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1. Introduction

Random media have material properties with such complicated spatial variations
that they can only be described statistically. When looking at waves propagating in
these media, we can only expect in general a statistical description of the wave. But
sometimes there exists a deterministic result. In this chapter we restrict ourselves to
one-dimensional wave problems that arise naturally in many applications, in gravity
waves in shallow channels, in layered elastic media such as the earth’s mantle, in op-
tical fiber transmission, etc. We shall address the propagation of linear and nonlinear
waves. We focus here for simplicity and pedagogy on the Schridinger equation, but
the forthcoming results do apply to other situations. The problem for the linear case
has been extensively studied. The results for the transmission problem will be recalled
in the first part of the chapter. The main statement is that, for a given incident wave,
the transmission coefficient for a system of finite length decays exponentially with the
size of the system. This phenomenon is one of the manifestations of localization of
waves in one-dimensional random media. We shall address both the stationary and
the time-dependent problems.

The main aim of the chapter is to discuss the stability of localization with respect
to nonlinearities. More exactly we want to know how the exponential decay of the
transmission may be modified by a nonlinearity. The problem is much more difficult
than for the linear case and the methods used to study the linear case seem to fail
completely. Some stability of localization has been conjectured. In particular Fréhlich
et al. have conjectured that solutions to the stationary nonlinear Schrédinger equation
localize for sufficiently small initial data [25]. In case of a general nonlinearity, results
can be found in the literature for the stationary problem. It is very different from
the linear case since the transmission problem is no more uniquely defined. Indeed,
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because of the nonlinearity, the transmitted intensity is not a linear function of the
incident intensity. This phenomenon called bistability means that there may exist
more than one output state for a given input state depending on hysteresis. Effect
of randomness on bistability was addressed in [45]. The problem with fixed output
was also considered in [22]. The authors show that, for strong nonlinearity, the
transmission coefficient cannot decay faster than a power law. These results show
strong evidence that there exist delocalized transmission states. However since only
the time-harmonic problem has been addressed, not all of these states are physical
[14], so that a complete study with a time-dependent model is required to understand
this issue. This is the topic addressed in the second part of this chapter where the
propagation of a soliton through a slab of nonlinear and random medium is considered.
Indeed some nonlinear dispersive systems such as the Nonlinear Schrodinger (NLS)
equation have special solutions called solitons that can propagate without change of
form or diminution of speed. Solitons are therefore candidates to test the stability
of the exponential localization in nonlinear and random media. Physical [63, 41],
numerical [43], and experimental works [39, 36] predict that, for a NLS soliton
propagating in a random medium, there exist two distinct regimes of behavior which
depend on the soliton parameters. Furthermore one of these regimes is expected to be
very different from the localization regime in that the soliton retains its mass although
it looses velocity. Using a perturbed version of the inverse scattering transform we
shall give a proof of this conjecture.

The chapter is organized into two parts. In the first part we review some asymp-
totic methods for stochastic differential equations with a small parameter. We apply
these methods to compute the localization length of a wave traveling through a slab
of random medium. Localization is characterized by an exponential decay of the
transmittivity as a function of the size of the slab. It appears as a universal feature
in wave propagation in one-dimensional linear random media. In the second part we
address the problem of the propagation of a soliton through a slab of nonlinear and
random medium. Indeed some nonlinear dispersive systems such as the Nonlinear
Schrédinger equation have special solutions called solitons that can propagate with-
out change of form or diminution of speed. Solitons are therefore candidates to test
the robustness of the exponential localization in nonlinear and random media. Using
the inverse scattering transform we can exhibit several typical behaviors depending
on the amplitude of the incoming soliton.

2. Linear propagation

2.1. Some generalities about waves in random media. — Wave propagation
in linear random media has been studied for a long time by perturbation techniques
when the random inhomogeneities are small. One finds that the mean amplitude
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decreases with distance traveled, since wave energy is converted to incoherent fluc-
tuations. The fluctuating part of the field intensity is calculated approximatively
from a transport equation, a linear radiative transport equation. This theory is well-
known [37], although a complete mathematical theory is still lacking (for the most
recent developments, see for instance [23]). However this theory is known to be
false in one-dimensional random media. This was first noted by Anderson [4], who
claimed that random inhomogeneities trap wave energy in a finite region and do not
allow it to spread as it would normally. This is the so-called wave localization phe-
nomenon. It was first proved mathematically in [31]. Extensions and generalizations
follow these pioneer works so that the problem is now well understood [17]. The
mathematical statement is that the spectrum of the reduced wave equation is pure
point with exponentially decaying eigenfunctions. However the authors did not give
quantitative information associated with the wave propagation as no exact solution is
available. In this chapter we are not be interested in the study of the strongest form
of Anderson localization. We actually address the simplest form of this problem: the
wave transmission through a slab of random medium. It is now well-known that the
transmission of the slab tends exponentially to zero as the length of the slab tends
to infinity. Furstenberg first treated discrete versions of the transmission problem
[26], and finally Kotani gave a proof of this result with minimal hypotheses [48].
The connection between the exponential decay of the transmission and the Anderson
localization phenomenon is clarified in [21]. Once again, these works deal with quali-
tative properties. Quantitative information can be obtained only for some asymptotic
limits: large or small wavenumbers, large or small variances of the fluctuations of the
parameters of the medium, etc. A lot of work was devoted to the quantitative anal-
ysis of the transmission problem, in particular by Rytov, Tatarski, Klyatskin [42],
and by Papanicolaou and its co-workers [46]. The tools for the quantitative analysis
are limit theorems for stochastic equations developed by Khasminskii [40] and by
Kushner [49].

There are three basic length scales in wave propagation phenomena: the typical
wavelength )\, the typical propagation distance L, and the typical size of the inho-
mogeneities [.. There is also a typical order of magnitude £ that characterizes the
standard deviation of the dimensionless fluctuations of the parameters of the medium
(index of refraction in optics). It is not always so easy to identify the scale ., but
we may think of /. as a typical correlation length. When the standard deviation of
the fluctuations is small ¢ < 1, then the most effective interaction of the waves with
the random medium will occur when [. ~ ), that is, the wavelength is comparable to
the correlation length. And this interaction will be observable when the propagation
distance L is large (L ~ Ae~2). This is the typical configuration in optical fibers.
Indeed modern technology is able to produce fibers of very quality ¢ < 1. However
engineers aim at using very long fibers; actually they always use fibers whose lengths



4 J. GARNIER

L are precisely of the order of the critical length at which the influence of randomness
becomes of order 1. That is why the asymptotic framework ¢ < 1 and L ~ \e~? is
the relevant one, and the one that will be addressed in this chapter.

2.2. Our model: the Schrédinger equation. — Throughout this chapter we
shall consider the Schrédinger equation. In linear and homogeneous medium it reads:

(1) U + Uge = 0.
This equation admits elementary solutions of the form:
U = aexpi (kac — k:2t) ,

where k£ € R is the wavenumber. The phase of this monochromatic wave can be
written as k(x — kt), so that the phase velocity of this wave appears to be equal to k.
Let us now consider the initial value problem that consists of the equation (1) together
with an initial condition at t = 0: u(t = 0,2) = uo(z), where ugp € L?. A solution
procedure for this problem is by Fourier transform. One first performs a Direct Fourier
Transform (DFT) to compute the spectral content of the initial condition:

1 [ ;
(0,k) = %/ u(0, z)e”*dg.

— 00
The partial differential equation (1) is thus transformed into a set of uncoupled ordi-
nary differential equations:

@ = —ik?a = a(t, k) = a(0, k)e ¥,
The solution at any time ¢ can be obtained by applying the Inverse Fourier Transform

(IFT):
u(t,z) = / a(t, k)e* dk.

