
���������
	��
�������������
����� ����������� �!�"�$#%�&���'��()	������$�*�
�!�������

+-,

.0/21436587:9<; 5

=?>4@BADC�E�F0GIH2J&CLKMFNA
OQP&RTSVU&WXW"YLSVZ[P]\TP ^&Y_W4Pa`bY�cdZ[PaegfTcbU�fNYLch`dZiY-jlkmZi`b\�jhnTop\�oBU&W"fqerZ[o�P�`dYLS�jbfTPa`bZ[Paeg^�P&cbZ[P�`dZiU�RTj

`b\NP�`Q`d\qY�s*o�P&R
U&Rqers�t?Y�SVY-jbo�cbZrtNY-S
ju`pP�`dZrjh`bZ[o�P&eiers&vxwy\qY�R
erUzU&{zZrRq|
P�`lk}P ^&Y-j}fqcdU&fTP&|�P�`dZiRT|�ZrR
`b\TYLjbY~W�Y-SVZ[Pq�qkxY~o�PaR*U�Rqeis�YB�VfNY-o8`QZrR
|&YLRqY�cpPae:P4jh`dP�`dZrjh`bZ[o�P&e0SVYLjdoBcdZrfV`bZrU&R�Ua�I`b\qY~k}P ^&Y�v��xnV`
jbU&W"YB`dZiW"YLjx`d\qY�cdY�YB�VZ[ju`pjmP�SqYB`bYLcbW"ZrRqZ[ju`dZro�cdYLjbnqei`Lv���R�`b\qZ[jmop\TPafq`bY�cmkxY�cbY-ju`dcbZ[o8`mU�nqcdjbY�er^&Y-j�`dU
U&RTYB��SVZiW"YLRTjhZrU&RNPae:k}P ^&Y�fqcdU&tqerY�W4jm`d\TP�`�PacdZrjbY�RTP�`dnqcdP&eiers�ZrR
W4PaRzs*PafqfqerZ[o�P�`dZiU�RTjL�qZiR
|�cdP ^zZi`us
k}P ^&YLj�ZrR�jb\TPaererU�k�op\TPaRTRqY�e[j��VZrR�erP s�Y�cdYLS4YLerP�ju`dZro�W"YLSVZ[P"jhnNop\�P�j�`d\qY~YLP&ch`d\0� j�W4P&R�`deiY��VZiR�U&fq�
`bZ[o�P&eq�Tt?Y�c�`bcpPaRTjbW"ZrjdjbZiU�R0�&Y�`doav�w�Y�jb\TPaereTP�SqSVcdYLjdj�`b\qY�fqcdU&fTP&|�P�`dZiU�R�U&�:eiZrRqYLP&c�P&RTS"RqU&RTeiZrRqYLP&c
k}P ^&YLjLvmw�Y_�<UVoBnTj�\qYLcbY~�<U�c�jbZiW"fqerZ[oBZi`us*P&RTS
f?YLSqP&|&U�|&s�U�R*`b\qY4�Vop\qcd��SqZiRq|�Y�cmY-��nNP�`bZrU&Rg�Ntqnq`
`b\TY��<U�ch`d\ToBU�W"ZiRq|�cbY-jhnTe�`pjxSqU�P&fqfqers"`bU�Ua`b\TY�cmjhZi`bnNP�`bZrU&RNj�v%�}\qY�fqcdU&tqerY�W��<U�c�`d\qY�eiZrRqYLP&cmo�P&jbY
\TP�jgt?Y�YLR�YB�z`dY�RTjbZi^�Y�ers~ju`dnTSVZrYLS:v��}\qYxcbY-jhnqei`djg�<U&cI`d\qY�`dcdP&RTjbW�Z[jdjhZrU&R~fqcdU&tTeiYLW�kmZiereztNYxcbY-o�P&eierYLS
ZrR�`d\qYm�Tcpjh`�fTPacb`�Ua�?`b\qY�op\TPafV`dY�c-v2�}\qYlW"P&ZiR4jh`dPa`bY�W"YLR�`�Z[j�`d\TP�`-�&�<U�c�P�|&Zr^&Y�R"ZrRToBZ[SVYLR�`�k}P ^&Y��
