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Abstract In the context of structural reliability, a
small probability to be assessed, a high computa-
tional time model and a relatively large input di-
mension are typical constraints which brought to-
gether lead to an interesting challenge. Indeed, in
this framework many existing stochastic methods
fail in estimating the failure probability with ro-
bustness.
Therefore, the aim of this article is to present and
prove theoretical results about the validity of an
original method we have introduced to overcome
the specific constraints mentioned above. This new
method turns out to be very competitive compared
with the existing techniques. It is a variant of ac-
celerated Monte-Carlo simulation method, named
ADS-2 - Adaptive Directional Stratification. It com-
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bines, in a two steps adaptive strategy, the strat-
ification into quadrants and the directional simu-
lation techniques. Two ADS-2 estimators are pre-
sented and their properties are studied.
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1 Introduction

Our work has been motivated by the continuing
difficulties encountered in some key industrial ap-
plications when tackling the issue of controlling
the robustness of existing algorithms. Two differ-
ent models have been considered: a flood model
and a nuclear reactor pressurized vessel fracture
mechanics model (Munoz Zuniga et al. 2008 and
2010 [29,30]). The nuclear reactor pressurized ves-
sel case study is the main motivation of this work:
the mathematical and numerical constraints inher-
ent to this model constituted our framework. Let
us present this framework and the general problem
we are dealing with.
One way to assess the reliability of a structure from
physical considerations is to use a probabilistic ap-
proach: it includes the joint probability distribu-
tion of the random input variables of a numerical
deterministic model representing the physical be-
havior of the studied structure, for instance its fail-
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ure margin. We consider a real-valued failure func-
tion, G : D ⊂ Rp → R, whose input vector X is
random. Then, we assume that the probability den-
sity function of the random vector X exists and is
known.
In this context, we want to assess the failure prob-
ability Pf :

Pf = P(G(X) < 0) =

∫
G(x)<0

f(x)dx (1)

with G the failure function defined over D, X =

(X1, ..., Xp) the p-dimensional random vector of
the input variables and f the density function of
X. We partition the set where G is defined, D, into
three subsets: the reliability (or safe) domain, de-
noted by Dr := {x ∈ D, G(x) > 0}, the fail-
ure domain, denoted by Df := {x ∈ D, G(x) <

0}, and the boundary between the two previous
subsets, the limit state surface, denoted by Dl :=

{x ∈ D, G(x) = 0}. Furthermore, four key fea-
tures characterize our agenda.

(C0) : G may be complex and greedy in computa-
tional resources: even when involving high per-
formance computing, industrial constraints limit
the number of evaluations of G to a few thou-
sands.

(C1) : No continuity or derivability assumptions are
considered for G.

(C2) : The failure is a rare event, which means that
Pf is very small. In this work, we will consider
that a small probability is a probability lower
than 10−3.

(C3) : The results must be robust, i.e. with explicit
and trustworthy error control.

The first three constraints correspond to our work-
ing hypotheses and the last constraint is the key
goal motivating this research. Indeed, small failure
probability to be assessed, robustness of the esti-
mation, costly computational time model and rela-
tively large input dimension are typical constraints
which brought together lead to a real challenge. A
well-developed state of the art of stochastic algo-
rithms for the failure probability estimation can be
found in Rubinstein and Kroese (2007) [34], Gille-
Genest (1999) [16] and Cannamela (2007) [5] with
a large bibliography. For instance, the numerical

integration methods represent a possible solution.
Nevertheless, they are not effective when the di-
mension p of D is large. Although we can notice
that methods such as sparse grid are currently de-
veloped to overcome the curse of dimensionality,
all of them require some assumptions on the fail-
ure function to be integrated; one can see Dirnstor-
fer and Bungartz (1985) [4], Griebel and Gerstner
(1998) [14] and Griebel et al. (2003) [15]. An-
other standard solution consists in keeping the real
physical model coupled with the FORM/SORM
numerical approximation as in Lind et al. (2000)
[27] and Ditlevsen et al.(1996) [26]. However, in
non-analytic cases, the error carried out is not eas-
ily assessable, even if the calculation times remain
reasonable (Lind et al. 2000 [27]): thus the robust-
ness of this kind of method is not ensured. The last
solution is to evaluate the failure probability (1)
by Monte-Carlo simulation. This method is reli-
able and controllable thanks to probabilistic theo-
rems, which give an accurate statistical measure of
the estimation error in the form of confidence in-
tervals. Large failure probabilities are mostly sat-
isfactorily treated by crude Monte-Carlo sampling
as presented in Rubinstein et al. (2007) [34], Hel-
ton (1993) [17] and Lapeyre et al. (1997) [21].
Nevertheless, the required number of simulations
is unrealistic for a rare failure problem and a com-
plex physical model. There exist accelerated meth-
ods which reduce the variance of the failure prob-
ability estimator but they do not fulfill to all the
constraints we assume in this article, particularly
(C2) (see Siegmund 1976 [36], Cochran 1977 [7],
Ripley 1987 [33], Zhang 1996 [40], Johnson et
al. 2005 [18], Kroese and Rubinstein 2007 [34]).
Another class of accelerated Monte-Carlo meth-
ods have been specifically developed to estimate
accurately small probabilities with a large input di-
mension. The primary approaches are splitting and
importance sampling. They often rely on Markov
chains simulations, see for instance: Au et al. 2001
[1], Rubinstein et al. 2002 [19], Garnier et al. 2005
[10], L’Ecuyer et al. 2006 [22], Demers et al. 2007
[23], Dean et al. 2009 [9], Lagnoux-Renaudie 2009
[20], Kroese et al. 2009 [6]. These methods are
very robust with respect to the dimension. How-
ever, the minimal number of simulations require
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to obtain a reasonable convergence is still to large
for our framework (C0). In order to illustrate these
limitation, numerical results are provided in sec-
tion 5. All the previous methods may be combined
with a response surface approach, replacing the
initial physical model by a simplified one with nu-
merical approximation. This alternative includes
for instance the largely-developing non intrusive
chaos polynomial approaches (Blatman et al. 2011
and 2010 [3,2], Le maître et al. 2009 [8], Sudret
2008 [38], Todor et al. 2007 [39], Rabitz et al.
2006 [24], Soize et al. 2004 [37]) and the recently
popular Kriging methods (Fang et al. 2006 [12],
Rasmussen et al. 2006 [32], Santner et al. 1999
[35]). However, the control of the errors carried
out by these methods, generally due to the limited-
order to which the model approximation is under-
taken, is sometimes not available (computing er-
ror bounds typically requires higher-order devel-
opments), and when available, the errors must be
added to the unavoidable error brought by the es-
timation. In this paper, we choose to focus on the
simulation methods rather than the response sur-
face techniques. Within the context of structural
reliability applications, the Monte-Carlo sampling
basis remains generally the reference. Here, we
consider the accelerated Monte-Carlo methods and
try to develop a specific one, which "converges" as
fast as possible and enables to obtain an estima-
tion error control in a reasonable number of simu-
lations.

2 Preliminary: stratification, directional
sampling and optimization

The idea is to take advantage of the possibilities
offered by the stratification and directional simu-
lation methods: optimal allocation result, adaptive
strategy, efficient small probability estimation and
reasonable calculation time.
Let us assume that we have a p-dimensional ran-
dom input vector X and we want to estimate Pf =

E
(
11G(X)<0

)
. We first move the problem into a

"spherical space": the Gaussian space, using the
Nataf transformation, U = TN (X) (Kiureghian
and Liu 1986 [25]). In other words, the expecta-

tion estimation becomes:

Pf = E
(
11G◦T−1

N (U)<0

)
= E

(
11g(U)<0

)
(2)

with g = G ◦ T−1
N and U a random vector with

Gaussian and independent components.
Then, U can be decomposed into the product RA
(R and A independent) with R2 a chi-square ran-
dom variable and A a random vector uniformly
distributed over the unit sphere Sp−1 ⊂ Rp (Fang
et al. 1990 [13], Gille-Genest 1999 [16]). We will
denote L(A) the distribution of A. Then, Denot-
ing fR the probability density function of R and
using the conditional expectation properties, we
have:

Pf = E
(
11g(RA)<0

)
= E

[
E
(
11g(RA)<0|A

)]
= E

(
ξ(A)

)
(3)

with ξ(a) =
∫

11g(ra)<0fR(r)dr a bounded func-
tion.
The directional sampling method is based on the
fact that we are able to calculate ξ(a) for any a.
Indeed, the conditional expectation ξ(a), which is
the probability: P(g(Ra) < 0), is then given by:

ξ(a) =

s∑
i=1

χ2
p

(
r2
u,i(a)

)
− χ2

p

(
r2
l,i(a)

)
(4)

with χ2
p the chi-square cumulative distribution func-

tion (cdf), ru,i(a) and rl,i(a) respectively the up-
per and the lower bounds of the i-th interval where
g(ra) < 0 and s the number of intervals (see Ditlevsen
and Madsen 1996 [26]). ru,i(a) and rl,i(a) are ap-
proximated thanks to root-finding algorithms as the
dichotomic, the secant, the inverse quadratic inter-
polation or the Brent methods. A stop criterion for
the dichotomic algorithm in the directional sam-
pling method, applied to the estimation of small
failure probability, can be found in [28]. This lat-
ter is based on the control of the variance of the
estimator which increases with the add of the di-
chotomic algorithm intrinsic errors. The directional
simulation estimator reduces the variance in com-
parison with the standard Monte-Carlo sampling
method, as can be shown using Jensen’s inequal-
ity (see Ditlevsen and Madsen 1996 [26]). At this
point, we introduce the stratification method by
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partitioning the "directional space", in other wo-
rds the space where A takes its values, that is to
say the (p − 1)-dimensional unit sphere Sp−1 ⊂
Rp, into m strata and we denote I := {1, ...,m}.
The natural strata adapted to directional draws are
cones and partitioning Sp−1 is equivalent to make
a partition of the general space into cones. Let us
denote by (qi)i∈I a partition of Sp−1 intom strata.
Let us denote by n the total number of directional
draws, e.g. the number of directions we want to
simulate. Let us consider an allocation of the n di-
rectional draws in each stratum described by the
sequence w = (wi)i∈I such that

∑m
i=1 wi = 1.

The number of draws in the i-th stratum is ni =

bnwic with b.c the floor function (we neglect the
rounding errors in the analysis).
We can express the expectation Pf as:

Pf =
m∑
i=1

P(A ∈ qi)E
(
ξ(Ai)

)
=

m∑
i=1

ρiPi (5)

with Ai ∼ L(A|A ∈ qi) and Pi = E
(
ξ(Ai)

)
.

Now, we estimate Pi by drawing ni directions in
the i-th stratum. This can be done by using a sim-
ple rejection method. We get:

P̂i =
1

ni

ni∑
j=1

ξ(Ai
j) (6)

with (Ai
j)j=1,...,ni a family of independent and

identically distributed (i.i.d.) random vectors with
the distribution L(A|A ∈ qi).
We obtain the following unbiased estimator by cou-
pling the Directional Sampling and the Stratifica-
tion methods:

P̂DSSf =

m∑
i=1

ρiP̂i (7)

and its variance is given by σ2
DSS/n with

σ2
DSS =

m∑
i=1

ρ2
iσ

2
i

wi
(8)

where σ2
i = V ar

(
ξ(Ai)

)
.

Then we get the following asymptotic result which
gives the rate of convergence of the DSS estima-
tor (coupling stratification and directional simula-
tion) for large values of n. The proof can be found
in section 7.1.

Proposition 1 The DSS estimator is consistent and
√
n(P̂DSSf − Pf )

L−−−−−→
n→+∞

N (0, σ2
DSS).

Now, just like in the standard stratification method,
we can determine the optimal distribution of direc-
tional draws in each stratum in order to minimize
the variance estimator given by (8), which can be
useful for the design of an adaptive strategy. From
now on, we assume that the following assumption
is satisfied:

(H) ∃i ∈ I, σi > 0.

We need to solve the following problem:

(E1)


min

w∈Rm+

(
1

n

m∑
i=1

ρ2
iσ

2
i

wi

)
under the constraint:

m∑
i=1

wi = 1.
(9)

The unique solution is given by the following propo-
sition which is demonstrated in Cochran 1977 [7].
The proof is rather standard but we give it for con-
sistency in section 7.2.

Proposition 2 The optimization problem (E1) has
for unique solution the sequence

wopt1 := (wopt1i )i∈I

defined for all i ∈ I by

wopt1i =
ρiσi
m∑
j=1

ρjσj

and the optimal variance obtained with this allo-
cation is: σ2

opt1/n with

σ2
opt1 :=

( m∑
i=1

ρiσi

)2

.

