ~11!, the mean numbers of local maxim
above the levelu in some surfaceS inside the focal plane and
in some volumeV inside the focal volume read respective
as

^Mu
circ2xy&5

uSu

rc
2 S S 1

2
1

p

4 D u

I 0
1

1

2Dexp2
u

I 0
,

^Mu
circ2xyz&5

5p3/2uVu

48A6rc
2zc

S S u

I 0
D 3/2

2
3

10S u

I 0
D 1/2Dexp2

u

I 0
.

VII. APPLICATION TO THE SPECKLE PATTERN
GENERATED BY A KPP

We finally discuss the extensions of the results of S
VI to the KPP configuration. There are many ways to des
a KPP. The usual method14 consists in carefully and adiabat

FIG. 7. Ratio of the theoretical abundance of local maxima aboveI over the
simulated abundance for the corresponding configuration. The solid
stands for Eq.~21! and the dashed line for Rose and DuBois’ formula~22!
with the best fitA51.2 andB521.0. HereN550, rc50.025,zc50.025
anduVu51.5. The dashed curve is below the ideal line ‘‘ratio[1,’’ which
means that the formula~22! finds less hot spots than there exist actually.
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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cally modifying an initial random phase screen so as to g
speckled far-field that has a flat top super Gaussian envel
Since the induced focal spot results from the superpositio
many independent modes the central limit theorem can
be applied, which implies that the statistics of the far field
Gaussian. This statement is confirmed by recent nume
simulations which show that the histogram of the intensity
exponential, which is characteristic of a standard speckle
tern. Unfortunately, it is not so obvious to theoretically co
pute the correlation function of the far field. For this purpo
let us regard the optical transfer function which is prop
tional to the Fourier transform of the far-field intensity~Ref.
21, Section 8.1!:

H~nx ,ny!5
1

uSkppu
E

Skpp

1~x2l0f nx ,y2l0f ny!PSkpp
expi ~f~x,y!

2f~x2l0f nx ,y2l0f ny!!dxdy,

whereSkpp is the surface of the KPP. If we assume that t
spatial statistics of the phase screen are wide-sense statio
and ergodic, then the optical transfer function of the far fi
factors into the product:

H~nx ,ny!5H0~nx ,ny!Hs~nx ,ny!,

whereH0 is the optical transfer function of the phase pla
without the phase modulation:

H0~nx ,ny!5
1

uSkppu
E

Skpp

1~x2l0f nx ,y2l0f ny!PSkpp
dxdy,

andHs is the normalized spatial autocorrelation function
the transmittance of the phase plate:

Hs~nx ,ny!5G t~l0f nx ,l0f ny!,

G t~Dx,Dy!5E@expi ~f~x,y!2f~x1Dx,y1Dy!!#.

The characteristic scales ofH0 andHs are very different, so
thatH0 will impose the small-scale variations of the far fiel
while Hs will impose the shape of the overall envelop
More exactly, if the near field is square, then we have

H0~nx ,ny!5L~nxrc!L~nyrc!,

where L(a)512uau if uau<1 and 0 otherwise, andrc

5l0f /D is consequently the correlation radius of the fin
scale fluctuations of the focal spot. Furthermore, in case
binary RPP, we haveG t(Dx,Dy)5L(Dx/h)L(Dy/h)
whereh is the size of a square element of the RPP, so
the envelope of the focal spot is an Airy function with wid
l0f /h. In the case of a smooth phase screen with Gaus
statistics, the envelope of the focal spot has Gaussian s
~Ref. 21, Section 8.3!. In the case of a KPP, the statistic
stationarity condition of the phase screen may be not stri
fulfilled, since small modifications are imposed to an init
random phase screen so as to modify the envelope of th
field and to get a super-Gaussian envelope. Nevertheless
can expect that the factorization still holds true qualitativ
in the sense that the fine-scale statistics of the far field
essentially imposed by the global shape of the near-fi
beam, while the overall envelope of the far-field is det
mined by the variations of the fine-scale phase scre
 13 Aug 2000 to 171.64.38.26.Redistribution subject to AIP co
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Within this framework, the matrices of the second-ord
spectral moments are similar for a square~resp. circular!
RPP and for a square~resp. circular! KPP, and one can apply
directly the results of Sec. VI. Nevertheless, we feel tha
should be relevant to include in the computer algorithms t
design the phase screens the task which consists in est
ing precisely the form and width of the correlation functio
of the far-field pattern generated by the KPP. With such
formation one can compute with accuracy the matrixL as
~12! and~13! and then apply~5! to obtain the expected num
ber of hot spots above levelu in the total focal spotS. Simi-
larly one can compute the matrixL̃ as ~20!, ~13!, and ~16!
and then apply~6! to obtain the expected number of hot spo
above levelu in the total focal volumeV.

