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Abstract

Travel time estimation and reflector imaging can be carrigidusing the cross correlations of signals generated by
ambient noise sources and recorded at sensor arrays. Wehgltedthe mean and variance of the estimated quantities
both with respect to the distribution of the noise sourcekwith respect to the distribution of the randomly scattgrin
medium. In particular, we discuss the trad&between resolution enhancement due to illumination difieasion by
scattering and the associated signal-to-noise ratio tenyalso due to scattering.
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Résunt

Il est possible d'estimer des temps de trajet et d'imageré&féecteurs en utilisant les corrélations croisées gieagix

émis par des sources de bruit ambiant et enregistrés paeseaux de capteurs. Dans cette note on étudie la moyenne
et la variance de ces estimations vis-a-vis de la disiohuies sources de bruit et vis-a-vis de la distribution du
milieu aléatoire dfusant. En particulier on discute du compromis entre I'aonétion de la résolution et la réduction

du rapport signal-sur-bruit dues a lafdsion.

Mots clés : imagerie, bruit sismique.

1. Introduction

The Green’s function of the wave equation in an inhomogeseoedium can be estimated by cross correlat-
ing signals emitted by ambient noise sources and recordeddassive sensor array (Bardos et al., 2008; Colin de
Verdiére, 2009; Shapiro et al., 2005; Wapenaar and Fokk20@6; Weaver and Lobkis, 2001). The main result is
that the cross correlatid®y (, x1, x2) of the signalau(t, 1) andu(t, x2), recorded at two sensosg andx, defined
by:

1 T
Cr(r,xy, @2) = T f u(t, z)u(t + 7, x2)dt, Q)
0
is related to the Green'’s functi@(t, x1, ;) betweene; andx,. In a homogeneous medium and when the source of
the waves is a space-time stationary random field that ia deltrelated in space and time, it has been shown (Roux

et al., 2005; Snieder, 2004) that thalerivative of the cross correlation of the recorded sigiigproportional to the
symmetrized Green'’s function between the sensors:

0:C1 (1, 1, 2) o« —[G(7, 1, T2) — G(~7, 1, T2)]. )
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In an inhomogeneous medium and when the sources completebuad the region of the sensors the approximate
identity (2) is still valid and it can be shown using the Hebith-Kirchhof theorem (Schuster, 2009; Wapenaar and
Fokkema, 2006; Garnier and Papanicolaou, 2009). Thisésaven with spatially localized noise source distributions
provided the waves propagate within an ergodic cavity (Bauet al., 2008). To summarize, when the ambient noise
sources are well distributed around the sensors, the coosgation as a function of the lag timehas a peak at plus
or minus the inter-sensor travel tirfig,, ..,. However, when the ambient noise sources have spatialifelinsupport,
the recorded signals are generated by wave energy flux cdnoimgthe direction of the noise sources, which results
in an azimuthal dependence of travel time estimation poetehly et al., 2006). In general, travel time estimation
by cross correlation of noise signals is possible when treebietween the sensors is along the direction of the energy
flux and dificult or impossible when it is perpendicular to it. This carelsplained using a stationary phase analysis
(Snieder, 2004; Garnier and Papanicolaou, 2009; Godir®)20t we present this result in Section 3.1. Itis, however,
possible to enhance the quality of travel time estimatioeXgyloiting the enhanced directional diversity provided by
the scattering of waves in a randomly scattering mediumr{fi@aand Papanicolaou, 2009; Stehly et al., 2008). We
present and analyze this idea in Section 3.3.

Cross correlations of signals emitted by ambient noisece&suand recorded by a passive sensor array can also
be used for imaging of reflectors imbedded in the medium (8aand Papanicolaou, 2009, 2010; Gouédard et al.,

.....

,,,,,

image the reflectors. The forms of these functionals arevauetil by the analysis of the cross correlation matrix in
the asymptotic regime where the coherence time of the spisanaller than the typical travel times to be estimated
and used. The imaging functionals can then be applied inrgkfiie a smooth or randomly scattering medium.

