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Abstract. We demonstrate that increased power transmission through a ran-
dom single-mode or multi-mode channel can be obtained in the localization
regime by optimizing the spatial wave front or the time pulse profile of the
source. The idea is to select and excite the few modes or the few frequencies

whose transmission coefficients are anomalously large compared to the typical
exponentially small value. We prove that time reversal is optimal for maxi-
mizing the transmitted intensity at a given time or space, while iterated time
reversal is optimal for maximizing the total transmitted energy. The statistical
stability of the optimal transmitted intensity and energy is also obtained.

1. Introduction. It is known that the total power transmission coefficient of a
multi-mode random system decays to zero when the length of the system becomes
large. The decay rate is algebraic in the diffusive regime and exponential in the
localization regime [1]. It is also known that the transmission through a multi-
mode random system in the diffusive regime is the result of a small number of open
channels with a transmission coefficient close to one [3]. It is therefore possible
to increase the transmission by shaping the wave front so as to excite the open
channels. Following this idea an optimization algorithm has been proposed and
implemented in [18] that maximizes the intensity transmitted in a diffraction limited
spot. The experiments carried out in [18] were in excellent quantitative agreement
with random matrix theory that predicts that, with perfectly shaped wave fronts,
the total power transmission coefficient of a multi-mode random system tends to a
universal value of 2/3, regardless of the length of the system [10].

The results reported so far were obtained theoretically and experimentally in the
diffusive regime, far away from the localization regime. In our paper we address the
localization regime and show that a qualitatively similar picture holds. We exhibit
that the mode power transmission coefficients have a bimodal distribution, so that
most of them are exponentially small, but a small (but not negligible) number of
them are of order one. In particular the total power transmission coefficient depends
only on these exceptional modes.

We first address the time-harmonic problem for a random multi-mode channel
and study the optimization of the spatial wave front. We show that the maximal
intensity delivered at a target point of the output of the channel is obtained by
using a time-reversal scheme and that it is a self-averaging quantity in the limit of a
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large number of modes. The total power transmission coefficient obtained with this
optimal illumination is also self-averaging, it depends on the ratio of the length of
the system over the localization length, and it becomes equal to 1/4 when the length
of the system is larger than the localization length. This is in dramatic contrast with
the case of a uniform illumination in which the total power transmission coefficient
decays exponentially with the length of the system. We also show that the maximal
total power delivered at the output of the channel is obtained by using an iterated
time-reversal scheme, which gives after 2q+ 1 iterations a total power transmission
coefficient of (1 − 1/(4q + 2))2 in the strong localization regime.

Second we address the time-dependent problem for a random single-mode chan-
nel and study the optimization of the source profile. We show that the maximal
intensity delivered at a prescribed time is obtained by using a time-reversal scheme,
and that the total transmitted energy can be optimized by using an iterated time-
reversal scheme. The n-th order iterative time-reversal scheme gives a total trans-
mitted energy equal to (1 − 1/(2n))2 in the strong localization regime. Therefore
the analysis of the multi-mode time-harmonic problem on the one hand and of the
single-mode time-dependent problem on the other hand shows that the exponential
decay due to the wave localization can be overcome by optimizing the illumination.

The paper is organized as follows. In Section 2 we list the hypotheses that the
random multi-mode system should satisfy so that our theory can be applied. In
Section 3 we present two models that satisfy the set of hypotheses. In Section 4
we study in detail the statistics of the mean mode power transmission coefficient in
the localization regime and exhibit its bimodal structure. In Section 5 we describe
the statistics (mean and fluctuations) of the power transmission using optimal il-
lumination and make the connection with time-reversal. This optimal illumination
is designed to maximize the intensity delivered at a target point. In Section 6 we
show that the total power transmission can be optimized by using iterated time re-
versal. Finally, in Section 7 we introduce and study a time-dependent single-mode
problem in which an optimized pulse profile is used to maximize the intensity trans-
mitted through the random system at a given time. We show that time-reversal is
optimal for the maximization of the transmitted intensity at the prescribed time
while iterated time-reversal is optimal for the maximization of the total transmitted
energy.

2. A multi-mode waveguide model. We consider a randomly perturbed wave-
guide or system with N channels or modes. The transverse section of the system is
Ω ⊂ Rd. Each mode is characterized by its unperturbed transverse spatial profile
(φj(x))x∈Ω and a random transmission coefficient Tj . If the input profile is ψin(x),
then the output profile is

ψout(y) =

N
∑

j=1

αjTjφj(y), αj =

∫

Ω

φj(x)ψin(x)dx.

The orthonormality property of the (unperturbed) modes means that, for all j, j′ =
1, . . . , N ,

∫

Ω

φj(x)φj′ (x)dx = 1j=j′ .

Let us assume that we have an array of n regularly spaced emission points
(xk)k=1,...,n in the input plane of the waveguide and an array of p regularly spaced
control points (yl)l=1,...,p in the output plane of the waveguide.



OPTIMAL TRANSMISSION THROUGH RANDOM WAVEGUIDES 3

Hypothesis 1: continuum approximation and discrete orthonormality property.
The input and output arrays are regular and dense enough so that the discrete
orthonormality property holds. If δx, resp. δy, is the spacing between the emission,
resp. control, points, then n = |Ω|/δxd, p = |Ω|/δyd, and for all j, j′ = 1, . . . , N ,

|Ω|
n

n
∑

k=1

φj(xk)φj′ (xk) = 1j=j′ ,
|Ω|
p

p
∑

l=1

φj(yl)φj′ (yl) = 1j=j′ . (1)

Hypothesis 2: uniform distribution of eigenfunctions. The number N of modes
is large enough so that, for almost every y ∈ Ω,

|Ω|
N

N
∑

j=1

|φj(y)|2 = 1 + oN→∞(1), (2)

and

|Ω|2
N2

N
∑

j=1

|φj(y)|4 = oN→∞(1). (3)

The hypothesis (2) is fulfilled for very general waveguides in a weak sense [7, 19].
The condition (2) indicates that the intensity of an equipartitioned field (whose
energy is distributed over all modes) is well distributed spatially in the Cesaro
mean, and the condition (3) prevents one mode from carrying all the energy (the
situation in which |φj0 (y)|2 ≃ N and |φj(y)|2 ≃ 0 for j 6= j0 is rejected).

Hypothesis 3: localization regime. The mode power transmission coefficients
|Tj|2 are independent and identically distributed. The distribution exhibits an ex-
ponential decay as a function of the length of the system and it is described in
Section 4.

The hypotheses 1, 2, and 3 can be regarded as natural hypotheses for a random
multi-mode waveguide in the localization regime. The only point that can be con-
sidered as special is the independence of the mode power transmission coefficients.
This is not what could be expected from a random matrix theory approach in which
level repulsion involves correlation [11, 17, 1]. However this hypothesis is fulfilled
by realistic models that we describe in the next section and for which a complete
analysis can be carried out, so it deserves our attention.

3. Random waveguide models. In this section we present two models of random
multi-mode waveguides that satisfy the three hypotheses listed above.

