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Abstract

Travel time estimation and reflector imaging can be carried out using the cross correlations of signals generated by
ambient noise sources and recorded at sensor arrays. We study here the mean and variance of the estimated quantities
both with respect to the distribution of the noise sources and with respect to the distribution of the randomly scattering
medium. In particular, we discuss the trade-off between resolution enhancement due to illumination diversification by
scattering and the associated signal-to-noise ratio reduction, also due to scattering.
Keywords: Imaging, seismic noise.

Résuḿe

Il est possible d’estimer des temps de trajet et d’imager desréflecteurs en utilisant les corrélations croisées de signaux
émis par des sources de bruit ambiant et enregistrés par des réseaux de capteurs. Dans cette note on étudie la moyenne
et la variance de ces estimations vis-à-vis de la distribution des sources de bruit et vis-à-vis de la distribution du
milieu aléatoire diffusant. En particulier on discute du compromis entre l’amélioration de la résolution et la réduction
du rapport signal-sur-bruit dues à la diffusion.
Mots clés : imagerie, bruit sismique.

1. Introduction

The Green’s function of the wave equation in an inhomogeneous medium can be estimated by cross correlat-
ing signals emitted by ambient noise sources and recorded bya passive sensor array (Bardos et al., 2008; Colin de
Verdière, 2009; Shapiro et al., 2005; Wapenaar and Fokkema, 2006; Weaver and Lobkis, 2001). The main result is
that the cross correlationCT (τ,x1,x2) of the signalsu(t,x1) andu(t,x2), recorded at two sensorsx1 andx2 defined
by:

CT (τ,x1,x2) =
1
T

∫ T

0
u(t,x1)u(t + τ,x2)dt, (1)

is related to the Green’s functionG(t,x1,x2) betweenx1 andx2. In a homogeneous medium and when the source of
the waves is a space-time stationary random field that is delta correlated in space and time, it has been shown (Roux
et al., 2005; Snieder, 2004) that theτ-derivative of the cross correlation of the recorded signals is proportional to the
symmetrized Green’s function between the sensors:

∂τCT (τ,x1,x2) ∝ −
[

G(τ,x1,x2) −G(−τ,x1,x2)
]

. (2)
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In an inhomogeneous medium and when the sources completely surround the region of the sensors the approximate
identity (2) is still valid and it can be shown using the Helmholtz-Kirchhoff theorem (Schuster, 2009; Wapenaar and
Fokkema, 2006; Garnier and Papanicolaou, 2009). This is true even with spatially localized noise source distributions
provided the waves propagate within an ergodic cavity (Bardos et al., 2008). To summarize, when the ambient noise
sources are well distributed around the sensors, the cross correlation as a function of the lag timeτ has a peak at plus
or minus the inter-sensor travel timeTx1,x2. However, when the ambient noise sources have spatially limited support,
the recorded signals are generated by wave energy flux comingfrom the direction of the noise sources, which results
in an azimuthal dependence of travel time estimation process (Stehly et al., 2006). In general, travel time estimation
by cross correlation of noise signals is possible when the line between the sensors is along the direction of the energy
flux and difficult or impossible when it is perpendicular to it. This can beexplained using a stationary phase analysis
(Snieder, 2004; Garnier and Papanicolaou, 2009; Godin, 2009) and we present this result in Section 3.1. It is, however,
possible to enhance the quality of travel time estimation byexploiting the enhanced directional diversity provided by
the scattering of waves in a randomly scattering medium (Garnier and Papanicolaou, 2009; Stehly et al., 2008). We
present and analyze this idea in Section 3.3.

Cross correlations of signals emitted by ambient noise sources and recorded by a passive sensor array can also
be used for imaging of reflectors imbedded in the medium (Garnier and Papanicolaou, 2009, 2010; Gouédard et al.,
2008). The data that is used for imaging is the cross correlation matrix (C(τ,x j,xl)) j,l=1,...,N between pairs of sensors
of the passive array (x j) j=1,...,N. In Section 4 we consider imaging functionals that use the cross correlation matrix to
image the reflectors. The forms of these functionals are motivated by the analysis of the cross correlation matrix in
the asymptotic regime where the coherence time of the sources is smaller than the typical travel times to be estimated
and used. The imaging functionals can then be applied in general, in a smooth or randomly scattering medium.