For travel time estimation and reflector imaging we pay paléir attention to the statistical stability of the esti-
mation. There are two types of statistical stability in #npsoblems:
- First there is the issue of statistical stability with respto the distribution of the noise sources. This means that
the empirical cross correlatid®r depends on the realizations of the signals generated bymbeat noise sources.
HoweverCr is self-averaging (or statistically stable) in the sensa the time average in (1) over an interval of du-
rationT tends to a statistical average whers large enough, as shown in Section 2. Therefore, statistability
relative to the distribution of the noise sources can berotlatl through the choice of a long enough recording time-
window or by stacking techniques.
- Second there is the issue of statistical stability withpezs to the distribution of the scattering medium. This nsean
that the cross correlation depends on the realization ofghdomly scattering medium. It is not in general a self-
averaging quantity. Indeed we will see in this note that flatibns of the cross correlation due to the randomly
scattering medium can have a large standard deviation éperils on the spectrum of the noise sources and on sta-
tistical properties of the scattering medium. Furthermetatistical stability with respect to the distribution tbie
random medium cannot be controlled in general. In Sectiochai3d 4.3 we analyze the tradé-between resolution
enhancement and signal-to-noise ratio (SNR) reductiortalgeattering by a random medium. We show in Section
3.3 and 4.4 that the use of iterated cross correlations cproie the SNR. We also carry out some simple numerical
simulations to illustrate the results. They confirm thatttiepretical predictions obtained by asymptotic analyais ¢
be seen in realistic configurations.

2. Stability with respect to the noise source distribution

We consider the solution of the scalar wave equation in a three-dimensional smoottiumewith speed of
propagatiore(x):
1 ¢4
c%(x) ot2
The termn(t, ) models a random field of noise sources. It is a zero-meaiossy (in time) random process with
autocorrelation function

— Agzu=n(t, x). 3)

(n(t1, y)n(tz, y2)) = F(t2 — 1)) K(y1)o(y1 — y2). (4)

Here(-) stands for statistical average with respect to the didinhwof the noise sources. For simplicity we consider
that the process has Gaussian statistics.
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The time distribution of the noise sources is characteteitie correlation functiof (t2—t1), which is a function
of t, — t; only by time stationarity. The Fourier transfofafw) of the time correlation functiof (t) is a nonnegative,
even, real-valued function proportional to the power séctensity of the sources (Bochner’s theorem):

F(w) = f F(t)e“dt. (5)

The spatial distribution of the noise sources is charaatdrby the autocovariance functiéfy: — y2)K(y1). The
process is delta-correlated in space aKdcharacterizes the spatial support of the sources. It isldegs consider
a more general form for the spatial autocovariance fund@8ardos et al., 2008). The analysis then requires the use
of semi-classical methods but the results do not changéatixzly.
We denote by5(t, z, y) the time-dependent outgoing Green'’s function. It is thedfamental solution of the wave
equation
1 4G
c%(x) ot2
starting fromG(0, z, y) = d:G(0,x,y) = 0 (and continued on the negative time axis®ft, x,y) = 0, YVt < 0).
When the medium is homogeneous with speed of propagegidhe time-dependent Green'’s functiGit, x, y) =
Ayt — Toy) WhereAy ,, = 1/(4nlx — yl) andT 4 = |z — yl/Co is the travel time.
The empirical cross correlation of the signals recordechandx, for an integration timé is defined by (1). It
is a statistically stable quantity, in the sense that forgdantegration timé, the empirical cross correlatid@y is
independent of the realization of the noise sources. We ti/éllowing results (the first two items are proved in
(Garnier and Papanicolaou, 2009)).
1. The expectation of the empirical cross correlati&n(with respect to the distribution of the sources) is inde-
pendent ofT:

—AzG = 6(t)o(x - ), (6)

(Cr(1, 21, T2)) = CV(1, 21, ), (7)

where the statistical cross correlatiéf is given by
CO(r, 2y, 27) = % f | f G(w. 1, 9)G(w, T2, y)K (y)dy|F (0)e ™ do, (8)

andG(w, z, y) is the time-harmonic Green’s function (i.e. the Fouriansform ofG(t, , y)).
2. The empirical cross correlatid®y is a self-averaging quantity:

Cr(r,x1, 22) —> CO(r, 21, 22), 9)

in probability with respect to the distribution of the soesc
3. The covariance of the empirical cross correlatinis:

CoUCr(r, @1, 22), Cr(7 + AT, 1, X2)) = % f | f G(w, z1.4)C(w, mz,y)K(y)dy]zlf(a))ze‘i”(zT*AT)dw
torr [ | [ 1Bz ik@dy]| [ 160 e pP@dy]Fwiedo 10

whenBT > 1 (hereB is the bandwidth of the noise sources). The first term in thletshand side of (10) is of the
same form as the square of the expectation, but the secanafehe right-hand side is fierent. When the medium
is homogeneous with speed of propagatipand the distance from the source region (assumed here tchlezkd)
to the sensors ik, then the variance of the fluctuations can be approximated by

Var(Cr(r, 1, 7)) = WlTU[ f K(y)dy| f F (w)dw. (11)

This shows that:
- all noise sources participate in the fluctuations of theigogl cross correlation (since the volume integral of the
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source functiorK appears in (11)),
- the standard deviation of the fluctuations decay$84a9 12 (the square root of the integration tifigimes the noise
bandwidthB) and ad.~? (the square distance from the sources to the sensors).