VIII. CONCLUSION

The control of high intensities of smoothed beams is
difficult but crucial problem for ICF applications so as
limit the growth of plasma instabilities which may be respo
sible for energetic losses. The shape of the focal spot ca
optimized by using a KPP,14 so that the averaged intensity
limited to a value below 1015W/cm2. Nevertheless this value
is still too close to the instability threshold, because the h
fluctuations of the resulting partially coherent beam ma
some hot spots exceed this critical value. Under such co
tions, several authors who consider either stimulated B
louin scattering~SBS!,11 or both self-focusing and SBS,7,9

have pointed out that the reflectivity from plasma will b
proportional to the numberMuc

xyz of speckles in the foca

volume that will be over some critical valueuc . This argu-
ment holds true wheneveruc@I 0, so that the underlying hy-
pothesis of independence of the hot spots aboveuc can be
considered as reasonable. This regime is precisely the reg
which is expected for the future megajoule-scale lasers.
have just demonstrated that the statistical theory of hot s
which has been used in the last decade underestimate
number of the most intense hot spots. We feel that this co
give rise to noticeable departures when substituting a m
accurate estimate of^Mu

xyz& into the already existing formu
las for the average reflectivity by a macroscopic plasma.

Let us end this paper with a final remark. One can o
serve in all numerical simulations that the global maximu
or even the two or three most intense spots of the wh
pattern, do not present a deterministic behavior, but exh
rather important fluctuations. It should then be of great int
est to find a precise description of the statistical propertie
this global maximum. Indeed it will be a relevant estimate
the SBS threshold, defined as a condition where at least
hot spot appears in the active areaMuc

xyz>1. This work is in

progress and will be the subject of a further paper.
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APPENDIX A: A FUNDAMENTAL LEMMA OF
PROBABILITY

Let us consider aR2-valued Gaussian vector (X,Y) with
mean (0,0) and covariance:

S ^X2& ^XY&

^XY& ^Y2&
D 5S sX

2 a

a sY
2 D .

Then, conditionally toX5x, the real-valued variableY
obeys Gaussian statistics with meanax/sX

2 and variance
sY

22a2/sX
2.

APPENDIX B: ANSATZ

In this appendix we check the accuracy of the ans
applied in Sec. III. Let us consider that atx50 lies a local
maximum ofAR

2 and denoteaR
2
ªAR

2(0). Applying Appendix
A with (AR(0),]xjxj

2 AR(0)), andtaking into account the fac

that ]xj
AR(0)50, we have in the neighborhood of 0

AR~x!5aRS 12
1

2 (
j 51

d

l j xj
2D 1 . . . , ~B1!

AI~x!5AI~0!1(
j 51

d
]AI

]xj
~0!xj1 . . . , ~B2!

where AI(0) and ]xj
AI(0), j 51, . . . ,d, are independen

from each other and independent fromAR(0). AI(0) obeys
Gaussian statistics with mean 0 and varianceI 0/2, and
]xj

AI(0) obeys Gaussian statistics with mean 0 and varia

l j I 0/2. As a consequence the maximum ofuAu25AR
21AI

2 is
not reached in 0, but inxm whose coordinates are

xj5
AI~0!]xjAI~0!

l jaR
2

1OS S I 0

aR
2 D 2D , j 51, . . . ,d.