We observe that the optimal allocation in a stratum
is proportional to the variance in this stratum. That
means that we must give large weights to the strata
with the largest uncertainties, i.e. variances.
Now, we can see that the variance of the estimator
P̂DSSf with the optimal allocation is smaller than
the one with the proportional one. Besides, we can
demonstrate that the variance of P̂DSSf with the
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proportional allocation, and a fortiori with the op-
timal one, is: (a) smaller than the variance of the
usual stratified estimator (in the Gaussian space)
with a proportional or an optimal allocation, (b)
smaller than the variance of the standard direc-
tional simulation method. All these variances are
also smaller than the one of the standard Monte-
Carlo. We can notice that the variance reduction is
not ensured with an arbitrary allocation: if the al-
location is strongly inappropriate then the variance
can increase in comparison with the MC method.
Just before starting the presentation of an adaptive
strategy, we can imagine that in an iterative ap-
proach, we will certainly have to draw directions
in a stratum where we have already drawn some di-
rections. Let us consider that the iterative approach
consists of 2 steps. We split the total number of
simulations n into two parts γ1(n)n and γ2(n)n

such as γ1(n) + γ2(n) = 1. Let us assume that
in the first step, we have already drawn a size-
able proportion, βi, of γ1(n)n in the i-th stratum
and that we want now to draw a proportion wi of
γ2(n)n in this stratum. At the end, we will have
drawn a proportion γ1(n)βin + γ2(n)win in the
i-th stratum, for all i. Of course

∑m
i=1 βi = 1 and∑m

i=1 wi = 1. Then, the variance of the estimator
will be:

1

n

m∑
i=1

ρ2
iσ

2
i

γ1(n)βi + γ2(n)wi
. (10)

We can now try to calculate the allocation (wi)i∈I
which will minimize this variance, by solving the
following optimization problem:

(E2)


min
w∈Rm+

(
1

n

m∑
i=1

ρ2
iσ

2
i

γ1(n)βi + γ2(n)wi

)
under the constraint:

m∑
i=1

wi = 1

,

(11)

in which the βj are given. Let us suppose that all
σi 6= 0. If not, we can rewrite the problem only
with the σi different from zero and for the σi that
are null we take wi = 0.
There exists a unique solution for the problem (E2):
it can be determined by the following algorithm.

Algorithm 1

(a) Compute, for i ∈ I , the quantities βi
ρiσi

and sort

them in decreasing order, denoting them β(i)

ρ(i)σ(i)
.

Compute, for i = 1, ...,m− 1, the quantities

1 + γ1(n)
γ2(n)

∑m
j=i+1 β(j)

γ1(n)
γ2(n)

∑m
j=i+1 ρ(j)σ(j)

.

(b) Denote by i∗ the largest i such that

β(i)

ρ(i)σ(i)
≥

1 +
γ1(n)

γ2(n)

m∑
j=i+1

β(j)

γ1(n)

γ2(n)

m∑
j=i+1

ρ(j)σ(j)

.

If this inequality is false for all i, then, by conven-
tion, i∗ = 0.

(c) Finally, for i ≤ i∗, set w(i) = 0, and for i > i∗,
set:

w(i) =
ρ(i)σ(i)
m∑

j=i∗+1

ρ(j)σ(j)

(
1 +

γ1(n)

γ2(n)

m∑
j=i∗+1

β(j)

)

−γ1(n)

γ2(n)
β(i)

and turn back to the initial indexation.

Let us denote by K ⊂ I the subset defined by:

K =
{

(i) ∈ I, i ≤ i∗
}

(12)

and by Kc the complementary of K. The subset
K represents the set of indices corresponding to
the strata which do not need extra draws than the
ones made in the first step, and Kc the one where
supplementary draws are needed. The following
proposition is an extension of Proposition 1 and
its proof can be found in section 7.3. It gives the
general optimal allocation expression and the as-
sociated minimal variance.
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Proposition 3 The optimization problem (E2) has
for unique solution the sequence

wopt2 := (wopt2i )i∈I

defined for all i ∈ I by

wopt2i = 0 if i ∈ K

and

wopt2i =
ρiσi∑

j∈Kc

ρjσj

(
1 +

γ1(n)

γ2(n)

∑
j∈Kc

βj
)

−γ1(n)βi
γ2(n)

if i ∈ Kc

with (K,Kc) the partition of I defined by algo-
rithm 1.
The optimal variance obtained with this allocation
is: σ2

opt2/n with

σ2
opt2 :=

∑
i∈K

ρ2
iσ

2
i

γ1(n)βi
+

1

γ2(n) + γ1(n)
∑
i∈Kc

βj

×
( ∑
i∈Kc

ρiσi

)2

.

Thus, from proposition 3, we deduce that for i ∈
Kc, i.e. for a stratum where additional draws must
be performed, the number of directional draws that
must be achieved in it with the γ2(n)n remaining
directional draws is:

γ2(n)nwopt2i =
ρiσi∑

j∈Kc

ρjσj

(
γ2(n)n

+γ1(n)n
∑
j∈Kc

βj

)
− γ1(n)nβi. (13)

So, we need to perform an optimal allocation, pro-
portional to the variance of the considered stratum,
over the number of draws of the second step plus
the already allocated number of draws in the first
step and subtract the number of directional draws
already made in the considered stratum: γ1(n)nβi.
Also, we can compare the optimal variances we
obtained, on the one hand, with allocation wopt1

given by solving (E1) and, on the other hand, with
allocation wopt2 given by solving (E2). It seems
clear that we will reach a minimal variance when

the optimal allocation is determined over the total
number of draws as in the problem (E1). Indeed in
the other case, (E2), the first set of draws is "lost"
in the sense that they are not necessarily allocated
in the optimal way. This fact is confirmed by the
following result proved in section 7.4.

Proposition 4 The optimal variances σ2
opt1 and

σ2
opt2 , respectively reached with the optimal allo-

cation wopt1 and wopt2 , verify:

σ2
opt1 ≤ σ2

opt2 .

There is equality σ2
opt1 = σ2

opt2 when Kc = I

i.e. when, in the second step, all the strata require
additional draws.

3 ADS-2 method

3.1 General principle of the ADS-2 method

Now, we have all the tools to set up our 2-steps
adaptive method with an estimator coupling strati-
fication and directional sampling. We will call this
estimator the 2-adaptive directional stratification
(ADS-2) estimator. It will be denoted by P̂ADS−2

f .
Let us explain our strategy. We split the total num-
ber n of draws into two parts: γ1(n)n and γ2(n)n

such that
∑2
i=1 γi(n) = 1 and (γi(n))i=1,2 are

functions of variable n. The first part, γ1(n)n, will
be used to estimate the optimal allocation mini-
mizing the variance (learning step), and the second
part, γ2(n)n, will be used to estimate the failure
probability (estimation step), using the estimation
of the optimal allocation.
For instance, we can take γ1(n) = nl−1 with l ∈
(0, 1), or γ1(n) = γ1 with γ1 ∈ (0, 1) and, in an
obvious way, we have γ2(n) = 1 − γ1(n). Let
us set the strata as the quadrants of the Gaussian
space, denoted by (qi)i∈I withm = 2p the number
of quadrants. Indeed, without any other informa-
tion, the most natural choice is quadrants, which
are well adapted for directional draws and enable
a good survey of the Gaussian space. Also, with-
out prior information, we should choose a prior
uniform allocation. We denote it (wi)i∈I , and as
we considered quadrants: wi = ρi = 1/m for
all i ∈ I . Our method can be readily extended
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to the case in which a prior information is avail-
able on the optimal allocation. From now on, ni =

bγ1(n)nwic for all i ∈ I stands for the number of
draws achieved in each stratum in the estimation
step. Let us suppose that we use the directional
and stratification estimator P̂DSSf . Consequently,
the idea is to replace the initial allocation by an
estimation of the optimal allocation made with the
γ1(n)n first draws: optimal allocation wopt1 and
wopt2 , respectively defined in propositions 2 and
3, are the ones on which we will refer.
But first, we need to define our estimators. Two
possibilities can be considered: we can choose ei-
ther a non-recycling estimator using an estimation
of wopt1 or a recycling estimator using an estima-
tion of wopt2 .

3.2 The recycling ADS-2 estimator: definition
and properties

The recycling ADS-2 estimator uses the γ1(n)n

first draws, that are used for the optimal allocation
estimation step, for the expectation estimation:

P̂ADS−2
f,r =

m∑
i=1

ρi
1

Nr
i

Nri∑
j=1

ξ(Ai
j) (14)

with

Nr
i :=

⌊
(1− ε(n))

(
ni + nri

)
+ ε(n)ρin

⌋
, (15)

where nri =
⌊
γ2(n)nW̃ r

i

⌋
and (W̃ r

i )i∈I are given
by proposition 3 and algorithm 1, substituting into
them the deterministic sequence (σi)i∈I by an es-
timation of it, (σ̃i)i∈I , given, for all i ∈ I , by:

σ̃2
i =

1

ni − 1

ni∑
j=1

ξ(Ai
j)

2 − 1

ni(ni − 1)

×
( ni∑
j=1

ξ(Ai
j)
)2

. (16)

Consequently,

W̃ r
i = 0 if i ∈ K̃ (17)

and

W̃ r
i =

ρiσ̃i∑
j∈K̃c

ρj σ̃j

(
1 +

γ1(n)

γ2(n)

∑
j∈K̃c

wj
)

−γ1(n)

γ2(n)
wi if i ∈ K̃c (18)

where K̃ and K̃c are estimated replacing the de-
terministic sequence (σi)i=1,...,m by the random
sequence (σ̃i)i=1,...,m in algorithm 1. Besides,
ε(n) ∈ (0, 1] in equation 15 enables in the estima-
tion step to draw some directions in a stratum even
if the estimated allocation returns zero, which can
give a correction to the bias brought by a wrong es-
timation of an allocation. For a limited number of
simulations, we should take ε(n) as small as pos-
sible: we propose ε(n) = 2/(nρi) = 2p+1/n.
We denote for any positive integer k:

Pi,k = E(ξ(Ai)k)

and

B
(
P̂ADS−2
f,r

)
= E

(
P̂ADS−2
f,r

)
− Pf

the bias of the estimator. Then, the recycling esti-
mator is consistent and has the following bias due
to the dependence of the optimal allocation esti-
mation of the recycling estimator with the γ1(n)n

first draws. The following result is proved in sec-
tion 7.5

Proposition 5 The recycling estimator, P̂ADS−2
f,r ,

is consistent and biased. Moreover, if we suppose
γ1 and ε do not depend on n then the bias is given
by:

B
(
P̂ADS−2
f,r

)
= −

∑
i∈Kc

ρi(1− ε)2 nγ2

(Nr,opt
i )2

×
(
Pi,3 − Pi,1Pi,2 − 2P 2

i,1(Pi,2 − P 2
i,1)

)
×hi(γ1, γ2, σKc ,wKc , ρKc)

+o(
1

n
),

with σKc = (σi)i∈Kc , wKc = (wi)i∈Kc and ρKc =

(ρi)i∈Kc for some functions hi defined in the proof
of proposition 5.
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This bias is of the order of 1
n and depends on the

first, second and third order moments of the ξ
(
Ai
)
,

so that this bias cannot be efficiently estimated with
a small number of simulations.
Moreover, if we suppose that γ1(n) = γ1, then the
variance of the ADS-2 recycling estimator can be
expressed as proposed in the following proposition
which is demonstrated in section 7.6.

Proposition 6 If γ1(n) = γ1 and ε(n) = ε then
the recycling estimator, P̂ADS−2

f,r , has the follow-
ing variance:

V ar
(
P̂ADS−2
f,r

)
=

1

n

∑
i∈K

ρ2
iσ

2
i

(1− ε)γ1wi + ερi

+
1

n

∑
i∈Kc

ρ2
iσ

2
i (1− ε)

(
γ1wi + γ2E(W̃ r

i )
)

+ ερi(
(1− ε)

(
γ1wi + γ2w

opt2
i

)
+ ερi

)2

+o(
1

n
).

The first term of proposition 6 is the part of vari-
ance generated by the quadrants in which no addi-
tional simulations are required, i.e. the quadrants
where the learning step simulations were not a ret-
rospectively necessary. So, this part of variance is
not minimized. The second term of proposition 6
is generated by the quadrants in which additional
simulations are required. Thus the estimated opti-
mal allocation can be obtained. This term of vari-
ance tends to be near the minimal variance, which
is exactly reached when the allocation is the opti-
mal one and ε = 0. We can notice that in the case
where we can take ε = 0, e.g. when a sufficiently
large number n is available, the variance expres-
sion becomes

V ar
(
P̂ADS−2
f,r

)
=

1

n

∑
i∈K

ρ2
iσ

2
i

wiγ1

+
γ1

∑
i∈Kc wi + γ2

∑
i∈Kc E(W̃ r

i )(
γ2 + γ1

∑
i∈Kc wi

)2
×
( ∑
i∈Kc

ρiσi

)2

. (19)

Then, we can prove (see section 7.7) the asymp-
totic convergence of the estimator to a Gaussian
distribution under two types of assumptions.

Proposition 7
Firstly, if we suppose that ε(n) −→ 0, γ1(n) −→ 0

and γ1(n)n −→ +∞ as n→ +∞, then:
√
n(P̂ADS−2

f,r − Pf )
L−−−−−→

n→+∞
N (0, σ2

opt1).