Therefore errors may occur when the averaging time is niicgnt to ensure that time averages approximate
statistical mean values (Gouédard et al., 2008). Howéwventegration time is usually not a limiting factor, thiene
this error can be brought to an arbitariliy small value andwileneglect it in the following.

3. Travel time estimation

If we consider the expression (8) of the cross correlatiormtie noise sources surround the region of interest
that contains the sensors, then the term in the square lhsazsee be computed by the Helmholtz-Kirclhidentity:
this identity yields that this term is proportional to theaginary part of the Green’s function and we then find that
the derivative of the cross correlation is proportionallte symmetrized Green’s function convoluted with the time
correlation function of the noise sources (Garnier and Riap&aou, 2009, Section 4.4):

3:Cr (7, @1, 2) & —F * [G(, 21, T2) — G(—+, T1, X2)](7). (12)

Travel time estimation is then straightforward as the siagcomponent of the Green'’s functi®{(r, x1, x2) is con-
centrated at time lag equal to the travel tim&, ..,. When the noise sources are spatially localized the Helinhol
Kirchhoff identity cannot be used and we address in this section tiiavelestimation in this situation.

3.1. Analysis in the high-frequency regime

We assume from now on that the decoherence time of the noiseesois much smaller than the typical travel
time that we want to estimate. If we denotedthe (small) ratio of these two time scales, then we can whigetime
correlation functiorF,. of the noise sources in the form

Fe(t —t1) = F(%) (13)

wheret; andt, are scaled relative to typical travel times. The hypothesis1 is both natural and useful:

1) In applications, such as surface wave tomography, naserds are first bandpass-filtered and then cross
correlated (Shapiro et al., 2005). If the central frequengyf the filter is high enough so that the corresponding
wavelengthp is much smaller than the typical travel distam;éhen we have = 1p/d < 1. As we will see below,
the resolution by cross correlation is inversely proparido the bandwidth, so the hypothesis 1 turns out to be
natural in order to get some resolution (i.e. an estimatbefravel time with an accuracy smaller than the total travel
time through the region).

2) The Fourier transform of the time correlation functiorthé sources has the forf(w) = sF (sw), so that the
cross correlation (8) involves a product of Green'’s funtsievaluated at high frequencies:

1 A = R .
CH(r, 1, 20) = — ff F(w)K(y)G(g, T, y)G(g, T2, y)e"“’z dydw. (14)
2r e &
Whene < 1 we can use a geometric asymptotics approximation for tleei®s function
~/Q) LW
G(;, ,y) = Ay y exp(i ;‘Tw,y), (15)

and we find that the expression (14) has the form of a multigegral with a smooth amplitude and a rapid phase.
Therefore a stationary phase analysis appears as an ajaipedpol to study the cross correlations in the regime 1.

For simplicity we assume in the following that the backgrdumedium is homogeneous with speed of propagation
Co. ThenAy, = 1/(4nlx — yl) andT 4 = |z — yl/Co. Using stationary phase arguments one obtains the foltpwin

expression for the cross correlation in the reg#senall:

Co
(9TC(1)(T, €1, 532) = Eﬂwl,wz[sz,wlFs(T + Twl,wz) - Kacl,wz FS(T - Twl,wz)]» (16)
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Figure 1: Travel time estimation in a homogeneous mediune fifkt configuration is plotted in Figure (a): the circles e noise sources and
the triangles are the sensors. Figure (b) plots the crosslation C) between the pairs of sensoeBy(xj), j = 1,..., 5, versus the distance
|aj —21]. The second configuration is plotted in Figure (c) and Figdyelots the corresponding cross correlat®. HereF (w) = w? exp-w?)
andcp = 1.

Estimation des temps de trajet dans un milieu homogéneglefia) est une esquisse de la premiére situation : lefesexant les sources de bruit
et les triangles sont les capteurs. La corrélation cedd$® entre les paires de capteussi(x;j), j = 1,...,5, estdessinée en fonction de la distance
laj — 1| dans la figure (b). La figure (c) est une esquisse de la seciindéan et la figure (d) dessine la corrélation croiségespondante. Ici
F(w) = w? expw?) etcy = 1.

whereK,, », is the power released by the noise sources located alongyhstarting frome; with the direction of
x1 — x> (it is a piece of the ray joining:; andx,):

* Tl -T2
K.z, fo K(z1+ P $2||)d|. 17)
Note thatK,, .., is not zero only if the ray starting from, and going througk, extends into the source region. In
other words, sources located along the ray starting tigrwith the direction ofry — x» (resp.x; — x1) gives rise
to a singular component at= 7, o, (r€sp.7 = —7z, «,)- In Figure 1a-b one can see a peak at 7, ., because
the ray going througke; andx; intersects the source region. In Figure 1c-d one cannotrsepeak atr = +7, 4,
because the ray going through andz; does not intersect the source region.