3.1. Metallic planar waveguides. In this section we study propagation of optical
modes in dielectric films. We consider the basic problem of TE (transversal electric)
mode propagation in slab dielectric waveguides [2]. We assume that the slab waveg-
uide has thickness D and is located in the region x = (x, y, z) ∈ [−D/2, D/2]×R

2.
Its axis is z and the slab is infinite in the y-direction. The slab is switched between
two metallic slabs for x > D/2 and for x < −D/2. We restrict ourselves to the y-
independent case and consider time-harmonic waves E(x)e−iωt which depend only
on x and z and which solve

∆E(x) + k2
0(ω)n2(x)E(x) = 0, (4)

for x ∈ (−D/2, D/2), where k0(ω) = ω/c is the vacuum wavenumber. The wave
also satisfies continuity conditions of the tangential components of the field at the
dielectric interfaces.
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We begin by studying the properties of guided modes in a perfect waveguide,
whose core has a homogeneous index of refraction equal to n0. A mode is a
monochromatic wave whose complex amplitude E(x) is solution of the time-harmonic
wave equation (4) with n(x) = n0. Limiting ourselves to waves with phase front
normal to the waveguide axis z, we have E(x) = E(x)eiβz . We are looking for
TE modes E = (0, Ey, 0) with field component Ey = φ(x)eiβz . The scalar field φ
satisfies

∂2φ

∂x2
+ (k2(ω) − β2)φ = 0, (5)

where k(ω) is the homogeneous wavenumber k(ω) = n0k0(ω). In the two metallic
slabs x > D/2 and x < −D/2 the electric field is zero. Because of the need to
match Ey at x = −D/2 and x = D/2 the field φ solution of (5) satisfies the
Dirichlet boundary conditions φ(−D/2) = φ(D/2) = 0. There exists solutions only
for some values of β. Thus the metallic planar waveguide can only support a finite
number of confined TE modes, Ej(x, z) = φj(x)e

iβj(ω)z, where

φj(x) =















√
2√
D

cos
( jπx

D

)

, if j is odd,
√

2√
D

sin
( jπx

D

)

, if j is even,

(6)

and βj(ω) > 0 satisfies the dispersion relation

β2
j (ω) +

π2j2

D2
= k2(ω). (7)

There exists N guided modes, where N is

N =
[k(ω)D

π

]

, (8)

and [x] is the integer part of a real number x. Note that the mode profiles satisfy
the orthonormality property

∫ D/2

−D/2

φj(x)φj′ (x)dx = 1j=j′ .

Moreover, we have

D

N

N
∑

j=1

|φj(x))|2 = 1 − 1

N

N
∑

j=1

cos
(2jπx

D

)

(−1)j

= 1 +
1

N

cos
(

πNx
D + πN

2

)

sin
(π(N−1)x

D + π(N−1)
2

)

cos
(

πx
D

) ,

which shows that the mode profiles satisfy the uniformity property (2):

D

N

N
∑

j=1

|φj(x)|2 = 1 +O
( 1

N

)

∀x ∈ (−D/2, D/2).

The condition (3) is readily fulfilled since φj is bounded by
√

2/D. Therefore the
modes satisfy the hypotheses 1 and 2 listed in Section 2.

From now on we consider the case in which a section z ∈ [0, L] of randomly
perturbed waveguide is sandwiched in between two homogeneous waveguides. We
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assume that a monochromatic wave is incoming from the left and has the following
form at the entrance of the random waveguide:

ψin(x) =

N
∑

j=1

φj(x)αj , (9)

where (αj)j=1,...,N is the decomposition of the incident wave on the propagating
modes. We assume that the medium inside the section z ∈ [0, L] of the waveguide
is affected by small random inhomogeneities, so that its index of refraction has the
representation:

n2(x) = n2
0

(

1 +m(z)
)

. (10)

The random coefficient m(z) which describes the inhomogeneities is assumed to be
a zero-mean stationary random process with strong mixing properties so that we
can use averaging techniques for stochastic differential equations as presented in [4,
Chapter 6]. We denote by γ the power spectral density of the fluctuations, which
is the Fourier transform of the autocorrelation function:

γ(k) =

∫ ∞

−∞

cos(2kz)E[m(0)m(z)]dz. (11)

We consider here that the typical amplitude of the random fluctuations of the
medium is small and that the length of the perturbed waveguide is much longer than
the wavelength. In this weakly scattering regime the fluctuations of the index of
refraction induce a random coupling between forward and backward modes, which
results in a decay of the mode power transmission coefficients. More precisely we
have the following proposition [5].

Proposition 1. The transmitted wave has the following form:

ψout(x) =

N
∑

j=1

αjTj(L)φj(x). (12)

In the homogeneous case the transmission coefficients are

Tj(L) = eiβj(ω)L.

In the weakly scattering regime the mode power transmission coefficients
(

Tj(L)
)

L≥0

defined by
Tj(L) = |Tj(L)|2, j = 1, . . . , N,

are independent diffusion Markov processes with generators

Lj =
1

L
(j)
loc(ω)

(

τ2(1 − τ)
∂2

∂τ2
− τ2 ∂

∂τ

)

,
1

L
(j)
loc(ω)

=
k4(ω)γ(βj(ω))

4β2
j (ω)

.(13)

As we will see in Section 4 we can observe an exponential localization of the
modes. Therefore the modes satisfy the hypothesis 3 in Section 2.

3.2. An array of single-mode waveguides. Let us consider an array ofN single-
mode randomly perturbed optical fibers. The injection of the light into this array
is done by sending a wave field through a converging lens and light is collected
in the far field through a similar system (see Figure 1). In order to simplify the
presentation we consider again a two-dimensional system (one dimension for the
propagation axis and one transverse dimension). We denote by D the diameter of
the emission array in the near field of the input lens, by λ the wavelength, by F the
focal length of the lens, and by a the distance between the fibers. The transverse
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Figure 1. An array of single-mode waveguides. The input field
is injected in the array by a lens and the field emerging from the
array is collected by a similar lens.

position of the j-th fiber is xj = (j −N/2)a, j = 1, . . . , N . If we denote by ψin(x)
the wavefield at the entrance plane of the input lens, then the field at the entrance
of the jth fiber is (up to a multiplicative constant):

ψ1(xj) =

∫ D/2

−D/2

ψin(x) exp
(

i2π
xjx

λF

)

dx,

the field at the output of the jth fiber is

ψ2(xj) = Tjψ1(xj),

where Tj is the transmission coefficient of the jth optical fiber. The output field
collected by the output lens is (up to a multiplicative constant):

ψout(y) =
N

∑

j=1

ψ2(xj) exp
(

− i2π
xjy

λF

)

.

Therefore we have

ψout(y) =

N
∑

j=1

αjTjφj(y), αj =

∫ D/2

−D/2

φj(x)ψin(x)dx,

with

φj(x) =
1√
D

exp
(

− i2π
xjx

λF

)

=
eiπQNx/D

√
D

exp
(

− i2πQj
x

D

)

,

where Q = Da/(Fλ). If we assume that Q is an integer, then the modes φj(x)
satisfy the orthonormality property

∫ D/2

−D/2

φj(x)φj′ (x)dx = 1j=j′ ,

and the uniformity property (2): for all y ∈ [−D/2, D/2],

D

N

N
∑

j=1

|φj(y)|2 = 1.

