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Statistics of the hot spots of smoothed beams produced by random phase
plates revisited
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This paper revisits and corrects the statistical theory of hot spots of speckle patterns such as those
produced by a random phase plate. Analytical expressions are derived which are sensitively
different from the previous results of Rose and DuBf#hys. Fluids B5, 590 (1993]. The
departure essentially originates from a careful approach which takes into account the fact that the
fields are complex-valued, while the standard mathematical theory deals with the maxima of
real-valued Gaussian fields. This gives rise to an enhancement of the number of the most intense hot
spots. Excellent agreements between the theoretical formulas and numerical simulations are shown.
© 1999 American Institute of Physids$1070-664X99)02205-3

I. INTRODUCTION that have to be determined through numerical simulations
Smoothing techniques are extensively studied for inertiafRef' 11. Furthermore, we feel that the hot spot ansatz
9 q y should be carefully checked. In this paper we shall revisit the

confinement fusion(ICF) applications. The future French . .
Laser MegaJoulé_MJ) and the US National Ignition Facil- gnsatz and obtain clo§ed form expressions for the nu.mber of
intense hot spots which do not coincide exactly with the

ity (NIF)* are designed for the indirect drive scheme, whose revious formulas
principle is the following. Numerous laser beams are focused This work is t}i ered by the study of the statistics of
into a hohlraum and irradiate the inner gold wall to produceIocal maxima. of thggs eckley atterns yenerated by random
x-rays. However, it was found that it is necessary to diminish hase plate¢RPP orlT(inoforrrrJ] hase glate(sKPP 1‘¥AI-

the wall expansion by filling the cavity by a gas. Unfortu- P P oform p b . )

nately, this means that the laser light has to propagatéhough very c.areful attention is devoted tq this case, the for-
through an underdense plasma where parametric instabilitiergUIaS we derive in our paper can be applied to more general

: . . Situations where the Gaussian limit is valid. We focus our
such as stimulated Raman scatterif®RS or stimulated . ) .
o . : . attention on structures which are small compared to the finite
Brillouin scattering (SBS may occur. Since experimental

evidence of SRS and SBS in hohlraums from random|ze§Xtent of the laser peam. For the sakg of S'mp“C'tY and W'.th
_ . out loss of generality, we shall consider translationally in-
laser beams has been obser¢etithe control of high laser variant beams
intensities has become of crucial importance. L . . . .
. . . : We begin with a brief review of what is known in the
The literature contains a lot of work which deals with

. . . mathematical literature about the local maxima refl-
self-focusing(SPH and/or parametric instabilities from opti- ) . . -
) valued random fields with Gaussian statistics. We study the
cally smoothed beams. Most of the theoretical papers d

velop careful methods to study SBS and/or’ SFrom a Socal maxima ofcomplexvalued fields with Gaussian statis-

) . tics under the hypothesis that the real and imaginary parts of
single speckle and then average the single hot spot reflectl\{he field are statistically independent, which is equivalent to

ity over the statistics of hot spots. It is thus of great interest . . o

i . " . assume that the correlation function of the field is real val-
to have precise expressions for the probability density of the . .
. o Ued. We derive very general formulas which can then be
intensities of the hot spots of a speckle pattern.

The statistical distribution of the maximal intensities of applied to the hot spots of a speckle pattern generated by a

. RPP in the focal plane. Unfortunately, in the focal volume,
the hot spots can be calculated theoretically for a focal spo : . . .
. : . . the hypothesis of the independence of the real and imaginary
in vacuum or homogeneous medium, in the asymptotic

. . arts of the field does not hold true, but we are able to per-
framework where the number of spatial modes is large, S$orm a specific analysis which gives complete expressions
that the Gaussian limit is valitf:'* The corresponding dis- P Y 9 b b

tribution is then entirely characterized by the autocorrelatior}cor the statistics O.f the hot spots of the speckle pattern gen-
. ) . erated by a RPP in the focal volume.

function of the field, which can also be computed very pre-

cisely for any smoothing methdd.The theory developed in

Ref. 10 is based on the ansatz that the number of intense hit MAXIMA OF REAL GAUSSIAN FIELDS
spots above a given intensity is proportional to the number of /o begin with a key theoretical result concerning local

local maxime_l of the re_al part of the field. Unfortunately the \.vima of real-valued Gaussian fields, which we then apply
formulas derived by this method have some free parametetg .omplex-valued Gaussian fields in the next sectionsXLet
be a statistically homogeneous, real-valued, zero mean
dElectronic mail: garnier@cmapx.polytechnique.fr Gaussian family with variance? defined over the real space
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R" of dimensiond (or a subset oft!) and IetMﬁ be the
number of local maxima oX? which are above the levelin
some volumeV. Then, by denoting

o 2

—1)ic(2j) o3 . X
(—1)'Cq(2)) J X420 exp —dx
Ju 202

j12(d+2i+ 12 (d+1)72

one can refine results of Adi¢Ref. 15, Theorem 6-3jland
establish thaf
) , (D

where « is any positive humber and is the matrix of the
second-order spectral moments of the procéss

= Zo o)

Ill. STATISTICS OF THE HOT SPOTS OF A SPECKLE
PATTERN

Wi(u)=

[d/2]

2|V||detA |2
[Vldett| S i

0.2d+1

exp— u/20?