— 00

Schematically, we have:
DFT

u(0,2) — a(0,k)
Eq. (1) | | Explicit and uncoupled evolutions
ut,z) L atk)
2.3. Propagation in a random slab of a monochromatic wave. — This sub-

section is devoted to the study of the propagation of monochromatic waves. This is
the most natural approach since any wave can be described as the superposition of
such elementary wavetrains by Fourier transform. Let 4(x) be the amplitude at z € R
of a monochromatic wave u(t, z) = exp(—ik?t)a(z) traveling in the one-dimensional
medium described in Fig. 1. The medium is homogeneous outside the slab [0, L] and
the wave u obeys the Schrédinger equation iuy + u,, = 0. Accordingly 4 satisfies

gy + K20 =0
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so that it has the form
a(z) = e + Re™ ™ for 2 <0
and
a(z) = T%e** for x> L.

The complex-valued random variables R° and T° are the reflection and transmis-
sion coeflicients, respectively. They depend on the particular realization of €V, the
wavenumber k and the slab width L.

Inside the slab [0, L] the potential is nonzero. It is the realization of a random,
stationary, ergodic, and zero-mean process V. The dimensionless parameter £ > 0
characterizes the amplitude of the random potential. The scalar field 4 satisfies, for
z €0, L):

(2) Gy + (K* — eV (2))0 = 0.

The continuity of @ and 4, at z = 0 and « = L implies that the solution @ satisfies
the two point boundary conditions:

3) ikt + G, = 2ik at £ =0, ki —ta, =0at x=0L.
eilkz—k>t)
AN Taei(km_k%)
iU + gy = eV(x)u g
Rae—i(km-i-kzt)
[ VAN Ve
0 L T

Fig. 1. Scattering of a monochromatic pulse.

The following statements hold true when the potential V is a stationary process
that has finite moments of all orders and is rapidly mixing. We may think for instance
that V is a Markov, stationary, ergodic process on a compact space satisfying the
Fredholm alternative (see the preface for a brief review of the ergodic properties of
Markov processes).

Proposition 2.1. — There exists a length L] . such that, with probability one:
1

— Iz

loc

1
4 lim —In|T°?(k,L) =
(®) Jim 10Tk, 1)
This length can be expanded as powers of :

6 o =a

loc

e? +0(e?), alk) == /OOO duE[V (0)V (u)] cos(2ku).
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Proof. The study of the exponential behavior of the transmittivity |7¢|? can be
divided into two steps. First the localization length is shown to be equal to the inverse
of the Lyapunov exponent associated to the random oscillator v, + (k* =V (x))v = 0.
Second the expansion of the Lyapunov exponent of the random oscillator is computed.

We shall first transform the boundary value problem (2)+(3) into an initial value
problem, that is more tractable since the relevant quantities will then be adapted to
the natural filtration of the random process V. Inside the perturbed slab we expand
4 in the form

(6) a(k,x) = A(k,2)e”* + B(k, x)e™®,

where A and B are respectively backward (going to the left) and forward (going to

the right) modes defined by:

ik — g g, ikl + iy

v T ke B—= "™
2ik 2ik

The process (A, B) is solution of

@ w(5)-reo( ) Peo-ve( L T

The boundary conditions (3) read in terms of A and B:

—ikx

A=

(8) A(k,L) =0, B(k,0)=1.

We introduce the propagator Y, i.e. the fundamental matrix solution of the linear
system of differential equations: Y, = PY, Y(0) = I;. From symmetries in Eq. (7) it
is apparent that if (a,b) is a solution of (7) with the initial conditions:

(9) a(k,0) =1, b(k,0) =0,

then (b*,a*) is another solution linearly independent of (a,b). Thus we can write

o= (43 3

The modes A and B may be expressed in terms of the propagator:

A(k, x) A(k,0)
=Y .
- (e ) =702 (5o
From the identity (11) applied for = L and the boundary conditions (8) we can
deduce that
(12) Ra(k7L) = _(b*/a)(k7[’)7 TE(I{Z,L) = (1/a’>(k7L)

Since the matrix P has trace zero, the determinant of the matrix Y is constant, i.e.
la(k,z)|? — |b(k,z)|?> = 1, so that we get the energy conservation relation:

(13) |R(k,L)|? + |T¢(k,L)|* = 1.
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The transmittivity |7|? is equal to 1/|a|?(k, L). We introduce v = ae~*% + bei*e. Tt
satisfies the equation

Voo + (K2 — V) =0,
with the initial condition v(0) = 1, v,(0) = —ik. If we denote by (k) the Lyapunov
exponent that governs the exponential growth of the quantity r(k, L) := |v|>+|v,|*/k*:

1
(k) = Jlim - Inr(k, L),

then |7¢]? will decay as exp(—v°(k)L) since r(k,L) = 1+ 2|a|?*(k, L) = 1 + 2/|T¢|*.
In Subsection 2.5 the existence of the Lyapunov exponent v¢(k) is proved, and its
expansion with respect to ¢ is derived. O

Note that a(k) is a nonnegative real number since it is proportional to the power
spectral density of the stationary random process V' (Wiener-Khintchine theorem [54,
p. 141]). The existence and positivity of the exponent 1/L$ . can be obtained with
minimal hypotheses. Kotani [48] established that a sufficient condition is that V is a
stationary, ergodic process that is bounded with probability one and is nondetermin-
istic. The expansion of the localization length requires some more hypotheses about
the mixing properties of V. A discussion and sufficient hypotheses are proposed in

Subsection 2.5.

Proposition 2.2. — The square modulus of the transmission coefficient
|T¢(k, L/€?)|> weakly converges as a continuous process in L to the Markov process
W (L, k) whose infinitesimal generator is:

1 0% 1 0

_ - —2 2 _ _ = —2 2_¥
(14) L= 5a(RE W (1= W) gy — sa(k)h W om.

Proof. The square modulus of the transmission coefficient 7 can be expressed in
terms of a random variable that is the solution of a Ricatti equation. Indeed, as
a byproduct of the proof of Proposition 2.1 we find that |7¢|*> = 1 — |I'°|? where
I'*(k,L) = b/a(k,L) and (a,b) are defined as the solutions of Egs. (7)+(9). Differ-
entiating b/a with respect to L yields that the coefficient T'® satisfies a closed-form
nonlinear equation:

dre  iev(L)
aL. — 2k
One then consider the process X¢ := (r¢,1°) := (|['¥|?, arg(I'®)) which satisfies:

Xt Ly _lp (vé)»ff(ﬁh £) ’

(15)

(672 420 4 2HED2) 1 (k,0) =0,

dL (5_2 € g2
where F' is defined by:

_V 2sin(y + 2k1) (/2 — 1/2)
F(V,ra,l) = 2% ( —2 —cos(¢ + le)(r1/2 L r,l/g)
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One then applies the diffusion-approximation theorem 2.6 (see Subsection 2.6) to the
process (r¢,1°) which gives the result. O
In particular the expectation of the square modulus of the transmission coefficient
converges to:

) - iex _a(k})L o . 5626712
(16) Tk =7 p( 82 )/ " conh(v/a kL [22)

This shows that:

1, - >1 ak)
ZlnT(L,k) T
Note that the exponential behavior of the expectation of the transmittivity is very
different from the sample behavior of the transmittivity. Apparently the “right” local-
ization length is the “sample” one (5), in the sense that it is the one that is observed
for a “typical” realization of the medium. Actually we shall see that this holds true

only for purely monochromatic waves.