Moreover the condition (3) is fulfilled since |φj(x)| = 1/
√
D. The mode power

transmission coefficients Tj(L) = |Tj(L)|2 are independent since they are associated
to different fibers and they are identically distributed according to the distribution
described in Proposition 1 in the case N = 1 (single-mode waveguide).
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Proposition 2. The transmitted wave has the form

ψout(x) =

N
∑

j=1

αjTj(L)φj(x). (14)

In the homogeneous case the transmission coefficients are equal to

Tj(L) = eiβ1(ω)L,

where L is the length of the fiber and β1(ω) is the reduced wavenumber for the fun-
damental (and unique) mode.
In the weakly scattering regime the mode power transmission coefficients

(

Tj(L)
)

L≥0
,

j = 1, . . . , N , are independent and identically distributed diffusion Markov processes
with generator

L =
1

Lloc(ω)

(

τ2(1 − τ)
∂2

∂τ2
− τ2 ∂

∂τ

)

,
1

Lloc(ω)
=
k4(ω)γ(β1(ω))

4β2
1(ω)

. (15)

Therefore the modes satisfy the three hypotheses listed in Section 2.

4. The distribution of the mode power transmission coefficient. As a func-
tion of L, the mode power transmission coefficient T (L) is a Markov process with
the infinitesimal generator given by

L =
1

Lloc

(

τ2(1 − τ)
∂2

∂τ2
− τ2 ∂

∂τ

)

. (16)

The initial condition for the power transmission coefficient is T (L = 0) = 1. This
result has been known for a long time for one-dimensional random systems [8, 1, 13].

4.1. The moments of the mode power transmission coefficient. The mode
power transmission coefficient T (L) is a random variable whose moments are given
in [4, Section 7.1.5]:

E
[

T n(L)
]

= ξn

( L

Lloc

)

, (17)

where

ξn(l) = exp
(

− l

4

)

∫ ∞

0

e−µ2l 2πµ sinh(πµ)

cosh2(πµ)
ζn(µ)dµ, (18)

with ζ1(µ) = 1 and, for n ≥ 2,

ζn(µ) =

n−1
∏

j=1

1

j2

[

µ2 + (j − 1

2
)2

]

.

The large-l behavior of the functions ξn(l) is

ξn(l)
l≫1≃ π5/2ζn(0)

2l3/2
exp

(

− l

4

)

. (19)

We can remark that

ξn(l)

ξ1(l)

l≫1≃ ζn(0), ζn(0) =

n−1
∏

j=1

(

1 − 1

2j

)2

, (20)

which shows that the decay is the same for all moments of the mode power trans-
mission coefficient. We have in particular

E
[

T 2(L)
]

E
[

T (L)
] =

ξ2(L/Lloc)

ξ1(L/Lloc)

L≫Lloc≃ 1

4
, (21)
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which is a key theoretical result that will be used in the analysis of transmission
enhancement by optimal illumination in Section 5.

4.2. The probability density function of the mode power transmission
coefficient. The computation of the probability density function of T (L) can be
carried out using the Mehler-Fock transform. Here we denote by P−1/2+iµ(η), η ≥ 1,
µ ≥ 0, the Legendre function of the first kind, which is the solution of

d

dη
(η2 − 1)

d

dη
P−1/2+iµ(η) = −

(

µ2 +
1

4

)

P−1/2+iµ(η), (22)

starting from P−1/2+iµ(1) = 1. It has the integral representation

P−1/2+iµ(η) =

√
2

π
cosh(πµ)

∫ ∞

0

cos(µs)
√

cosh(s) + η
ds. (23)

The probability density of the mode power transmission coefficient T (L) is [4,
Section 7.6.1]

p
(

τ,
L

Lloc

)

=
2

τ2

∫ ∞

0

µ tanh(µπ)P−1/2+iµ

(2

τ
− 1

)

exp
[

−
(

µ2 +
1

4

) L

Lloc

]

dµ.

This expression can be approximated when L ≫ Lloc, but we must pay attention
to the range of values of τ for the approximation as we now discuss.

The distribution of T (L) is concentrated in a logarithmic sense around the value
[4, Section 7.1.6]

1

L
ln T (L)

L→∞−→ − 1

Lloc
almost surely,

and more precisely

√
L

( 1

L
ln T (L) +

1

Lloc

)

L→∞−→ N
(

0,
2

Lloc

)

in distribution.

A log-normal approximation for the pdf can be derived from this result:

p(τ, l)
l≫1≃ 1

2
√
πl1/2τ

exp
(

− (ln(τ) + l)2

4l

)

. (24)

This expression is valid when τ ≪ 1.
The probability that T (L) is of order one is small but not completely negligible.

In fact these rare events are important and they determine the values of the moments
of the mode power transmission coefficient. For any τ0 > 0, we have

p(τ, l)
l≫1≃ p∞(τ) :=

√
π

l3/2
exp

(

− l

4

) 1

τ3/2
K(1 − τ), (25)

uniformly for τ ∈ [τ0, 1], where K is the complete elliptic integral of the first kind
defined by

K(m) =

∫ π/2

0

1
√

1 −m sin2 θ
dθ.

On Figure 2a where the pdf is plotted with a logarithmic scale in τ , we can check
that the log-normal approximation gives the right value for the pdf of T (L) for the
small values of τ .
On Figure 2b where the pdf is plotted with a linear scale in τ , we can check that
the log-normal approximation over-estimates the probability that T (L) is of order
one, while the approximation p∞(τ) is indeed correct for τ of order one.
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Figure 2. Pdf of the mode power transmission coefficient. The
solid line is the exact expression. The dashed line is the approxi-
mation p∞(τ) given by (25) which is valid for τ of order one. The
dot-dashed line is the log-normal approximation (24) which is valid
for small τ . The horizontal axis is logarithmic in picture a (so that
the behavior of the pdf for small values of τ can be observed) and
linear in picture b (so that the behavior of the pdf for values of τ
of order one can be observed).

Note also that p∞(τ) is not integrable (there is a divergence at 0 which is not
contradictory since the approximation p(τ, l) ≃ p∞(τ) as l ≫ 1 is valid only for
τ > 0). However, for any n ≥ 1,

∫ 1

0

τnp∞(τ)dτ =
π5/2ζn(0)

2l3/2
exp

(

− l

4

)

.

By comparing with (19) this result confirms the assertion that the rare events for
which T (L) is of order one determine the values of the moments of the mode power
transmission coefficient.

These results are qualitatively similar to, but quantitatively different from, the
ones found by Dorokhov [3] in the diffusive regime. In the diffusive regime most
of the channels have exponentially small transmission, while there are a few open
channels with transmission of order one whose distribution is proportional to

p0(τ) =
1

τ
√

1 − τ
. (26)

This result can be proved by using random matrix theory [10]. In this case, the
ratio of the first two moments of the transmission coefficient is given by

E
[

T 2(L)
]

E
[

T (L)
]

diff.≃
∫ 1

0
τ2p0(τ)dτ

∫ 1

0 τp0(τ)dτ
=

2

3
. (27)

To summarize, in the localization regime, the distribution of T (L) is bimodal:
with a probability close to one (of the order of 1− exp(−l/4), where l = L/Lloc), it
is of the order of exp(−l); with a probability of the order of exp(−l/4) it is of order
one. This result can be interpreted as a manifestation in the localization regime of
the maximal fluctuations theory known in the diffusive regime [9, 16].
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5. Optimization of the transmitted intensity. In this section we want to op-
timize the illumination in the input plane of the waveguide so as to maximize the
transmitted intensity at a target point in the output plane. The situation is the
one described in Section 2. If we use the illumination (Ek)k=1,...,n, then the input
field is

ψin(x) =
n

∑

k=1

Ekψδ(x − xk), ψδ(x) =
1

(δx)d
1[−δx/2,δx/2]d(x),

and the wave field at the control point yl (l = 1, . . . , p) is:

ψout(yl) =

n
∑

k=1

MlkEk,

where M is the p× n transmission matrix between the input and output arrays

Mlk =

N
∑

j=1

φj(yl)Tjφj(xk).