For travel time estimation and reflector imaging we pay particular attention to the statistical stability of the esti-
mation. There are two types of statistical stability in these problems:
- First there is the issue of statistical stability with respect to the distribution of the noise sources. This means that
the empirical cross correlationCT depends on the realizations of the signals generated by the ambient noise sources.
HoweverCT is self-averaging (or statistically stable) in the sense that the time average in (1) over an interval of du-
rationT tends to a statistical average whenT is large enough, as shown in Section 2. Therefore, statistical stability
relative to the distribution of the noise sources can be controlled through the choice of a long enough recording time-
window or by stacking techniques.
- Second there is the issue of statistical stability with respect to the distribution of the scattering medium. This means
that the cross correlation depends on the realization of therandomly scattering medium. It is not in general a self-
averaging quantity. Indeed we will see in this note that fluctuations of the cross correlation due to the randomly
scattering medium can have a large standard deviation that depends on the spectrum of the noise sources and on sta-
tistical properties of the scattering medium. Furthermore, statistical stability with respect to the distribution ofthe
random medium cannot be controlled in general. In Sections 3.2 and 4.3 we analyze the trade-off between resolution
enhancement and signal-to-noise ratio (SNR) reduction dueto scattering by a random medium. We show in Section
3.3 and 4.4 that the use of iterated cross correlations can improve the SNR. We also carry out some simple numerical
simulations to illustrate the results. They confirm that thetheoretical predictions obtained by asymptotic analysis can
be seen in realistic configurations.

2. Stability with respect to the noise source distribution

We consider the solutionu of the scalar wave equation in a three-dimensional smooth medium with speed of
propagationc(x):

1
c2(x)

∂2u
∂t2
− ∆xu = n(t,x). (3)

The termn(t,x) models a random field of noise sources. It is a zero-mean stationary (in time) random process with
autocorrelation function

〈n(t1,y1)n(t2,y2)〉 = F(t2 − t1)K(y1)δ(y1 − y2). (4)

Here〈·〉 stands for statistical average with respect to the distribution of the noise sources. For simplicity we consider
that the processn has Gaussian statistics.
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The time distribution of the noise sources is characterizedby the correlation functionF(t2− t1), which is a function
of t2 − t1 only by time stationarity. The Fourier transform̂F(ω) of the time correlation functionF(t) is a nonnegative,
even, real-valued function proportional to the power spectral density of the sources (Bochner’s theorem):

F̂(ω) =
∫

F(t)eiωtdt. (5)

The spatial distribution of the noise sources is characterized by the autocovariance functionδ(y1 − y2)K(y1). The
processn is delta-correlated in space andK characterizes the spatial support of the sources. It is possible to consider
a more general form for the spatial autocovariance function(Bardos et al., 2008). The analysis then requires the use
of semi-classical methods but the results do not change qualitatively.

We denote byG(t,x,y) the time-dependent outgoing Green’s function. It is the fundamental solution of the wave
equation

1
c2(x)

∂2G
∂t2
− ∆xG = δ(t)δ(x − y), (6)

starting fromG(0,x,y) = ∂tG(0,x,y) = 0 (and continued on the negative time axis byG(t,x,y) = 0, ∀t ≤ 0).
When the medium is homogeneous with speed of propagationc0, the time-dependent Green’s functionG(t,x,y) =
Ax,yδ(t − Tx,y) whereAx,y = 1/(4π|x− y|) andTx,y = |x − y|/c0 is the travel time.

The empirical cross correlation of the signals recorded atx1 andx2 for an integration timeT is defined by (1). It
is a statistically stable quantity, in the sense that for a large integration timeT, the empirical cross correlationCT is
independent of the realization of the noise sources. We havethe following results (the first two items are proved in
(Garnier and Papanicolaou, 2009)).

1. The expectation of the empirical cross correlationCT (with respect to the distribution of the sources) is inde-
pendent ofT:

〈CT (τ,x1,x2)〉 = C(1)(τ,x1,x2), (7)

where the statistical cross correlationC(1) is given by

C(1)(τ,x1,x2) =
1
2π

∫

[

∫

Ĝ(ω,x1,y)Ĝ(ω,x2,y)K(y)dy

]

F̂(ω)e−iωτdω, (8)

andĜ(ω,x,y) is the time-harmonic Green’s function (i.e. the Fourier transform ofG(t,x,y)).
2. The empirical cross correlationCT is a self-averaging quantity:

CT (τ,x1,x2)
T→∞
−→ C(1)(τ,x1,x2), (9)

in probability with respect to the distribution of the sources.
3. The covariance of the empirical cross correlationCT is:

Cov
(

CT (τ,x1,x2),CT(τ + ∆τ,x1,x2)
)

=
1

2πT

∫

[

∫

Ĝ(ω,x1,y)Ĝ(ω,x2,y)K(y)dy

]2
F̂(ω)2e−iω(2τ+∆τ)dω

+
1

2πT

∫

[

∫

|Ĝ(ω,x1,y)|2K(y)dy

][

∫

|Ĝ(ω,x2,y)|2K(y)dy

]

F̂(ω)2e−iω∆τdω, (10)

whenBT ≫ 1 (hereB is the bandwidth of the noise sources). The first term in the right-hand side of (10) is of the
same form as the square of the expectation, but the second term of the right-hand side is different. When the medium
is homogeneous with speed of propagationc0 and the distance from the source region (assumed here to be localized)
to the sensors isL, then the variance of the fluctuations can be approximated by

Var
(

CT (τ,x1,x2)
)

≃
1

29π5T L4

[

∫

K(y)dy

]2
∫

F̂(ω)2dω. (11)

This shows that:
- all noise sources participate in the fluctuations of the empirical cross correlation (since the volume integral of the
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source functionK appears in (11)),
- the standard deviation of the fluctuations decays as (BT)−1/2 (the square root of the integration timeT times the noise
bandwidthB) and asL−2 (the square distance from the sources to the sensors).