VINES
< u> (u/O_Z)a/Z

O

u> 0'2

oX oX
r9_><i(0)r9_xj(0)

2

Let us consider a complex-valued Gaussian figldhat
is to say, a field which is the superposition of two indepen
dent real-valued Gaussian fieldg and A, with the same
statistics and variancdg/2,

A:AR+ |A| .
The autocorrelation function of the fiel is denoted by
CX)=(A(y+x)A*(y)).

The matrix A which appears in the above section corre-

sponds toX=Ag or A, and is given by
1<aA aA*>_ 1 4°C

T2\ax axj| 2 axx
Given some domaiv, the number of maxima oﬁﬁ (resp.
A?) above the levell is denoted bWIﬁR (resp.M:\'). In this
section we deal with the statistics of the numbg{ of local
maxima(the so-called hot spotef the intensity distribution
|A|? above the level.
In Ref. 10 Rose and DuBois assume the following an

ij

x=0

satz:"the relative frequency of intense hot spots with a given
intensity is the same as the relative frequency of intense loc

maxima of &,” which implies that the numbeM of hot
spots above the leval is proportional to the sum of the
numbers of maxima oA andA?. This also reads as

V|| deth |V22(d+2)72 )(dl)/Z F{
ex
LAt g/z

u u

gl

0

(MD|rep~ ™
0

We shall follow the same strategy but we revisit the

ansatz of Rose and DuBois. It is based upon the factAhat
and A, are independent in any poinf,. Because of this
independence, if the poin, is a local maximum oA2, then
Xo has no particular property in the point of viewAf. By
definition of a Gaussian process,(Xxg) then obeys a real-
valued Gaussian random variable, with variarigé. In

Refs. 10 and 11 Rose and DuBois then considered the con-
tribution of A|2 as a negligible perturbation. But we shall see
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that this is rigorously not correct. We claim thdhe intense
local maxima of the intensity distribution correspond to local
maxima of & (or A?), the contribution of & (or A%) being
smaller, following the square of a Gaussian random variable
with variance L/2.” This statement actually proposes an an-
satz to deduce the statistical distribution of the maximal
value of the intensityA3+ A? from the one of the real part
Agr. Our own ansatz is carefully checked in Appendix B. Let
us apply it and compute the mean nuleMﬁ) of local
maxima of the intensity distribution above the lewelSuch

a maximum is produced either by a local maximumAgfor

AZ. Thus the number of maxima ¢A|? aboveu inside the
domainV is

>

xeU(A))

M=

1 2 2 =U>
v Glag) Al(x)+aR(x) u

1A2R(x)+a|2(x)>u+
wherel; , is equal to 1 if the conditioq..} is true and 0
otherwise, andJ (Ag) (resp.U(A))) is the set of the loci of

the maxima ofA3 (resp.A?) insideV. Thea,(.) andag(.)

are independent Gaussian random variables with zero means
and variance$y/2. So thea;’s andag’s obey the same dis-
tribution whose common density with respect to the Le-
besgue measure oveR* is p(v)=1/(Vlg)(v/1y) 2

X exp(—vllgy). Taking the expectation we get that the mean
number of local maxima above the lewglof the intensity

|A|? is given by the convolution:

(M5)= fvm<Mﬁfv>p(v)dv+ jum<Mﬁ'_,,>p(v)dv.
0 0

It remains to determine,,. The natural choice for such a
convolution would bev,,=u. Nevertheless, we claim that
the correct choice fov ,, is v,,,;:=U/2. Indeed, consider in the
first integral the contribution of the convoluted integrand for
somev>u/2. Then note thab>u/2 means thaa?> A3 so

that the maximum ofA|? is also very close to some maxi-
mum above the leveli/2 of the imaginary partA,2 of the
field. But this maximum is already taken into account in the
second integral. One must consequently stop the integration
with respect to the density(v) at levelu/2, since otherwise
one would count some maxima twice,:=u/2 is the only
choice which leads to count each maximumAgf and A?
gnce and only once. Symmetry arguments further show that

?M/:R>=(M/:'), so that we get

A u/2 A
b=z ", ypcwrdo. ®
Combining with Eq.(1) with a?=1/2,
A |V||detA|1/22(d+2)/2
(MW)=—"a2n d+2)12
(0272 (0+2)
dr y\ (d-2)2 u
X Cd<— +C} —) )exp——, (4)
lo lo lo
where

J~1/2(1_ U)(d—l)/z
= o \/;

pyright, see http://ojps.aip.org/pop/popcpyrts.html.

wl4
dv= ZJ (cos)dde,
0
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d_ d(d-1) LA,