To summarize, whea is small, the cross correlatid®)(z, 1, ;) has singular components @t +7, ,) if
and only if the ray going through; anda, reaches into the source region, that is, into the suppohteofunctionk.
The results (16-17) also shows that:
- only the noise sources located in a small tube around thpirging 21 andx, contribute to the singular components
of CO(r, x4, x,) (this can be seen from the line integral (17)),
- the widths of the peaks are determined by the bandwidtheofithise sources,
- the heights of the peaks do not depend on the distance fresoilrces to the sensor array.
This last property follows from the stationary phase arialgad is a consequence of two competing phenomena that
cancel each other: on the one hand the geometric decay offitpitade of the Green'’s function as a function of the
distance from the sources to the sensors, and on the othétimamcrease of the diameter of the small tube around
the ray that contributes to the singular components.

3.2. Signal-to-noise ratio reduction and enhanced resotutiue to scattering

In order to analyze the cross correlation technique in atexdagy medium, we first introduce a model for the
inhomogeneous medium. We assume that the medium has a hoemgackground speegland small and weak
fluctuations responsible for scattering:

Wlm) - C—lg[1+ V(@)].

whereV(x) is a random process with mean zero and covariance functithedorm
E[V(z)V(z')] = ol3p(x)5(z - 2').

HereE stands for the expectation with respect to the distribubiithe randomly scattering medium; is the standard
deviation of the fluctuations of the speed of propagatigs the correlation length of the fluctuations, and the fuorcti
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p(x) characterizes the spatial support of the scattering nedilmte that we have assumed that the correlation length
is small enough so that we can consider that the proé¢esslelta-correlated.

To leading order in the scattering strength the average @mselation is the sum of the unperturbed cross corre-
lation Cél) (i.e. the cross correlation (8) in the absence of scatteang of an additional term of the form:

E[C(l)(‘l', x1, 332)] _ Cgl)(T, 1, -'132) = 2—]7-1_ ffa)“FAg((u)Kp(y)a(a), T, y)é((u, T, y)e*iaﬂ'dyda), (18)
where 22
Ko(z) = ple) s, [ KW g, (19)

2°n2ch J |y - =22
Note that the support of the functid€f is the support op, i.e. the scattering regiork?(z) is proportional to the
total power reemitted frons by scattering. Eq. (18), which has the same form as (8) biit Kitinstead oK, shows
that the random scatterers play the role of secondary seufte average cross correlation (18) possesses additional
peaks atr = T4, 2, (resp. 7 = —7T4,.2,) due to the scattered waves provided that there are raysdssom the
scattering region that goes through and thenz, (resp. throughe, and thenz;). Indeed in the high-frequency
regime we find

Co
E[0,CY(r, 21, 22)] — 8.C ), @1, 22) = Emml,mz[ng,wng‘*)(T + Tanas) = Koy oo FOT = T )], (20)

whereK?, . is defined as in (17) but in terms &F instead ofK, andF‘" is the fourth-order derivative d¥,. This
shows that:
- all noise sources but only the scatterers along the rajngin; andx; participate in the additional peaks,
- the heights of the additional peaks decay with the squatamiie from the sources to the scattering region.

To leading order in the scattering strength and in the higlytfency regime, we find using again stationary phase
arguments that the variance of the fluctuations of the crogglation is:

213 R Ko, — Koa,)? + K2+ K2
f Var(9,CO(r, 21, 22))dr = 5 [ f a)4F8(a))2da)] f p(z)( ‘ a2 Koy + K, dz. (21)

2175¢3 |z — 1|3z — x)?

This shows that:
- all noise sources and all scatterers participate in théuétions of the cross correlation due to the randomly séagie
medium (and not only the ones along a particular ray),
- the standard deviation of the fluctuations decay with theasg distance from the sources to the scattering region
and with the square distance from the scattering regiongaénsors.
- in terms of the noise bandwid®, the standard deviation scalesBi$? while the amplitudes of the peaks scale as
B, which shows that the relative fluctuations decay with thedvadth.