Therefore errors may occur when the averaging time is not sufficient to ensure that time averages approximate
statistical mean values (Gouédard et al., 2008). However,the integration time is usually not a limiting factor, therefore
this error can be brought to an arbitariliy small value and wewill neglect it in the following.

3. Travel time estimation

If we consider the expression (8) of the cross correlation when the noise sources surround the region of interest
that contains the sensors, then the term in the square brackets can be computed by the Helmholtz-Kirchhoff identity:
this identity yields that this term is proportional to the imaginary part of the Green’s function and we then find that
the derivative of the cross correlation is proportional to the symmetrized Green’s function convoluted with the time
correlation function of the noise sources (Garnier and Papanicolaou, 2009, Section 4.4):

∂τCT (τ,x1,x2) ∝ −F ∗
[

G(·,x1,x2) −G(−·,x1,x2)
]

(τ). (12)

Travel time estimation is then straightforward as the singular component of the Green’s functionG(τ,x1,x2) is con-
centrated at time lagτ equal to the travel timeTx1,x2. When the noise sources are spatially localized the Helmholtz-
Kirchhoff identity cannot be used and we address in this section traveltime estimation in this situation.

3.1. Analysis in the high-frequency regime

We assume from now on that the decoherence time of the noise sources is much smaller than the typical travel
time that we want to estimate. If we denote byε the (small) ratio of these two time scales, then we can write the time
correlation functionFε of the noise sources in the form

Fε(t2 − t1) = F
( t2 − t1
ε

)

, (13)

wheret1 andt2 are scaled relative to typical travel times. The hypothesisε ≪ 1 is both natural and useful:
1) In applications, such as surface wave tomography, noise records are first bandpass-filtered and then cross

correlated (Shapiro et al., 2005). If the central frequencyω0 of the filter is high enough so that the corresponding
wavelengthλ0 is much smaller than the typical travel distanced, then we haveε = λ0/d≪ 1. As we will see below,
the resolution by cross correlation is inversely proportional to the bandwidth, so the hypothesisε ≪ 1 turns out to be
natural in order to get some resolution (i.e. an estimate of the travel time with an accuracy smaller than the total travel
time through the region).

2) The Fourier transform of the time correlation function ofthe sources has the form̂Fε(ω) = εF̂(εω), so that the
cross correlation (8) involves a product of Green’s functions evaluated at high frequencies:

C(1)(τ,x1,x2) =
1
2π

∫∫

F̂(ω)K(y)Ĝ
(ω

ε
,x1,y

)

Ĝ
(ω

ε
,x2,y

)

e−iω τ
ε dydω. (14)

Whenε ≪ 1 we can use a geometric asymptotics approximation for the Green’s function

Ĝ
(ω

ε
,x,y

)

≃ Ax,y exp
(

i
ω

ε
Tx,y

)

, (15)

and we find that the expression (14) has the form of a multiple integral with a smooth amplitude and a rapid phase.
Therefore a stationary phase analysis appears as an appropriate tool to study the cross correlations in the regimeε ≪ 1.
For simplicity we assume in the following that the background medium is homogeneous with speed of propagation
c0. ThenAx,y = 1/(4π|x − y|) andTx,y = |x − y|/c0. Using stationary phase arguments one obtains the following
expression for the cross correlation in the regimeε small:

∂τC
(1)(τ,x1,x2) =

c0

2
Ax1,x2

[

Kx2,x1Fε
(

τ + Tx1,x2

)

− Kx1,x2Fε
(

τ − Tx1,x2

)

]

, (16)
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a) Favorable configuration b) C(1)(τ,x1,x j) c) Unfavorable configuration d) C(1)(τ,x1,x j)

Figure 1: Travel time estimation in a homogeneous medium. The first configuration is plotted in Figure (a): the circles arethe noise sources and
the triangles are the sensors. Figure (b) plots the cross correlationC(1) between the pairs of sensors (x1,x j ), j = 1, . . . , 5, versus the distance
|x j −x1|. The second configuration is plotted in Figure (c) and Figure(d) plots the corresponding cross correlationC(1). HereF̂(ω) = ω2 exp(−ω2)
andc0 = 1.
Estimation des temps de trajet dans un milieu homogène. La figure (a) est une esquisse de la première situation : les cercles sont les sources de bruit
et les triangles sont les capteurs. La corrélation croiséeC(1) entre les paires de capteurs (x1,x j ), j = 1, . . . , 5, est dessinée en fonction de la distance
|x j − x1| dans la figure (b). La figure (c) est une esquisse de la seconde situation et la figure (d) dessine la corrélation croisée correspondante. Ici
F̂(ω) = ω2 exp(−ω2) et c0 = 1.

whereKx1,x2 is the power released by the noise sources located along the ray starting fromx1 with the direction of
x1 − x2 (it is a piece of the ray joiningx1 andx2):