C,==C Cy_2. 10° —— theory |7
a7 2 4 d-2 2 simul. 1
[ imul, 2
In particular C,=1/2+ 7/4, C,=1/2,C5=5y2/6 and C} 3 ekl
=—/2/4, so that we get the explicit formulas: g Lt
(1) If d=2 (two-dimensional cagethen § 10 3
s
A AlSlldet\ 2/ (1 w\u 1 u 2 3
(My)=———|5+ 7|+ 5|exp— . (5) :
T |0 2 4 IO 2 IO 100 ;_
whereS s the reference surface. i
(2) If d=3 (three-dimensional cagethen N T TR
0 5 10 15
20V||detA 1/2 u 3/2 3/u 1/2 u
<Mﬁ)=%( I )eXp_l_’ 1/1Io
37 0 0 0 FIG. 1. Abundancé{ of local maxima of the intensity above levielHere
(6)  d=2,C(x.y)=exp(C+y2)pd) (detA|=p:*) with p.=0.005 and|S
: =1. Results corresponding to two different simulatiéor®sses and circlgs
whereV is the reference volume. and the theoretical mean abundaieelid line) corresponding to Eq5) are
shown.
IV. NUMERICAL SIMULATIONS
In order to test the formula&) and (6) we have carried Xji=A(jh,Ih), jle{o,...N—1}.

out numerical simulations in the two- and three—d|men5|onal]-he three steps of the filter are in fact linear operations,

cases(2D and 3D. The routine to simulate a stationary \yhich consequently conserve the Gaussian property of the
Gaussian field with any correlation functi@nis described in . .. . o . . —
initial field X. Furthermore, it is obvious to establish that

the following section.. _ ’ i hi
possesses the desired correlation function. If we denote by
A. Simulation of a Gaussian field the inverse Fourier transform OI/E then X is simply the

We describe here the routine to simulate a two-ConVOIUted arrayxC:

dimensional stationary Gaussian field. The generalization to N-1 .

any dimension is straightforward, at the expense of havingto ~ Xj ;=— > Xii—irn-11Cir i -

add more and more indices. First note that the Fourier trans- N=j17=0

form of C is non-negative real-valued. Indeed the Fourierif j is an integer [ € N), then there exists a unique couple of
transform of the correlation function of a stationary Gaussiarntegers {,,j,) € NX[0N) such thatj=j;N+j,, and we
field is proportional to its power spectral density which isdenotej, by [j]. Since theX;, are independent from each
obviously non-negativ&’ The physical computation domain other and zero mean, straightforward calculations yield

is a square of sizeO,Nh]X[0,Nh] with elementary step. - - — —

Consider aNx N arrayX; , of independent, complex-valued, X 1, X5, 0,0 = (C*CF ) o, —1,0

zero-mean and Gaussian random variables Wit |?)
=1. This array is a discrete Gaussian white noise. Then on

has to filter it in three steps. First apply the discrete Fourie_l_h luted C+C* is the i Fouri ‘
transform on the array: e convoluted arraZ*C* is the inverse Fourier transform

N1 of the multiplied arrayyC.\C*=|C|. Since C is non-
K= S X expi(2a(ju+1v)IN) negative real valued, we hay€|=C so that the array
u,v , . 2=
o™ CxC* is exactlyC.

In this expression the exponentholds for complex conju-
ation while the sigrn« holds for the discrete convolution.

Then multiply it by \/6 where C is the discrete Fourier

transform of the correlation functio@: B. Analysis
N-1 Figures 1 and 2 compare the theoretically and numeri-
Cuo= 2> C(jh,In)expi(27(ju+lv)/N), cally determined numbers of local maxima above some level
i1=0 | of two- and three-dimensional speckle patterns with Gauss-
VY = ian statistics and Gaussian correlation function. They show
Xup = Xup VCu,p excellent agreement between the theoretical form@pand
Finally apply the discrete inverse Fourier transform: (6) and the corresponding simulations.
. 1 N—1 3
Xj1=— > Xy, exp—i(2m(ju+lv)/N). V. SPECKLE PATTERN WITH A SLOWLY VARYING
N uv=0 ENVELOPE
The resultingN XN array X is precisely a realization of a In the above sections we have considered a standard
Gaussian field with correlation functiad: speckle pattern whose mean intensity is constant over the
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A
—— theory | ] =
simul. 1 |3 ' :
E simul. 2 : v %o
F | [N e
o 10°F My D eSS,
= ' :
E 5 A
s E v
2 o 1B N -
[ RPP  Lens f Focal plane
10°
E FIG. 3. The RPP configuration.
E L L L L | L L L L | L L L L 3
0 5 10 15

I/Io VI. APPLICATION TO THE SPECKLE PATTERN
GENERATED BY A RPP
FIG. 2. Abundancé{ of local maxima of the intensity above levielHere
d=3,C(x,y,2) =exp(— (C+y*+2)p?) (detA|=p;°) with p.=0.04 and
|[V|=1. Results corresponding to two different simulaticicsosses and
circles and the theoretical mean abundaxe&lid line) corresponding to Eq.
(6) are shown.