Secondly, if we suppose that ε(n)→ 0 and γ1(n) =

γ1, then:
√
n(P̂ADS−2

f,r − Pf )
L−−−−−→

n→+∞
N (0, σ2

opt2).

The assumption γ1(n) −→ 0 and γ1(n)n −→ +∞
implies γ1(n) = o

(
γ2(n)

)
and corresponds to a

case where a large number of simulations is avail-
able, then we must keep the major part of them for
the estimation step. The assumption γ1(n) = γ1

corresponds to our framework: indeed, as the num-
ber of calls to the failure function is limited, it is
the most appropriate assumption.
Then, in the case γ1(n) = γ1, from proposition 7,
the non-asymptotic confidence interval is obtained
by considering the error of the estimation as Gaus-
sian with variance the non-asymptotic variance of
the estimator given by proposition 6. We estimate
the variance of the estimator given in proposition
6 by:

σ̃2
r =

1

n

[∑
i∈K̃

ρ2
i σ̃

2
i,r

(1− ε)γ1wi + ερi
+ (20)

∑
i∈K̃c

ρ2
i σ̃

2
i,r

(1− ε)
(ρiσ̃i,r(γ2 + γ1

∑
j∈K̃c wj)∑

j∈K̃c

ρj σ̃j,r

)
+ ερi

]

with

σ̃2
i,r =

1

Nr
i − 1

Nri∑
j=1

ξ(Ai
j)

2 − 1

Nr
i (Nr

i − 1)

×
( Nri∑
j=1

ξ(Ai
j)
)2

(21)

and (Ai
j)j=1,...,Nri

a family of i.i.d. random vec-
tors with the distribution L(A|A ∈ qi).
In the case γ1(n) → 0 and γ1(n)n → +∞, i.e.
when a large number of simulations is available,
we can use the same strategy or suppose the error
of the estimation as Gaussian with variance a di-
rect estimation of the optimal variance σ2

opt1 . We
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can notice that, referring to the result of proposi-
tion 4, under the realistic assumption γ1(n) = γ1,
the optimal standard deviation we achieve, σopt2 ,
will be larger than σopt1 .

3.3 The non-recycling ADS-2 estimator:
definition and properties

The non-recycling ADS-2 estimator does not use
the γ1(n)n first draws for the expectation estima-
tion. It only uses the second part of draws, γ2(n)n:

P̂ADS−2
f,nr =

m∑
i=1

ρi
1

Nnr
i

Nnri∑
j=1

ξ(Ai
ni+j) (22)

with

Nnr
i := b(1− ε(n))nnri + ε(n)ρinc (23)

with nnri =
⌊
γ2(n)nW̃nr

i

⌋
and (W̃nr

i )i=1,...,m

given by proposition 2 replacing the (σi)i∈I by
their estimations defined by equation (16).
Thus, for all i ∈ I:

W̃nr
i =

ρiσ̃i
m∑
j=1

ρj σ̃j

. (24)

Besides, ε(n) ∈ (0, 1], as for the recycling esti-
mator, is the "conservative" allocation. The non-
recycling estimator is consistent, unbiased and we
can get an expression of its variance as shown in
the following proposition which is proved in sec-
tion 7.8.

Proposition 8 The non-recycling ADS-2 estima-
tor, P̂ADS−2

f,nr , is consistent, unbiased and its vari-
ance is given by:

V ar
(
P̂ADS−2
f,nr

)
=

1

n

m∑
i=1

ρ2
iσ

2
i

×E
(

1(
1− ε(n)

)
γ2(n)

ρiσ̃i
m∑
j=1

ρj σ̃j

+ ε(n)ρi

)

for all n.

We also get the following Central Limit Theorem
proved in section 7.9.

Proposition 9 Firstly, if we assume that ε(n) →
0, γ1(n)→ 0 and γ1(n)n→ +∞, then:

√
n(P̂ADS−2

f,nr − Pf )
L−−−−−→

n→+∞
N (0, σ2

opt1).

Secondly, if we assume that ε(n)→ 0 and γ1(n) =

γ1, then:

√
n(P̂ADS−2

f,nr − Pf )
L−−−−−→

n→+∞
N (0,

σ2
opt1

1− γ1
).

We notice that, in the case where γ1(n) = γ1,
we do not achieve the optimal standard deviation,
σ2
opt1 : we loose a factor γ1

1−γ1 of it. To get the con-
fidence interval, we assume that the error is Gaus-
sian and estimate the variance of the estimator, given
by proposition 8 , by:

σ̃2
nr =

1

n

m∑
i=1

ρ2
i σ̃

2
i,nr

[1− ε(n)]γ2(n)
ρiσ̃i,nr∑m
j=1 ρj σ̃j,nr

+ ε(n)ρi

(25)

with

σ̃2
i,nr =

1

Nnr
i − 1

Nnri∑
j=1

ξ(Ai
j)

2 − 1

Nnr
i (Nnr

i − 1)

×
(Nnri∑
j=1

ξ(Ai
j)
)2

(26)

and (Ai
j)j=1,...,Nnri

a family of i.i.d. random vec-
tors with the distribution L(A|A ∈ qi). Then, in
the case γ1(n) = γ1, from proposition 9 and the
previous standard deviation estimation, the confi-
dence interval is obtained by considering the er-
ror of the estimation as Gaussian and by estimat-
ing the variance of this error by σ̃2

nr/(1 − γ1).
In the case γ1(n) → 0 and γ1(n)n → +∞, i.e.
when a large number of simulations is available,
we can use the same strategy or suppose the er-
ror of the estimation as Gaussian with variance
a direct estimation of the optimal variance σ2

opt1 .
Also, we can prove that the asymptotic behavior
of the estimation of the optimal allocation is Gaus-
sian too (see section 7.10). Let us denote σ2 =

(σ2
i )i=1,...,m and define the following functions:



10

φi(x) =
ρi
√
xi∑m

j=1 ρj
√
xj

, Ψ(x) =
(
φ1(x), ..., φm(x)

)
,

∇φi the gradient of φi and JΨ the Jacobian matrix
of Ψ . We denote for i ∈ I:

δ2
i =

Di

γ1wi

with Di =
(
Pi,4 − 4Pi,1Pi,3 + 8P 2

i,1Pi,2 −P 2
i,2 −

4P 4
i,1

)
. Finally, we denote by Σ the diagonal ma-

trix with (δ2
1 , ..., δ

2
m) its diagonal vector.

Proposition 10 We assume that γ1(n) = γ1 and
ε(n)→ 0 then:

√
n(W̃nr

i − wopt1i )
L−−−−−→

n→+∞
N (0, ηi)

with ηi = ∇φi(σ2)Σ∇φti(σ2), and

√
n(W̃nr −wopt1)

L−−−−−→
n→+∞

N (0, Γ )

with Γ = JΨ (σ2)ΣJ tΨ (σ2).

In particular we have:

Σii = ηi =
D1

γ1w1

[
ρi(w

opt1
i )2

σ1ρiσi

]2

+ ...+

Di−1

γ1wi−1

[
ρi(w

opt1
i )2

σi−1ρiσi

]2

+

Di

γ1wi

[
wopt1i (1− wopt1i )

2σ2
i

]2

+

Di+1

γ1wi+1

[
ρi(w

opt1
i )2

σi+1ρiσi

]2

+ ...+

Dm

γ1wm

[
ρi(w

opt1
i )2

σmρiσi

]2

. (27)

4 An improvement of the ADS-2 method

When the physical dimension grows, the number
of strata of the ADS-2 method increases exponen-
tially: indeed, in dimension p, the number of quad-
rants is 2p. As a minimum of simulations is re-
quired to explore each quadrant, the number of di-
rectional simulations needed can be too large with
respect to the restricted number of simulations we
are limited to (C0). Now, the idea is to get, with
the simulations performed in the first step (learn-
ing step), a sort of the random variables in func-
tion of their influence on the failure event. Then,

we only stratify the most important ones. We use
the simulations done in the first step to detect the
important variables and to estimate the optimal al-
location in the new strata. In the second step, we
get the final estimation with this allocation. To de-
termine if a random variable will be stratified, we
propose the following method. We first index the
quadrants. The input index k ∈ 1, ..., p is given
the tag: ik which takes its values in {−1, 1} and
corresponds to the input sign. Thus, each quad-
rant i ∈ {1, ...,m} is characterized by a p-uple
i = (i1, ..., ip) (see Figure 4.1). From now on, for
the strata indexation, we will use, in an equivalent
way, either the indexation i ∈ {1, ...,m} or its as-
sociated multi-index i = (i1, ..., ip) ∈ {−1, 1}p.
Then, we define the sequence T̃ = (T̃k)k=1,...,p

(−1,−1)

(1, 1)

(1,−1)

(−1, 1)

Figure 4.1 Two-dimensional strata indexation illustration.

by:

T̃k =
∑

il∈{−1,1},l 6=k

∣∣P̃(i1,...,ik−1,−1,ik+1,...,ip)

−P̃(i1,...,ik−1,1,ik+1,...,ip)

∣∣ (28)

with P̃(i1,...,ip) the estimation of the expectation in
the quadrant (i1, .., ip) obtained during the learn-
ing step.
Thus, T̃k aggregates the differences of the expec-
tations between the quadrants along dimension k.
The larger T̃k is, the more influential the k-th in-
put is. Then, we sort sequence T̃ by decreasing or-
der and we decide to stratify only over the p′ < p

first dimensions. The other inputs being simulated
without stratification.
Next, we need to estimate the optimal allocation to
be achieved in the new m′ = 2p

′
hyper-quadrants.

Let us denote (qp,i)i=1,...,m the partition of Rp into
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quadrants and (qp′,i)i=1,...,m the partition of Rp′

into quadrants. We define µ̃ the p× p′ matrix such
that:

µ̃(i),i = 1 for i = 1, ..., p′ else 0. (29)

Then, after the selection of the p′ variables on which
the stratification will be performed, the new strata
are given by:

qi(µ̃) = {x ∈ Rp, µ̃tx ∈ qp′,i} for i = 1, ...,m′.

(30)

Now, as the new strata are defined, we need to es-
timate the optimal allocation to perform in these
strata with the simulations already made. To do so,
we use the same formulas as the ones presented in
section 3.2, using once again the same set of sim-
ulations (of the first step). For i ∈ {1, ...,m′}, we
have ρ′i = 1/m′, the probability of being in the
i-th quadrant qi(µ̃), which is independent of µ̃ as
the strata are quadrants. As previously seen, to an
index i ∈ {1, ...,m′}, we can associate the p′-uple
i =

(
i(1), ..., i(p′)

)
∈ {−1, 1}p′ . So, the number of

directional simulations performed in the quadrant
qi(µ̃) will be:

ni(µ̃) = γ1(n)n
∑

ij∈{−1,1},j /∈{(1),...,(p′)}

w(i1,...,ip),

hence for a proportional prior allocationw(i1,...,ip) =

ρ(i1,...,ip) = 1/m we get ni(µ̃) = n′i = γ1(n)nρ′i.
Finally, for i ∈ {1, ...,m′}, we naturally define the
estimated standard deviation, the estimated opti-
mal allocation and the estimated optimal number
of simulations in the quadrant qi(µ̃) by:

σ̃i(µ̃)2 =
1

ni(µ̃)− 1

ni(µ̃)∑
j=1

ξ(Ai
j)

2

− 1

ni(µ̃)(ni(µ̃)− 1)

( ni(µ̃)∑
j=1

ξ(Ai
j)
)2

(31)

with (Ai
j)j=1,...,ni(µ̃) a family of i.i.d random vec-

tors with the distribution L
(
A|A ∈ qi(µ̃)

)
,

W̃nr
i (µ̃) =

ρ′iσ̃i(µ̃)
m′∑
j=1

ρ′j σ̃j(µ̃)

, (32)

and

Nnr
i (µ̃) =:

⌊(
1− ε(n)

)
γ2(n)nW̃nr

i (µ̃) + ε(n)ρ′in
⌋
.

(33)

Consequently, the final ADS-2+ estimator is given
by:

P̂ADS−2+

f,nr (µ̃) =

m′∑
i=1

ρ′i
1

Nnr
i (µ̃)

Nnri (µ̃)∑
j=1

ξ(Ai
j)

(34)

with (Ai
j)j=1,...,Nnri (µ̃) a family of i.i.d random

vectors with the distribution L
(
A|A ∈ qi(µ̃)

)
.