Kx1,x2 =

∫ ∞

0
K
(

x1 +
x1 − x2

|x1 − x2|
l
)

dl. (17)

Note thatKx1,x2 is not zero only if the ray starting fromx2 and going throughx1 extends into the source region. In
other words, sources located along the ray starting fromx1 with the direction ofx1 − x2 (resp.x2 − x1) gives rise
to a singular component atτ = Tx1,x2 (resp.τ = −Tx1,x2). In Figure 1a-b one can see a peak atτ = Tx1,x j because
the ray going throughx1 andx j intersects the source region. In Figure 1c-d one cannot see any peak atτ = ±Tx1,x j

because the ray going throughx1 andx j does not intersect the source region.
To summarize, whenε is small, the cross correlationC(1)(τ,x1,x2) has singular components (atτ = ±Tx1,x2) if

and only if the ray going throughx1 andx2 reaches into the source region, that is, into the support of the functionK.
The results (16-17) also shows that:
- only the noise sources located in a small tube around the rayjoiningx1 andx2 contribute to the singular components
of C(1)(τ,x1,x2) (this can be seen from the line integral (17)),
- the widths of the peaks are determined by the bandwidth of the noise sources,
- the heights of the peaks do not depend on the distance from the sources to the sensor array.
This last property follows from the stationary phase analysis and is a consequence of two competing phenomena that
cancel each other: on the one hand the geometric decay of the amplitude of the Green’s function as a function of the
distance from the sources to the sensors, and on the other hand the increase of the diameter of the small tube around
the ray that contributes to the singular components.

3.2. Signal-to-noise ratio reduction and enhanced resolution due to scattering
In order to analyze the cross correlation technique in a scattering medium, we first introduce a model for the

inhomogeneous medium. We assume that the medium has a homogeneous background speedc0 and small and weak
fluctuations responsible for scattering:

1
c2(x)

=
1

c2
0

[

1+ V(x)
]

,

whereV(x) is a random process with mean zero and covariance function of the form

E
[

V(x)V(x′)
]

= σ2
sl3sρ(x)δ(x − x

′).

HereE stands for the expectation with respect to the distributionof the randomly scattering medium,σs is the standard
deviation of the fluctuations of the speed of propagation,ls is the correlation length of the fluctuations, and the function
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ρ(x) characterizes the spatial support of the scattering region. Note that we have assumed that the correlation length
is small enough so that we can consider that the processV is delta-correlated.

To leading order in the scattering strength the average cross correlation is the sum of the unperturbed cross corre-
lationC(1)

0 (i.e. the cross correlation (8) in the absence of scattering) and of an additional term of the form:

E
[

C(1)(τ,x1,x2)
]

−C(1)
0 (τ,x1,x2) =

1
2π

∫∫

ω4F̂ε(ω)Kρ(y)Ĝ(ω,x1,y)Ĝ(ω,x2,y)e−iωτdydω, (18)

where

Kρ(z) = ρ(z)
σ2

sl3s
24π2c4

0

∫

K(y)
|y − z|2

dy. (19)

Note that the support of the functionKρ is the support ofρ, i.e. the scattering region.Kρ(z) is proportional to the
total power reemitted fromz by scattering. Eq. (18), which has the same form as (8) but with Kρ instead ofK, shows
that the random scatterers play the role of secondary sources. The average cross correlation (18) possesses additional
peaks atτ = Tx1,x2 (resp. τ = −Tx1,x2) due to the scattered waves provided that there are rays issued from the
scattering region that goes throughx1 and thenx2 (resp. throughx2 and thenx1). Indeed in the high-frequency
regime we find

E
[

∂τC
(1)(τ,x1,x2)

]

− ∂τC
(1)
0 (τ,x1,x2) =

c0

2
Ax1,x2

[

Kρx2,x1
F(4)
ε

(

τ + Tx1,x2

)

− Kρx1,x2
F(4)
ε

(

τ − Tx1,x2

)

]

, (20)

whereKρx1,x2
is defined as in (17) but in terms ofKρ instead ofK, andF(4)

ε is the fourth-order derivative ofFε. This
shows that:
- all noise sources but only the scatterers along the ray joining x1 andx2 participate in the additional peaks,
- the heights of the additional peaks decay with the square distance from the sources to the scattering region.

To leading order in the scattering strength and in the high-frequency regime, we find using again stationary phase
arguments that the variance of the fluctuations of the cross correlation is:

∫

Var
(

∂τC
(1)(τ,x1,x2)

)

dτ =
σ2

sl3s
211π5c2

0

[

∫

ω4F̂ε(ω)2dω
]

∫

ρ(z)
(Kz,x1 − Kz,x2)

2
+ K2

x1,z
+ K2

x2,z

|z − x1|
2|z − x2|

2
dz. (21)

This shows that:
- all noise sources and all scatterers participate in the fluctuations of the cross correlation due to the randomly scattering
medium (and not only the ones along a particular ray),
- the standard deviation of the fluctuations decay with the square distance from the sources to the scattering region
and with the square distance from the scattering region to the sensors.
- in terms of the noise bandwidthB, the standard deviation scales asB1/2 while the amplitudes of the peaks scale as
B, which shows that the relative fluctuations decay with the bandwidth.