The total incident power can be expressed in terms of the illumination vector
(Ek)k=1,...,n as:

Pin :=

∫

Ω

|ψin(x)|2dx =
n

|Ω|
n

∑

k=1

|Ek|2.

The field received in the output plane using the illumination (Ek)k=1,...,n is:

ψout(y) =

N
∑

j=1

φj(y)Tj

(

n
∑

k=1

φj(xk)Ek

)

,

and the total transmitted power is defined by

Pout :=

∫

Ω

∣

∣ψout(y)
∣

∣

2
dy.

Let us fix some l0 ∈ {1, . . . , p}. If we want to maximize the intensity transmitted
at yl0 amongst all possible illuminations with unit incident power, then we need to
maximize the functional

(Ek)k=1,...,n 7→
∣

∣

∣

n
∑

k=1

Ml0kEk

∣

∣

∣

2

with the constraint

n
∑

k=1

|Ek|2 =
|Ω|
n
.

Using the Cauchy-Schwarz inequality, we have

∣

∣

∣

n
∑

k=1

Ml0kEk

∣

∣

∣

2

≤
[

n
∑

k=1

|Ml0k|2
][

n
∑

k=1

|Ek|2
]

,

with equality if and only if Ek = cMl0k for all k = 1, . . . , n and for some constant
c. Therefore the optimal illumination vector with unit incident power is

Eopt
k =

√

|Ω|√
n

Ml0k
[
∑n

m=1 |Ml0m|2
]1/2

, k = 1, . . . , n, (28)

and the maximal intensity obtained at the control point yl0 with this optimal illu-
mination vector is

Iopt
l0

:= |ψopt
out(yl0)|2 =

|Ω|
n

n
∑

k=1

|Ml0k|2.
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The optimal illumination vector (Eopt
k )k=1,...,n is (proportional to) the complex

conjugate of the transfer function from xk to yl0 , which means that a time-reversal
operation or a phase-conjugation mirror achieves the optimal illumination: If the
point yl0 at the output plane emits a wave that is recorded by the array (xk)k=1,...,n

at the input plane, then the time-harmonic transfer vector is (Mkl0)k=1,...,n and the
optimal illumination vector (28) is proportional to the complex conjugate of the
transfer vector. As we will see in Section 7 in which we address a time-dependent
problem, the correct interpretation is in terms of time-reversal rather than phase
conjugation.

Of course the optimal illumination vector depends on the target point yl0 on
which we want to transmit power. However, the total transmitted power is also
increased by using this illumination, as we will see in Proposition 3. The output
field received in the output plane with the illumination (Eopt

k )k=1,...,n is denoted by

ψopt
out and the total transmitted power by Popt

out . Since the total incident power has

been normalized to one, the quantity Popt
out is the total power transmission coefficient.

In the following proposition we compare the transmitted intensity at yl0 and the
total transmitted power using the optimal illumination with the ones obtained with
uniform illumination. We define a uniform illumination with unit incident power as
an input field ψin(x) of the form

ψin(x) =
N

∑

j=1

αjφj(x),

where the coefficients (αj)j=1,...,N are uniformly distributed over the unit sphere in
CN .

Proposition 3. With the hypotheses 1, 2, and 3 and with N ≫ 1.
1. Using a uniform illumination, the intensity transmitted to yl0 is a random

quantity with expectation and variance given by

E
[

Iunif
l0

]

=
ξ1(L/Lloc)

|Ω| , Var
(

Iunif
l0

)

=
ξ21(L/Lloc)

|Ω|2 , (29)

where the function ξ1 is defined by (18). The total power transmission coefficient is
a statistically stable quantity given by

Punif
out = ξ1(L/Lloc). (30)

2. Using the optimal illumination calibrated with the target point yl0 , the intensity
transmitted to yl0 and the total power transmission coefficient are self-averaging
quantities given by

Iopt
l0

=
Nξ1(L/Lloc)

|Ω| , Popt
out =

ξ2(L/Lloc)

ξ1(L/Lloc)
, (31)

where the functions ξ1 and ξ2 are defined by (18).

This proposition is proved in the Appendix. In fact it can be proved that Iunif
l0

has an exponential distribution as N → ∞, which corresponds to speckle pattern
statistics. Using the optimal illumination the intensity observed at yl0 is (in the
limit N → ∞) deterministic. Heuristically, this can be explained as follows. The
transmitted field at yl0 is the incoherent superposition of N complex-valued modes
with zero mean and averaged intensity ξ1/(N |Ω|). The central limit theorem then
predicts that the transmitted field at yl0 is a complex Gaussian field with mean zero
and variance ξ1/|Ω|, which gives an exponential distribution with mean ξ1/|Ω| for
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the transmitted intensity Iunif
l0

. Using the optimal illumination, the random phases
between the modes are canceled at yl0 . Therefore the transmitted field at yl0 is the

coherent superposition of N modes with averaged amplitude
√

ξ1/(N |Ω|). The law
of large numbers then predicts that the transmitted field at yl0 is the deterministic

value
√

Nξ1/|Ω|, which gives (31).
By optimizing the transmission to one control point, the intensity transmitted

to that point is multiplied by N while the total power transmission coefficient
is enhanced by the factor ξ2/ξ

2
1(L/Lloc) (which is always larger than 1 and all

the larger as L/Lloc is larger, as we will see below). We can be more precise in
the distribution of the total power transmission. Let us introduce the correlation
function

C(y,yl0) =

∣

∣

∣

∣

∣

∑N
j=1 φj(y)φj(yl0)

∑N
j=1 |φj(yl0)|2

∣

∣

∣

∣

∣

2

.

The correlation function is maximal and equal to one for y = yl0 and decays to 0
for y far from yl0 . Note that

1

|Ω|

∫

Ω

C(y,yl0)dy =
1

N
,

1

p

p
∑

l=1

C(yl,yl0) =
1

N
,

which indicates that the width of the peak around yl0 is of the order of |Ω|1/d/N1/d

where |Ω|1/d is the diameter of the domain Ω. For instance, in the two examples
introduced in Section 3 we have

C(y, yl0) = sinc2
(πN(y − yl0)

D

)

,

where D is the diameter of the domain Ω = [−D/2, D/2].

Proposition 4. Using the optimal illumination calibrated with the target point yl0 ,
the mean intensity transmitted to yl is given by

E
[

Iopt
l

]

=
Nξ1(L/Lloc)

|Ω| C(yl,yl0) +
ξ2(L/Lloc) − ξ21(L/Lloc)

ξ1(L/Lloc)|Ω| . (32)

In Eq. (32) the first term of the right-hand side dominates when yl is close to
yl0 .