`b\TYm`bcpPaRTjbW"ZrjdjbZiU�R�oBUzY��4o�ZiYLR6`%�<U&c�P~jbsVju`dY�W�U&�N�NRqZ�`dYQerY�Rq|&`b\4SVYLoLP sVj�YB�VfNU�RqY�R6`dZrP&eiers�kmZi`b\�`b\TY
jbZi�LY�U&��`d\qY4jhsVjh`bY�W*v"�}\qZ[j�fq\qY�RTU&W"Y�RqU�R�Z[j�U&RTY�U&��`d\qY"W"P&RqZi�<YLjh`dP�`dZiU�RTj�Ua�xeiUVoLPaerZi�-P�`bZrU&R�Ua�
k}P ^&YLjlZiR�U&RTYB��SVZiW"YLRTjhZrU&RNPaegcpPaRNSVU&W�W"YLSqZrPTv~w�Y4jb\TPaereIP�SqSVcdYLjdjlt?Ua`d\�`d\qY"ju`pP�`bZrU&RNPacds*P&RTS
`b\TY�`bZrW�Y���SqY�f?Y�RTSVYLR6`QfqcbU�tqerY�W4j�v

�}\qY�W4PaZrR�P&ZiW�U&�g`b\TY�op\NPafV`dY�c}Zrj�`dU"SqZrjdoBnTjdj�`b\qY~jh`dP&tqZierZi`us4Ua�2erUVo�P&eiZr�LPa`bZrU&R
kmZi`b\�cbY-jhf?YLoB`
`bU
RTU&RqerZiRTYLPacdZi`bZrYLjLv"��U&cdY�Y��qP&o8`deis�k�Y"k}PaR6`�`bU
{zRqU�k�\qU�k `d\qY4YB�Vf?U&RqYLR�`dZrP&e�SVY-o�P s�U&��`b\TY
`bcpPaRNjhW"Z[jbjbZiU�R�W4P s
t?Y_W"UVSVZ��NYLS�tzs�P"RqU&RTeiZrRqYLP&cbZi`us&v%�}\qY~fTcbU�tqeiYLW�Z[j}W�nTop\*W"U&cdY~SVZi�4o�nqei`
`b\NPaR��<U&c�`b\TY4eiZrRqYLP&c~o�P&jbY"PaRTS�`b\qY4W"Y�`b\qUVSqj�nTjbYLS�`dU*jh`bnNSVs
`b\TY4eiZrRqYLP&c~o�P&jbY4jhYLY�W�`dU��¡PaZre
oBU�W"fqeiY�`bYLeis�vI�zU�W�Ymjh`dP&tqZierZi`us~Ua�TerUVo�PaerZr�LP�`dZiU�R_\TP�j2t?Y�YLR�o�U&R�¢uY-o8`dnqcbY-S:vg��R�fTP&ch`dZro�nqerP&cI£Tcb��\qerZrop\
¤�¥g¦�§i¨ \TP ^�Y�oBU�R�¢uYLoB`bnqcdYLS�`d\TP�`�jhU�einV`dZiU�RTj:`dUm`b\TY�jh`dP�`dZiU�RTPacdslRTU&RqerZiRTYLPacI�Vop\qcd��SVZrRq|&YLc:YL�6nTPa`bZrU&R
erUzoLPaerZi�LYx�<U&c�jbnV�
oBZrY�R6`bers�jbW4PaereVZiRTZ�`dZrP&eTSqP�`pP"©«ª?¬V­®vI��R4o�P&jbY}Ua�:P�|&YLRqY�cpPaeVRqU�RqerZiRqY-PacdZ�`us���cbY-jhnTe�`pj
o�P&R�tNY4�<U�nqRTS�ZrR�`b\qY�eiZi`bYLcdPa`bnqcdY��<U&c_`d\qY
jh`dP�`dZiU�RTPacds�fqcdU&tTeiYLW�v���`�Z[j~^&YLcbs�SVZi¯?YLcbYLR�`~�<cdU&W