The analysis of the mean and variance ofC(1) therefore shows that scattering can enhance the directional diversity
of the wave fields recorded by the sensors, which can help in travel time estimation, but it also increases the fluctuations
of the cross correlation, which may make the additional peaks difficult to detect. The use of fourth-order cross
correlations discussed in the next subsection is a way to increase the SNR of travel time estimation in randomly
scattering media.

3.3. Use of fourth-order cross correlations

It is possible to estimate the travel time between two sensorsx1 andx2 in a scattering medium by looking at the
main peaks of a special fourth-order cross correlationC(3)

T (τ,x1,x2) (C(3) stands for Correlation of Coda of Correla-
tion) (Stehly et al., 2008). This fourth-order cross correlation uses the data recorded by an array of auxiliary sensors
xa,k, k = 1, . . . ,Na, and it is evaluated as follows.

1) Calculate the cross correlations betweenx1 andxa,k and betweenx2 andxa,k for each auxiliary sensorxa,k as
in (1).

2) Calculate the coda (i.e. the tails) of these cross correlations:

CT,coda(τ,xa,k,xl) = CT (τ,xa,k,xl)1[Tc1,Tc2](|τ|), l = 1, 2, k = 1, . . . ,Na.
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3) Cross correlate the tails of the cross correlations and sum them over all auxiliary sensors to form the coda cross
correlation betweenx1 andx2:

C(3)
T (τ,x1,x2) =

Na
∑

k=1

∫

CT,coda(τ′,xa,k,x1)CT,coda(τ′ + τ,xa,k,x2)dτ′.

This algorithm is parameterized by three important times:
1) The timeT is the integration time and it should be large so as to ensure statistical stability with respect to the
distribution of the noise sources.
2) The timeTc1 should be large enough so that the Green’s functions (G(t,xa,k,x1))t∈[Tc1,Tc2] and (G(t,xa,k,x2))t∈[Tc1,Tc2]

limited to [Tc1,Tc2] do not contain the contributions of the direct waves. This means thatTc1 depends on the index of
the auxiliary sensork and should be a little bit larger than max(Txa,k,x1,Txa,k,x2).
3) The timeTc2 should be large enough so that the Green’s functions (G(t,xa,k,x1))t∈[Tc1,Tc2] and (G(t,xa,k,x2))t∈[Tc1,Tc2]

limited to [Tc1,Tc2] contain the contributions of the incoherent scattered waves. This means thatTc2 should be of the
order of the power delay spread.

The coda cross correlationC(3)
T is a self-averaging quantity and it is equal to the statistical coda cross correlation

C(3) asT → ∞:

C(3)(τ,x1,x2) =

Na
∑

k=1

∫

Ĉ(1)
coda(ω,xa,k,x1)Ĉ

(1)
coda(ω,xa,k,x2)e−iωτdω,

C(1)
coda(τ,xa,k,xl) = C(1)(τ,xa,k,xl)1[Tc1,Tc2](|τ|).

The coda cross correlationC(3) differs from the cross correlationC(1) in that the contributions of the direct waves are
eliminated and only the contributions of the scattered waves are taken into account (note that some of the contributions
of scattered waves are also eliminated, but only those whichcorrespond to small additional travel times, which are
also those which induce small directional diversity). Since scattered waves have more directional diversity than the
direct waves when the noise sources are spatially localized, the coda cross correlationC(3)(τ,x1,x2) usually exhibits
a stronger peak at lag time equal to the inter-sensor travel timeTx1,x2 (Garnier and Papanicolaou, 2009). In particular,
in contrast with the cross correlationC(1), the existence of a singular component at lag time equal to the travel time
Tx1,x2 does not require that the ray joiningx1 andx2 reaches into the source region, but only into the scattering
region.

We illustrate these results in Figure 2 in which the five sensors are aligned perpendicularly to the energy flux
coming from the noise sources and the cross correlationC(1)(τ,x1,x j) does not have a peak at lag time equal to
the travel time between the sensorsx1 andx j, j = 1, . . . , 5. However the ray going through the sensorsx1 andx j

intersects the scattering region and the coda cross correlation C(3)(τ,x1,x j) has a peak at lag time equal to the travel
time between the sensors. The comparison between Figure 2c and Figure 2d also shows that the auxiliary sensors are
necessary to get the peak of the coda cross correlation.