The analysis of the mean and varianc€6? therefore shows that scattering can enhance the diretteasity
of the wave fields recorded by the sensors, which can helpwelttime estimation, but it also increases the fluctuations
of the cross correlation, which may make the additional pedifficult to detect. The use of fourth-order cross
correlations discussed in the next subsection is a way tease the SNR of travel time estimation in randomly
scattering media.

3.3. Use of fourth-order cross correlations

It is possible to estimate the travel time between two senspandx; in a scattering medium by looking at the
main peaks of a special fourth-order cross correlaﬂ&?ﬁ, x1, x2) (CO stands for Correlation of Coda of Correla-
tion) (Stehly et al., 2008). This fourth-order cross catien uses the data recorded by an array of auxiliary sensors
Tak, K=1,..., Ny and it is evaluated as follows.

1) Calculate the cross correlations betwagrandx,x and betweer; andx,y for each auxiliary sensae,x as
in (1).

2) Calculate the coda (i.e. the tails) of these cross cdoelst

CT,COdiTv wak: :Bl) = CT (T9 wak: :Bl)l[Tcl,Tcg] (|T|)9 I = 19 27 k = 19 L] Na-
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3) Cross correlate the tails of the cross correlations armdteem over all auxiliary sensors to form the coda cross
correlation betweemr; andxs:

Na
3
COr, 21, ) = E f Cr.codd ™', Tak, £1)C1.codd T + T, Tak, T2)d7'.
k=1

This algorithm is parameterized by three important times:
1) The timeT is the integration time and it should be large so as to engatistical stability with respect to the
distribution of the noise sources.
2) The timeT¢; should be large enough so that the Green’s functiGis £ak, T1))te[T...7.;] aNd G(t, Tak, £2))te[Ter.Tes]
limited to [Ty, T¢c2] do not contain the contributions of the direct waves. Théeams thafl;; depends on the index of
the auxiliary sensok and should be a little bit larger than ma%{, z,, 7x,.z.)-
3) The timeT¢, should be large enough so that the Green’s functiGiis £ak, 1))te[T.. 7] aNd G(t, Tak, T2))te[Te Tes]
limited to [T¢1, T¢o] contain the contributions of the incoherent scatteredesawhis means thdt., should be of the
order of the power delay spread.

The coda cross correlati(@frs) is a self-averaging quantity and it is equal to the staa$tioda cross correlation
C® asT — co:

Na __
CO(r,z1, ) = Z ng))da(w, Tak wl)Cg))da W, Tak, T2)€ ' dw,
k=1

Condm@aw®) = COT @ak, @)y, 1o (7).

The coda cross correlati@f® differs from the cross correlati@f? in that the contributions of the direct waves are
eliminated and only the contributions of the scattered wawe taken into account (note that some of the contributions
of scattered waves are also eliminated, but only those wddcrespond to small additional travel times, which are
also those which induce small directional diversity). $irscattered waves have more directional diversity than the
direct waves when the noise sources are spatially localtheccoda cross correlati@f®)(z, 1, ) usually exhibits

a stronger peak at lag time equal to the inter-sensor triamelf,., », (Garnier and Papanicolaou, 2009). In particular,
in contrast with the cross correlati@i), the existence of a singular component at lag time equaldrével time

T =2, dO€s not require that the ray joining andx; reaches into the source region, but only into the scattering
region.

We illustrate these results in Figure 2 in which the five semswe aligned perpendicularly to the energy flux
coming from the noise sources and the cross correld@®ifr, z1, z;) does not have a peak at lag time equal to
the travel time between the sensarsandxj, j = 1,...,5. However the ray going through the senseysandx;
intersects the scattering region and the coda cross ctiore@®(r, x1, ;) has a peak at lag time equal to the travel
time between the sensors. The comparison between FiguredZeigure 2d also shows that the auxiliary sensors are
necessary to get the peak of the coda cross correlation.

4. Reflector imaging

In this section we show that cross correlations of signalistedby ambient noise sources and recorded by a sensor
array can also be used for imaging of reflectors. The data tesbd for imaging is the matrix of cross correlations
the medium. Here we consider the case in which there is ory@ftector located af;. Note that it is often necessary
to have available data seG(f, x;, x1))ji=1...n and Co(r, zj, 1)) =1,..n, With and without the reflector, respectively,
so that we can compute theffdirential cross correlationsC = C — Cy and migrate them. In general, but not always,
the primary data s&t cannot be used directly for imaging because peaks in the carselations due to the reflector
may be very weak compared both to the peaks of the direct watteg times equal to the inter-sensor travel times, as
well as to the non-singular components due to the dirediityra the energy flux (Garnier and Papanicolaou, 2009).
In many applications where we want to image localized chaimyéhe environment, such as in reservoir or volcano
monitoring, both data sets are usually available.
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Figure 2: Travel time estimation in a scattering medium. @trefiguration is plotted in Figure (a): the circles are thisesources, the squares are
the scatterers, the triangles are the sensors, and the @iaptles are the auxiliary sensors. Figure (b) plots thescorrelatiot) between the
pairs of sensorsafy, =), j = 1,...,5, versus the distandej — «1|. Figure (c) plots the coda cross correlatiof?) between the pairs of sensors
when the auxiliary sensors are used. Figure (d) plots tha combss correlatio®(® when the auxiliary sensors are not used.