5 Numerical applications

5.1 Numerical illustration of the theoretical
results on an academic example

In this section, we test numerically the efficiency
of the ADS-2 method on an academic example.
We determine the behavior of the ADS-2 method
in the case where the failure surface is essentially
concentrated in one quadrant but with some part
running over other quadrants. So, we test our ADS-
2 method considering the hyperplane failure sur-
faces:

H2 :
1

4
x1 +

p∑
i=2

xi = k

with p the physical space dimension. To determine
the constant k corresponding to a given failure prob-
ability, Pf , we just need to calculate some appro-
priate Gaussian quantiles.
Let us denote by b the radius of the sphere beyond
which the probabilities are insignificant in com-
parison with the seeked failure probability. It is de-
fined in the p-dimensional Gaussian space by:

b =
√
χ−1

2,p(1−mPf ),

with χ−1
2,p the inverse chi-square cdf with p de-

grees of freedom andm some margin, for example
m = 10−1. The failure probability to estimate is
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Pf = 10−6, the physical space dimension consid-
ered is p = 3, the percentage of directional draws
allocated in the first step of the ADS-2 method, γ1,
takes its values between 15% and 85%:

γ1 ∈ {15%, 50%, 85%}

and the total number of directional draws, n, takes
its values between 100 and 5000:

n ∈ {100, 120, 140, 160, 180, 200,

240, 260, 280, 300, 500, 750,

1000, 1250, 1500, 2000, 3500, 5000}.

Also, we denote by N the total number of runs
of the method. P̂ADS−2

f,M,k and σ̂ADS−2
M,k are the k-th

expectation estimation and the k-th standard devi-
ation estimation (non-asymptotic) with the estima-
tor M = r or nr for respectively the recycling or
the non-recycling estimator.
To begin with, we present in Figure 5.1 the mean
relative bias of both recycling and non-recycling
estimators defined by:

B̂ =
1

N

N∑
k=1

B̂k

with

B̂k =
P̂ADS−2
f,M,k − Pf

Pf
.

We notice, as predicted respectively in proposi-
tions 5 and 8, that the recycling estimator is bi-
ased and the non-recycling estimator is unbiased.
The bias of the recycling estimator is significant
for small values of n. For large values of n the
bias of the recycling estimator does not converge
to zero. We choose an ε equal to zero, hence we
highlight the constant bias which can be brought
by neglecting this parameter.

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
−0.07

−0.06

−0.05

−0.04

−0.03

−0.02

−0.01

0.00

0.01

n

B
ia

s

15%
50%
85%

Figure 5.1 The mean relative bias of the recycling (dashed
line) and non-recycling (full line) estimators depending on

n and γ1. N = 1000.

Then, we present in Figure 5.2 the histogram of
both recycling and non-recycling estimations for
a large value of n. Hence, under the hypothesis
γ1(n) = γ1, we compare the asymptotic results
given by the propositions 7 and 9. In other words,
Figure 5.2 gives an idea of the asymptotic error
of estimations, which are respectively σ2

opt2 and
σ2
opt1/(1−γ1) for the recycling and the non-recycling

estimators. The recycling error seems to be a little
smaller than the non-recycling one.

8e−7 9e−7 1e−6 1.1e−6 1.2e−6 1.3e−6
0

1e+6

2e+6

3e+6

4e+6

5e+6

6e+6

7e+6

8e+6

Figure 5.2 Histograms of the estimations of the failure
probability performed with the non-recycling (full line)

and recycling (dash bar with circle) estimators. N = 1000.
γ1 = 50%. n = 2000.

Figures 5.3 and 5.4 respectively present the be-
havior of the non-asymptotic standard deviation of
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the recycling and the non-recycling estimators, re-
spectively given by equations 20 and 25, depend-
ing on n. It is compared with a direct estimation of
the optimal asymptotic standard deviation which
is given for the recycling estimator by proposition
3 and estimated by

1

n

[∑
i∈K̃

ρ2
i σ̃

2
i,r

γ1(n)wi
+

1

γ2(n) + γ1(n)
∑
i∈K̃c

wj

×
( ∑
i∈K̃c

ρiσ̃i,r

)2]

and for the non-recycling estimator by proposition
2 and estimated by

1

nγ2

( m∑
i=1

ρiσ̃i,nr

)2

.

Also, Figures 5.3 and 5.4 provide the empirical es-
timator of the standard deviation defined by

√√√√ 1

N

N∑
k=1

(P̂ADS−2
f,M,k )2 −

( 1

N

N∑
k=1

P̂ADS−2
f,M,k

)2
.

with M = r or nr according to the method con-
sidered. In both cases, we observe the convergence
of the three previous indicators to the same limit
when n tends to get large. Moreover, we notice
that the empirical estimation begins to get close
to the asymptotic and non-asymptotic estimations
for relatively small values of n which justify the
use of these ones in the case of a limited value for
n.

0 100 200 300 400 500 600 700 800 900 1000
5.0e−008

1.0e−007

1.5e−007

2.0e−007

2.5e−007

3.0e−007

3.5e−007

4.0e−007

4.5e−007

n

asymptotic SD
non−asymptotic SD
empirical SD

Figure 5.3 Asymptotic, non-asymptotic and empirical
estimations of the Standard Deviation (SD) of the
recycling estimator depending on n. γ1 = 50%.

N = 1000.

0 100 200 300 400 500 600 700 800 900 1000
0e+000

1e−007

2e−007

3e−007

4e−007

5e−007

6e−007

7e−007

n

asymptotic SD
non−asymptotic SD
empirical SD

Figure 5.4 Asymptotic, non-asymptotic and empirical
estimation of the Standard Deviation (SD) of the

non-recycling estimator depending on n. γ1 = 50%.
N = 1000.

Figure 5.5 presents the histogram of the non-recycling
estimations, for N = 1000 runs of the method,
under two hypotheses: on the one hand γ1(n)→ 0

and γ1(n)n→ +∞ and on the other hand γ1(n) =

γ1. As n is taken large, Figure 5.5 illustrates propo-
sition 9. Indeed we notice, as predicted, a larger
error of estimation under the hypothesis γ1(n) in-
dependent of n and equal to γ1. Figure 5.6 presents
the same analysis for the recycling estimator. It il-
lustrates proposition 7 and, as predicted, a larger
error of estimation is reached under the hypothesis
γ1(n) = γ1.
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9.00e−7 9.50e−7 1.00e−6 1.05e−6 1.10e−6 1.15e−6
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Figure 5.5 Histogram of the non-recycling estimator for
γ1 = 7% (full line) and γ1 = 50% (circle). N = 1000.
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Figure 5.6 Histogram of the recycling estimator for
γ1 = 7% (full line) and γ1 = 50% (circle). N = 1000.

5.2 Comparison of ADS with the directional
simulation and the subset simulation methods

In this section, we apply the ADS methods to the
hyperplanes H1 and H3 defined by

H1 :

p∑
i=1

xi = k1 and H3 : xp = k3.

H3 has one influential variable and H1 has all its
variables influential. We define the estimated per-
centage of estimations fallen in the estimated two-
sided symmetric 95% confidence interval as:

ˆPCI =
100

N

N∑
k=1

11Pf∈[P̂−M,k;P̂+
M,k],

with

P̂±M,k = ÎADS−2
M,k ± α97,5%

σ̂ADS−2
M,k√
n

,

where α97,5% is the 97, 5% Gaussian quantile. We
compare in tables 5.1 and 5.2 the ADS-2+ method
with the Subset Simulation method (SS) which is
built to overcome the curse of dimensionality and
responds to the four constraints presented in sec-
tion 1 (see [1]). Also, the results obtained with
the ADS-2 method are presented. The SS results
have been obtained using the open-source Matlab
toolbox: FERUM (Finite Element Reliability Us-
ing Matlab) version 4.0.

Method n NG ĈV (%) ˆPCI

SS 500 3300 60 77

SS 700 4600 51 88
SS 1000 6700 42 81

DS 600 3100 42 86

DS 900 4501 35 90
ADS-2 1200 3219 55 61

ADS-2 1750 4675 46 61
ADS-2 2550 6760 39 76

ADS-2+ (p′ = 3) 1200 3139 41 78

ADS-2+ (p′ = 3) 1800 4799 31 83
ADS-2+ (p′ = 2) 1500 3962 30 90

ADS-2+ (p′ = 1) 1500 3957 28 92

Table 5.1 Results with hyperplane H3. Pf = 10−6. p = 5.
N = 100.

Method n NG ĈV (%) ˆPCI

SS 300 1989 65 86

SS 500 3330 51 88
SS 700 4630 43 85
SS 1000 6800 36 93

DS 200 3154 62 70
DS 400 6672 50 82

DS 600 10100 42 82

ADS-2 300 2033 16 90
ADS-2 500 3340 13 93

ADS-2 650 4426 11 96
ADS-2 750 5885 10 92
ADS-2+ (p′ = 3) 700 2487 21 92
ADS-2+ (p′ = 3) 1200 4333 16 94

Table 5.2 Results with hyperplane H1. Pf = 10−6. p = 5.
N = 100.

Table 5.1 confirms the efficiency of the ADS-2+

method in comparison with the ADS-2 method.
Moreover, in comparison with the SS method and
for approximatively the same ĈV and ˆPCI , the
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ADS-2+ method (p′ = 3) enables to reduce the
number of calls to the failure function by approx-
imatively a factor 2. Also, for a better choice of
p′ (equal to 1), we can reduce the ĈV of 25%

for approximatively the same number of calls to
the failure function. As previously demonstrated
in section 2.3, we emphasis the fact that hyperplan
H3 corresponds to the worst case for the ADS-2
and ADS-2+ (p′ = 3) methods. Finally, the same
study has been performed on H1 and H3 for p go-
ing from 5 to 8 and Pf = 10−6 and 10−8. As pre-
dictable, the SS method is completely robust with
respect to the increase of the dimension and gives
almost exactly the same results. On H1, the ADS-
2 method always outperforms the SS method: for
instance in dimension 7 for a failure probability of
10−8, we divide by a factor 2 the ĈV with the half
number of calls to the failure function used for SS
(8000) while keeping a good ˆPCI . In the worst
case, i.e. when considering H3, Pf = 10−8 and
p = 7, the results between SS and ADS-2+ are
equivalent. Finally, we can see in tables 5.1 and
5.2 that the ADS methods outperform the simple
directional simulation method, slightly on H3 and
completely on H1.

6 Discussion and conclusion

The ADS-2 strategy concentrates the runs into the
most important parts of the sample space, which
results in an asymptotic optimal error variance. For
a limited number of simulations, the theoretical
and numerical results we have presented show that
a relevant solution to get a confidence interval on
the estimation is to consider the error Gaussian and
to consider the non-asymptotic estimation of the
variance of the estimator.
Furthermore, when the number of simulations is
limited, the most natural assumption will be to choose
γ1(n) = γ1, in order to have a sufficient number
of draws in both learning and estimation steps of
the ADS-2 method. A numerical study over this
parameter has been performed in Munoz Zuniga
et al. [28]. Another point is to make a choice be-
tween the recycling and the non-recycling estima-
tors. Intuitively, the first choice would be for the
recycling one, since re-using the first step draws

seems to be more efficient to estimate the failure
probability. However, the problem is that this recy-
cling estimator is biased and this bias is not easy
to estimate and correct with a limited number of
simulations, which is conflicting with the robust-
ness we are looking for. Consequently, the unbi-
ased non-recycling estimator seems to be a better
choice: even if we loose some factor in the stan-
dard deviation, we know exactly how much. Also
in order to avoid a constant bias on the estima-
tion, it is important to choose a non zero value
for the parameter ε(n) which enables, during the
estimation step, to perform some simulations in
the quadrants which are not detected as important
ones in the learning step. Finally, we compare the
ADS-2 and ADS-2+ methods to the subset sim-
ulation method which is one of the most relevant
method to use in the context described in section 1.
The results show that in the considered configura-
tions the ADS-2+ method outperforms the subset
simulation method. Hence, the ADS methods are
very efficient when the following conditions are
met: a number of calls to the failure function of a
few thousand, an order of magnitude of the failure
probability less than 10−4, a dimension less than
7, no regularity assumption on the failure func-
tion, and a need for explicit and trustworthy er-
ror controls. To summarize, the methods we have
proposed respond substantially to the initial con-
straints for a realistic space dimension often met
in mechanical issues for instance. To our opinion,
it may not be unreasonable to concentrate onto at
most half a dozen important variables when look-
ing for improved accuracy in the prediction of rare
failure probabilities. For larger sets of uncertain
variables that may be involved in upstream stages
of risk analysis, undertaking prior physical or nu-
merical sensitivity studies may prove more rele-
vant; remember also that the accuracy in the com-
putation of failure probability makes sense only if
there is high confidence in the description of the
input uncertainty distributions.
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7 Proofs

7.1 Proof of proposition 1

The consistency of the estimator is obtained by a
direct application of the the Law of Large Num-
bers (LLN) as ξ is bounded. The total probability
formula implies that Pf =

∑m
i=1 ρiPi, so that:

√
n
(
P̂DSSf − Pf

)
=
√
n
( m∑
i=1

ρi(P̂i − Pi)
)

=

m∑
i=1

√
n√
ni
ρi
√
ni(P̂i − Pi)

=

m∑
i=1

ρi√
wi

√
ni(P̂i − Pi).