4. Reflector imaging

In this section we show that cross correlations of signals emitted by ambient noise sources and recorded by a sensor
array can also be used for imaging of reflectors. The data to beused for imaging is the matrix of cross correlations
(C(τ,x j,xl)) j,l=1,...,N between pairs of sensors of an array (x j) j=1,...,N. The objective is to image the reflectors buried in
the medium. Here we consider the case in which there is only one reflector located atzr. Note that it is often necessary
to have available data sets (C(τ,x j,xl)) j,l=1,...,N and (C0(τ,x j ,xl)) j,l=1,...,N, with and without the reflector, respectively,
so that we can compute the differential cross correlations∆C = C −C0 and migrate them. In general, but not always,
the primary data setC cannot be used directly for imaging because peaks in the cross correlations due to the reflector
may be very weak compared both to the peaks of the direct waves, at lag times equal to the inter-sensor travel times, as
well as to the non-singular components due to the directionality of the energy flux (Garnier and Papanicolaou, 2009).
In many applications where we want to image localized changes in the environment, such as in reservoir or volcano
monitoring, both data sets are usually available.
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a) Configuration b) C(1)(τ,x1,x j) c) C(3)(τ,x1,x j)
with auxiliary sensors d) C(3)(τ,x1,x j)

without auxiliary sensors

Figure 2: Travel time estimation in a scattering medium. Theconfiguration is plotted in Figure (a): the circles are the noise sources, the squares are
the scatterers, the triangles are the sensors, and the emptytriangles are the auxiliary sensors. Figure (b) plots the cross correlationC(1) between the
pairs of sensors (x1,x j ), j = 1, . . . , 5, versus the distance|x j − x1|. Figure (c) plots the coda cross correlationC(3) between the pairs of sensors
when the auxiliary sensors are used. Figure (d) plots the coda cross correlationC(3) when the auxiliary sensors are not used.
Estimation de temps de trajet dans un milieu diffusant. La figure (a) est une esquisse de la situation : les cercles sont les sources de bruit, les carrés
sont les diffuseurs, les triangles pleins sont les capteurs et les triangles vides sont les capteurs auxiliaires. La corrélation croiséeC(1) entre les paires
de capteurs (x1,x j ), j = 1, . . . , 5, est dessinée en fonction de la distance|x j −x1| dans la figure (b). La figure (c) dessine la corrélation croiséeC(3)

lorsque les capteurs auxiliaires sont utilisés et la figure(d) dessine la corrélation croiséeC(3) lorsque les capteurs auxiliaires ne sont pas utilisés.

4.1. Analysis in the high-frequency regime

By a stationary phase analysis and a Born approximation for the reflector the singular components of the differ-
ential cross correlationsC(1)(τ,x1,x2) can be identified (Garnier and Papanicolaou, 2010). This isimportant because
this information will in turn allow us to determine the appropriate imaging functional that should be used to migrate
the cross correlations. There are two main types of configurations of sources, sensors, and reflectors:
1) The noise sources are spatially localized and the sensorsare between the sources and the reflectors (Figure 3a). We
call this the daylight illumination configuration. In this configuration the singular components of the differential cross
correlation are concentrated at lag times equal to (plus or minus) the sum of travel timesTx2,zr + Tx1,zr .
2) The noise sources are spatially localized and the reflectors are between the sources and the sensors (Figure 4a).
We call this the backlight illumination configuration. In this configuration the singular components of the differential
cross correlation are concentrated at lag times equal to thedifference of travel timesTx2,zr − Tx1,zr .

In the backlight imaging configuration, whenε is small, the differential cross correlation∆C(1) has a unique
singular contribution at lag time equal to the difference of travel timesTx2,zr − Tx1,zr and it has the form:

∆C(1)(τ,x1,x2) =
σrl3r

32π2c0

Kzr,x1 − Kzr ,x2

|zr − x1||zr − x2|
∂τFε
(

τ − [Tx2,zr − Tx1,zr ]
)

, (22)

whereKz,x is defined by (17). In the daylight illumination configuration, the differential cross correlation∆C(1) has
two singular contributions at lag times equal to plus or minus the sum of travel timesTx2,zr + Tx1,zr and it has the
form:

∆C(1)(τ,x1,x2) =
σrl3r

32π2c0

Kx1,zr

|zr − x1||zr − x2|
∂τFε
(

τ − [Tx2,zr + Tx1,zr ]
)

−
σrl3r

32π2c0

Kx2,zr

|zr − x1||zr − x2|
∂τFε
(

τ + [Tx2,zr + Tx1,zr ]
)

. (23)

Note thatKzr,x j is not zero only if the ray going fromx j to zr extends into the source region, which is the backlight
illumination configuration, whileKx j ,zr is not zero only if the ray going fromzr to x j extends into the source region,
which is the daylight illumination configuration. Eq. (23) shows that:
- only the sources located along the rays joiningx j andzr contribute to the singular components,
- the widths of the peaks are determined by the bandwidth of the noise sources,
- the heights of the peaks are inversely proportional to the square of the distance from the reflector to the sensor array,
and they do not depend on the distance from the sources to the reflector or the sensor array.
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Figure 3: Passive sensor imaging in a homogeneous medium. The daylight illumination configuration is plotted in Figure (a): the circles are
the noise sources, the triangles are the sensors, and the diamond is the reflector. Figure (b) plots the image obtained with the backlight imaging
functional (25). Figure (c) plots the image obtained with the daylight imaging functional (24).
Imagerie passive dans un milieu homogène. La figure (a) est une esquisse de la situation : les cercles représentent les sources de bruit, les triangles
sont les capteurs, et le losange représente le réflecteur.La figure (b) est l’image obtenue avec la fonction (25). La figure (c) est l’image obtenue
avec la fonction (24).
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Figure 4: Passive sensor imaging in a homogeneous medium. The backlight illumination configuration is plotted in Figure(a). Figure (b) plots the
image obtained with the backlight imaging functional (25).Figure (c) plots the image obtained with the daylight imaging functional (24).
Imagerie passive dans un milieu homogène. La figure (a) est une esquisse de la situation. La figure (b) est l’image obtenueavec la fonction (25).
La figure (c) est l’image obtenue avec la fonction (24).