A. Formulation

The standard model of RPP can be ideally characterized
as follows(see Fig. 3. A monochromatic pulse illuminates a
square RPP, which consists of square elements imposing ran-
domly a phase shift of O otr. Each element of the RPP
generates a beamlet which is focused in the focal plane of the
reference domail. We now regard a speckle pattern whoselens. The far-field intensity distribution then consists of an
intensity distribution has an overall slowly varying envelopeoyerall envelope function determined by the RPP element
E(x) so that the field can be represented A)E(x)"*  superimposed with a fine speckle pattern arising due to the
whereA is a complex-valued field with Gaussian statisticsinterference among the various RPP elements. The binary
and constant mean intensity as described in Sec. Ill. For angppPs are currently usktand they produce a far-field inten-
domainV, we denote byMAE">V (resp.MA"Y) the number sity envelope which is essentially an Airy function:
of maxima above levall of the speckle patterA(x)E(x)*? X2 y\2

E(x,y)=losin({ 5) sinc{a

[resp. A(x)] over the domainV. We aim at computing , (8
<MﬁE12’V‘°‘> where V,,, stands for the whole spacB'. _ _ _ _
Chiosing i, ), o corier he parion TS S Shiealr i e i of e

v . . o ,
(Vo) of the whole domaifViq; given by is the length of the side of a square element of the RPP, and
f is the lens focal length. This specific choice for the enve-
lope function does not appreciably affect the underlying
The results of Sec. Il can be applied to the domaihs speckle statistics. In Ref. 18 the authors carefully consider a
where the mean intensitjgoverned by the variations of realistic experimental configuration and analyze the statistics
E(x)] is almost constant. Furthermore, formui® implies  of the speckle intensity(x,y) after the far-field intensity
that, for anya>0, the mean number of maxima above level pattern is divided by the envelope functi&(x,y). They
u of a standard speckle pattern with mean intensity is  show that the histogram df(x,y)/E(x,y) follows closely
equal to the mean number of maxima above lavet of a  the exponential distribution characteristic of a standard
standard speckle pattern with mean intendigy Conse- speckle pattern. A similar conclusion follows from Ref. 19:

V,i={XxeVys. t.E(x) e[nl,(n+1)I)}.

quently,

AEY2V .\ AV
<|vlu >_<Mu/(nnl)>

and, summing oven,

AEV2y AV
<|\/Iu tot>:; <|vlu/(nnl)>'

. AV
Smce(Mu/(n"l)

can be rewritten as

AEVZy, AL
M=y [ (i v

where(M#?) is the mean number of maxima above level
of the speckle patterA(x) over a domain with volume one.

) is proportional to the voluméVv,|, the sum

If one removes the envelope function from the far-field in-
tensity distribution, then it is observed that the remaining
speckle pattern is a standard speckle pattern whenever the
number of contributing phase plates elements is sufficiently
large. Consequently, one can study the number of local
maxima above levell in some small surface or volume
where the mean intensity is locally constant. Form(a

will then give the number of local maxima above lewein

the whole focal spot. We consider points in the focal plane
such thatx,y<a, so that the smooth sinc envelope of the
diffraction function of a square aperture can be considered as
quasi-uniform. In this region of the focal spot, the beamlets
generated by the elements of the RPP interfere and form a
speckle pattern:

Vo < +ly

_ L
A(X,y)= SNF 1 HZN eXpI(ﬂ' Npe

+¢j,|>a 9
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wherep, is the correlation radius, I B S S S
10° 2 —— theory

Nof E ; - simul. 1

pei=" (10 . - simul 2

D is the near-field square beam aperture, anN+{2)? is 102;‘
the number of elements of the square RPP, i.d&N+2 i
=D/h. ¢;, is the random phase imposed by thé-th ele-
ment. We assume that thfg | are independent random vari-
ables which take either the value 0@mwith probability 1/2.
The modes are normalized by the factdp/(2N+1) so that
the mean intensity of the field is 1,. In Fourier space, the
energy spectrum oA s a top hat that cuts off fk,| or |ky| 0
larger thank,,:=m/p, and which is uniform inside the I/Te
queusalrgll clérlqasxiggﬁ)i]hé[ask;/nna]x;t(ggg.fr‘z_rrlr:gl\;lvgd)r:‘;ujlt. Tcl)st;:tctt;]c;n FIG. 4. ApundanceM 1Y of local maxima of the intensity above levieln a
) . . . sub-domainS of the focal plane of a RPP. Heié=35, p.=0.02 and|9|
field A is a stationary, zero-mean, random process With-1 Results corresponding to two different simulatiéomsses and circles
Gauss:;lzr(]) statistics by application of the central limitand tLle mean theoretical abundartselid line) corresponding to Eq14)
theore - are snown.
In the paraxial approximation, and assuming that the me-
dium is homogeneougabsence of plasma density fluctua-
tions), the field satisfies the propagation equation: 219 ((1 =
=23 (1, 7
3p§ 2 4

where S is the reference surfacesee Fig. 4 This result
wherek, is the homogeneous wave number andthe or-  holds true for a surfac& which is small compared to the
thogonal Laplacian. This equation implies that the field infocal spot, so that we can neglect the variations of the enve-
some plane is the superposition of the modejsl) changed lope of the spot. If we take into account the overall envelope
by a phase factor expi(72/4)((j?+1?)/N?)(z/z.), wherez,  (8) and look for the expected number of local maxima above

is the longitudinal correlation length: leveluin the whole focal spot, then applying formui@ and
computing only the leading order term one finds that