This proposition is proved in the Appendix. It shows that the intensity en-
hancement is maximal at yl0 and affects also neighboring points. The width of the
enhancement peak is small, of the order of |Ω|1/d/N1/d. We can also observe a mod-
ification of the intensity transmitted to the points far from yl0 (i.e. the background
intensity). There are two regimes (see Figure 4a):
- If L < 2.06Lloc (which corresponds to the case in which (ξ2 − ξ21)/ξ1 < ξ1), then
the intensities transmitted to the points far from yl0 using the optimal illumination

is reduced compared to the uniform illumination. In the picture yl 7→ E[Iopt
l ] (see

Figure 3a) we can therefore observe an enhanced peak around yl0 and a reduced
background (compared to the uniform illumination). In this case the optimal illu-
mination has modified the phases of the modes to favor the transmitted intensity
at yl0 and this reduces the intensity transmitted to other points.
- If L > 2.06Lloc (which corresponds to the case in which (ξ2−ξ21)/ξ1 > ξ1), then the
intensities transmitted to the points far from yl0 using the optimal illumination are
increased compared to the ones obtained with uniform illumination. In the picture
yl 7→ E[Iopt

l ] (see Figure 3b) we can therefore observe an enhanced peak around
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Figure 3. Mean transmitted intensity profiles using the optimal
illumination calibrated with yl0 = 0 (solid lines) and using the uni-
form illumination (dashed lines) in the case of a multimode waveg-
uide with diameterD = 1 andN = 100. The peak intensity at yl0 is
always larger with the optimal illumination than with the uniform
illumination. The background intensity with the optimal illumina-
tion is smaller (resp. larger) than the background intensity with
the uniform illumination when L < 2.06Lloc (resp. L > 2.06Lloc).

yl0 and an enhanced background, although the optimal illumination algorithm does
not look after such an enhancement. It is the result of the analysis that the optimal
illumination process calibrated for a target point also benefits to the other points
if scattering is strong enough, while it removes intensity from the other points if
scattering is weak.

The total transmitted power using the optimal illumination is ξ2/ξ1 which is
always larger than the total transmitted power ξ1 obtained with the uniform illumi-
nation. The contribution of the enhanced peak around yl0 to the total transmitted
power is equal to ξ1, while the contribution of the background to the total trans-
mitted power is (ξ2 − ξ21)/ξ1. In the strong localization regime L ≫ Lloc, since
ξ2 ≫ ξ21 , the enhancement of the background gives the main contribution to the
total transmission power enhancement.

Remark. Proposition 4 is also valid in the homogeneous case. In this case we
have |Tj |2 = 1 and we find that the transmitted intensity profile is:

Iopt
l =

N

|Ω|C(yl,yl0). (33)

This result is not surprising. Indeed we have remarked that the optimal illumination
process is equivalent to a time-reversal operation, and (33) is the expression of
transverse spatial profile of the time-reversed refocused wave field in a homogeneous
waveguide [6, 4].

Remark. We have seen that the intensity transmitted at the target point yl0

is self-averaging, as well as the total transmitted power. The background intensity,
that is, the intensity at a point yl far from the enhanced peak around yl0 is, how-
ever, a random function of the point yl, with a correlation radius of the order of
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Figure 4. Picture a: Mean background transmitted intensity for
|Ω| = 1. The dashed line is the mean background transmitted in-
tensity ξ1 with uniform illumination and the solid line is the mean
background transmitted intensity (ξ2 − ξ21)/ξ1 with optimal illumi-
nation, which converges to 1/4 as L/Lloc → ∞. Picture b: Mean
and standard deviation of the background transmitted intensity
for |Ω| = 1 and for optimal illumination. The solid line is the
mean (ξ2 − ξ21)/ξ1 and the dashed line is the standard deviation
√

ξ22/ξ
2
1 − ξ21 .

|Ω|1/d/N1/d. The expectation and variance of the background intensity are:

E
[

Iopt
l

]

=
ξ2(L/Lloc) − ξ21(L/Lloc)

ξ1(L/Lloc)|Ω| , Var
(

Iopt
l

)

=
ξ22(L/Lloc) − ξ41(L/Lloc)

ξ21(L/Lloc)|Ω|2 .

The standard deviation of the fluctuations of Iopt
l is always larger than its expecta-

tion, although both converge to the value 1/(4|Ω|) as L/Lloc → ∞ (see Figure 4b).
The fact that the relative standard deviation (ratio of the standard deviation over
the expectation) is larger than one shows that the background intensity is not the
classical speckle pattern but has stronger spatial fluctuations.

Using (21) and Proposition 3 we obtain the following corollary.

Corollary 1. In the same conditions as in Proposition 3, if, additionally, L≫ Lloc,
then

Popt
out ≃ 1

4
.

Note that, in the diffusive regime, we would use (27) and obtain the value 2/3.
What is really surprising is that, in the localization regime, the exponential decay
of the transmission can be canceled by the optimal illumination process. We have
just proved that we can obtain a total power transmission coefficient of 1/4 in this
regime by a time-reversal operation.

6. Optimization of the total transmitted power. In this section we want to
optimize the illumination in the input plane of the waveguide so as to maximize the
total transmitted power in the output plane. The situation is the one described
in Section 2. We have seen in the previous section that the illumination that
maximizes the intensity delivered at one target point in the output plane allows
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Figure 5. Total transmitted power. The dashed line is the total
transmitted power ξ1 with uniform illumination and the solid line is
the total transmitted power ξ2/ξ1 with optimal illumination, which
converges to 1/4 as L/Lloc → ∞.

also a significant enhancement of the total transmitted power. We will see in this
section that it is possible to do even better.

If we want to maximize the total transmitted power amongst all possible illumi-
nations with unit incident power, then we need to maximize the functional

(Ek)k=1,...,n 7→ Pout =
|Ω|
p

p
∑

l=1

∣

∣

∣

n
∑

k=1

MlkEk

∣

∣

∣

2

with the constraint

n
∑

k=1

|Ek|2 =
|Ω|
n
.

We first note that the total transmitted power has the expression

Pout =
|Ω|
p

E
t
M

t
ME, (34)

in which the time-reversal operator

KTR = M
t
M

appears. The time-reversal operator is the transfer operator from the input array
to itself corresponding to the following time-reversal experiment:
i) emit from the input array an illumination E and record at the output array the
field F = (Fl)l=1,...,p. The recorded field is F = ME.
i)) time-reverse the field F , reemit it from the output array towards the input array,
record the field transmitted at the input array, and time-reverse it. The resulting

field is ETR = M
t
ME = KTRE.

Note that, if the input array and output array are sampled in the same way, then
Mt = M by reciprocity. In such a case, in order to measure the time-reversal oper-
ator KTR, it is sufficient to carry out the first step of the time-reversal experiment
which gives the matrix M.

Using the discrete orthonormality property (1) we have

(KTR)k′k =
p

|Ω|
N

∑

j=1

φj(xk′ )|Tj|2φj(xk), k, k′ = 1, . . . , n. (35)
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From (34) and (35) we obtain the result that the optimal illumination is

Eopt
k =

|Ω|
n
φj0 (xk) where j0 is such that |Tj0 |2 = max

j=1,...,N
|Tj|2. (36)

In other words we need to choose an illumination that corresponds to the mode (or
one of the modes) with the maximal mode power transmission coefficient.

We next show that an iterated time-reversal procedure can (almost) achieve this
optimal illumination. Let us consider the following illumination:

E
(q)
k =

√

|Ω|
n

(

Kq
TRM

t)

kl0
[
∑n

k′=1 |
(

Kq
TRM

t)

k′l0
|2

]1/2
, k = 1, . . . , n, (37)

where q ∈ N. This is the result of a series of q TR operations from the input
array to itself using the illumination (Ek)k=1,...,n = (Mkl0)k=1,...,n used in the
previous section to maximize the intensity transmitted at the target point yl0 . The
denominator is simply a normalizing factor to get an input field with unit power.