Indeed, as ni = nwi, we have
√
n√
ni

= 1√
wi

(ne-
glecting the rounding approximation error). Now,
let us consider the column vector

ρ :=
( ρi√

wi

)
i∈I .

Using the characteristic function, we prove that:
√
n1(P̂1 − P1)

...√
nm(P̂m − Pm)

 L−−−−−→
n→+∞

N (0, Σ)

whereΣ is a diagonalm×mmatrix with (σ2
1 , ..., σ

2
m)

the main diagonal.
Then, the Slutsky theorem implies that:

ρ


√
n1(P̂1 − P1)

...√
nm(P̂m − Pm)

 L−−−−−→
n→+∞

N (0, ρtΣρ)

with ρtΣρ =
∑m
i=1

ρ2iσ
2
i

wi
, which completes the

proof. �

7.2 Proof of proposition 2

Let L(w, λ) be the Lagrangian function associated
with the problem (E1) with w = (wi)i∈I . Let us

denote ci :=
ρ2iσ

2
i

n , then, for all i ∈ I

L(w, λ) =

m∑
i=1

ci
wi

+ λ
( m∑
i=1

wi − 1
)

by differentiating we find:

∂L

∂wi
(w, λ) = − ci

w2
i

+ λ = 0⇔ wi =

√
ci√
λ

(35)

and

∂L

∂λ
(w, λ) = 0⇔

m∑
i=1

wi = 1. (36)

Summing the wi in equation (35) and using (36),
we have:

1

λ
=

1∑m
i=1

√
ci
.

Substituting this into (35), we get for all i ∈ I:

wi =

√
ci∑m

i=1

√
ci
≥ 0

and the constraint is satisfied, which completes the
proof. �

7.3 Proof of proposition 3

We use the Lagrangian method. The Lagrangian
function for (w, λ) ∈ Rm+ × R is:

L(w, λ) =

m∑
i=1

ci
γ1(n)βi + γ2(n)wi

+ λ
( m∑
i=1

wi − 1
)

=

m∑
i=1

[ ci
γ1(n)βi + γ2(n)wi

+ λwi
]
− λ

with ci =
ρ2iσ

2
i

n .
We choose to solve the dual problem: we look for
the couple (w(λ∗), λ∗) such that:

L(w(λ∗), λ∗) = max
λ≥0

min
w∈Rm+

L(w, λ)

so that w(λ∗) will be the solution of the initial
constrained problem.
First, for a fixed λ, we want to minimize L. Let

w(λ) = argmin
w∈Rm+

L(w, λ)
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be the solution.
MinimizingL is equivalent to minimize, for all i ∈
I , the function hi(., λ) : x→ ci

γ1(n)βi+γ2(n)x +λx

for x ∈ R+.
That is why we need to study the behavior of hi(., λ).
The derivative of hi(., λ) has the same sign as:
λ(γ1(n)βi + γ2(n)x)2 − ciγ2(n), and three cases
are possible:

(a) λ ≤ 0: then, for all i, λ → hi(., λ) is decreas-
ing and wi(λ) = +∞.

(b) 0 < λ ≤ ciγ2(n)
β2
i γ1(n)2

: then, hi(., λ) reaches its

unique minimum at wi(λ) =
√
ci√

γ2(n)λ
− γ1(n)βi

γ2(n) .

(c) λ > ciγ2(n)
β2
i γ1(n)2

: then, hi(., λ) is increasing and
wi(λ) = 0.
Now, we must look for the λ ∈ (0,+∞) which
maximizes L(w(λ), λ). Analyzing the three previ-
ous cases, we see that this maximum will be ob-
tained when λ > 0, so that for λ ∈ (0,+∞) we
want to maximize:

L(w(λ), λ) =

m∑
i=1

[
1
λ>

ciγ2(n)

β2
i
γ1(n)2

ci
γ1(n)βi

+1
λ≤ ciγ2(n)

β2
i
γ1(n)2

(2

√
ciλ√
γ2(n)

− λγ1(n)βi
γ2(n)

)
]
− λ.

Then:

∂λL(w(λ), λ) =
m∑
i=1

[
1
λ≤ ciγ2(n)

β2
i
γ1(n)2

(

√
ci√

λγ2(n)
− γ1(n)βi

γ2(n)
)
]
− 1.

The function λ → ∂λL(w(λ), λ) is continuous
and equal to −1 for λ > max

i∈{1,...,m}
ciγ2(n)
β2
i γ1(n)2

and

strictly decreasing on (0, max
i∈{1,...,m}

ciγ2(n)
β2
i γ1(n)2

]. We

also have:

∂λL(w(λ), λ)
λ→0−−−→ +∞.

Consequently, ∂λL(w(λ), λ) = 0 for a unique λ∗ ∈
(0, max

i∈{1,...,m}
ciγ2(n)
β2
i γ1(n)2

), and the functionL(w(λ), λ)

of the variable λ, reaches its unique maximum at
λ∗. Let us search λ∗.
For i ∈ I , we sort by increasing order the quanti-
ties: ciγ2(n)

β2
i γ1(n)2

and index the ordered sequence with

(i). This ordered sequence gives a partition of the
initial interval research and we now look for the
sub-interval containing λ∗. Therefore, if

∂λL(w(
c(i)γ2(n)

β2
(i)γ1(n)2

),
c(i)γ2(n)

β2
(i)γ1(n)2

) < 0

for all i, we set i∗ = 0 (this step can be done before
the ordering step), otherwise we set i∗ as the index
such that:

∂λL(w(
ci∗γ2(n)

β2
i∗γ1(n)2

),
ci∗γ2(n)

β2
i∗γ1(n)2

) ≥ 0

and

∂λL(w(
ci∗+1γ2(n)

β2
i∗+1γ1(n)2

),
ci∗+1γ2(n)

β2
i∗+1γ1(n)2

) < 0.

So, if i∗ = 0 then

λ∗ ∈ (0,
c(1)γ2(n)

β2
(1)γ1(n)2

)

otherwise

λ∗ ∈ [
ci∗γ2(n)

β2
i∗γ1(n)2

,
ci∗+1γ2(n)

β2
i∗+1γ1(n)2

).

On this interval, we have:

∂λL(w(λ), λ) =
m∑

i=i∗+1

[
(

√
c(i)√

λγ2(n)
− γ1(n)β(i)

γ2(n)
)
]
− 1.

Moreover, we know that ∂λL(w(λ∗), λ∗) = 0,
which is equivalent to:

1√
λ∗γ2(n)

=
1 + γ1(n)

γ2(n)

∑m
j=i∗+1 β(j)∑m

j=i∗+1
√
c(j)

. (37)

Now, if i∗ = 0, then λ∗ < c(i)γ2(n)

β2
(i)
γ1(n)2

for all i ∈ I

and if i∗ 6= 0, then λ∗ ≥ c(i)γ2(n)

β2
(i)
γ1(n)2

is equivalent

to i ≤ i∗. Thus, according to these equivalences,
re-injecting (37) in the cases (b) and (c), we get:

w(i)(λ
∗) = 0 if i ≤ i∗

and

w(i)(λ
∗) =

√
c(i)

m∑
j=i∗+1

√
c(j)

(
1 +

γ1(n)

γ2(n)

m∑
j=i∗+1

β(j)

)

−γ1(n)

γ2(n)
β(i) if i > i∗
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and clearly
∑m
i=1 w(i)(λ

∗) = 1, so that the con-
straint is satisfied.
Finally, we have:

L(w(λ∗), λ∗) = max
λ∈R

min
w∈[0,1]m

L(w, λ)

and w(λ∗) is the unique solution of (E2).
As the initial function we want to minimize is a
convex differentiable function and as the constraints
are linear, the saddle point found verifies the Karush-
Kuhn-Tucker (KKT) conditions and consequently
is the unique solution of our problem. We refer to
Pedregal (2004) [31] for the KKT conditions.
We can also look for a criterion to determine i∗.
Using the fact that the function λ → L(w(λ), λ)

is concave and the definition of i∗, we have the
following equivalences:

i ≤ i∗ ⇔ ∂L(w(
c(i)γ2(n)

β2
(i)γ1(n)2

),
c(i)γ2(n)

β2
(i)γ1(n)2

) ≥ 0

⇔ β(i)√
c(i)
≥

γ2(n)

γ1(n)
+

m∑
j=i+1

β(j)

m∑
j=i+1

√
c(j)

and

i∗ = 0⇔ β(i)√
c(i)

<

γ2(n)

γ1(n)
+

m∑
j=i+1

β(j)

m∑
j=i+1

√
c(j)

, ∀i ∈ I,

which completes the proof. �

7.4 Proof of proposition 4

The problem (E2) can be written as follows:

(E2)



min
w∈Rm+

1

n

( m∑
i=1

ρ2
iσ

2
i

wi

)

under the constraints:

m∑
i=1

wi = 1

wi ≥ γ1(n)βi

.

If we denote by

C1 := {w ∈ Rm+ ,
m∑
i=1

wi = 1}

the constraint of problem (E1) and

C2 := {w ∈ Rm+ ,
m∑
i=1

wi = 1 and wi ≥ γ1(n)βi}

the constraint of problem (E2), then it is clear that
C2 ⊂ C1 and consequently, for any objective func-
tion f , we have:

min
x∈C1

f(x) ≤ min
x∈C2

f(x).

Thus,

σ2
opt1

n
=

1

n

( m∑
i=1

ρiσi
)2

≤ 1

n

(∑
i∈K

ρ2
iσ

2
i

γ1(n)βi
+

(∑
i∈Kc ρiσi

)2

γ2(n) + γ1(n)
∑
i∈Kc

βj

)

=
σ2
opt2

n

which completes the proof. �

7.5 Proof of proposition 5

We recall that ni = γ1(n)nwi, nri = γ2(n)nW̃ r
i

and nnri = γ2(n)nW̃nr
i . Also,

Nr
i = (1− ε)

(
ni + nri

)
+ ερin

and

Nnr
i = (1− ε)nnri + ερin.

Now, we will denote by

Nr,opt2
i = (1− ε)

(
ni + nopt2i

)
+ ερin

and

Nnr,opt1
i = (1− ε)nopt1i + ερin

with

nopt2i = γ2(n)nwopt2i and nopt1i = γ2(n)nwopt1i .



19

From now on, we denote the sigma-algebra gener-
ated by "the first step simulations" by:

Fγ1r = σ
(
A1

1, ...,A
1
(1−ε(n))n1

, ...,Am
1 ,

...,Am
(1−ε(n))nm

)
,

for the recycling strategy, and

Fγ1nr = σ
(
A1

1, ...,A
1
n1
, ...,Am

1 , ...,A
m
nm

)
,

for the non-recycling strategy. We also denote for
any k ∈ N∗:

Pi,k = E(ξ(Ai)k)

and

P̂i,k =
1

(1− ε)ni

(1−ε)ni∑
j=1

ξ(Ai
j)
k

with Ai ∼ L(A|A ∈ qi) and A ∼ U(Sp−1).
Let us begin with the consistency of the estimator.
The recycling estimator can be expressed as

P̂ADS−2
f,r =

m∑
i=1

ρi
Nr,opt2
i

Nr
i

× 1

Nr,opt2
i

N
r,opt2
i∑
j=1

ξ(Ai
j)

+ R

with

R =

m∑
i=1

ρi
Nr
i

(
11
W̃ r
i >w

opt2
i

Nri∑
j=N

r,opt2
i +1

ξ(Ai
j)

−11
W̃ r
i ≤w

opt2
i

N
r,opt2
i∑

j=Nri +1

ξ(Ai
j)

)
.

Now, as ξ is bounded, we have for some constant
C:

|R| ≤ C
m∑
i=1

|Nr
i −Nr,opt2

i |
Nr
i

.

From the strong LLN, we can get that

W̃ r
i

a.s−−−−−→
n→+∞

wopt2i ,

hence

Nr
i

a.s−−−−−→
n→+∞

Nr,opt2
i

and

1

Nr,opt2
i

N
r,opt2
i∑
j=1

ξ(Ai
j)

a.s−−−−−→
n→+∞

Pi,1.

Thus,

|R| a.s−−−−−→
n→+∞

0 and P̂ADS−2
f,r

a.s−−−−−→
n→+∞

I.