Note thatAl j xj5O(I 0 /aR
2) which is small in the case of a

large maximumaR
2. This justifies the fact that we have on

taken into account the first terms in the expansions~B1! and
~B2!. Therefore the corresponding maximum is

uAu2~xm!5aR
21AI

2~0!1
AI

2~0!

aR
2

Zd , ~B3!

Zdª(
j 51

d
~]xjAI~0!!2

l j
. ~B4!

Here Zd obeys a gamma distribution with meandI0/2 and
density pd(z)51/(G((d11)/2)I 0)(z/I 0)(d21)/2e2z/I 0. The
first term in the right-hand side of~B3! is the dominant one
the second term is a first order correction, while the last te
in the sum is of second order and brings a contribution wh
will be neglected. This completes the demonstration of
ansatz.

APPENDIX C: THE 2D FOCAL VOLUME

In this appendix we study carefully the configuratio
presented in Sec. VI C. Let us assume that atx50 lies a
local maximum of AR

2. Applying Appendix A with
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(AR(0),]zAI(0)) and (]zAR(0),AI(0)), we getthat, given
AR(0)5aR and]zAR(0)50, we have

AI~0!;NS 0,
I 0

2 S 12
a2

lz
D D , ~C1!

]AI

]z
~0!;NS aaR ,

I 0

2
~lz2a2! D . ~C2!

Here and in the followingX;N(a,s2) is a shorthand for
‘‘ X obeys Gaussian statistics with meana and variances2.’’
More generally every odd-order partial derivatives ofAI with
respect toz are affected in that they obey Gaussian statis
with means proportional toaR , while every even-order par
tial derivatives ofAI with respect toz are affected in that
they obey Gaussian statistics with reduced variances.
obvious that at least the fact that]zAI(0) is very large will
produce a departure from the formulas obtained in Sec.
and Appendix B. Nevertheless we can efficiently bypass
problem by using the following trick. We consider the fie
Ã which is simply the fieldA changed by a deterministi
phase factor:

Ã~x,z!5A~x,z!exp2 iaz.

We also denote byÃR andÃI the real and imaginary parts o
Ã, and by C̃ the correlation function of the fieldÃ. The
statistics of the hot spots ofA andÃ are obviously identical.
Furthermore, we have

]C̃

]z
~0,0!50,

and consequently the correlations between the field and
first-order spatial derivatives are canceled. GivenÃR(0)
5ar and]zÃR50 for z5x,z, the imaginary part of the field
and its first partial derivatives then obey the zero-mean
tributions:

ÃI~0!;NS 0,
I 0

2 D , ~C3!

]ÃI

]x
~0!;NS 0,

I 0

2
lxD , ~C4!

]ÃI

]z
~0!;NS 0,

I 0

2
~lz2a2! D , ~C5!

but the second derivative with respect toz of ÃR obeys

]2ÃR

]z2
;NS ~a22lz!aR ,

1

2U]4C̃

]z4U2
1

2I 0
U]2C̃

]z2U2D .

In fact, this is connected with the fact that the matrixL̃ of
the second-order spectral moments of the real-valued Ga
ian processÃR is given by~17!, whose expression is differ
ent fromL. As a consequence, if we assume that 0 is a lo
maximum ofÃR

2 at levelaR
2, then in the neighborhood of 0

the real and imaginary parts ofÃ are given by

ÃR~x!5aR~12 1
2 lxx

22 1
2 ~lz2a2!z2!1 . . . , ~C6!
pyright, see http://ojps.aip.org/pop/popcpyrts.html.
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ÃI~x!5ÃI~0!1
]ÃI

]x
~0!x1

]ÃI

]z
~0!z1 . . . , ~C7!

whereÃI(0) and]zÃI(0) obey the distributions~C3!–~C5!.
We then reproduce the same arguments as in Sec. III
Appendix B@substitute Eqs.~C6! and~C7! for Eqs.~B1! and
~B2!#, we check that the higher-order terms in the expansi
~C6! and ~C7! give rise to negligible contributions to th
statistics of hot spots, and we finally establish~18!.
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