Using the illumination (E
(q)
k )k=1,...,n we obtain the total transmitted power

P(q)
out =

∑N
j=1 |Tj |4q+4|φj(yl0)|2

∑N
j=1 |Tj |4q+2|φj(yl0)|2

.

From the independence of the mode power transmission coefficients and the hy-
pothesis (2) we obtain the following result.

Proposition 5. Using the illumination (37) the total transmitted power is, in the
regime N ≫ 1, self-averaging and given by

P(q)
out =

ξ2q+2(L/Lloc)

ξ2q+1(L/Lloc)
,

where the functions ξq are defined by (18).
If, additionally, L≫ Lloc, then

P(q)
out ≃

(

1 − 1

4q + 2

)2

.

This shows that a single time-reversal step increases the total transmitted power
from 1/4 to 25/36, and that an iteration of the time-reversal procedure tends to
give a total power transmission close to one.

For completeness, we can add that the intensity delivered at the point yl0 using
the illumination (37) is self-averaging and given by:

I
(q)
l0

= I
(0)
l0

ξ2q+1(L/Lloc)

ξ1(L/Lloc)ξ2q+1(L/Lloc)
, I

(0)
l0

=
Nξ1(L/Lloc)

|Ω| .

The intensity I
(q)
l0

is smaller than the maximal intensity I
(0)
l0

obtained with the

illumination (E
(0)
k )k=1,...,n that has been shown in the previous section to maximize

the intensity delivered at yl0 . In particular, if L≫ Lloc, then

I
(q)
l0

I
(0)
l0

≃
q

∏

j=1

( 1 − 1
2j

1 − 1
2q+2j

)2

.

This shows that a single time-reversal step increases the total transmitted power
from 1/4 to 25/36, and it also reduces the intensity delivered at yl0 by a factor 1/9.
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7. The one-dimensional time-dependent problem. The multi-mode time-
harmonic problem studied in the previous sections is almost equivalent to a single-
mode time-dependent problem, as we now explain. In this section we consider a
random single-mode channel, such as a randomly perturbed single-mode optical
fiber or acoustic waveguide. The problem is to maximize the transmitted intensity
at a given time. There is no transverse spatial aspect involved here. We assume
that we can use a source whose bandwidth [ω0 −B/2, ω0 +B/2] is fixed and that it
can deliver a fixed total energy, say 1. The input time-dependent field has the form

ψin(t) =
1

2π

∫ ω0+B/2

ω0−B/2

e−iωtψ̂in(ω)dω,

where ψ̂in has support in [ω0 −B/2, ω0 +B/2] and can be chosen by the user with
the constraint:

∫

|ψin(t)|2dt = 1 ⇐⇒
∫ ω0+B/2

ω0−B/2

|ψ̂in(ω)|2dω = 2π.

The output time-dependent field is

ψout(t) =
1

2π

∫ ω0+B/2

ω0−B/2

e−iωtψ̂in(ω)T (ω,L)dω,

where T (ω,L) is the frequency-dependent transmission coefficient of the random
channel and L is the length of the channel.

In the case of a homogeneous channel with length L we have

T (ω,L) = exp
(

iβ1(ω)L
)

, (38)

where β1(ω) is the wavenumber of the fundamental (and unique) mode of the chan-
nel.

In the case of a random channel with random fluctuations of the index of re-
fraction with standard deviation σ and correlation length lc, the joint statistics of
T (ω,L) at different frequencies ω is known [4, Chapter 7]. In particular, for a fixed
frequency, the moments of the mode power transmission coefficient |T (ω,L)|2 are
given in Proposition 2. Moreover, the coherence properties of the transmission co-
efficient with respect to the frequency ω are known [4, Chapter 9]. In particular the
coherence frequency ωc is of the order of σ2lcω

2
0/c0. We assume in this section that

the bandwidth B is much larger than the coherence frequency ωc of the transmission
coefficient, which will ensure the statistical stability of the quantities of interest.

7.1. Optimization of the output intensity by time-reversal. In order to max-
imize the output intensity at time t0, Cauchy-Schwarz inequality indicates that we
need to take:

ψ̂opt
in (ω) =

√
2π

T (ω,L)eiωt0

( ∫ ω0+B/2

ω0−B/2
|T (ω′, L)|2dω′

)1/2
. (39)

This optimal field has a simple interpretation. It is proportional to the time-
reversed field received at the input of the channel when a Dirac pulse is emitted
from the output of the channel at time t0. By reciprocity this is also the time-
reversed field received at the output of the channel when a Dirac pulse is emitted
from the input of the channel at time t0. This result shows that time-reversal is the
optimal strategy to get the maximal intensity at some given time.
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Let us first briefly address the case of a homogeneous channel, for which the
transmission coefficient is (38) and the optimal illumination is the uniform illumi-
nation

ψ̂unif
in (ω) ≡

√
2π√
B
eiωt0−iβ1(ω)L. (40)

Proposition 6. In the case of a homogeneous channel, using a uniform illumina-
tion, the transmitted field is

ψunif
out (t) =

√
B√
2π
eiω0(t0−t)sinc

(B(t− t0)

2

)

,

which shows that
1) the transmitted intensity is maximal at t = t0 and it is equal to It0 = B/(2π),
2) the total transmitted energy is equal to the input energy.

In the case of a random channel we compare the transmitted intensity and energy

using the optimal illumination ψ̂opt
in and the ones obtained with uniform illumination

ψ̂unif
in (which is the illumination that we would use if the channel was homogeneous).

Proposition 7. 1. Using a uniform illumination, the transmitted intensity at time
t0 is a random quantity whose expectation is given by

E
[

Iunif
t0

]

=
1

2πB

∫ ω0+B/2

ω0−B/2

∫ ω0+B/2

ω0−B/2

exp
( L

L
1/2
loc (ω)L

1/2
loc (ω′)

− L

Lloc(ω)
− L

Lloc(ω′)

)

dωdω′

(41)
The total transmitted energy is a statistically stable quantity given by

Punif
out =

1

B

∫ ω0+B/2

ω0−B/2

ξ1(L/Lloc(ω))dω. (42)

2. Using the optimal illumination calibrated with the target time t0, the transmit-
ted intensity at time t0 and the total transmitted energy are self-averaging quantities
given by

Iopt
t0 =

1

2π

∫ ω0+B/2

ω0−B/2

ξ1(L/Lloc(ω))dω, Popt
out =

∫ ω0+B/2

ω0−B/2 ξ2(L/Lloc(ω))dω
∫ ω0+B/2

ω0−B/2
ξ1(L/Lloc(ω))dω

, (43)

where the functions ξ1 and ξ2 are defined by (18).

The first point of the proposition follows from the O’Doherty-Anstey theory [4,
Section 8.2.1] for the transmitted intensity and from an energy conservation prop-
erty [4, Section 7.2.2] for the total transmitted energy. The transmitted intensity
at time t0 for a uniform illumination is random because the front pulse shape is
deterministic but the arrival time is randomly shifted.

The second point of the proposition can be proved using the same arguments as
in the proof of Proposition 3.