Now, let us determine the bias. We assume that
γ1(n) = γ1 and ε(n) = ε. Let us consider the
function g defined by g(x) = 1

a+bx with a, b and
x > 0. Then, for some x0 > 0, this function can
be expressed as

g(x) = g(x0)+g′(x0)(x−x0)+
g(2)(c)

2
(x−x0)2

with c between x and x0. Applying this Taylor-
Lagrange expansion for x = W̃ r

i , x0 = wopt2i ,
a = (1− ε)γ1wi + ερi and b = (1− ε)γ2 then we
get

n

Nr
i

=
n

Nr,opt2
i

− n2(1− ε)γ2(W̃ r
i − wopt2i )

(Nr,opt2
i )2

+
g(2)(c1)

2
(W̃ r

i − wopt2i )2. (38)

Now, let us define, for i ∈ Kc, the functions Ψi :

Rm+ → R by Ψi(x) = aixi∑
j∈Kc ρjxj

− ci then we

have for some x0 ∈ Rm:

Ψi(x) = Ψi(x
0) +

m∑
k=1

∂Ψi
∂xk

(x0)(xk − x0
k)

+
1

2

m∑
k,j=1

∂2Ψi
∂xk∂xj

(c)(xk − x0
k)(xj − x0

j )

with c on the segment between x and x0. We apply
this result for all i ∈ Kc with

ai = ρi
(
1 +

γ1

γ2

∑
j∈Kc

wj
)
, ci =

γ1

γ2
wi,

x = (σ̃1, ..., σ̃m) and x0 = (σ1, ..., σm)

and under assumption (H), we get

W̃ r
i − wopt2i =

m∑
k=1

∂Ψi
∂xk

(σ)(σ̃k − σk)

+
1

2

m∑
k,j=1

∂2Ψi
∂xk∂xj

(c)

×(σ̃k − σk)(σ̃j − σj). (39)
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Finally, let us consider the function f : R2 → R
by f(x) = x2−x2

1 then we have for some a ∈ R2:

f(x) = f(a) +
∂f

∂x1
(a)(x1 − a1)

+
∂f

∂x2
(a)(x2 − a2)

+
1

2

2∑
k,j=1

∂2f

∂xkxj
(d)(xk − ak)(xj − aj)

= f(a)− 2a1(x1 − a1) + (x2 − a2)

−(x1 − a1)2.

Then using the previous expression of f with x =

(P̂i,1, P̂i,2) and a = (Pi,1, Pi,2), we get:

σ̃i − σi = −2Pi,1(P̂i,1 − Pi,1) + P̂i,2 − Pi,2

+
1

2

2∑
k,j=1

∂2f

∂xkxj
(d)(P̂i,k − Pi,k)(P̂i,j − Pi,j).

(40)

Moreover, we can notice that

P(K̃ 6= K) = P(∃i ∈ I, σ̃i 6= σi)

≤
m∑
i=1

[
P(P̂i,1 6= Pi,1) + P(P̂i,2 6= Pi,2)

]
.

We choose x > Pi,1 and y < Pi,1 so that:

P(P̂i,1 6= Pi,1) = P(P̂i,1 ≥ x) + P(P̂i,1 ≤ y)

= P(P̂i,1 ≥ x) + P(−P̂i,1 ≥ −y).

A similar result can be written for P(P̂i,2 6= Pi,2),
then we apply the Cramer large deviation inequal-
ity (Dombry 2005 [11]) and we get

P(K̃ 6= K) ≤ C exp(−dn) (41)

for some constants C, d ∈ R. Now, with these
results, we can look for the bias of the estimator

P̂ADS−2
f,r :

E(P̂ADS−2
f,r )= E

(
E(P̂ADS−2

f,r |Fγ1r )
)

= E
[
E
(∑
i∈K̃

ρi
(1− ε)ni + ερin

×
(1−ε)ni+ερin∑

j=1

ξ(Ai
j)

+
∑
i∈K̃c

ρi
Nr
i

Nri∑
j=1

ξ(Ai
j)

∣∣∣∣Fγ1r )]

= E
[∑
i∈K̃

ρi
(1− ε)ni + ερin

×
( (1−ε)ni∑

j=1

ξ(Ai
j) +

(1−ε)ni+ερin∑
j=(1−ε)ni+1

ξ(Ai
j)

)]

+E
[ ∑
i∈K̃c

ρi
Nr
i

Nri∑
j=1

E(ξ(Ai
j)|Fγ1r )

]
.

The first expectation term of the previous result is
denoted by J1 and the second by J2. Then

J1 = E
[∑
i∈K̃

(1− ε)ni
(1− ε)ni + ερin

ρiP̂i,1

+
∑
i∈K̃

ρi
(1− ε)ni + ερin

(1−ε)ni+ερin∑
j=(1−ε)ni+1

ξ(Ai
j)

]
.

Now, we decompose J1 according to 11K̃=K and
11K̃ 6=K :

J1 =
∑
i∈K

(1− ε)ni
(1− ε)ni + ερin

ρiE
[
11K̃=K P̂i,1

]
+
∑
i∈K

ρi
(1− ε)ni + ερin

×
(1−ε)ni+ερin∑
j=(1−ε)ni+1

E
[
11K̃=Kξ(A

i
j)
]

+ o(
1

n
).

We use the Cauchy-Schwarz inequality, the fact
that ξ is bounded and result (41), and we get:

J1 =
∑
i∈K

ρiPi,1 + o(
1

n
).
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Moreover, we have:

J2 = E
[ ∑
i∈K̃c

ρi
Nr
i

( (1−ε)ni∑
j=1

ξ(Ai
j)

+

(1−ε)(ni+nri )∑
j=(1−ε)ni+1

Pi,1

+

Nri∑
j=(1−ε)(ni+nri )+1

Pi,1

)]

= E
[ ∑
i∈K̃c

ρi
Nr
i

×
(

(1− ε)niP̂i,1 + (1− ε)nriPi,1 + ερinPi,1

)]
= E

[ ∑
i∈K̃c

ρiPi,1

]

+E
[ ∑
i∈K̃c

ρi
(1− ε)ni(P̂i,1 − Pi,1)

Nr
i

]
.

Now, as for J1, we decompose J2 according to
11K̃c=Kc and 11K̃c 6=Kc , we use the Cauchy-Schwarz
inequality, the fact that ξ is bounded and result
(41), to get:

J2 =
∑
i∈Kc

ρiPi,1 +
∑
i∈Kc

ρi(1− ε)J3 + o(
1

n
)

with

J3 = E
[
ni(P̂i,1 − Pi,1)

Nr
i

]
.

We use result (38) and substitute it into the expres-
sion of J3:

J3 = −ni
n
E
[
(P̂i,1 − Pi,1)

(
n

Nr,opt2
i

+
n2(1− ε)γ2(W̃ r

i − wopt2i )

(Nr,opt2
i )2

+
g(2)(c1)

2
(W̃ r

i − wopt2i )2

)]
= −nin(1− ε)γ2

(Nr,opt2
i )2

E
[
(P̂i,1 − Pi,1)(W̃ r

i − wopt2i )

]
+
ni
n
E
[
g(2)(c1)

2
(P̂i,1 − Pi,1)(W̃ r

i − wopt2i )2

]
.

Using the fact that g(2) is a continuous function
and consequently bounded over any compact set,
we can show that for some constant C:∣∣∣∣E[g(2)(c1)

2
(P̂i,1−Pi,1)(W̃ r

i −wopt2i )2

]∣∣∣∣ ≤ C

n3/2
.

So

J3 = −nin(1− ε)γ2

(Nr,opt2
i )2

E
[
(P̂i,1 − Pi,1)(W̃ r

i − wopt2i )

]
+ o(

1

n
).

We inject J3 into J2 and get the following expres-
sion of E(P̂ADS−2

f,r ) = J1 + J2:

E(P̂ADS−2
f,r ) = Pf −

∑
i∈Kc

ρinin(1− ε)2γ2

(Nr,opt
i )2

×E
[
(P̂i,1 − Pi,1)(W̃ r

i − wopt2i )

]
+ o(

1

n
)

= Pf −
∑
i∈Kc

ρinin(1− ε)2γ2

(Nr,opt
i )2

× J4 + o(
1

n
),

(42)

with J4 = E
[
(P̂i,1−Pi,1)(W̃ r

i −wopt2i )

]
and use

equation (39) to get:

J4 =

m∑
k=1

∂Ψi
∂xk

(σ)E
[
(P̂i,1 − Pi,1)(σ̃k − σk)

]

+E
[

1

2

m∑
k,j=1

∂2Ψi
∂x2

k

(c)(σ̃k − σk)(σ̃j − σj)

×(P̂i,1 − Pi,1)

]
.

As Ψi ∈ C3(Rm+,∗), we have for some constant C:∣∣∣∣E[1

2

m∑
k,j=1

∂2Ψi
∂xk∂xj

(c)(σ̃k − σk)(σ̃j − σj)

×(P̂i,1 − Pi,1)

]∣∣∣∣ ≤ C

n3/2
,

and as (P̂i,1−Pi,1) is centered and independent of
(σ̃k − σk) for k 6= i:

J4 =
∂Ψi
∂xi

(σ)E
[
(P̂i,1 − Pi,1)(σ̃i − σi)

]
+ o(

1

n
).
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Finally, we denote J5 = E
[
(P̂i,1−Pi,1)(σ̃i−σi)

]
and get with (40):

J5 = −2Pi,1E
[
(P̂i,1 − Pi,1)2

]
+ E

[
(P̂i,1 − Pi,1)

×(P̂i,2 − Pi,2)

]
+ E

[
1

2

2∑
k,j=1

∂2f

∂xkxj
(d)

×(P̂i,k − Pi,k)(P̂i,j − Pi,j)(P̂i,1 − Pi,1)

]
.

Once again, the last expectation of J5 is o(1/n),
so we can rewrite it as:

J5 =
1

ni

(
Pi,3 − Pi,1Pi,2 − 2P 2

i,1(Pi,2 − P 2
i,1)

)
+o(

1

n
).

We substitute the estimations of J5 into J4 and J4

into (42):

E(P̂ADS−2
f,r ) = Pf −

∑
i∈Kc

ρin(1− ε)2γ2

(Nr,opt2
i )2

∂Ψi
∂xi

(σ)

×
(
Pi,3 − Pi,1Pi,2 − 2P 2

i,1(Pi,2 − P 2
i,1)

)
+ o(

1

n
).

As

∂Ψi
∂xi

(σ) = hi(γ1, γ2, σKc ,wKc , ρKc)

with σKc = (σ)i∈Kc , wKc = (w)i∈Kc and ρKc =

(ρi)i∈Kc for some functions hi, we find

E(P̂ADS−2
f,r ) = Pf −

∑
i∈Kc

ρin(1− ε)2γ2

(Nr,opt2
i )2

×
(
Pi,3 − Pi,1Pi,2 − 2P 2

i,1(Pi,2 − P 2
i,1)

)
×hi(γ1, γ2, σKc ,wKc , ρKc) + o(

1

n
)

which completes the proof. �

7.6 Proof of proposition 6

We assume that γ1(n) = γ1 and ε(n) = ε. The
variance of the recycling estimator can be expressed
as:

V ar
(
P̂ADS−2
f,r

)
= E

(
V ar

(
P̂ADS−2
f,r |Fγ1r

))
+V ar

(
E
(
P̂ADS−2
f,r |Fγ1r

))
.

We have

P̂ADS−2
f,r =

∑
i∈K̃

ρi
(1− ε)ni + ερin

( (1−ε)ni∑
j=1

ξ(Ai
j)

+

(1−ε)ni+ερin∑
j=(1−ε)ni+1

ξ(Ai
j)

)

+
∑
i∈K̃c

ρi
Nr
i

( (1−ε)ni∑
j=1

ξ(Ai
j)

+

Nri∑
j=(1−ε)ni+1

ξ(Ai
j)

)
. (43)

As the two sums from j = 1 to (1 − ε)ni are
known conditionally to Fγ1r , we get using the vari-
ance properties:

E
(
V ar

(
P̂ADS−2
f,r |Fγ1r

))
=

E
[∑
i∈K̃

ρ2
iσ

2
i ερin

[(1− ε)ni + ερin]2

+
∑
i∈K̃c

ρ2
iσ

2
i

(Nr
i )2

(
(1− ε)nri + ερin

)]
.

We decompose the previous expectation according
to 11K̃=K and 11K̃ 6=K , we use the Cauchy-Schwarz
inequality, the fact that W̃ r

i is bounded and result
(41) to get:

E
(
V ar

(
P̂ADS−2
f,r |Fγ1r

))
=

1

n

[∑
i∈K

ρ2
iσ

2
i ερi

[(1− ε)γ1wi + ερi]2
+
∑
i∈Kc

ρ2
iσ

2
i

×E
(

(1− ε)γ2W̃
r
i + ερi

[(1− ε)(γ1wi + γ2W̃ r
i ) + ερi]2

)]
+ o(

1

n
).

Now, let us get an estimation of

J = V ar
(
E
(
P̂ADS−2
f,r |Fγ1r

))
.

Using expression (43) and the basics expectation
properties, we have:

E
(
P̂ADS−2
f,r |Fγ1r

)
= Pf +

∑
i∈K̃

ρi(1− ε)ni
(1− ε)ni + ερin

×
(
P̂i,1 − Pi,1

)
+
∑
i∈K̃c

ρi(1− ε)ni
Nr
i

(
P̂i,1 − Pi,1

)
.

We decompose the previous expectation according
to 11K̃=K and 11K̃ 6=K . We use the variance and
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covariance majoration by respectively the square
mean and theL2 scalar product, the Cauchy-Schwarz
inequality, the fact that ξ and W̃ r

i are bounded and
result (41) and we get:

J = V ar

[∑
i∈K

ρi(1− ε)ni
(1− ε)ni + ερin

(
P̂i,1 − Pi,1

)
+
∑
i∈Kc

ρi(1− ε)ni
Nr
i

(
P̂i,1 − Pi,1

)]
+ o(

1

n
).