`b\TY�erZiRTYLPac�o�P�jhY�jhZrRTo�Y_`b\TY�`dcdP&RTjbW�Z[jdjhZrU&R
fqcdU&tTeiYLWXZ[j�RqU�W"U�cbY�nqRqZ[��nTY�ers�SVYB�TRTYLS:v~��RTSqY�YLS0�



� �������	��
	��
��

t?YLo�P&nTjbY�U&��`b\qY�RqU�RqeiZrRqY-PacdZ�`us��N`d\qY�`bcpPaRTjbW"Z�`b`bY-S�ZrR�`dY�RTjbZi`us
Zrj�RqU&`�P]eiZrRqY-Pac��<nqRToB`bZrU&R�U&��`b\TY
ZrRToBZ[SVY�R6`"ZiR6`dY�RTjbZ�`us�v��}\TZrj�fq\qYLRqU&W"Y�RTU&R oLPaereiY-S�tqZ[ju`pPatqZreiZi`us�W"YLP&RTj~`d\TP�`�`b\qYLcbY]W4P s�Y��VZrjh`
W"U&cdY�`d\TPaR�U�RqY"U&nV`dfqnV`�jh`dP�`dY��<U&c_P�|&Zr^&YLR�ZrRqfqnV`�jh`dPa`bY4SVY�f?Y�RNSVZiRT|
U&R�\6sVjh`bYLcbY-jhZ[j�v��%¯DYLoB`
Ua��cdP&RTSVU&W"RqY-jbj�U&R�tqZ[ju`pPatqZreiZi`us
k}P&j�P&SqSVcdYLjdjbYLS
ZrR © �D¬V­�v��}\qY�fqcbU�tqerY�W kmZ�`d\��T�zY-S�U�nV`bfqnq`
k}P&j�P&erjbU o�U&RTjbZ[SVY�cdYLS ZrR�© ªNªz­®v��}\qY�PanV`d\qU&cpj�jb\qU�k `d\TP�`-�Q�<U&c*jh`bcdU&Rq|'RTU&RqerZiRTYLPacdZi`us&�}`b\TY
`bcpPaRNjhW"Z[jbjbZiU�R'oBUzYB�
o�ZiYLR�`"o�P&RqRqUa`"SVYLoLP s��¡P�ju`dY�c�`b\TP&R P�f?U�kxY�c�e[P k~v��}\qYLjbY�cdYLjbnqei`dj�jh\qU�k
jh`bcdU&Rq|
YL^zZrSVYLRToBY_`b\TPa`�`d\qY�cdY�Y��zZ[jh`�SVYLeiUVo�P&eiZr��Y-S�`bcpPaRTjbW"ZrjdjbZiU�R�ju`pP�`bY-j�v��QU�kxY�^&YLcljbZiRTo�Y�U�Rqeis
`b\TY"`bZrW�Y��®\NPacdW�U�RqZ[o"fqcbU�tqerY�W \TP�j~t?Y�Y�R'P�SqSVcdYLjdjhY-S:�0RqU&`�Paere�Ua�}`d\qYLjbY
ju`pP�`dYLj_P&cbY"fq\zsVjhZ[o�P&e
© = �q­®�6jhU�`b\NP�`�P�oBU�W�fTeiY�`bYQjh`bnTSVs�kmZ�`d\
Pl`dZiW"Y���SVYLfNYLRTSVYLR�`�W"UVSVYLeqZrj�cdYL�6nqZrcdYLS�`bU�nqRTSVYLcdjh`dP&RTS
`b\TZrj�Z[jbjbnqY�v"�}\TZrj�Z[j�`b\qY�`dU&fqZ[o"P&SqSVcdYLjdjbYLS�ZrR�`b\qY
jbYLo�U&RTS�fTPacb`~Ua��`d\qZ[j_op\TPafq`bY�c�km\qYLcbY�`b\TY