Abundance

10'

10° 3

u+1
2

u
exp— E' (14

2'kaAAAO to
Moz TAATD

konZ:
ZC::T. (11) ‘ 2a2 1 T u
<Muoca'>= - §+ Z exp— |_
The correlation lengthg, andz; can be rewritten in terms of TPc

the laser wavelength and the so-called F-numiber{/D)  More generally, let us assume that the focal spot envelope
as p.=\oF and z,=wA\oF2. Furthermore, the cutoff fre- has the following form:

guency in the RPP energy spectrum then writeskas,

2 2\n
= X+
=ko/(2F). Exy)=loexp oY)
o
B. The focal plane Forn=1 we have a Gaussian envelope, while 1 corre-

sponds to a flat-top super-Gaussian envelopgh Powel.
Applying formula (7), we get that the expected number of
local maxima of the focal spot above levels given by the

In the central region of the focal plane the field is the
superposition of many beamlet8). By the central limit
theorem, in the asymptotic framewoN>1 the complex- .
valued field A obeys Gaussian statistics with mean 0 andmtegral:

correlation function Mocah 25 [ 1+ z £+ 1
Xy |y <L‘_32R124|0 2R
C(x,y)=1lysind —|sing —|, Pe
Pe Pe uR) (INR)¥n—1
where sinc§) :=sin(ms)/(s). The corresponding matrix of X ex T, n dR

the second-order spectral moments is equal to
If we restrict ourselves to the computation of the leading

_ |_o( A O ) 12 order term, we then find that
210 A/’
Y Mfoca,>_27rrélr 1 1+7T y\i-tn u
__¢C (My™)= 3p2 N \nf\2 4/, Py
)\g-:—&—gz(0,0)/lo. (13) c

whereI'(s):=[4rS e "dr is the so-called Euler's gamma
Here we have \,=\,= 7%(3p2) so that |det\|Y?>  function. In case of an almost perfect flat-top envelope
=1,m?l(6p?), and Eq.(5) then implies —o, we get back the formuldl4) with |S|=#r] since
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(1/n)T'(1/Mn)—1. In case of a Gaussian envelape 1 or the

Airy spot (8) with the same central mean intenslty, one

finds that the number of maxima above leudk smaller by

a factor (/1) . This is, of course, expected, because a
speckle pattern with a flat-top envelope presents a mucrig

—— theory
+ simul. 1
simul. 2 | ]

. L 2L
larger surface area where the mean intensity is close to th(-‘g‘ 107
maximal valuel . s N
<« E
C. The 2D focal volume 10°F
Most of the numerical simulations which study the i | | J
growth of parametric instabilities in speckle patterns gener- o 5 10 15
ated by RPP actually consider the following 2D case, which /1o
consists of one transversal dimension, gagnd one longi-
tudinal dimension, sayg. The field in the focal “line” is FIG. 5. AbundancéM|” of local maxima of the intensity above leviein a
subdomainS of the 2D focal “volume.” Here N=100, p.=0.005,z,
\/E N i x =0.005 and|S|=2. Results corresponding to two different simulations
— : - . (crosses and circlgsgnd the theoretical mean abundartselid line) corre-
A(X) _E exp|( m + ¢J) ! sponding to Eq(19) are shown.
V2N+1 i=-N Pe

which implies that the field in the focal “volume” is given

by which we must substitute foA in order to get the correct
result:
\/E N [ ix @z
A(X,2)= ——— 2 expi| 17— ————— + ¢ . AlSlldeR|™2((1 m\u 1 u
V2N+1 i=-N Np. 4 N2Z (MP)=———||5tg|—-t5|exp-—, (19
T |0 2 4 Io 2 Io

In the asymptotic frameworki>1 the complex-valued field ~ 12 3 _
A obeys Gaussian statistics with mean 0 and correlatioMVheremeV\J =lom /.(12\/1—5%26.)’ andSis the reference
function: surface. This formula is very similar to E(). The only but
5 important difference comes from the fact thatis not the
7S — — T’_Sz_z) _ matrix of the second-order spectral moments of the fheld
or A, but it is an effective matrix which captures all the

pe 4z
The real and imaginary parts of the fieklobey the same relevant parameters of the statistical propertie~s of the hot
Gaussian statistics with zero mean and the correspondirgPots of the field. As explained in Appendix @, is the

matrix of the second-order spectral moments is equal to matrix corresponding to the fieldA(x,z) :=A(x,z)
Xexp(—iaz) whose hot spots obey the same statistics as

lo (1 .
C(x,z)=§f_ldsexp|

_ '_0( M O ) (15) those ofA and whose correlation function has vanishing par-
210 )’ tial derivatives at 0. The above expression can then be sim-
where\ is defined by(13). Here we havex,= w%/(3p?2) plified into
and\,= 7*/(80z2). A very important fact is that the corre- 7|9 1 #\u 1 u
lation functionC has a nonzero imaginary part, which means (M%) = —( (5 + Z)I_ + f) exp— (19
that the real and imaginary parts of the fiéldwre correlated. 3\/1—5p020 0 0
In particular the coefficient defined by which is plotted in Fig. 5.
dC D. The 3D focal vol
iou:E(O,O)/IO (16) e 3D focal volume