The first and the second terms of the previous vari-
ance are independent so that:

J = V ar

[∑
i∈K

ρi(1− ε)ni
(1− ε)ni + ερin

(
P̂i,1 − Pi,1

)]
+V ar

[ ∑
i∈Kc

ρi(1− ε)ni
Nr
i

(
P̂i,1 − Pi,1

)]
+ o(

1

n
)

=
1

n

∑
i∈K

ρ2
iσ

2
i

(1− ε)γ1wi(
(1− ε)γ1wi + ερi

)2
+
∑
i∈Kc

ρ2
i

(
(1− ε)ni

)2
V ar

[
P̂i,1
Nr
i

]
+ o(

1

n
).

Let us denote J1 = V ar
[
P̂i,1/N

r
i

]
and use result

(38), thus:

J1 =
σ2
i

(1− ε)ni(Nr,opt2
i )2

+

(
(1− ε)γ2n

)2
(Nr,opt2

i )4

×V ar
[
(W̃ r

i − wopt2i )P̂i,1
]

+
1

n2
V ar

[
C(W̃ r

i − wopt2i )2P̂i,1
]

withC some bounded random variable. Once again,
using the variance and covariance majoration by
respectively the square mean and theL2 scalar prod-
uct, the Cauchy-Schwarz inequality and a Taylor
expansion as (39) and (40) we get:

(
(1− ε)ni

)2
J1 =

1

n

σ2
i (1− ε)γ1wi(

(1− ε)(γ1wi + γ2w
opt2
i ) + ερi

)2 + o(
1

n
).

We inject the previous result into J and get:

J =
1

n

∑
i∈K

ρ2
iσ

2
i

(1− ε)γ1wi(
(1− ε)γ1wi + ερi

)2
+

1

n

∑
i∈Kc

ρ2
iσ

2
i

× (1− ε)γ1wi(
(1− ε)(γ1wi + γ2w

opt2
i ) + ερi

)2
+o(

1

n
)

and the variance expression of the recycling esti-
mator becomes:

V ar
(
P̂ADS−2
f,r

)
=

1

n

∑
i∈K

ρ2
iσ

2
i ερi(

(1− ε)γ1wi + ερi
)2

+
1

n

∑
i∈Kc

ρ2
iσ

2
i

×E
(

(1− ε)γ2W̃
r
i + ερi

[(1− ε)(γ1wi + γ2W̃ r
i ) + ερi]2

)
+

1

n

∑
i∈K

ρ2
iσ

2
i

(1− ε)γ1wi(
(1− ε)γ1wi + ερi

)2
+

1

n

∑
i∈Kc

ρ2
iσ

2
i

× (1− ε)γ1wi(
(1− ε)(γ1wi + γ2w

opt2
i ) + ερi

)2
+o(

1

n
),

which can be rewritten:

V ar
(
P̂ADS−2
f,r

)
=

1

n

∑
i∈K

ρ2
iσ

2
i ερi

(1− ε)γ1wi + ερi

+
1

n

∑
i∈Kc

ρ2
iσ

2
i E
(

(1− ε)γ2W̃
r
i + ερi(

Nr
i

)2 )
+

1

n

∑
i∈Kc

ρ2
iσ

2
i

(1− ε)γ1wi

(Nr,opt2
i )2

+ o(
1

n
).
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Once again using equation (38), we get (1/Nr
i )2 =

(1/Nr,opt2
i )2 + o(1/n2) and finally:

V ar
(
P̂ADS−2
f,r

)
=

1

n

∑
i∈K

ρ2
iσ

2
i

(1− ε)γ1wi + ερi

+
1

n

∑
i∈Kc

ρ2
iσ

2
i

× (1− ε)
(
γ1wi + γ2E(W̃ r

i )
)

+ ερi(
(1− ε)

(
γ1wi + γ2w

opt2
i

)
+ ερi

)2

+o(
1

n
),

which completes the proof. �

7.7 Proof of proposition 7

We need first to focus on algorithm 1 used to de-
fine (W̃ r

i )i∈I , that we detail below.

(a) Compute, for i = 1, ...,m, the quantities βi
ρiσi

and sort them in decreasing order, denoting them
by β(i)

ρ(i)σ(i)
. Compute, for i = 1, ...,m, the quanti-

ties

1 + γ1(n)
γ2(n)

∑m
j=i+1 β(j)

γ1(n)
γ2(n)

∑m
j=i+1 ρ(j)σ(j)

.

(b) Denote by i∗ the last i such as

β(i)

ρ(i)σ(i)
≥

1 +
γ1(n)

γ2(n)

m∑
j=i+1

β(j)

γ1(n)

γ2(n)

m∑
j=i+1

ρ(j)σ(j)

.

If this inequality is false for all i, then, by conven-
tion, i∗ = 0.

(c) Finally, for i ≤ i∗, set w(i) = 0, and for i > i∗,
set:

w(i) =
ρ(i)σ(i)
m∑

j=i∗+1

ρ(i)σ(i)

(
1 +

γ1(n)

γ2(n)

m∑
j=i∗+1

β(j)

)

−γ1(n)

γ2(n)
β(i)

and turn back to the initial indexation.

(W̃ r
i )i∈{1,...,m} is defined by replacing, in the pre-

vious algorithm, βi by wi for all i and σi by σ̃i,
for all i such that σ̃i > 0, otherwise W̃i = 0. Here,
we suppose that all (σ̃i)i=1,...,m are strictly posi-
tive; if not, we just need to consider the positive
ones, re-indexing them, and the following demon-
stration still stands.
Under the hypothesis γ1(n)

n→+∞−−−−−→ 0, we have
γ1(n)/γ2(n)

n→+∞−−−−−→ 0. There exists almost surely
a random integer N such that for n ≥ N the in-
equality of point (b) of algorithm 1 will not be
satisfied for any i. N must be chosen as the first
integer such that:

max
i=1,...,m

[
w(i)

ρ(i)σ̃(i)

m∑
j=i+1

ρ(j)σ̃(j)

]
<
γ2(N)

γ1(N)
.

Consequently, for n ≥ N , we get i∗ = 0 and

W̃ r
i =

ρiσ̃i
m∑
j=1

ρj σ̃j

(
1 +

γ1(n)

γ2(n)

)
− γ1(n)

γ2(n)
wi ≥ 0

(44)

for all i ∈ I .
Thus, for n ≥ N , the estimator becomes:

P̂ADS−2
f,r =

m∑
i=1

ρi
Nr
i

Nri∑
j=1

ξ(Ai
j)

withNr
i = (1−ε(n))nW̄ r

i +ε(n)ρinwhere W̄i =

ρiσ̃i/
∑m
j=1 ρj σ̃j and result (44) implies that:

(1− ε(n))W̄ r
i ≥ (1− ε(n))γ1(n)wi

for all i. We denoteNr,opt1
i = (1−ε(n))nwopt1i +

ε(n)ρin.
Now, for n ≥ N , we have:

√
n(P̂ADS−2

f,r − Pf ) =
√
n

m∑
i=1

ρi
Nr
i

Nri∑
j=1

Yi,j
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with Yi,j = ξ(Aj
i )− Pi,1. Moreover

√
n(P̂ADS−2

f,r − Pf ) =

m∑
i=1

√
nρi
Nr
i

(1−ε(n))γ1(n)win∑
j=1

Yi,j

+

m∑
i=1

√
nρi
Nr
i

N
r,opt1
i∑

j=(1−ε(n))γ1(n)win+1

Yi,j + ε̄

with

ε̄ =

m∑
i=1

√
nρi
Nr
i

[
11
W̄i>w

opt1
i

Nri∑
j=N

r,opt1
i +1

Yi,j

−11
W̄i≤w

opt1
i

N
r,opt1
i∑

j=Nri +1

Yi,j

]
.

We can write:
√
n(P̂ADS−2

f,r − Pf ) = J1 + J2 + ε̄

with

J1 =

m∑
i=1

ρi
√

(1− ε(n))γ1(n)wi

(1− ε(n))W̄ r
i + ε(n)ρi

×
∑(1−ε(n))γ1(n)nwi
j=1 Yi,j√
(1− ε(n))γ1(n)nwi

,

J2 =

m∑
i=1

ρi

√
(1− ε(n))(wopt1i − γ1(n)wi) + ε(n)ρi

(1− ε(n))W̄ r
i + ε(n)ρi

×
∑N

r,opt1
i

j=(1−ε(n))γ1(n)nwi+1 Yi,j√
(1− ε(n))(nwopt1i − γ1(n)nwi) + ε(n)ρin

and ε̄ previously defined.
Now, we prove that J1 and ε̄ converge to 0 in prob-
ability and

J2
L−−−−−→

n→+∞
N (0, σ2

opt1).

Then the Slutsky theorem will imply the final re-
sult.

(1) J1
P−−−−−→

n→+∞
0. We have:

J1 =

m∑
i=1

ᾱ1,iĪ1i

with

ᾱ1,i =
ρi
√

(1− ε(n))γ1(n)wi

(1− ε(n))W̄ r
i + ε(n)ρi

and

Ī1,i =
1√

(1− ε(n))γ1(n)nwi

(1−ε(n))γ1(n)nwi∑
j=1

Yi,j

for all i.

Under the hypotheses γ1(n) → 0, ε(n) → 0 and
as W̄i

p.s−−−−−→
n→+∞

wopt1i for all i, we have:

ᾱ1,i
p.s⇒P−−−−−→
n→+∞

0

for all i ∈ I .
Using the characteristic function method and the
fact that γ1(n)n −−−−−→

n→+∞
+∞, we have:

Ī1,i
L−−−−−→

n→+∞
N (0, σ2

i )

for all i ∈ I .
Finally, the Slutsky theorem implies that:

J1
P−−−−−→

n→+∞
0.

(2) J2
L−−−−−→

n→+∞
N (0, σ2

opt1). We have:

J2 = ᾱ2 · Īt2

with ᾱ2 the m-dimensional vector defined by:

ᾱ2,i :=
ρi

√
(1− ε(n))(wopt1i − γ1(n)wi) + ε(n)ρi

(1− ε(n))W̄ r
i + ε(n)ρi

for all i ∈ I and Ī2 the m-dimensional vector de-
fined by:

Ī2,i :=
1√

(1− ε(n))(nwopt1i − γ1(n)nwi) + ε(n)ρin

×
N
r,opt1
i∑

j=(1−ε(n))γ1(n)nwi+1

Yi,j
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for all i ∈ I .
Again, under the hypotheses γ1(n) → 0, ε(n) →
0 and as W̄i

p.s−−−−−→
n→+∞

wopt1i , we have:

ᾱ2
p.s−−−−−→

n→+∞
α2 ⇒ ᾱ2

P−−−−−→
n→+∞

α2

with α2 := ( ρi√
w
opt1
i

)i=1,...,m a m-dimensional

vector.
Furthermore, using the characteristic function meth-
od and the hypothesis γ1(n)/γ2(n)→ 0, we get:

Ī2
L−−−−−→

n→+∞
N (0, Σ)

with Σ a m ×m diagonal matrix with Σii = σ2
i

for all i.
We conclude with the Slutsky theorem:

ᾱ2 · Īt2
L−−−−−→

n→+∞
α2 · N (0, Σ)

and

α2 · N (0, Σ) = N (0, αt2Σα2) = N (0, σ2
opt1).

(3) ε̄ P−−−−−→
n→+∞

0. We denote for all i ∈ I: Bi =

{W̃i > wopt1i }. We define [x]+ as equal to x if
x is positive and equal to zero if not and ∧ the
minimum operator. Then, we have for all i ∈ I:

E
(∣∣11Bi√

n

Nri∑
j=N

r,opt1
i +1

Yi,j
∣∣)2

≤ 1

n
P(Bi)E

(( Nri ∧Nr,opt1i∑
j=N

r,opt1
i +1

Yi,j
)2)

by the Cauchy-Schwarz inequality.
Moreover

V ar

( Nri ∧N
r,opt1
i∑

j=N
r,opt1
i +1

Yi,j

)
=

E
[( Nri ∧N

r,opt1
i∑

j=N
r,opt1
i +1

Yi,j

)2]

−E
( Nri ∧N

r,opt1
i∑

j=N
r,opt1
i +1

Yi,j

)2

= E
[( Nri ∧N

r,opt1
i∑

j=N
r,opt1
i +1

Yi,j

)2]
.