4.2. Migration of cross correlations

As shown in the previous subsection, the cross correlation may have additional peaks at lag times that depend on
the reflector location. This suggests that the reflector can be imaged by migrating the cross correlation matrix. This
form of passive sensor array imaging depends in an essentialway on the illumination configuration, that is, the relative
positions of the sensors, the noise sources, and the reflector.

To form an image in a daylight illumination configuration (Figure 3a), we propose to use the daylight imaging
functional defined for a search pointz

S in the image domain by:

ID(zS) =
N
∑

j,l=1

∆C
(

TzS,xl
+ TzS,x j

,x j,xl
)

. (24)

This functional is built by evaluating each element of the cross correlation matrix at lag time equal to the sum of the
travel timesTzS,xl

+ TzS,x j
and by summing the migrated matrix elements over all pairs ofsensors (it is therefore a

Kirchhoff-type migration functional for the cross correlation matrix). The resolution analysis of the daylight imaging
functional is carried out in (Garnier and Papanicolaou, 2010). The cross range resolution for a linear sensor array with
aperturea is given byλ0a/Lr. HereLr is the distance between the sensor array and the reflector andλ0 is the central
wavelength. The range resolution for broadband noise sources is equal toc0/B whereB is the bandwidth of the noise
sources. The range resolution for narrowband noise sourcesis λ0a2/L2

r .
To form an image in a backlight illumination configuration (Figure 4a), we propose to use the backlight imaging
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functional defined for a search pointz
S in the image domain by:

IB(zS) =
N
∑

j,l=1

∆C(TzS,xl
− TzS,x j

,x j,xl). (25)

This functional is built by evaluating each element of the cross correlation matrix at lag time equal to the difference
of the travel timesTzS,xl

− TzS,x j
and by summing the migrated matrix elements over all pairs ofsensors. The cross

range resolution isλ0a/Lr while the range resolution isλ0a2/L2
r whatever the bandwidth, which means that the range

resolution is very poor compared to the daylight imaging functional, because it exploits only differences of travel
times, which are much less sensitive to the range than the sums of travel times (Garnier and Papanicolaou, 2010).

4.3. Signal-to-noise ratio reduction and enhanced resolution due to scattering

We here discuss the trade-off between resolution enhancement and SNR reduction due to scattering.
When the primary energy flux only gives a backlight illumination of the reflector and when there is no scattering,

only the backlight imaging functional (25) can be used, which produces an elongated peak at the reflector location
with poor range resolution. When there is scattering, the scatterers can play the role of secondary sources and they
can provide a daylight illumination for the reflector. This happens provided there are rays issuing from the scattering
region and going to the sensors and then to the reflector. Scattering can therefore lead to the appearance of a singular
contribution in the cross correlation at lag time equal to (plus or minus) the sum of travel times and then the daylight
imaging functional (24) can have a peak at the reflector location with good range resolution. However, the scattered
waves also involve fluctuations in the cross correlations that can be larger than the additional peak exhibited here
above. As a consequence, the peak in the daylight imaging functional (24) at the reflector location that we have
just mentioned is usually buried in the contributions of thenon-singular random components. This can be studied
following the lines of Subsection 3.2 and this happens in thesetup of Figure 5, which we discuss in the next subsection.

4.4. Use of fourth-order cross correlations

We have noticed that the peaks produced by the scattered waves in the differential cross correlation∆C(1)(τ,x j ,xl)
and that are relevant to imaging of reflectors can be buried influctuations. This happens when the SNR of the peaks at
lag time equal to (plus or minus) the sum of travel times±(Tx j ,zr +Txl ,zr) is low. In this section we propose to use an
iterated cross correlation technique that masks the contributions of the direct waves and increases the effective SNR
of the peaks produced by the scattered waves. This techniquewas shown to be efficient for inter-sensor travel time
estimation in Section 3.3. In the following we describe thistechnique for reflector imaging with secondary daylight
illumination from scattering.

It is possible to form a special fourth-order cross correlation matrix∆C(3)
T (τ,x j ,xl) between sensors (x j) j=1,...,N

from the differential cross correlations∆CT (τ,x j ,xl) obtained from the recorded data. This is done as follows.
1) Calculate the coda (i.e. the tails) by truncation of the differential cross correlations:

∆CT,coda(τ,x j ,xl) = ∆CT (τ,x j ,xl)1[Tc1,Tc2](|τ|), j, l = 1, . . . ,N.