We now address the model of RPP developed in Sec.
is real and equal te- 7%/(12z.). This implies in particular VI A. In some reference volum& where the mean intensity
that Az and d,A, are correlated in any point. As a conse- is almost constant and in the asymptotic framewdek1 the
quence, close to a local maximum of the real part of the fieldcomplex-valued fieldA obeys Gaussian statistics with mean
the partial derivatived,A, is also very large which can be 0 and correlation function:

verified by applying Appendix A. We cannot apply the for- I (1 1

mulas of Sec. Il to derive the statistics of local maxima of  C(x,y,z)= ZJ dsJ’ duexpi
the fieldA, because the independence of the fidldsandA, -/l

was assumed in that section. In Appendix C we c_arefully (St u?)z
study the 2D focal volume and come to the conclusion that Xexp—i 4—Zc

there exists an effective matriX given by

sx+uy

C

If a=\of/h stands for the width of the overall envelope of
- l_o Ax 0 17) the intensity distribution, then the diffraction length of the
210 (A —a?)’ envelope is aboWyp.a. We therefore restrict ourselves to a
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FIG. 7. Ratio of the theoretical abundance of local maxima ab@xer the
FIG. 6. AbundancéV}¥* of local maxima of the intensity above leviein a simulated abundance for the corresponding configuration. The solid line
subdomainV of the focal volume. HereN=30, p,=0.05,2,=0.05 and  stands for Eq(21) and the dashed line for Rose and DuBois’ form(#a)
|[V|=2. Results corresponding to two different simulaticfesosses and  with the best fitA=1.2 andB=—1.0. HereN=50, p.=0.025,z,=0.025
circles and the theoretical mean abundafselid line) corresponding to Eq.  and|V|=1.5. The dashed curve is below the ideal lin@atio=1,” which
(22) are shown. means that the formulé22) finds less hot spots than there exist actually.

reference volumeV where thex,y-coordinates(resp. the _ _
z-coordinatg vary less thama (resp.kyap.). Adopting the N9 Frap. !ndeeq one has to fit the parameters by using nu-
notations (13)—(16) we have herex,=\,= 72(3p2), \, merical simulations in the area/l [3,6]. But then one
=(7774)/(18(]z§) and a=— 72/(62.). As in the case of the will observe an important departure in the aredl

2D focal volume, the correlation function has a nonzero€[10,19 which corresponds to the very intense hot spots

imaginary part. We then introduce the effective matkix ‘_’Vh'Ch_?Fe very relevar_1t in the pom_t (.)f view of parametric
instabilities growth. This departure is in the sense of an un-

A O 0 derestimate of the number of very intense spots which is of
A= lo 0 A, 0 (20) order of 30% in the configuration of Fig. 7.
> To be complete we add the following comment. The
0 0 (Aol results presented in Secs. VI B—VI D hold true for a square
whose determinant has Squared root equa]|deﬂ|1/2 RPP, which Corresponds toa square near-field beam. Indeed

—13274/(36\/5p2z,). Using exactly the same arguments asthis configuration will be implemented in the LMJ and the

in Sec. VI C we find from Eq(6) that the mean number of NIF. Nevertheless, many other laser facilities produce circu-
local maxima above the levelof the intensityIA|2 is given lar near-field beams, SO it is convenient to reformulate the

by above results in case of a circular RPP and near-field beam
with radiusD/2. This is equivalent to a top hat model for the

= 732\/5| V| ul¥ 3 (u)? u 2 RPP energy spectrum which is uniform for perpendicular
(M7= 27p%z, \\lo 101 1, exp- Iy’ wave numbersk= (ky,k,) such that|k|<ky/(2F) (where
o ¢ - F=1f/D), and vanishes outside this disk. Then, defining
which is plotted in Fig. 6. andz, as(10) and(11), the mean numbers of local maxima
above the leveliin some surfac&inside the focal plane and
E. Discussion in some volumeV inside the focal volume read respectively

as
Let us compare the results demonstrated in this paper
with the ones which are derived in Refs. 10 and 11. First

note that our proof is fully theoretical, and that there is N0 ycire—xyy @( (E+ Z)EJF 1 exp— u

free parameter that we must fit in order to come to an agree- p§ 2 4]l 2 lo’

ment between simulations and theory. Second, we recall the

formula obtained by Rose and DuBdfs*! a2 a2 1
V] g = ST DL (L7 2 o
\ u u u T aale2, \\1- 0 T 10\014 I