Indeed, conditioning over W̃i, the second term is
equal to zero since E(Yi,j) = 0. Thus:

E
(∣∣11Bi√

n

Nri ∧N
r,opt1
i∑

j=N
r,opt1
i +1

Yi,j
∣∣)2

≤ 1

n
P(Bi)V ar

( Nri ∧N
r,opt1
i∑

j=N
r,opt1
i +1

Yi,j

)

≤ 1

n
P(Bi)E([Nr

i −Nr,opt1
i ]+)V ar(Yi)

+E(Yi)
2V ar([Nr

i ∧Nr,opt1
i ]+)

applying the second Wald identity

≤ P(Bi)(1− ε(n))E
(
[(W̄i − wopt1i ]+

)
σ2
i

since E(Yi) = 0

≤ P(Bi)E
(
|W̄i − wopt1i |

)
σ2
i .

As W̄i−wopt1i converges almost surely to 0 and is
bounded by 1 for all i, we can use the dominated
convergence theorem, which implies that:

11Bi√
n

Nri∑
j=N

r,opt1
i +1

Yi,j
L1

−−−−−→
n→+∞

0. (45)

In the same way, we demonstrate that for all i ∈ I:

11Bci√
n

N
r,opt1
i∑

j=Nri +1

Yi,j
L1

−−−−−→
n→+∞

0. (46)

It is also clear that for all i ∈ I:
ρi

(1− ε(n))W̄i + ε(n)ρi

p.s−−−−−→
n→+∞

ρi

wopt1i

. (47)

The almost sure convergence and L1 convergence
both imply the convergence in probability. There-
fore, convergence results (45), (46) and (47) stand
in probability and we have:

ε̄
P−−−−−→

n→+∞
0,

which completes the proof of the first asymptotic
result.

We remind that we denote

Nr,opt2
i = (1− ε)

(
ni + nopt2i

)
+ ερin
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with nopt2i = γ2(n)nwopt2i and ni = γ1(n)nwi.
Now we suppose γ1(n) = γ1. We have:

√
n(P̂ADS−2

f,r − Pf ) =

m∑
i=1

√
nρi
Nr
i

Nri∑
j=1

Yi,j

=
∑
i∈K̃

√
nρi
Nr
i

Nri∑
j=1

Yi,j +
∑
i∈K̃c

√
nρi
Nr
i

Nri∑
j=1

Yi,j

with Yi,j = ξ(Aj
i ) − Pi. We can decompose the

previous expression according to 11K̃=K and 11K̃ 6=K
and use the fact that ξ is bounded and result (41),
to get:

√
n(P̂ADS−2

f,r − Pf ) = J + ε̄

with

ε̄
L1

−−−−−→
n→+∞

0 (48)

and

J =
∑
i∈K

√
nρi
Nr
i

Nri∑
j=1

Yi,j +
∑
i∈Kc

√
nρi
Nr
i

Nri∑
j=1

Yi,j .

Then,

J =
∑
i∈K

√
nρi

(1− ε(n))ni

(1−ε(n))ni∑
j=1

Yi,j

+
∑
i∈Kc

√
nρi
Nr
i

(1−ε(n))ni∑
j=1

Yi,j

+
∑
i∈Kc

√
nρi
Nr
i

Nri∑
j=(1−ε(n))ni+1

Yi,j

=
∑
i∈K

αiĨ
1
i +

∑
i∈Kc

β̃iĨ
1
i + J1

with

Ĩ1
i =

1√
(1− ε(n))ni

(1−ε(n))ni∑
j=1

Yi,j for i ∈ I,

αi =

√
nρi√

(1− ε(n))ni
for i ∈ K,

β̃i =

√
nρi
√

(1− ε(n))ni
(1− ε(n))(ni + nri ) + ε(n)ρin

for i ∈ Kc

and

J1 =
∑
i∈Kc

√
nρi
Nr
i

Nri∑
j=(1−ε(n))ni+1

Yi,j .

J1 can be expressed as:

J1 =
∑
i∈Kc

√
nρi
Nr
i

N
r,opt2
i∑

j=(1−ε(n))ni+1

Yi,j + ε̃

with

ε̃ =
∑
i∈Kc

√
nρi
Nr
i

[
11
W̃ r
i >w

opt2
i

Nri∑
j=N

r,opt2
i

Yi,j

−11
W̃ r
i ≤w

opt2
i

N
r,opt2
i∑
j=Nri

Yi,j

]
.

Thus,

J1 =
∑
i∈Kc

δ̃iĨ
2
i + ε̃

with, for i ∈ Kc,

δ̃i =

√
nρi

√
Nr,opt2
i − (1− ε(n))ni

Nr
i

and

Ĩ2
i =

1√
Nr,opt2
i − (1− ε(n))ni

×
N
r,opt2
i∑

j=(1−ε(n))ni+1

Yi,j .

From all the previous arguments, we have:
√
n(P̂ADS−2

f,r − Pf ) =
∑
i∈K

αiĨ
1
i +

∑
i∈Kc

β̃iP̃
1
i

+
∑
i∈Kc

δ̃iP̃
2
i + ε̄+ ε̃

and, as for the proof of the first asymptotical result,
we can demonstrate that

ε̃
L1

−−−−−→
n→+∞

0. (49)
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Now, we denote α = (αi)i∈K , β̃ = (β̃i)i∈Kc ,
δ̃ = (δ̃i)i∈Kc , Ĩ1

K = (P̃ 1
i )i∈K , Ĩ1

Kc = (P̃ 1
i )i∈Kc ,

Ĩ2
Kc = (P̃ 2

i )i∈Kc ,

β =

(
ρi
√
γ1wi

wopt2i

)
i∈Kc

and

δ =

(ρi√wopt2i − γ1wi

wopt2i

)
i∈Kc

.

As, for all i ∈ I , W̃ r
i

a.s−−−−−→
n→+∞

wopt2i , and as

ε(n) −−−−−→
n→+∞

0,

(α, β̃, δ̃)
a.s−−−−−→

n→+∞
(α, β, δ). (50)

Also, using the characteristic function method, we
obtain:

(Ĩ1
K , Ĩ

1
Kc , Ĩ2

Kc)
L−−−−−→

n→+∞
N (0, Σ) (51)

with Σ a diagonal matrix with (σ2
K , σ

2
Kc , σ2

Kc) its
diagonal vector where σ2

K is the line vector (σ2
i )i∈K

and σ2
Kc the line vector (σ2

i )i∈Kc .
Using the Slutsky theorem and results (50) et (51),
we get:

(α, β̃, δ̃)

 Ĩ1
K

Ĩ1
Kc

Ĩ2
Kc

 L−−−−−→
n→+∞

N (0, (α, β, δ)Σ(α, β, δ)t) (52)

or in other words:∑
i∈K

αiP̃
1
i +

∑
i∈Kc

β̃iP̃
1
i +

∑
i∈Kc

δ̃iP̃
2
i

L−−−−−→
n→+∞

N
(

0, σ2
opt2 =

∑
i∈K

ρ2iσ
2
i

γ1wi
+
∑
i∈Kc

ρ2iσ
2
i

w
opt2
i

)
.

We conclude applying the Slutsky theorem with
results (48), (49) and (52), which completes the
proof. �

7.8 Proof of proposition 8

Let us begin with the consistency of the non-recycling
estimator. The non-recycling estimator can be ex-
pressed as:

P̂ADS−2
f,nr =

m∑
i=1

ρi
Nnr,opt1
i

Nnr
i

× 1

Nnr,opt1
i

N
nr,opt1
i∑
j=1

ξ(Ai
ni+j) + ε̄

with

ε̄ =

m∑
i=1

ρi
Nnr
i

(
11
W̃nr
i >w

opt1
i

Nnri∑
j=N

nr,opt1
i +1

ξ(Ai
ni+j)

−11
W̃nr
i ≤w

opt1
i

N
nr,opt1
i∑

j=Nnri +1

ξ(Ai
ni+j)

)
.

As ξ is bounded, we have for some constant C:

|ε̄| ≤ C
m∑
i=1

|Nnr
i −Nnr,opt1

i |
Nnr
i

.

From the strong LLN, we can get that:

Nnr
i

a.s−−−−−→
n→+∞

Nnr,opt1
i

and

1

Nnr,opt1
i

N
nr,opt1
i∑
j=1

ξ(Ai
ni+j)

a.s−−−−−→
n→+∞

Pi,1.

Thus

|ε̄| a.s−−−−−→
n→+∞

0 and P̂ADS−2
f,nr

a.s−−−−−→
n→+∞

Pf .

The unbiased property is immediate using the stan-
dard expectation properties, conditioning by Fγ1nr .
Now, let us determine the expression of the vari-
ance of the non-recycling estimator. We have:

V ar
(
P̂ADS−2
f,nr

)
= E

[
V ar

(
P̂ADS−2
f,nr |Fγ1nr

)]
+V ar

[
E
(
P̂ADS−2
f,nr |Fγ1nr

)]
.

On one hand, we show that:

V ar

[
E
(
P̂ADS−2
f,nr |Fγ1nr

)]
= 0.
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On the other hand, we get:

E
[
V ar

(
P̂ADS−2
f,nr |Fγ1nr

)]

= E
[ m∑
i=1

ρ2
i

(Nnr
i )2

Nnri∑
j=1

V ar
(
ξ(Ai

ni+j)
)]

=

m∑
i=1

ρ2
iσ

2
i E
( 1

Nnr
i

)
.

Finally, replacing Nnr
i by its value, we get:

V ar
(
P̂ADS−2
f,nr

)
=

1

n

m∑
i=1

ρ2
iσ

2
i

×E
(

1

[1− ε(n)]γ2(n) ρiσ̃i∑m
j=1 ρj σ̃j

+ ε(n)ρi

)
,

which completes the proof. �

7.9 Proof of proposition 9

This demonstration is nearly the same as the one
of proposition 7, so we will only give the sketch of
the proof.
Denoting Yi,j = ξ(Ai

j)− Pi, we have:

√
n(P̂ADS−2

f,nr − Pf ) =

m∑
i=1

ρi

√
n

Nnr
i

Nnri∑
j=1

Yi,j .

If we denote Bi = {W̃nr
i > wopt1i }, then:

√
n(P̂ADS−2

f,nr − Pf ) = J + ε̃

with

J =

m∑
i=1

√
nρi

√
Nnr,opt1
i

Nnr
i

×
( 1√

Nnr,opt1
i

N
nr,opt1
i∑
j=1

Yi,j
)

and

ε̃ =

m∑
i=1

ρi
√
n

Nnr
i

[
11Bi

Nnri∑
j=N

nr,opt1
i +1

Yi,j

−11Bci

N
nr,opt1
i∑

j=Nnri +1

Yi,j

]
.

First case: γ1(n) −−−−−→
n→+∞

0.

Using the same technique as in the proof of propo-
sition 7, we prove that:

J
L−−−−−→

n→+∞
N (0, σ2

opt1)

and

ε̃
P−−−−−→

n→+∞
0.

Thus, by the Slutsky theorem:

√
n(P̂ADS−2

f,nr − Pf )
L−−−−−→

n→+∞
N (0, σ2

opt1).

Second case: γ1(n) = γ1.
Once again, using the same technique as in the
proof of proposition 7, we can prove that:

J
L−−−−−→

n→+∞
N (0,

1

1− γ1
σ2
opt1)

and

ε̃
P−−−−−→

n→+∞
0.

Thus, by the Slutsky theorem:

√
n(P̂ADS−2

f,nr − Pf )
L−−−−−→

n→+∞
N (0,

1

1− γ1
σ2
opt1),

which completes the proof. �

7.10 Proof of proposition 10

With the multivariate central limit theorem, we get
for all i ∈ I:
√
n
[
(P̂i,1, P̂i,2)− (Pi,1, Pi,2)

] L−−−−−→
n→+∞

N (0, 1
γ1wi

Qi)

with

Qi =

(
Pi,2 − P 2

i,1 Pi,3 − Pi,1Pi,2
Pi,3 − Pi,1Pi,2 Pi,4 − P 2

i,2

)
.

Now, we apply the Delta Method with the function
f : R2 → R defined by f(x) = x2 − x1 and we
get:

√
n
[
σ̃i

2 − σ2
i

] L−−−−−→
n→+∞

N (0, δ2
i )
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with δ2
i = 1

γ1wi

(
Pi,4 − 4Pi,1Pi,3 + 8P 2

i,1Pi,2 −
P 2
i,2 − 4P 4

i,1

)
and Pi,j = E

(
ξj(Ai)

)
. Then, with

the characteristic function method and the inde-
pendence of the σi, we prove that:

√
n
[
σ̃2 − σ2

] L−−−−−→
n→+∞

N (0, Σ)

with σ2 = (σ2
i )i=1,...,m, σ̃2 = (σ̃2

i )i=1,...,m and
Σ the diagonal matrix with (δ2

1 , ..., δ
2
m) its diago-

nal vector.
Let us define the functions: φi(x) =

ρi
√
xi∑m

j=1 ρj
√
xj

,

Ψ(x) =
(
φ1(x), ..., φm(x)

)
, ∇φi the gradient of

φi and JΨ the Jacobian matrix of Ψ . Finally, ap-
plying once again the Delta Method, with either
φi or Ψ , to the previous asymptotical result, we ob-
tain the desired results, which completes the proof.
�
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