In the case in which B ≪ ω0 and we can neglect the ω-dependence of Lloc(ω) for
ω ∈ [ω0 −B/2, ω0 +B/2], we can simplify the expressions and write

E
[

Iunif
t0

]

≃ B

2π
exp(−L/Lloc(ω0)), Punif

out ≃ ξ1(L/Lloc(ω0)),

Iopt
t0 ≃ B

2π
ξ1(L/Lloc(ω0)), Popt

out ≃ ξ2(L/Lloc(ω0))

ξ1(L/Lloc(ω0))
.
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We can see that the transmitted intensity and energy enhancements using the op-
timal illumination have the same properties as the ones discussed in the previous
sections. In particular, the main mechanism for transmission enhancement is the
selection of the small frequency bands for which transmittivity is anomalously large.
The main effect is that, in the strong localization regime L ≫ Lloc(ω0), the total
transmitted energy using the optimal illumination is 1/4, while it is exponentially
small ∼ exp[−L/(4Lloc(ω0))] if uniform illumination is used.

7.2. Optimization of the transmitted energy by iterated time-reversal. In
this subsection we consider the problem of the optimization of the total transmitted
energy. That means that we consider the optimization problem (for the input profile

ψ̂in):

maximize Eout =

∫

|ψout(t)|2dt =
1

2π

∫

|ψ̂in(ω)|2|T (ω,L)|2dω,

with the constraint
∫

|ψ̂in(ω)|2dω = 2π.

The -obvious- answer is that the energy of the input field should be concentrated
on a frequency ωopt such that

|T (ωopt, L)|2 = max
ω∈[ω0−B/2,ω0+B/2]

|T (ω,L)|2,

and then

Eopt
out = |T (ωopt, L)|2.

The situation is therefore similar to the time-harmonic multi-mode problem, in
which the optimal illumination consists in selecting the mode whose power trans-
mission coefficient is maximal. The optimal illumination can be nearly achieved by
an iterated time-reversal procedure as we now explain:
step 0: consider the signal ψ0(t) =

√

B/(2π)sinc(Bt/2) exp(iω0t), whose spectrum
is flat in the band [ω0 −B/2, ω0 +B/2].
step n: emit from the input of the channel the signal ψn−1, record at the output of
the channel and time-reverse the recorded signal, which gives

ψ̂n(ω) = T (ω,L)ψ̂n−1(ω).

The first n = 1 time-reversed signal is proportional to (39) with the choice t0 = 0.
The n-th iterated time-reversed signal is given by

ψ̂n(ω) =

{

|T (ω,L)|n
√

2π/B1[ω0−B/2,ω0+B/2](ω) if n is even,

|T (ω,L)|n−1T (ω,L)
√

2π/B1[ω0−B/2,ω0+B/2](ω) if n is odd.

We now use the input signal

ψopt,n
in (ω) =

√
2π

ψ̂n(ω)
( ∫ ω0+B/2

ω0−B/2
|ψ̂n(ω′)|2dω′

)1/2
,

where the denominator has been introduced to get an input field with unit energy.
For any n, the total transmitted energy obtained with this input signal is self-
averaging and given by

Eopt,n
out =

∫ ω0+B/2

ω0−B/2 ξn+1(L/Lloc(ω))dω
∫ ω0+B/2

ω0−B/2 ξn(L/Lloc(ω))dω

B≪ω0≃ ξn+1(L/Lloc(ω0))

ξn(L/Lloc(ω0))
.
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When L≫ Lloc(ω0) we find from (20)

Eopt,n
out

B≪ω0, L≫Lloc(ω0)≃
(

1 − 1

2n

)2

.

This result shows that iterated time-reversal is the optimal scheme to achieve total
energy transmission through a one-dimensional randomly perturbed system in the
localization regime.

8. Conclusion. In this paper we have first studied the optimal illumination prob-
lem for a randomly perturbed multi-mode system in the localization regime and
in the time-harmonic domain. This problem consists in identifying the optimal
spatial wave front in the input plane of the channel that maximizes the intensity
transmitted through the random system at a target point in the output plane. The
physical mechanism that allows enhanced transmission using an optimized wave
front is based on the selection of the open channels of the system by the optimized
illumination. More quantitatively, if we denote by L the length of the system and
by Lloc the localization length, most of the mode power transmission coefficients of
the system are exponentially small in L, of the order of exp[−L/Lloc], but a very
small fraction of them are of order one. The proportion of these “open channels”
is exp[−L/(4Lloc)]. By optimizing the wave front one can select and excite open
channels.

We have shown that the optimal illumination can be obtained by a time-reversal
operation. This explains why the intensity transmitted at the target point and the
total transmitted power are found to be statistically stable quantities, since sta-
tistical stability has been shown to be one of the key features of time reversal for
waves in random media [14, 15, 4]. The optimal illumination process increases by
a factor N (i.e. the number of modes) the intensity at the target point and at very
neighboring points. By doing so, the optimal illumination process also decreases the
background intensity (i.e. the intensities at the other points) when L < 2.06Lloc,
but increases the background intensity when L > 2.06Lloc. The overall result is
that the total transmitted power is always significantly enhanced. More quantita-
tively the total transmitted power is a decaying function of the ratio L/Lloc that
converges to 1/4 as L/Lloc → ∞. This represents a dramatic power transmission
enhancement since the total transmitted power decays as exp[−L/(4Lloc)] in the
case of a uniform illumination. We have also shown that the total transmitted power
can be optimized using an iterated time-reversal operation. After 2q + 1 iterations
the total transmitted power is found to be equal to (1 − 1/(4q + 2))2.

Finally, in the single-mode and time-dependent problem studied in Section 7 we
have shown that time reversal is optimal for the maximization of the transmitted
intensity at some prescribed time while iterated time reversal is optimal for the
maximization of the total transmitted energy. Quantitative results are obtained
that describe precisely the enhanced transmission.

Appendix A. Proofs of Propositions 3 and 4. We first give a short lemma
used for the derivation of the main result.

Lemma A.1. For any input and output wave fields ψin(x) and ψout(y) we have

∫

Ω

∣

∣ψin(x)
∣

∣

2
dx =

|Ω|
n

n
∑

k=1

∣

∣ψin(xk)
∣

∣

2
,

∫

Ω

∣

∣ψout(y)
∣

∣

2
dy =

|Ω|
p

p
∑

l=1

∣

∣ψout(yl)
∣

∣

2
.
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Proof. We have

ψin(x) =

N
∑

j=1

αjφj(x), αj =

∫

Ω

φj(x)ψin(x)dx.

On the one hand the continuous orthonormality property gives

∫

Ω

∣

∣ψin(x)
∣

∣

2
dx =

N
∑

j,j′=1

αjαj′

∫

Ω

φj(x)φj′ (x)dx =

N
∑

j=1

|αj |2.

On the other hand the discrete orthonormality property gives

n
∑

k=1

∣

∣ψin(xk)
∣

∣

2
=

N
∑

j,j′=1

αjαj′

n
∑

k=1

φj(xk)φj′ (xk) =
n

|Ω|

N
∑

j=1

|αj |2.

Combining these two relations gives the desired result. The proof is the same for
the output wave field.