Uine (ta ‘7))
[V Ve Ve V) utr(t, .T)
iU + gy = eV(x)u T
Uref (T, x)
[ e e
0 L x
Fig. 2. Scattering of a pulse.
2.4. Propagation in a random slab of a pulse. — We consider an incoming
wave from the left:
1 oo
(17) Uine(t, T) = 2—/ f(k)expi (kz — k*t) dk, x <0,
T Jo

where f € L?. The total field in the region x < 0 thus consists of the superposition
of the incoming wave w;,. and the reflected wave:

1 o0
Upef(t, ) = o /0 f(k)R®(k,L)expi (—kz — k*t) dk, <0,

where R°(k, L) is the reflection coefficient. The field in the region x > L consist only
of the transmitted wave that is right going:

(18) g (t, ) = % /Ooo f(k)Te(k,L)expi (kx — k*t) dk, x> L,

where T¢(k, L) is the transmission coefficient. Inside the slab the wave has the most
general form:

1 o0
u(t,z) = %/ a(k,x) exp (—ik*t) dk, 0<z < L.

— 00
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The total transmitted energy is:

T =5 [ 10Tk D

™

The two-frequency correlation function E [|T°(ky, L/e?)[*|T(ks, L/e*)]*] will be
required for the forthcoming statements. The following lemma is an extension of
Proposition 2.2.

Lemma 2.8. — Letky =k — he/2 and ko = k + he®/2.

1. If a = 0, then the square moduli of the transmission coefficients

(|T¢ (k1, L/e?)|?,|T¢ (ka, L/e?)|?) weakly converge to (W (L,k — h/2),W(L,k + h/2))
where W (L, k—h/2) and W(L,k+h/2) are two independent Markov processes whose
infinitesimal generators are respectively Ly, /o and Ly p, /o defined by (14).

2. If 0 < a < 2, then the square moduli of the transmission coefficients

(|75 (K1, L/e?)|?,|T(ke, L/c?)|?) weakly converge to (W1 (L), Wa(L)) where W1 and
Wy are two independent copies of the Markov process whose infinitesimal generator
] Ek

3. If a = 2, then the square moduli of the transmission coefficients

(|T¢ (K1, L/e?)|?,|T¢(ka, L/c?)|?) weakly converge to (W1(L), Wo(L)) where
(W1(L),Wa(L),0(L)) is the Markov process whose infinitesimal generator is:

82

co- G “Wﬁawfoégf?wfalia
A T
ol

4k2 \ 1- 1-W, /AW - W, 062

+Oz(k) \/17W1W1(2*W2) S (92

L alk) ((2W1)2 Le=ma)? (2W1)(2W2))cos(9)> L

452 =W, () 5700
Oé(k?) vV 1-— W2W2(2 — Wl) . 82
(19) T I sin(0) 557759

starting from W1(0) =1, W1(0) = 1, and 0(0) = 0.

4. If a > 2, then the square moduli of the transmission coefficients

(|75 (ky1, L/e?)|?,|T(ke, L/c?)|?) weakly converge to (W (L,k), W (L,k)) where W is
the Markov process whose infinitesimal generator is (14).

Proof. The most interesting case is a = 2, since this is the correct scaling
which describes the correlation of the transmission coefficients at two nearby
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frequencies. Let us denote |T(kj,L/c*)|* = 1 — [T5]> for j = 1,2, where
Fj(L) = b/a(k;,L). We then introduce the four-dimensional process X°¢ :=
(r§, 95,15, 95) - (|1"‘E|2 arg('§), |T5|2, arg(l'5)) which satisfies:
dX¢ , L 1 L L. L
Y= F (V(2), X¢ L
dL (52) 5 ( (52) (52) €2’ )’

where I is defined by:

2sin(ihy + 2kl + hL)(r2/? — p1/?)
V| —2—cos(vy + 2kl + hL)(ri/* + 7Y%
2k 2sin (g + 2kl — hL)(r 32 ra/?)
—2 — cos(¥a + 2kl — RL)(r3/* + 15 /%)

F(V,ri,41,72,2,1, L) =

Applying the diffusion-approximation theorem 2.6 to the process X¢ establishes that
X°¢ converges to a non-homogeneous Markov process X = (r1, 91,72, %2) whose in-
finitesimal generator (that depends on L) can be computed explicitly. It then appears
that, by introducing 0 := vy — ¥9 — 2hL, the process (r1,72,60) is a homogeneous
Markov process whose infinitesimal generator is given by (19). O

This lemma shows that the transmission coefficients corresponding to two nearby
frequencies k; and ks are uncorrelated as soon as |ky — ka| > ¢2. Once this result is
known, it is easy to derive the asymptotic behavior of the transmittivity corresponding
to the scattering of a pulse.

Proposition 2.4. — The transmittivity 7(L/e?) converges in probability to T (L):

/ "\ FRPT (k. L)k,

1

T(L) = 5

where T'(k, L) is the asymptotic value (16) of the expectation of the square modulus
of the transmission coefficient T¢(k,L/c?).

Proof. The tightness (i.e. the relative compactness) is easy to establish since T°¢ is
bounded. Proposition 2.2 gives the limit value of the expectation of |T¢(k, L/e?)| for
one frequency k, so that:

B |75 = g [ 0PI D

Then one considers the second moment:

L
BTG = g [ WP I ST, SR akar
The computation of this moment requires to study the two-frequency process
(|T¢(k,L/e?)|,|T¢(K', L/€?)|) for k # k'. Applying Lemma 2.3 one finds that
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|T¢(k, L/€?)| and |T¢(k’, L/e?)| are asymptotically uncorrelated, so that
e Lo|emo (1 - 2|7 2 ’
ET(Z)"| — |f(R)*|T(k, L)"dk |
0

g2 o

which proves the convergence of 7¢(L/c?) in L2. 0

Let us assume that the incoming wave is narrowband, that is to say that the
spectral content f is concentrated around the carrier wavenumber kg and has narrow
bandwidth (smaller than 1, but larger than £2). Then 7 (L) decays exponentially with
the width of the slab as:

1 afko)

T 8k2
Note that this is the typical behavior of the ezrpected value of the transmittivity of
a monochromatic wave with wavenumber kg. In the time domain the localization
process is self-averaging ! This self-averaging is implied by the asymptotic decorrela-
tion of the moduli of the transmission coefficients at different frequencies. Actually
T¢(k,L/e?) and T¢(k', L/c?) are correlated only if |k — k'| < 2.

%ln T(L)

Remark 2.5 (The O’Doherty-Anstey theory). — This theory describes the de-
formation of a pulse traveling in a slab of random medium. It is well-known in geo-
physics literature [56]. It predicts that in proper conditions the transmitted pulse
can be divided into two parts. The front part has a deterministic shape which is
the result of a deterministic convolution of the initial pulse. Behind this front part
emerges the “coda” which is incoherent, but may contains most of the transmitted en-
ergy. A rather convincing heuristic explanation can be found in [16, Section 2]. The
theory is analyzed in detail in [16] for a special case of stepwise media, and further
results can be found in [15, 7]. Let us assume that the frequency content of the initial
pulse is concentrated around the carrier wavenumber kg. If one analyzes the energy
content of the front part of the wave in the framework introduced here above, then
one finds that it decays exponentially with the size of the slab with a characteristic
length which is the sample localization length 2k2/a(ky). However, as shown here
above, the total transmitted energy decays exponentially with a characteristic length
which is the mean localization length 8kZ/c(ko).