2) Cross correlate the tails of the differential cross correlations and sum them over all complementary sensors in
the array to form the coda cross correlation betweenx j andxl :

∆C(3)
T (τ,x j,xl) =

N
∑

k=1,k<{ j,l}

∫

∆CT,coda(τ
′,xk,x j)∆CT,coda(τ

′
+ τ,xk,xl)dτ

′. (26)

The roles of the three parametersT, Tc1, andTc2 are described in Subsection 3.3. The differential coda cross correla-
tion∆C(3)

T is a self-averaging quantity and it is equal to∆C(3) asT → ∞:

∆C(3)(τ,x j ,xl) =

N
∑

k=1,k<{ j,l}

∫

∆Ĉ(1)
coda(ω,xk,x j)∆Ĉ(1)

coda(ω,xk,xl)e−iωτdω,

∆C(1)
coda(τ,xk,xl) = ∆C(1)(τ,xk,xl)1[Tc1,Tc2](|τ|).
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Figure 5: Passive sensor imaging in a scattering medium. Theconfiguration is plotted in Figure (a): the circles are the noise sources, the squares
are the scatterers, and the diamond is the reflector. Figure (b) plots the image obtained with the backlight imaging functional (25) applied with
∆C(1). Figure (c) plots the image obtained with the daylight imaging functional (24) applied with∆C(1). Figure (d) plots the image obtained with
the daylight imaging functional (24) applied with∆C(3).
Imagerie passive dans un milieu diffusant. La figure (a) est une esquisse de la situation : les cercles sont les sources de bruit, les carrés sont les
diffuseurs, et le losange représente le réflecteur. La figure (b) est l’image obtenue avec la fonction (25) utilisée avec∆C(1). La figure (c) est l’image
obtenue avec la fonction (24) utilisée avec∆C(1). La figure (b) est l’image obtenue avec la fonction (24) utilisée avec∆C(3).

The time windowing is very important because it selects the contributions that we want to use for imaging the reflector
atzr. The asymptotic analysis of the functional∆C(3) can be carried out in the high-frequency regime using stationary
phase arguments. It shows that the differential coda cross correlation∆C(3) has singular components at lag time equal
to (plus or minus) the sum of travel times±(Tx1,zr + Tx2,zr), and has less additional terms than the usual differential
cross correlation studied in Subsection 4.3. As a consequence migration of the differential coda cross correlation using
the daylight migration functional can produce an image of the reflector with a higher SNR.

In Figure 5 we consider a situation in which the primary energy flux is backlight and scattering generates a
secondary daylight illumination. The daylight imaging functional applied with∆C(1) does not exhibit a clear peak at
the reflector location (Figure 5c) because of the strong fluctuations of the cross correlation at lag time equal to the sum
of travel times. However, the daylight imaging functional applied with∆C(3) (figure 5d) gives a much better image.
The overall result is that the backlight imaging functionalIB used with∆C(1) has good cross-range resolution and
SNR while the daylight imaging functionalID used with∆C(3) has good range resolution and SNR.

5. Further results on cross correlation in scattering media

In this note we have shown that imaging with ambient noise sources in a random medium is statistically stable
with respect to the noise source distribution, but it is usually not statistically stable with respect to the distribution
of the random medium. It is, however, possible in some situations to exploit the enhanced diversity of the scattered
waves in order to improve the resolution in travel time tomography or in reflector imaging without reducing too much
the signal-to-noise ratio. This is especially true when using fourth-order cross correlations which tend to increase the
signal-to-noise ratio.

These results were obtained here in a weakly scattering medium, in a high-frequency regime, but other propagation
regimes can be analyzed. In (Garnier and Sølna, 2010b) the role of random scattering in the Green’s function estima-
tion is studied in the radiative transport regime. This workprovides a bridge between the situation with a directional
wave field and a fully equipartitioned field. In the radiativetransport regime, scattering improves Green’s function
estimation by enhancing the directional diversity of the waves recorded by the sensors under the following conditions:
first the sensors need to be close to each other (that is, closer than the mean free path), while the observation region
can be far from the source region. Resolution is enhanced when the propagation distance from the sources to the
observation region is larger than the mean free path. In (Garnier and Sølna, 2010a; de Hoop and Sølna, 2009) other
regimes of propagation are considered (randomly layered media and random paraxial regime) which lead to similar
conclusions. In (Garnier and Sølna, 2010a,b; de Hoop and Sølna, 2009) as in the weakly scattering high-frequency
regime discussed in this note, the important practical issue is the lack of statistical stability of the cross correlations
with respect to the distribution of the random medium. In general, averaging over the medium is not possible but
it may be possible to smooth or average over mid-points and offsets and to stabilize the data in order to invert for
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medium parameters in the case of simple, low-dimensional medium models. For instance a robust algorithm to detect
an interface in the medium is proposed in (Garnier and Sølna,2010a). The optimal way to combine data in space and
frequency to obtain stable and high-resolution estimates remains an open problem.
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