fqcdU&fTP&|�Pa`bZrU&R�Ua�TPQjbU&erZ�`dU&R�`d\qcbU�nq|&\~P�jhe[Pat~U&�zRTU&RqerZiRTYLPac2PaRTS~cpPaRNSVU&W W�Y-SVZrnqW ZrjIoBU�RTjhZ[SVYLcbY-S:v
��RTSVYLYLS�jhU�W"Y�RTU&RqerZiRTYLPac~SVZ[jbfNYLcdjbZi^�Y�jbsVju`dY�W4j~jbnTop\�P�j�`b\qY��lU&RqerZiRTYLPac��qop\qcb�6SVZrRq|&YLc������2���
YL�6nTPa`bZrU&R*\TP ^�Y_jhf?YLo�ZrP&e2jbU&ernV`bZrU&RTj�o�P&eierYLS
jbU&erZ�`dU&RTjm`b\TPa`�o�P&R
fqcbU�fTPa|6P�`dY�kmZi`b\TU&nV`�op\TPaRq|�Y~Ua�
�<U&cdW U�c_SVZrW�ZrRznV`bZrU&R�U&�Qjhf?Y�Y-S:v��zU�eiZi`bU�RTj_P&cbY�`b\TY�cdYB�<U&cdY
o�P&RTSVZ[SqP�`dYLj�`dU
`bY-ju`~`d\qY�jh`dPatTZierZ�`us
Ua�m`d\qY�Y��VfNU�RqY�R6`bZ[Pae�eiUVoLPaerZi�-P�`bZrU&R�ZrR'RqU�RqerZiRqY-Pac�PaRTS�cpPaRNSVU&W W"YLSVZ[Pqv���\zszjbZ[o�Pae�© � ��!"� = ­��
RznqW"Y�cdZroLPae�© �	�q­®��PaRTS�YB�Vf?Y�cdZiW"Y�R6`pPae�k�U�cb{Vj�© � #�!$� �V­~fqcdYLSVZ[o8`�`b\NP�`L���<U&c
P%���I��jbU&erZ�`dU&R
fqcdU&fTP&|�Pa`bZrRq|_ZrR�P�cdP&RTSVU�W�W�Y-SVZrnqW*�z`b\qYLcbY�YB�VZ[ju`x`ukxU�SVZ[jh`bZrRTo8`mcdY�|&ZrW"YLj�Ua�ItNYL\TP ^zZiU�c�km\qZ[op\
SVYLfNYLRTS�U&R�`b\qYQjbU&erZ�`dU&R�fTPacpPaW"Y�`bY�cpjLvg£qnqcb`b\TY�cdW�U�cbY}U�RqY}Ua�T`d\qYLjbYmcdY�|&ZrW"YLjIZ[j�YB�VfNY-o8`dYLS�`bU�t?Y
^&YLcbs~SVZi¯DY�cdY�R6`2�<cdU&W `d\qYxeiUVo�P&eiZr�LPa`bZrU&R_cdY�|�ZiW"Y�ZiR�`b\TPa`2`d\qY}jhU�eiZi`bU�R�cdYB`dP&ZiRNjgZi`djIW4P&jdj�Paei`b\qU�nq|&\
Zi`_eiUzU�jbYLj�^�Y�erUVoBZi`us&v�&ljbZiRT|�P]f?Y�cb`bnTcbt?YLS�^�Y�cpjhZrU&R�Ua��`d\qY
ZrRz^&Y�cpjbY�jdo�Pa`h`bYLcbZrRq|�`bcpPaRNju�<U�cbW�kxY
jb\TPaere:|&Zr^&Y~P�fqcdU6U&�2U&�g`b\TZrjQo�U&R�¢uY-o8`dnqcbY�v

�}\qY�op\NPafV`dY�cQZ[jQU�cb|6PaRqZr��Y-S�ZrR6`bU4`ukxU
fTP&ch`pj�v}��R*`b\TY~�Tcpju`lfNPacb`lk�Y�cbYL^6ZrY�k jbU&W"Y�P&jbszW"fV�
`bU&`bZ[o�W�Y�`b\qUVSqjm�<U&cmju`dUVop\TP&jh`bZ[o�SVZ�¯DY�cdY�R6`dZrP&e:YL�6nTP�`dZiU�RTjxkmZ�`d\