2.5. The random harmonic oscillator. — The random harmonic oscillator:

(20) Yt + (L +en(t))y =0

with 7(t) a random process arises in many physical contexts such as solid state physics
[51, 24, 57|, vibrations in mechanical and electrical circuits [60, 62], and wave
propagation in one-dimensional random media [42, 7]. The dimensionless parameter
¢ > 0 characterizes the amplitudes of the random fluctuations. The sample Lyapunov
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exponent governs the exponential growth of the modulation:

1

(21) G:= lim —lnr(t), () = VIyOF +ly@).
— 00

Note that G could be random since 7 is random. So it should be relevant to study the

mean and fluctuations of the Lyapunov exponent. For this purpose we shall analyze

the normalized Lyapunov exponent which governs the exponential growth of the p-th

moment of the modulation:

(22) Gp = tlggo 1% InE [r(¢)P],

where E stands for the expectation with respect to the distribution of the process
n. If the process were deterministic, then we would have G|, = G for every p. But
due to randomness this may not hold true since we can not invert the nonlinear
power function “|.|”” and the linear statistical averaging “E [.]”. The random matrix
products theory applies to the problem (20). For instance let us assume that the
random process 7 is piecewise constant over intervals [n,n + 1) and take random
values on the successive intervals. Under appropriate assumptions on the laws of the
values taken by m, it is proved in Ref. [8, Theorem 4] that there exists an analytic
function g(p) such that:

(23) Jm SWE[@OP] = ()
(24) tlirﬁl@%lnr(t) = ¢'(0) almost surely,
(29 100 et o, (o)),

NG

Moreover the convergence is uniform for r(¢ = 0) with unit modulus, and the function
p +— g(p)/p is monotone increasing. This proves in particular that G = ¢’(0) is non-
random. In case of non-piecewise constant processes 7, various versions of the above
theorem exist which yield the same conclusion [26, 61, 12, 5]. Unfortunately the
expression of g(p) is very intricate, even for very simple random processes 7. In the
following subsubsections we shall derive closed form expressions for the Lyapunov
exponents G and G, in the framework where the noise level is low.

We assume from now on that the process n(t) = f(m(t)) where f is a smooth and
bounded function and m is an ergodic Markov process with infinitesimal generator @
on a manifold M with invariant probability 7(dm). We also assume that f(m) has
zero-mean with respect to the invariant probability:

f(m)m(dm) = 0.
M
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2.5.1. Expansion of the sample Lyapunov exponent. — Introducing polar coordinates
(r(t),v(t)) as y(t) = r(t) cos(y(t)) and y.(t) = r(t) sin(y)(t)) the system (20) is equiv-
alent to:

(26) 10 = oo /thw<s>,m<s>>ds>,
(27) blt) = () m(),
with g(tb,m) = 40(46) + 2qa(46,m) and h(e, m) = ho(as) + ha (b, m):
©W) =0, ar(m) = —F(m)sin(s) cos(it),
hol) =L ha(m) = —F(m)cos*(¥).

From Eq. (27) (1, m) is a Markov process on the space S* x M where S! denotes the
circumference of the unit circle with infinitesimal generator: £ = @ + h(1, m)% and
with invariant measure p(1, m)dim(dm) where p can be obtained as the solution of
L*p = 0. According to the theorem of Crauel [20] the long-time behavior of r(t) can
be expressed in terms of the Lyapunov exponent G which is given by:

(29) G= [ o, m)p(e,m)di(dm).

This result and the following ones hold true in particular under condition HI [58] or
a2 [6]:
Hi M is a finite set and @ is a finite-dimensional matrix which
generates a continuous parameter irreducible, time-reversible
Markov chain.
H2 M is a compact manifold. @ is a self-adjoint elliptic diffusion
operator on M with zero an isolated, simple eigenvalue.
Note that the result can be greatly generalized. For instance one can also work with
the class of the ¢-mixing processes with ¢ € L'/? (see [49, pp. 82-83]). The Lyapunov
exponent G can be estimated in case of small noise using the technique introduced
by Pinsky [58] under HI and Arnold et al. [6] under H2.
We shall assume from now on that ¢ < 1 and we look for an expansion of G with
respect to € < 1. The strategy follows closely the one developed in Ref. [6]. We first
divide the generator £ into the sum £ = Ly + £ with:

0 0
Lo = h — Li=h —.
0 Q+ O(w)awa 1 1(7/)7m)a¢
As shown in [6] the probability density p can be expanded as p = pg + p1 +&2pa + ...
where Dy, p1, and ps satisfy Lipo = 0 and L{p1 + Lipo = 0, L{p2 + Lp1 = 0,... For
once the expansion of p is known, it can be used in (28) to give the expansion of G
at order 2 with respect to e:

(29) G = s (q0Po + £(q1Po + qop1) + €% (q1p1 + qop2)) (¥, m)dym(dm) + O(?).
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Since hg is constant = —1, pg is the density of the uniform distribution on S! x M:
Ppo = (2m)~!. Further p; satisfies Lip1r = —Lipo = Oy (h1po) and is consequently
given by:

pi(.m) = 5 [ dSE s -+ 25) 1 m(s))/m(0) = ]

Substituting into (29) we obtain that G = c2a1/4 + O(e?), where a; is nonnegative
and proportional to the power spectral density of the process f(m) evaluated at 2-
frequency:

(30) = /OOO ds cos(28)E[f(m(0))f(m(s))].

2.5.2. Fluctuations of the sample exponent. — The sample Lyapunov exponent G is

the limit of .

G = lim 1 ; q(¥(s), m(s))ds

t—o0 t
with probability one. It is interesting to obtain a central limit theorem for the corre-
sponding fluctuations:

Pt = 2= [ atwls).m(s) - G

Let us denote g(v,m) := ¢(¢»,m) — G. By definition of G the random variable
G(¥,m(0)) has zero mean with respect to the invariant measure pr(dm)diy. Thus
the equation Lv = ¢ has a solution v which is bounded and unique up to an

additive constant. In the following we denote by v the solution which satisfies
J vp(¢, m)w(dm)dip = 0. The process M, defined by:

M (t) = v((8), m(#) — v(sp, m(0)) — / Co((s), m(s))ds

is a martingale whose increasing process is [49, Section 1.5]

t
(My, M), = / (Lv? — 20Lv) (Y(s), m(s))ds.
0
Note that the process r reads in terms of the martingale M, as:
(31) r(t) = ro exp (Gt — M, (t) + v(3(t), m(t)) — v(yp,m(0))).
Applying Theorem 2.1 [11] we get that (M, M, ) satisfies:
<Mva Mv>t t—00

(32) St oy oy /S @i m)di(dm),

and the normalized process t~/2M,(t) converges in distribution to a Gaussian ran-
dom variable with 0 mean and variance V.. This proves the desired result that the
normalized fluctuations F(t) of the sample Lyapunov exponent obeys a Gaussian dis-
tribution with zero-mean and variance V.. In the remainder of this subsection we
shall compute the expansion of V. at order 2 with respect to the noise level e.
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Since ¢ expands as €q1 + €2G2 + ... with §1 = ¢1, we can expand v in the form
ev1 + €209 + ..., where v is solution of Lov; = ¢1. Solving this equation we find that:

v (¢, m) = /000 dsE [sin(2¢) — 2s) f(m(s))/m(0) = m].
Collecting the terms of order £2 in (32) establishes that
V. =e*Va + O(e?)
with
Vo = —2/ q1v1podm(m)dap.
S1x M

Substituting into (32) yields that V. = a1e2/2 + O(&?).