Estimation de temps de trajet dans un miliefiidiant. La figure (a) est une esquisse de la situation : leleseent les sources de bruit, les carrés
sont les difuseurs, les triangles pleins sont les capteurs et les kemniles sont les capteurs auxiliaires. La corrélatioiséeC™® entre les paires
de capteursay, zj), j=1,..., 5, est dessinée en fonction de la distajage- 1| dans la figure (b). La figure (c) dessine la corrélation émid)
lorsque les capteurs auxiliaires sont utilisés et la figdyelessine la corrélation crois&®) lorsque les capteurs auxiliaires ne sont pas utilisés.

4.1. Analysis in the high-frequency regime

By a stationary phase analysis and a Born approximatiorreflector the singular components of thieit
ential cross correlatior@®)(r, 21, ) can be identified (Garnier and Papanicolaou, 2010). Thisp®rtant because
this information will in turn allow us to determine the apprate imaging functional that should be used to migrate
the cross correlations. There are two main types of confifuraof sources, sensors, and reflectors:

1) The noise sources are spatially localized and the seasatsetween the sources and the reflectors (Figure 3a). We
call this the daylight illumination configuration. In thisifiguration the singular components of th&eliential cross
correlation are concentrated at lag times equal to (plusioush the sum of travel timeg,, .. + Tz, .-

2) The noise sources are spatially localized and the refleet® between the sources and the sensors (Figure 4a).
We call this the backlight illumination configuration. Ingrconfiguration the singular components of thatential
cross correlation are concentrated at lag times equal tdiffezence of travel time$,, .. — T, 2,-

In the backlight imaging configuration, whenis small, the dferential cross correlatioaC® has a unique
singular contribution at lag time equal to théfdience of travel timeg,, .. — 7%,,., and it has the form:

ol?

Kzr,z - Kzr,m
L 2 6TF€(T - [TwZVZr - Twl»zr])’

22
pT o P p—— (22)

ACO(, &1, x,) =
3
whereK . is defined by (17). In the daylight illumination configuratjghe diferential cross correlatiohC® has
two singular contributions at lag times equal to plus or maithe sum of travel time%,, .. + 7, ., and it has the
form:

o3 K
ACO(, x4, o ZLE 0:Fo(t = [Taon + T
(T 1 :BZ) 327T200 |zr — 331||Zr — le (T [ x2,2r wlszr])
O'rlr3 K,z

O Fe(t+ [Tz + Tayz))- (23)

32n2¢y |zr — xallzr — 2

Note thatk, ., is not zero only if the ray going froma; to z; extends into the source region, which is the backlight
illumination configuration, whilé, -, is not zero only if the ray going frona, to =; extends into the source region,
which is the daylight illumination configuration. Eq. (23)aswvs that:

- only the sources located along the rays joiningandz, contribute to the singular components,

- the widths of the peaks are determined by the bandwidtheofitiise sources,

- the heights of the peaks are inversely proportional to tfuare of the distance from the reflector to the sensor array,
and they do not depend on the distance from the sources tefthetor or the sensor array.
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Figure 3: Passive sensor imaging in a homogeneous mediura.daylight illumination configuration is plotted in Figura){ the circles are

the noise sources, the triangles are the sensors, and thertias the reflector. Figure (b) plots the image obtainedth gie backlight imaging

functional (25). Figure (c) plots the image obtained with traylight imaging functional (24).

Imagerie passive dans un milieu homogéne. La figure (a)nesesquisse de la situation : les cercles représenterdueses de bruit, les triangles
sont les capteurs, et le losange représente le réfledtadigure (b) est 'image obtenue avec la fonction (25). Larkg(c) est I'image obtenue

avec la fonction (24).
v v
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Figure 4: Passive sensor imaging in a homogeneous mediuebddklight illumination configuration is plotted in Figu@. Figure (b) plots the
image obtained with the backlight imaging functional (25igure (c) plots the image obtained with the daylight imadanctional (24).
Imagerie passive dans un milieu homogene. La figure (a)resesquisse de la situation. La figure (b) est I'image obtemee la fonction (25).
La figure (c) est I'image obtenue avec la fonction (24).