We can now give the proof of Proposition 3. In the case of a uniform illumination
the coefficients (αj)j=1,...,N are uniformly distributed over the unit sphere in CN .
If we denote by 〈·〉 the expectation with respect to this distribution, then we have

〈ψin(x)〉 = 0,
〈

|ψin(x)|2
〉

=
1

N

N
∑

j=1

|φj(x)|2 =
1

|Ω| ,

where we have used the uniformity property (2). The intensity at yl0 and total
transmitted power are:

Iunif
l0 =

N
∑

j,j′=1

αjαj′TjTj′φj(yl0)φj′ (yl0), Punif
out =

N
∑

j=1

|αj |2|Tj|2.

We can compute the expectations of these quantities:

〈

E
[

Iunif
l0

]〉

=

N
∑

j=1

〈

|αj |2
〉

|φj(yl0)|2ξ1(L/Lloc) =
1

N

N
∑

j=1

|φj(yl0)|2ξ1(L/Lloc)

=
ξ1(L/Lloc)

|Ω| ,

〈

E
[

Punif
out

]〉

=
N

∑

j=1

〈

|αj |2
〉

ξ1(L/Lloc) = ξ1(L/Lloc),
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and their variances:

Var
(

Punif
out

)

=
∑

j 6=j′

〈

|αj |2|αj′ |2
〉

ξ21(L/Lloc) +

N
∑

j=1

〈

|αj |4
〉

ξ2(L/Lloc) − ξ21(L/Lloc)

=
2

N + 1

[

ξ2(L/Lloc) − ξ21(L/Lloc)
]

,

Var
(

Iunif
l0

)

= 2
∑

j 6=j′

〈

|αj |2|αj′ |2
〉

|φj(yl0)|2|φj′ (yl0)|2ξ21(L/Lloc)

+

N
∑

j=1

〈

|αj |4
〉

|φj(yl0)|4ξ2(L/Lloc) −
ξ21(L/Lloc)

|Ω|2

=
N − 3

N + 1

ξ21(L/Lloc)

|Ω|2 + 2ξ2(L/Lloc)
[ 1

N(N + 1)

N
∑

j=1

|φj(yl0)|4
]

,

where we have used the uniformity property (2) and the following results which

come from the fact that (|αj |2)j=1...,N is uniformly distributed in
∑N

j=1 |αj |2 = 1:

〈

|αj |2
〉

=
1

N
,

〈

|αj |2|αj′ |2
〉

=
1

N2
+

{

−1
N2(N+1) if j 6= j′,

N−1
N2(N+1) if j = j′.

Taking the limit N → ∞ and using (3) gives that Var(Punif
out ) → 0 and Var(Iunif

l0
) →

ξ21/|Ω|2.
From now on we consider the case in which we use the optimal illumination (28).

The intensity transmitted to yl0 is

Iopt
l0

=
|Ω|
n

n
∑

k=1

∣

∣

∣

N
∑

j=1

φj(yl0)Tjφj(xk)
∣

∣

∣

2

=
|Ω|
n

N
∑

j,j′=1

φj(yl0)φj′ (yl0)TjTj′

n
∑

k=1

φj(xk)φj′ (xk).

Using the discrete orthonormality property we obtain

Iopt
l0

=

N
∑

j=1

|φj(yl0)|2|Tj|2. (44)

We compute the expectation and the variance of Iopt
l0

:

E

[

Iopt
l0

]

=

N
∑

j=1

|φj(yl0)|2E[|Tj |2] =

N
∑

j=1

|φj(yl0)|2ξ1(L/Lloc),

Var
(

Iopt
l0

)

=
N

∑

j=1

|φj(yl0)|4Var(|Tj |2) =
N

∑

j=1

|φj(yl0)|4
[

ξ2(L/Lloc) − ξ21(L/Lloc)
]

,

where we have used the independence of the mode power transmission coefficients.
Using the uniformity property (2-3) gives

E

[ 1

N
Iopt
l0

]

=
ξ1(L/Lloc)

|Ω| , Var
( 1

N
Iopt
l0

)

= o(1),
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which shows that the quantity Iopt
l0

is self-averaging in the regime N ≫ 1 and

Iopt
l0

= N
ξ1(L/Lloc)

|Ω| . (45)

Using Lemma A.1 we have

Popt
out =

|Ω|
p

p
∑

l=1

∣

∣ψopt
out(yl)

∣

∣

2
,

so we can write the total transmitted power in the form

Popt
out =

|Ω|
p

p
∑

l=1

∣

∣

∣

n
∑

k=1

MlkE
opt
k

∣

∣

∣

2

=
|Ω|
p

|Ω|
n

p
∑

l=1

∣

∣

∣

∑n
k=1MlkMl0k

[
∑n

m=1 |Ml0m|2
]1/2

∣

∣

∣

2

=
|Ω|
p

|Ω|
n

∑p
l=1

∣

∣

∑n
k=1MlkMl0k

∣

∣

2

∑n
k=1 |Ml0k|2

. (46)

We have
n

∑

k=1

MlkMl0k =

N
∑

j,j′=1

φj(yl)φj′ (yl0)TjTj′

n
∑

k=1

φj(xk)φj′ (xk).

Using the discrete orthonormality property we get

n
∑

k=1

MlkMl0k =
n

|Ω|

N
∑

j=1

φj(yl)φj(yl0)|Tj |2. (47)

For l = l0 we have
∑n

k=1 |Ml0k|2 = (n/|Ω|)Iopt
l0

given by (44), which is self-averaging

by (45), so that

1

N

n
∑

k=1

|Ml0k|2 =
n

N |Ω|

N
∑

j=1

|φj(yl0)|2|Tj |2 =
n

|Ω|2 ξ1(L/Lloc). (48)

Substituting (47-48) into (46) gives

Popt
out =

|Ω|
p

|Ω|
ξ1(L/Lloc)

1

N

p
∑

l=1

∣

∣

∣

N
∑

j=1

φj(yl)φj(yl0)|Tj|2
∣

∣

∣

2

. (49)

We have
p

∑

l=1

∣

∣

∣

N
∑

j=1

φj(yl)φj(yl0)|Tj |2
∣

∣

∣

2

=

N
∑

j,j′=1

φj(yl0)φj′(yl0)|Tj|2|Tj′ |2
p

∑

l=1

φj(yl)φj′ (yl).

Using once again the discrete orthonormal property gives

p
∑

l=1

∣

∣

∣

N
∑

j=1

φj(yl)φj(yl0)|Tj |2
∣

∣

∣

2

=
p

|Ω|

N
∑

j=1

|φj(yl0)|2|Tj |4.

Using the independence of the |Tj|4 and the uniformity property (2) gives

1

N

p
∑

l=1

∣

∣

∣

N
∑

j=1

φj(yl)φj(yl0)|Tj |2
∣

∣

∣

2

=
p

|Ω|2 ξ2(L/Lloc).

Substituting into (49) completes the proof of Proposition 3.
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We finally give the proof of Proposition 4. Using the computations carried out
in the proof of Proposition 3 we find that

Iopt
l =

|Ω|
Nξ1(L/Lloc)

∣

∣

∣

N
∑

j=1

φj(yl)φj(yl0)|Tj |2
∣

∣

∣

2

.

Taking the expectation we obtain:

E
[

Iopt
l

]

=
Nξ1(L/Lloc)

|Ω| C(yl,yl0) +
|Ω|

Nξ1(L/Lloc)

N
∑

j=1

|φj(yl)|2|φj(yl0)|2(ξ2 − ξ21),

which gives the desired result.
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