2.5.8. The mean exponents. — Once the sample exponent growth and its fluctuations
are known it remains only a few technical points to handle before establishing a closed
form expression for the mean exponent growth. First note that the identity (31)
involves that the mean Lyapunov exponent G, reads in terms of the martingale M,
as:
G, =G+ lim e InE [exp(—pM,(t))] .
t—00 pt

Second V. is nothing else than the expectation of f := Lv? — 2vLv with respect to
the invariant measure pm(dm)di. Denoting f(¢,m) := f(x»,m) — V., the random
variable f(1),m(0)) has zero mean so that the equation Lw = f has a unique solution
which satisfies [ wp(, m)m(dm)dip = 0. Accordingly the process M,,:

My, == w((t), m(t)) — w(t, m(0)) —/O Lw(y(s), m(s))ds

is a martingale whose increasing process is

(My, My), = /0 (Lw® — 2wLw) (Y(s), m(s))ds.

Note that v is of order ¢, so f and w are of order €2 and (M,,, M), < Ke*t. Besides
the increasing process of the martingale M, reads as:

(Mva M’U>t = V;;‘t - M’w(t) + w(¢(t)7 m(t>> - w(d), m(O))
Thus, for any p > 0, the increasing process of the martingale M, + pM,,/2 is:
v

4
= Vit — My(t) 4 &(t)

<MU+BMW,MU+BMW> (My, M), + 2 (M, M), +p (M,, M),
t

2 2
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where |£.(t)] < K(1 + pe®t + p?c*t). We substitute this identity into the expectation
of the exponential martingale associated with M, + pM,,/2 so that we get:

p2

P P P
1 E {exp< (ML) +EM,) - & <MU + 2 Mo, M, + 2Mw>t>}

B [ex (-p00 - BVt - L))

Applying the operation (pt)~!In{.} and taking the limit t — oo, we finally get the
expansion at order 2 with respect to € of G:

1
(33) Gy = G+ 2V, + O(p%*) = ¥a152 + O,

2.6. Diffusion-approximation. — In this subsection we state and prove the
diffusion-approximation theorem that is applied throughout this chapter.

Theorem 2.6. — Let us consider the system:
dXe 1 t. t
t)y=-F(X(t),q(=), = X<(0) = R4
0= 1F (X0 ). X0 -ne

where F(x,q, ) is periodic with respect to ¢. Assume that q is a Markov, station-
ary, ergodic process on a compact space S with generator Q, satisfying the Fredholm
alternative. F' is periodic with respect to ¢ with period ¢o and satisfies the centering
condition: (E[F(z,q(0),9)]), = 0 where E[.] denotes the ezpectation with respect to
the invariant probability measure P of q and <>d> stands for an averaging over a pe-
riod in ¢. Instead of technical sharp conditions, assume also that F is smooth and
has bounded partial derivatives in x. Then the continuous processes (X°(t))i>0 weakly
converge to X with generator:

Lf(x) = /OOO du (E[F(z,q(0),.).V (F(z, q(uw), . +u).Vf(2))]) -

Proof. For an extended version of the proof and sharp conditions we refer to [49, 28].
Let us introduce ¢(t) := tmodgy. The process X°(.) := (X=(.),q(./e?),#(./e?)) is
Markov with generator

e 1 9y, 1
ez (et g)+ ey

This implies that, for any smooth function f, the process f(X¢(t)) — f(X°(s)) —
f: Lff(X¢(u))du is a martingale. The proof is based upon the convergence of the
corresponding martingale problems.

Step 1. Perturbed function method. Vf € C;°, VK compact subset of R?, there exists
a family f€ such that:

(39 swp |f(2.q,0) ~ f(@)| R0, swp |L°f%(w.q.0) — Lf(x)] 0.

z€K,q,¢ r€K,q,¢
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Define f°(z,q) = f(z) +efi(z,q) + € fa(2,q). Applying L° to f°, one gets:

=t ((Q i 3) fi+ Fla.g ¢>.Vf(a:)) +((Q T i) fot FYfi(ra <z>)) +0(e).

€ 0¢ 0¢
One then defines the corrections f; as follows:
-1
1. fi(z,q) = — (Q + %) (F(z,q).Vf(z)). This function is well-defined although

(Q + 6%) does not possess an inverse. Indeed (g,¢) is an ergodic process which
satisfies the Fredholm alternative. Its invariant probability measure over S ® [0, @]
is P(dg) x %l[oj(z,o]dgb. As a consequence (Q + a%) has an inverse on the subspace of
functions which have zero-mean with respect to the invariant measure. This inverse
admits the representation:

Fi(eq,6) = / " WELF (2, g(u), & + u).V f(2)/a(0) = .

2. falz,q) = —(Q+a%)_1 (F.Vfl(ac,q)—(E[F.Vfl(x,q,</>)]>¢) is well de-

fined since the argument of (Q + 6%) ' has zero-mean. It thus remains:
Lefe = (E[F(z,q,0).Vfi(z,q,8)]), + O(¢) which proves (34).
Step 2. Convergence of martingale problems. One first establishes the tightness of
the process X°¢ in the space of the cad-lag functions equipped with the Skorohod
topology by checking a standard criterion (see [49, Section 3.3]). Second one considers
a subsequence €, — 0 such that X®» — X. One takes t; < ... < t, < s <t and
hi,....,hp € C5°:

B | (1000005 - PG

5):6(5))-

3

- [ @), o ) (X7 (00 ()] =0

Taking the limit £, — 0:

5| (sxe) - seee) - [ t £RCE) ) (X)) (X)) =0

which shows that X is solution of the martingale problem associated to £. This
problem is well-posed, which proves the result. O
We refer to [28] for multi-scaled versions of this theorem.

3. Nonlinear propagation

3.1. Solitary waves and telecommunication. — A solitary wave is a wave that
propagates without change of form or diminution of speed. The study of solitary
waves began in 1838 with the observation by J. Scott Russel of such a water wave
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while riding on horseback along a channel. However no mathematical theory available
at the time predicted a solitary wave. The problem was resolved in 1895 by Korteweg
and de Vries who derived an equation (now known as the KdV equation) which
governs small shallow-water waves [47]. Boussinesq in 1871 also derived a nonlinear
wave equation governing such long waves [13]. Despite this early work no further
application was discovered until the 1960’s. In 1967 Gardner, Green, Kruskal, and
Miura first discovered an original method of solution of KdV by applying an implicit
linearization of the equation: the so-called inverse scattering transform [27]. Lax
(1968) considerably generalized these ideas [50], and Zakharov and Shabat (1972)
showed that the method worked for the nonlinear Schrédinger (NLS) equation [67].
At this time it was known that the NLS equation describes the propagation of short
pulses in mono-mode optical fibers [55]. Hasegawa (1973) then claimed that the
“soliton” was the ideal candidate to be the information bit for the next generation of
optical fibers [34].

Indeed communication in optical fibers [35] consists in sending binary messages at
very high rate. A sequence of “0” and “1” can be coded as a train of short pulses,
where a “1” is represented by a pulse and a “0” by the absence of a pulse in the
corresponding arrival time slot of the train. The success of this method is based
on the fact that modern technology has succeeded in producing purified glass fiber
with a very low level of attenuation. Unfortunately another phenomenon appears
to be a limitation to the race towards higher and higher transmission rates. Indeed
dispersion makes pulses spread out. However nonlinear effects such as self-focusing
compete with dispersion. The nonlinear Schrodinger equation, which describes this
competition to a good approximation, has a special solution, the so-called soliton, for
which the nonlinear effects exactly counterbalance dispersion. It is therefore a good
candidate to be the information bit for the next generation of optical fibers [33]. In
order to confirm this hope, it is relevant to study the behavior of a soliton when it
propagates through weakly perturbed media over very large distances.