<M)L(]yz>|R&D:2_A _+B eXp—— (22) 48\/EPCZC Io 10 IO lO

PcZc o o

As shown by F|g._7, the_ formul&2l) is valid as soon as APPLICATION TO THE SPECKLE PATTERN
u/ly>2, and remains valid for the whole range of values of GENERATED BY A KPP

the detected maximal intensities. In comparison fornt22

cannot fit the whole range of intensities and a clear bias is We finally discuss the extensions of the results of Sec.
noticeable. Even in the case when one tries to fit the paran¥I| to the KPP configuration. There are many ways to design
eters as efficiently as possible, one will fall into the follow- a KPP. The usual meth&bconsists in carefully and adiabati-
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cally modifying an initial random phase screen so as to get &Vithin this framework, the matrices of the second-order
speckled far-field that has a flat top super Gaussian envelopspectral moments are similar for a squdresp. circular
Since the induced focal spot results from the superposition dRPP and for a squaseesp. circular KPP, and one can apply
many independent modes the central limit theorem can stilllirectly the results of Sec. VI. Nevertheless, we feel that it
be applied, which implies that the statistics of the far field isshould be relevant to include in the computer algorithms that
Gaussian. This statement is confirmed by recent numericalesign the phase screens the task which consists in estimat-
simulations which show that the histogram of the intensity ising precisely the form and width of the correlation function
exponential, which is characteristic of a standard speckle patf the far-field pattern generated by the KPP. With such in-
tern. Unfortunately, it is not so obvious to theoretically com-formation one can compute with accuracy the matfxixas
pute the correlation function of the far field. For this purpose(12) and(13) and then apply5) to obtain the expected num-
let us regard the optical transfer function which is propor-ber of hot spots above levalin the total focal spof. Simi-
tional to the Fourier transform of the far-field intensifef.  |arly one can compute the matrix as (20), (13), and (16)
21, Section 8.k and then apply6) to obtain the expected number of hot spots
above levelu in the total focal voluméy.

H(vy,vy)= Seorl Skppl(xf}\ofvx VAol €y EXPI(D(X,Y)

VIIl. CONCLUSION
— ¢(X—Nof vy, y—Aofry))dxdy,

whereS,, is the surface of the KPP. If we assume that thed
spatial statistics of the phase screen are wide-sense stationfﬁ

and ergodic, then the optical transfer function of the far field
factors into the product:

The control of high intensities of smoothed beams is a
rifficult but crucial problem for ICF applications so as to
Mit the growth of plasma instabilities which may be respon-
sible for energetic losses. The shape of the focal spot can be
optimized by using a KP® so that the averaged intensity is

H( vy, vy)=Ho(vx, vy) H( v, y), limited to a value below 3 W/cn?. Nevertheless this value
. . . is still too close to the instability threshold, because the high
whereHo is the optical trar_lsfer function of the phase IOI""teﬂuctuations of the resulting partially coherent beam makes
without the phase modulation: some hot spots exceed this critical value. Under such condi-
1 tions, several authors who consider either stimulated Bril-

Ho(ve,vy) = mfsk Locngf oy y—ofvy) €5, dXAYs louin scattering(SBS,™* or both self-focusing and SBS,
PP have pointed out that the reflectivity from plasma will be
and'H, is the normalized spatial autocorrelation function of proportional to the numbeM EZZ of speckles in the focal

the transmittance of the phase plate: volume that will be over some critical valug,. This argu-
Ho(v,vy) =T(Nof vy, Nof 1), ment hplds t_rue whenever> 1, so that the underlying hy-
pothesis of independence of the hot spots ahavean be
I(Ax,Ay)=E[expi(p(X,y)— d(X+AX,y+Ay))]. considered as reasonable. This regime is precisely the regime

which is expected for the future megajoule-scale lasers. We
have just demonstrated that the statistical theory of hot spots
which has been used in the last decade underestimates the
number of the most intense hot spots. We feel that this could
give rise to noticeable departures when substituting a more
Ho(vy,vy) =A(vype) A(vype), accurate estimate ¢M;’% into the already existing formu-

las for the average reflectivity by a macroscopic plasma.

Let us end this paper with a final remark. One can ob-
gerve in all numerical simulations that the global maximum,
or even the two or three most intense spots of the whole
a@attern, do not present a deterministic behavior, but exhibit

whereh is the size of a square element of the RPP, so th rather important fluctuations. It should then be of great inter-
the envelope of the focal spot is an Airy function with width mp . - - 9 :
est to find a precise description of the statistical properties of

Nof/h. In the case of a smooth phase screen with Gaussiatn. . L )
I . his global maximum. Indeed it will be a relevant estimate of
statistics, the envelope of the focal spot has Gaussian sha%e

(Ref. 21, Section 8)3 In the case of a KPP, the statistical e SBS threshold, defined as a condition where at least one

. . vz . o
stationarity condition of the phase screen may be not strictl)r/wt spot appears in the active amdéc =1. This work is in

fulfilled, since small modifications are imposed to an initial Progress and will be the subject of a further paper.

random phase screen so as to modify the envelope of the far

field and to get a super—unss_lan epvelope. Neverthgle_ss, OB KNOWLEDGMENTS

can expect that the factorization still holds true qualitatively

in the sense that the fine-scale statistics of the far field is The author thanks S. Har for useful and stimulating
essentially imposed by the global shape of the near-fieldliscussions. This research was performed under the auspices
beam, while the overall envelope of the far-field is deter-of the Laser Megaloule program of Commissariat a
mined by the variations of the fine-scale phase screer’Energie Atomique.