4.2. Migration of cross correlations

As shown in the previous subsection, the cross correlatiay imave additional peaks at lag times that depend on
the reflector location. This suggests that the reflector eaimiaged by migrating the cross correlation matrix. This
form of passive sensor array imaging depends in an essefatyabn the illumination configuration, that is, the relative
positions of the sensors, the noise sources, and the reflecto

To form an image in a daylight illumination configuration gbie 3a), we propose to use the daylight imaging
functional defined for a search poigt in the image domain by:

N
1°(2%) = ) AC(Tos 0y + Tasy, @) ). (24)
=1

This functional is built by evaluating each element of thessrcorrelation matrix at lag time equal to the sum of the
travel times7 s 5, + 7 s -, and by summing the migrated matrix elements over all paiseafors (it is therefore a
Kirchhoff-type migration functional for the cross correlation matriThe resolution analysis of the daylight imaging
functional is carried out in (Garnier and Papanicolaou®@0The cross range resolution for a linear sensor array with
aperturea is given bylpa/L,. HereL, is the distance between the sensor array and the reflectoasdhe central
wavelength. The range resolution for broadband noise ssusequal t@y/B whereB is the bandwidth of the noise
sources. The range resolution for narrowband noise soimzleaz/er.

To form an image in a backlight illumination configurationgére 4a), we propose to use the backlight imaging

9



functional defined for a search poigt in the image domain by:

N
IB(zS) = Z AC(T o5 0 — T 252> Tj, x)). (25)
i1

This functional is built by evaluating each element of thessrcorrelation matrix at lag time equal to thé&elience

of the travel imes s ,, — 7s »,; and by summing the migrated matrix elements over all paiseators. The cross
range resolution igpa/L, while the range resolution i%a?/L? whatever the bandwidth, which means that the range
resolution is very poor compared to the daylight imagingctional, because it exploits onlyftirences of travel
times, which are much less sensitive to the range than the efitravel times (Garnier and Papanicolaou, 2010).

4.3. Signal-to-noise ratio reduction and enhanced resofudlue to scattering

We here discuss the tradébetween resolution enhancement and SNR reduction duetterscg.

When the primary energy flux only gives a backlight illumioatof the reflector and when there is no scattering,
only the backlight imaging functional (25) can be used, Wtpcoduces an elongated peak at the reflector location
with poor range resolution. When there is scattering, tlatasers can play the role of secondary sources and they
can provide a daylight illumination for the reflector. Thigdpens provided there are rays issuing from the scattering
region and going to the sensors and then to the reflectorteBiogtcan therefore lead to the appearance of a singular
contribution in the cross correlation at lag time equal fogpr minus) the sum of travel times and then the daylight
imaging functional (24) can have a peak at the reflector lopatith good range resolution. However, the scattered
waves also involve fluctuations in the cross correlatiolas tan be larger than the additional peak exhibited here
above. As a consequence, the peak in the daylight imagingtifural (24) at the reflector location that we have
just mentioned is usually buried in the contributions of tlm-singular random components. This can be studied
following the lines of Subsection 3.2 and this happens irsétap of Figure 5, which we discuss in the next subsection.

4.4. Use of fourth-order cross correlations

We have noticed that the peaks produced by the scatterec ivetre diferential cross correlatiohC®(, z;, x)
and that are relevant to imaging of reflectors can be burildétuations. This happens when the SNR of the peaks at
lag time equal to (plus or minus) the sum of travel tina€%, ., + 7, 2,) is low. In this section we propose to use an
iterated cross correlation technique that masks the danitons of the direct waves and increases tfieative SNR
of the peaks produced by the scattered waves. This techmnigseshown to bef@cient for inter-sensor travel time
estimation in Section 3.3. In the following we describe tieishnique for reflector imaging with secondary daylight
illumination from scattering.

It is possible to form a special fourth-order cross coriefamatrix AC(T3)(T, xj, 1) between sensorsc()j=1...n
from the diterential cross correlationsCr (7, xj, «;) obtained from the recorded data. This is done as follows.