3.2. Dispersion in wave propagation phenomena. — A linear dispersive sys-
tem is any system which admits elementary solutions of the form:
(35) u=aexpi (kx — wt)

where the frequency w is a definite real function of the wavenumber k£ and the so-
called dispersion relation w(k) is determined by the particular system. Any general
solution is obtained by superposition of elementary wavetrains (35) to form Fourier
integrals:

u= /F(kz) expi (kx — w(k)t) dk
where f is chosen to fit the boundary or initial conditions with use of the Fourier

inversion theorem. The wavetrains travel with their own phase velocity w(k)/k. Dis-
persion is involved by the fact that the dispersion relation is usually not linear. As a
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consequence the phase velocity depends on the wavenumber k. As time evolves, the
different component modes disperse and the pulse spreads out. A more quantitative
analysis can be carried out in a few steps for the linear Schrodinger equation:

U + Ugye =0

whose dispersion relation is w(k) = k2. If the initial condition u(t = 0,7) = ug(z)
belongs to L2, then the spectral content of the field is:
flk) = /OO uo(x) exp(—ikz)dx
and the solution for any time t can i)e written as:
u(t,x) = % /0; dkf(k)expi (kx — k*t)

If f(k) is smooth enough so that the stationary phase method can be applied, then

for t > 1: ,
T L T Sz v
u(t,x) ~ \/;f (Q_t) expi (4_t — Z)

which shows that the amplitude of the wave decays as 1/v/t while its support increases
as t.

3.3. Catastrophic collapse in nonlinear media. — The simplest equation de-
scribing nonlinear propagation effects is the Burgers equation:

(36) U + uu, = 0.

This equation can be solved analytically by the standard method of characteristics.
Assume that the initial condition u(t = 0,z) = ug(x) is smooth. It is found that the
solution remains smooth until time ¢..:
o, (2)
Ut ®) = @)t
where ¢, is defined by ¢! := max, {—uo,(z)}. At time . the solution breaks up. An
extensive study of this equation can be found for instance in [64].

3.4. An introduction to the inverse scattering transform. — The scattering
transform aims at studying the solutions of nonlinear partial differential equations
of the type u; = F(u) with rapidly decaying initial conditions. It can be applied
in the case where the evolution equation is equivalent to an equality between linear
operators:

OL(u)
ot
It is based on the fact that u(¢,.) can be characterized by some spectral data of the

operator L(u(t,.)). The homogeneous nonlinear Schrodinger equation (NLS):

(37) +[L, Al =0.

(38) g 4 Uy + 2|ul?u =0
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can be expressed in the form (37) if we set

a *
L(u):iP%JrQ(u), with P = ( (1) 1)1 ) and Q(u) = < —Ou 1:) >

The operator A is of the type —22’P6,6—;2 + C(u), with C(u) — 0 when v — 0, u, — 0.
The domain of L(u) is the space H!(R),

H'(R) = {¢ such that ¢ € L*(R), ¢, € L*(R)},
which is a dense subset of the Hilbert space L?(R):

LA(R) = {0 = vnes + vheaty € @), e = ). ea= (] )

equipped with the scalar product:

+oo
<w@:/ Ao (&) + 5 ba(2).

—00

3.4.0.1. Operator L(0).— L(0) is self-adjoint. The real axis constitutes its essential
spectrum. The eigenspace associated with the eigenvalue A € R has dimension 2 and
admits the couple (e1e** e2¢™*) as a base. Besides the point spectrum of L(0) is

empty, because the non-trivial solutions of v, = iAv are not in L?(R).

3.4.0.2. Essential spectrum of the operator L(u(t = tp,.)).— Let us consider the
spectral problem associated with the operator L(u) = L(0) + Q(u):

(39) L(u(t, 2))¢(t, 2) = AO)P(t,2), ¢ = Prer + Pres.

If u(t = to,.) € L*(R), then Q(u) is L(0)-compact. As a consequence of the Weyl
theorem, the essential spectrum of L(u) is equal to the real axis. Eq. (39) actually
admits two linearly independent solutions when A is real. We introduce the so-called
Jost functions f and g, defined as the eigenfunctions of L(u) associated with the real
eigenvalue \ which satisfy the following boundary conditions:

f(l', /\) m—i}oo ezei)\z7 g(z:, /\) m—;}oo elefi)\x.

If we denote by v the vector (¢, —F) associated with a vector 1 solution of (39),
then 1) is a solution of Li) = A*1). In the case of a real eigenvalue, ) and 1) are
linearly independent and form a base of the space of the solutions of (39). It can then
be proved that the Jost functions are related by:

(40) g(CE, )‘) = a()‘)f(ma )‘) + b()\)f(.% >‘)7
(41) [z, ) —a(A)g(@,A) + 0" (N)g(z, A).

Substituting the second equality into the first one, we also exhibit the following con-
servation relation:

(42) a2 + BV = 1.
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Using (39) we get two more conservation relations which concern the norms of the
Jost functions f and g:

|f1($7>‘)|2 + |f2($7>‘)|2 = 17 |gl($7>‘)|2 + |92(:L', A)|2 =1.

Multiplying Eq. (40) by the vector f*, we get an explicit representation of the coeffi-
cient a as the Wronskian of f and g:

(43) a(A) = g1(z, A) fa(z, A) — ga(w, A) f1(z, ).

We are able to provide a more explicit representation of the Jost functions f and g.
Denoting fi(z,\) = € fi(x,A) and fa(z, \) = e~ fy(x, ), we can find from (39)
that f satisfies a system of integral equations. Besides f1 can be eliminated from this
system by substitution, so that we get a closed equation for f2, whose solution is:

fa(z,A) =1+ /:O dyM (y,x, \) (1 + /yoo dzM(z,z,\) (...)) ,

where M(y,z,\) = —u*(y) [’ dzu(z)e* =%, This expression holds true when
u € L', because the associated sequence absolutely converges. The function f1 also
admits a similar representation. Let us examine carefully the properties of f. If
y — |y["u(y)| € L, then fi and fo are of class C" over the real axis. Besides, if
w e L', then f; and f, can be analytically continued in the upper complex half-plane
Im(A) > 0 where they have no singularity. Indeed, in view of the definition of M one
can see that the exponential term has a norm equal to e~ 2mA(v—2) (remember that
we integrate over the domain y — z > 0) which decays faster than any polynomial
term brought by the A-derivatives.

3.4.0.3. Point spectrum of the operator L(u(t = to,.)).— From (43) we can define an
analytic continuation of a(\) over the upper complex half-plane. A noticeable feature
then appears. If ). is a zero of a(\), then f and ¢ are linearly dependent, so there
exists a coefficient p, such that g(x, ) = p,f(z,A.). The corresponding eigenfunc-
tion is bounded and decays exponentially as # — +oo (because |f| ~ e~™*®) and
as * — —oo (because |g| ~ e™™*2). Thus )\, is an element of the point spectrum of
L(u). Moreover we can compute from (39) and (43) the A\-derivative of a at A = A,

“+oo
(44) d(0) = ~2ipr [ dofifa(a ),
It can then be proved that the set (a(\),b(N\), Ar, pr,a’(A\;)) characterizes the Jost
functions f and g as well as the solution u. The inverse transform is essentially
based on the resolution of the linear integro-differential Gelfand-Levitan-Marchenko
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equation, whose entries are constituted by the set (a,b, A, p, a’(A)):

Ki(z,y) = 9 (z +y) — / Ki(o,y") / 5 (y + )0 (y + o)y dy",

(45) / Ki(z,y") 2" (y +y')dy/,
iPrix L [T\
here ® W — ——=e"d.
where ®(y) = XT:a/(/\T)e + o ) ao\)e
We can get the eigenvector f from the kernel K solution of (45):
(46) f(z,)) = ege® +/ K(z,y)edy.
We then obtain w by the formula u(x) = —2iK{(z,2). The study of the inverse

problem associated with the operator L(u) has not yet been completely achieved. In
particular the precise characterization of the spectral data which lead to well-defined
potentials u has not yet been completed. However, in the case where the initial
condition ug is rapidly decaying so that it satisfies x — |z|"|uo|(z) € L' for any n,
the inverse scattering can be rigorously achieved [2].