The characteristic scales &f, andH are very different, so
thatH, will impose the small-scale variations of the far field,
while Hg will impose the shape of the overall envelope.
More exactly, if the near field is square, then we have

where A(a)=1—|a| if |a|<1 and 0 otherwise, ang,
=of/D is consequently the correlation radius of the fine-
scale fluctuations of the focal spot. Furthermore, in case of
binary RPP, we havel'\(Ax,Ay)=A(Ax/h)A(Ay/h)

13 Aug 2000 to 171.64.38.26.Redistribution subject to AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.



Phys. Plasmas, Vol. 6, No. 5, May 1999 J. Garnier 1609

APPENDIX A: A FUNDAMENTAL LEMMA OF (AR(0),4,A,(0)) and @,Ar(0),A(0)), we getthat, given
PROBABILITY Agr(0)=ag andd,Ag(0)=0, we have
Let us consider &”-valued Gaussian vectoX(Y) with lo o’
mean (0,0) and covariance: A(0)~ 0,5( 1=~/ (CY
z
(x?) <xv>) :(oi a) oA o .,
<XY> <Y2> a 0—$ ’ E(O)N aaRyE()\z_a ). (CZ)

Then, conditionally toX=x, the real-valued variableY  Here and in the followingK~M\{a,o?) is a shorthand for
obeys Gaussian statistics with meam/o% and variance “ X obeys Gaussian statistics with memand variancer2.”

cr%— a?l cri. More generally every odd-order partial derivativegdefwith
respect taz are affected in that they obey Gaussian statistics
APPENDIX B: ANSATZ with means proportional tag, while every even-order par-

tial derivatives ofA, with respect toz are affected in that
In this appendix we check the accuracy of the ansatzhey obey Gaussian statistics with reduced variances. It is
applied in Sec. Ill. Let us consider thatxat0 lies a local  gpvious that at least the fact thaA,(0) is very large will
maximum ofA% and denot@g:=AZ(0). Applying Appendix  produce a departure from the formulas obtained in Sec. IIi
A with (AR(O)ﬂfjxjAR(O)): andtaking into account the fact and Appendix B. Nevertheless we can efficiently bypass the
that axjAR(O)ZO, we have in the neighborhood of 0 problem by using the following trick. We consider the field
A which is simply the fieldA changed by a deterministic

d
1 + (1) Phase factor:

AR(X)=aR< 1-5 > A
=1

A(x,2) =A(X,z)exp—iaz.

d
dA ~ ~
A(X)=A(0)+ E a—;(O)xj + ..., (B2) We also denote b}z andA, the real and imaginary parts of
)= A, and byC the correlation function of the field. The

where A(0) and d,A(0),j=1,....d, are independent statistics of the hot spots @ andA are obviously identical.
from each other and independent frakp(0). A,(0) obeys  Furthermore, we have
Gaussian statistics with mean 0 and variaig®, and -
ﬂXjA,(O) obeys Gaussian statistics with mean 0 and variance @m 0=0
az "’ '

\jlo/2. As a consequence the maximum|&f2=AZ+A? is

not reached in 0, but iy, whose coordinates are and consequently the correlations between the field and its
A(0)dx;A,(0) lo 2 first-order spatial derivatives are canceled. Giv&g(0)
iT )\jaﬁ + a_zR » J=1...d =a, and&{AR=O for {=x,z, the imaginary part of the field

and its first partial derivatives then obey the zero-mean dis-
Note thaty/\;x;=0(lo/a%) which is small in the case of a tributions:

large maximurraﬁ. This justifies the fact that we have only

taken into account the first terms in the expansi@ and ”AI(O)MA{ O,I_O)' (C3)
(B2). Therefore the corresponding maximum is 2

AZ(0 oA |
|AI2(xm) =a%+ AX(0) + 'a(é ) Zq, (B3) a—X'(O)~%0.§°>\X), (CH
4 ax 2 oA |
2=3, OO (B4) 7;<0>~N<o,§°(xz— a2>), (5
i= j

Here Z, obeys a gamma distribution with meai /2 and  but the second derivative with respectzof Ag obeys

density pq(z)=1/(T((d+1)/2)ly)(2/1o) @ V% 7o, The SR 8 1282
first term in the right-hand side ¢B3) is the dominant one, RN% (@®=\)ag, = | —| - —|— ) _
the second term is a first order correction, while the lastterm 972 2] 9z%| 2lo| 922

in the sum is of second order and brings a contribution which

will be neglected. This completes the demonstration of thdn fact. this is connected with the fact that the mathixof
ansatz. the second-order spectral moments of the real-valued Gauss-

ian processT\R is given by(17), whose expression is differ-
ent fromA. As a consequence, if we assume that O is a local
maximum of A at levela3, then in the neighborhood of 0

In this appendix we study carefully the configuration the real and imaginary parts &f are given by
presented in Sec. VIC. Let us assume thakat0 lies a

local maximum of AZ. Applying Appendix A with Ar(X)=ag(l— IN 2= 1(N,—a®) D)+ ..., (C6)

APPENDIX C: THE 2D FOCAL VOLUME
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