1) Calculate the coda (i.e. the tails) by truncation of tHeedéntial cross correlations:

ACt codd T, xj, 1) = ACt (7, j, 1) L1, 7 (I71), BI=1...,N

2) Cross correlate the tails of theffidirential cross correlations and sum them over all complésmgsensors in
the array to form the coda cross correlation betwegandzx;:

N
ACY (@)= ) f ACt codd 7', Tk, ) ACT codd T + 7, Tk, 21)d7. (26)
k=1ke{jl}

The roles of the three parametdrsT.i, andT.;, are described in Subsection 3.3. Thietiential coda cross correla-
tion AC(Ts) is a self-averaging quantity and it is equalt6® asT — co:

N
Z fAé(l) {w, Tk, wj)ACAg))da(w, Tk, )€ dw,
k=1ke(j.l}

AC(s)(T, xj, )

cod

ACS))da(T, Tk, T))

ACH(z, 2y, 1) L7y 7o) (I71).
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Figure 5: Passive sensor imaging in a scattering medium.c®hfiguration is plotted in Figure (a): the circles are thesesources, the squares
are the scatterers, and the diamond is the reflector. Figmneldts the image obtained with the backlight imaging fioral (25) applied with
ACO). Figure (c) plots the image obtained with the daylight imagiunctional (24) applied withC™®). Figure (d) plots the image obtained with
the daylight imaging functional (24) applied witC®).

Imagerie passive dans un milieufdisant. La figure (a) est une esquisse de la situation : lelesesont les sources de bruit, les carrés sont les
diffuseurs, et le losange représente le réflecteur. La fighes{liimage obtenue avec la fonction (25) utilisee axétl). La figure (c) est l'image
obtenue avec la fonction (24) utilisee ave€®. La figure (b) est Iimage obtenue avec la fonction (24) séié avecC®).

The time windowing is very important because it selects theributions that we want to use for imaging the reflector
atz;. The asymptotic analysis of the functiondl® can be carried out in the high-frequency regime using statip
phase arguments. It shows that thetiential coda cross correlati?e€® has singular components at lag time equal
to (plus or minus) the sum of travel time$7, .. + 74,.2,). and has less additional terms than the usu@tintial
cross correlation studied in Subsection 4.3. As a conseguaigration of the dferential coda cross correlation using
the daylight migration functional can produce an image efréflector with a higher SNR.

In Figure 5 we consider a situation in which the primary egeigx is backlight and scattering generates a
secondary daylight illumination. The daylight imaging ftional applied wittAC® does not exhibit a clear peak at
the reflector location (Figure 5c¢) because of the stronguhtains of the cross correlation at lag time equal to the sum
of travel times. However, the daylight imaging functionpptied with AC® (figure 5d) gives a much better image.
The overall result is that the backlight imaging functio@&l used withAC® has good cross-range resolution and
SNR while the daylight imaging function@P used withAC® has good range resolution and SNR.

5. Further results on cross correlation in scattering media

In this note we have shown that imaging with ambient noisecasiin a random medium is statistically stable
with respect to the noise source distribution, but it is Uguzot statistically stable with respect to the distrilmuti
of the random medium. It is, however, possible in some sinatto exploit the enhanced diversity of the scattered
waves in order to improve the resolution in travel time tomagdpy or in reflector imaging without reducing too much
the signal-to-noise ratio. This is especially true whemgdourth-order cross correlations which tend to increhse t
signal-to-noise ratio.

These results were obtained here in a weakly scatteringumed a high-frequency regime, but other propagation
regimes can be analyzed. In (Garnier and Sglna, 2010b) lmnefrcandom scattering in the Green’s function estima-
tion is studied in the radiative transport regime. This wprtvides a bridge between the situation with a directional
wave field and a fully equipartitioned field. In the radiativensport regime, scattering improves Green’s function
estimation by enhancing the directional diversity of the@grecorded by the sensors under the following conditions:
first the sensors need to be close to each other (that isy ¢k the mean free path), while the observation region
can be far from the source region. Resolution is enhanceadh wieepropagation distance from the sources to the
observation region is larger than the mean free path. Ini@&aand Sglna, 2010a; de Hoop and Sglna, 2009) other
regimes of propagation are considered (randomly layeretlarend random paraxial regime) which lead to similar
conclusions. In (Garnier and Sglna, 2010a,b; de Hoop anthSa009) as in the weakly scattering high-frequency
regime discussed in this note, the important practicakissuhe lack of statistical stability of the cross correlat
with respect to the distribution of the random medium. Ingyah averaging over the medium is not possible but
it may be possible to smooth or average over mid-points dfsts and to stabilize the data in order to invert for
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medium parameters in the case of simple, low-dimensiondlumemodels. For instance a robust algorithm to detect
an interface in the medium is proposed in (Garnier and S@BiH)a). The optimal way to combine data in space and
frequency to obtain stable and high-resolution estimagssins an open problem.
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