The great advantage of the method is that the evolution equations of the scattering
data are uncoupled:

a(t, \) = a(to, N), b(t, \) = b(to, \)e ™ E=t0) 5 (1) = p.(tg)e 4N (=10,
To sum up, the scattering transform involves the following operations:

’u(to, x) direct_sg:att. (a; b, Ars pry al()‘T)) (to)

NLS | | uncoupled evolution equations
u(t,z)  TVIEEER (b A o a/ (W) ()

What is striking is the remarkable analogy to Fourier analysis of the linear Schrodinger
equation (see Subsection 2.2).

3.5. Comnserved quantities. — There exists an infinite number of quantities which
are preserved by the homogeneous nonlinear Schrédinger equation (38) [53]. They
can be represented as functionals of the solution u or in terms of the scattering data.
We shall present here only two of them which are of physical interest.

e The mass of the wave N = [ |u|?dz. Denoting n(\) = —7~*In|a())|?, the mass is
also given by
(47) N =>"2i(Ar =\ + /n(/\)dA.

e The Hamiltonian or energy H = [ |uy|* — |u|*dz, which can also be expressed as

(48) H=Y" %(/\jg A+ 4//\2n(/\)d>\.
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3.6. Soliton. — There exists a special solution with finite mass and energy of
Eq. (38) that is called soliton:

expi (2u0(x — 4pot) + 45 + pd)t)
cosh (2vp(z — 4puot))
The mass and the velocity of the soliton are respectively Ny = 41y and Vi = 4.
The width of the envelop of the soliton is conversely proportional to its mass. The
soliton (49) is associated with the following scattering data:

A — (,uo + ivg)

A= (po —ivg)’
ao admits a unique zero in the upper complex half-plane denoted by Ag = o + ivp.
The coefficient associated with the zero \g is po = i exp (—4i(po + irg)*t). Figure 3
plots two different solitons at time ¢t = 0. Both have the same mass, and consequently
the same envelop, but they have different velocities. Note that, in the case vy > ug
(resp. vo < o), the soliton oscillates slowly (resp. quickly) within its envelop.

(49) uo(t, ) = 2vg

(50) ao(A) = bo(A) = 0.

— Cofficients of the soliton: NO=2, V0=0.4 |-——

——{ Cofficients of the soliton: NO=2, V0=12.8}——

(a) x (b) x
Fig. 8. Solitons at time t = 0. The dashed lines represent the envelops of the
solitons, while the solid lines represent the real and imaginary parts. Picture a:

No =2, Vo = 0.4. Picture b: No =2, Vo = 12.8.

3.7. Solitons in random media. —

3.7.1. Formulation. — We consider a perturbed Schrédinger equation with a non-
zero right-hand side:

(51) g+ Uge + 2|ul?u = eR(u)(t, ).

The small parameter ¢ € (0, 1) characterizes the amplitude of the perturbation. The
model of the perturbation is taken to be:

R(u)(t,x) = ma (2)u(t, z) + ma(z)|u*u(t, ) + (ms(2)uz),

where m, mo, and m3 are random, stationary, ergodic, zero-mean, and independent
processes. We shall consider that the processes V; are not only ergodic, but also
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¢-mixing, i.e. that there exists a function ¢ — ¢(t¢) vanishing as ¢ — +oo such that

sup {P(B/A) —~P(B),A € F5,B € F3,} < ¢(t)
5>0

where F! = o(V;(z),s <2 <t,j=1,2).

For technical reasons we shall assume that the function ¢ — ¢(t) decays at least as
t—%. This mixing condition is sufficient to prove all the convergence results that are
necessary. However we believe that it can be weakened and we expect the condition
¢ € LY?(R™) to be sufficient.

—_— ) 9 /\
iUt + Ugz + 2|ul*u = eR(u) +
[ VAN Ve
[ VAV Ve e e
--——
0 Lje2 " x

Fig. 4. Scattering of a soliton.

3.7.2. Main results. — Let L > 0. We denote by Q3 the measurable set of realiza-
tions of the process V such that the scattered wave consists of one soliton plus some
radiation. In terms of the spectral data it means that the Jost coefficient a admits a
unique zero in the upper complex half plane. We denote by v¢ and u° the re-scaled
processes defined on Q5 by v°(z) = v(z/€?) and p°(x) = p(x/?) (i-e. the coefficients
of the transmitted soliton in position z/¢?), and on Q5 © by v(z) = 0 and p°(z) = 0.
We can now state our main convergence result.

Proposition 3.1. — The following assertions hold true for any L > 0.
1. limi(l)rlfIP’(QEL) =1
E—
2 The R?-valued process (v°(x), u°(x))gepo,) converges in probability in C° to the
%-valued deterministic function (vi(x), 1 (x))zcjo,) which satisfies the system of or-
dmary differential equations:

dv
— = F(ui,m), n(0) =y
(52) .

% =G(vi, ), m(0) = po,

where F' and G are C' functions where only the Fourier transforms of the autocorre-
lation functions appear:

3 o
_%Z/_ IRCATSN RIS A)

(53) F(v,p)

64) Gl = Z (G i) s it vy
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The coefficients ; and k are defined by:

(35) (k) = /0 " Elm, (O)m, (@)] cos(ka)dr, k(v ) = W

The functions c; are written explicitly in [29, 1]. For consistency we write the full
expression of cy:

o A=—p+ iV)2
(56) 1 N) = S8 st (a2 — 32 ()

The first point means that the event “the scattered wave consists of one soliton
plus some radiation” occurs with very high probability for small €, while the second
term gives the effective dynamics of the coefficients of the transmitted soliton in the
asymptotic framework ¢ — 0. The analysis of the effective system (52) puts into
evidence that there exist two main regimes up to transitory regimes.

1) If the mass of the incoming soliton is small enough, then the velocity of the
soliton is almost constant, while its mass decreases to 0:

- as exp(—L/Ljy:) (perturbation of the linear potential),
- as L~/4 (perturbation of the nonlinear coefficient),
- as L™Y/2  then as exp(—L/L},,.) (dispersive perturbation).

2) If the mass of the soliton is large enough, then the mass of the soliton is almost
constant, while its velocity of the soliton slowly decreases to 0. The decay rate depends
on the tail of the spectrum of the perturbation, but we can state in great generality
that it is at most logarithmic.

It can be noted that, in the limit case vo/py — 0, the incoming soliton can be
approximated by a linear pulse:

+oo B
uO(tvx) 2/ dkf(k)eikm_ik%, with f(k) = l(j()sh*l <g <w>) ,

o 2 20

whose spectral content f is sharply peaked about the wavenumber ky = 2ug. Fur-
thermore the spectrum of the radiation is peaked about the wavenumber —24( (there
exists also a secondary peak about +2p( which is much weaker). These statements
are in agreement with the linear approximation. The localization length L;,. corre-
sponding to a perturbation of the linear potential can written in terms of the car-
rier wavenumber as Lj,. = 8kZ/a1(2ko). It is equal to the localization length of
a monochromatic wave with wavenumber kg scattered by a slab of linear random
medium (see Proposition 2.1).

3.7.3. The main steps of the proof. — We now list the main steps of the proof [29, 1].

a. A priori estimates.
The following quantities (mass and energy) are preserved by the perturbed
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Schrodinger equation (51):

(57) Niot = /|u|2dm,
(58) Eipr = /Ho(x)da:—i—e/Hl(:E)da:,
(59) Hi(r) = i@l + gma()fult — ms(e) s

Assume that the m; are bounded processes. Sobolev inequalities then prove that
the H'-norm, the L*-norm and the L>°-norm of u(t,.) are uniformly bounded with
respect to ¢ € R and € € (0,1). Furthermore [ H;(z)dz can be bounded uniformly
with respect to t € R by a constant that depends only on N;,; and Ei;.

b. Prove the stability of the zero of the Jost coefficient a.
The zero corresponds to the soliton. This part strongly relies on the analytical
properties of ¢ in the upper complex half plane. Basically we apply Rouché’s theorem
so as to prove that the number of zeros is constant. This method is efficient to prove
that the zero is preserved, but it does not bring control on its precise location in the
upper half plane. This step is not sufficient to compute the variations of the soliton
parameters.

c. Compute the radiation.
The Jost coefficients a and b satisfy coupled equations [38]:

aa(? ) _ 0 e (a(A\ )Y E) + b, D)y (A 1))
abg); t) 742‘)\21)()\, t) —e(a(A )Y (N )+ N )T (AN ),

where y(\,t) = — [dzR(u) f3 + R(u)* f# and Y(\,t) = — [ dzR(u)* fi fo — R(u) f1f5.
From these equations we can estimate the amount of radiation which is emitted during
some time interval in terms of mass and energy thanks to (47) and (48). We are then
able to deduce the evolution equations of the coefficients of the soliton by using the
conservations of the total mass and energy. For times of order O(1), since N, and
E4,: are conserved, the variations A(..) of the relevant quantities are linked together
by the relations:

0 = 4Ay+/An(/\)d>\,

0

16A (vp? —1%/3) + 4 / N An(\)dX + A ( /]R H, (x)dx) .

An()) is of order £2, but the last term in the expression of the total energy is of order
€. Thus our strategy is not efficient for estimating the variations of the coefficients of
the soliton for times of order O(1). Let us now consider times of order O(¢72). An(\)
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is now of order 1, while the last term in the expression of the total energy is of order ¢
by the a priori estimates. Thus we can efficiently compute the long-time behavior of
the coefficients of the soliton in the asymptotic framework ¢ — 0, when the last term
in the expression of the total energy is uniformly negligible. Applying probabilistic
limit theorems (approximation-diffusion), we then find that the coefficients of the
soliton converge in probability to non-random functions which satisfy the system (52).

d. Compute the form of the scattered wave.
Neglecting the terms of higher order, the total wave is given by the sum u(t/e2, z) =
ug(t/e?, @) +ur(t/e?, x), where ug is a soliton of mass 4v/(t/e?) and velocity 4/u(t/e?):

" =

7, and ¢ are respectively the position and the phase of the soliton at time ¢/g%:

As = p(t/e?) +iv(t/e?) and uy, admits the following expression:

t _ 1 /=b  (A—p+ivtanh 2v(z = 2:)))° sia
(GZ)L(€2,$) - it - a()‘) ()\7#4’21/)2 € A
2 . . 00 7k .
I'/_ exp 21 (zﬂl(l' Is) + ¢S) / b_()\) 1 : 26721)\:EdA.
im  cosh? (2u(x — xg)) oo 0T (A= p—iv)

ug is the soliton part of the total wave. The first component of u; represents the
radiation, with a correction in the neighborhood of the soliton @ ~ z4(t/c?). The
second component of 1, represents the interaction of the soliton and the radiation,
which is only noticeable in the neighborhood of the soliton. This result is not sur-
prising. Roughly speaking, the support of the radiation lies in an interval with length
of order e72. Since the L?-norm is bounded by the conservation of the total mass,
we can expect that the amplitude of the radiation is of order e. More exactly it can
be rigorously proved that the amplitude of the radiation can be bounded above by
Ke|lneg|.

3.7.4. Numerical simulations. — The results in the previous subsections are theo-
retically valid in the limit case € — 0, where the amplitudes of the perturbations go
to zero and the length of the random slab goes to infinity. In this subsection we aim
at showing that the asymptotic behaviors of the soliton can be observed in numerical
simulations in the case where ¢ is small, more precisely smaller than any other char-
acteristic scale of the problem. We use a fourth-order split-step method to simulate
the perturbed nonlinear Schrédinger equation (51). This numerical algorithm pro-
vides accurate and stable solutions [43]. For the sake of simplicity we only consider
perturbations of the linear potential m; and take mqy = m3 = 0.
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Fig 5. Picture a: Envelop of the initial soliton (solid line) with mass No = 2 and
velocity Vo = 1.6. In dashed line is plotted a realization of the random potential
emi with ¢ = 0.05 and . = 0.4. Picture b: Envelops of the soliton when its
center crosses different depth lines | for one of the realization of the random

potential. The coordinate x is normalized around the depth line .

mass

velocity

0.5 -

oL I I I I I 0 I I I I I
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

(a) x (b) "

Fig. 6. Coefficients of the transmitted soliton whose initial coefficients are
No = 2, Vo = 1.6 with a random potential whose amplitude is ¢ = 0.05 and
correlation length . = 0.4. The picture a (resp. b) is devoted to the mass
(resp. velocity). The thick solid lines represent the theoretical coefficients of the
transmitted soliton. In thin dashed and dotted lines are plotted the simulated
masses and velocities of the transmitted solitons for 7 different realizations of

the random potential.

We assume in this subsection that the potential is constant over elementary inter-
vals of length [. and take independent random values over each interval which obey
uniform distributions over [—1,1]. We present simulations where the initial wave at
time ¢ = 0 is a soliton with mass Ny = 2 and velocity Vo = 1.6 centered at = = 0
(see Fig. 5a). The simulated evolutions of the coefficients of the soliton are presented
in Fig. 6 for seven different realizations of the random potential with ¢ = 0.05 and
l. = 0.4. They are compared with the theoretical evolutions given by (52) in the scale
x/e2. Tt thus appears that the numerical simulations are in very good agreement with
the theoretical results. Fig. 5b plots the envelops of the solution at different depths
corresponding to one of the simulations, which shows that the wave keeps the basic
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form of a soliton although it looses some mass. All these results confirm that system
(52) describes with accuracy the transmission of a soliton through a random slab for
small perturbations and long slab length.

3.8. Conclusion. — We have studied the propagation of a soliton in a nonlinear
dispersive medium with spatially random perturbations by applying the inverse scat-
tering transform to a random NLS equation. If the incoming soliton has small mass,
then the mass of the soliton decays to zero exponentially or algebraically with the
length of the system. In case of large mass, the mass of the soliton is almost constant.
Furthermore the velocity is found to decrease at a slow rate (at most logarithmic)
which depends on the high-frequency behavior of the power spectrum of the random
perturbation.

We feel that it is of great interest to consider some other integrable systems with
a different type of dispersion. For instance the Korteweg-de Vries equation, with a
third order dispersion, is worth studying. Original results are derived that are very
different compared to the randomly perturbed Nonlinear Schrédinger equation [30].
Indeed the scattering of the soliton generates not only radiation during its motion,
but also a soliton gas, that is to say a collection of a very large number of solitons
with very small masses, whose total mass is of order one. It should be interesting
to get a classification of the integrable systems in terms of their respective behaviors
with respect to random perturbations. Furthermore the interaction of solitons in
random dispersive media represents also a great challenge for practical applications
to telecommunications for instance.
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