P�jbW4Paere:fTPacpPaW"YB`dY�c-v�w�Y~PafTfqeis
`b\TYLjbY~W�Y�`b\qUVSqjQ`bU
o�U&W"fqnV`dY~`b\qY�eiUVo�P&eiZr�LPa`bZrU&R�eiYLRq|a`d\
Ua�%P"kxP ^�Y�`bcpP ^&Y�erZrRq|�`b\qcdU&nq|�\�P4jbe[Pat
Ua�~cpPaRTSqU&W)W"Y-SVZinTW�v'�gUzoLPaerZi�-P�`dZiU�R$Z[j
op\TP&cdP�o8`dY�cdZi�LYLS t6s PaR Y��zf?U&RTY�R6`bZ[Pae�SVYLoLP s Ua��`b\TY
`bcpPaRNjhW"Zi`h`bZr^zZ�`us*P&j�P"�<nqRToB`bZrU&R�Ua��`b\qY�jhZr��Y�Ua�%`b\TY�jberP&t0vm��`�P&fqfNY-PacpjlP�jlP4nqRTZi^�Y�cpjbP&e:�<YLPa`bnqcdY
ZrR�k}P ^&Y�fqcdU&fTP&|�Pa`bZrU&R�ZrR*U&RqY���SqZiW"Y�RNjhZrU&RTP&eDeiZrRqYLP&cmcdP&RTSVU�W W"YLSVZ[Pqv%��R�`b\TY_jhY-oBU&RNS�fTP&ch`mkxY
P&STSVcbY-jbjm`b\qY�fqcdU&tqerY�WXUa�%`d\qY�fqcdU&fNPa|�Pa`bZrU&R�Ua��P]jhU�eiZi`bU�R*`b\qcdU&nq|�\�P
jberP&t
Ua��RqU�RqeiZrRqY-Pac�P&RTS
cpPaRTSVU�W W�Y-SVZrnqW*v���RTSVY�Y-S jbU&W"Y�RTU&RqerZiRTYLPac"SVZ[jhf?Y�cpjbZi^�Y]jbszjh`bYLW4j�jbnTop\ P�j�`d\qY(�QU&RTeiZrRqYLP&c
�Vop\qcd��SqZiRq|�Y�cQY-�6nTP�`dZiU�R
\TP ^&Y�jbf?YLoBZ[Pae�jbU&ernV`bZrU&RTj�o�P&eierYLS�jbU&erZi`bU&RNjm`b\NP�`�oLPaR�fTcbU�fTPa|6P�`bY~kmZi`b\q�
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W"Pa`b\qYLW4P�`bZ[o�P&eiers4ZrR�© � = ­®v)���6`dY�RTjbZrU&RTj}PaRNS
|&YLRqY�cpPaerZr�LP�`dZiU�RTj
�<U&ererU�k�`b\qY-jhY*fqZrU&RTY�Y�c"kxU&cd{Vj�jbU�`b\TPa`�`d\qY*fqcdU&tqerY�W Z[j"RqU�k kxY�eremnqRTSqY�cpju`dU6UVS�© = �z­�v �}\qY
W4P�`d\qY�W4P�`dZroLPae�jh`dPa`bY�W"YLR�`_Z[j�`b\NP�`~`b\TY
jhf?YLoB`bcdnqW U&��`d\qY4cbY-SVnTo�YLS�kxP ^�Y�Y-��nNP�`bZrU&R�Z[j�fqnqcdY
f?U&ZrR�`�kmZ�`d\�YB�Vf?U&RqYLR6`bZ[Paereis*SVYLoLP szZiRq|4YLZi|�Y�RV�<nTRTo8`dZiU�RTj�v"�QU�kxY�^�Y�c}`b\TY�Panq`b\qU�cdj�SVZrS�RqUa`�|&Zr^&Y
�6nTPaR6`dZ�`pP�`bZr^&YmZrRV�<U�cbW4P�`dZiU�R4P&jdjhUVoBZ[P�`dYLS�kmZ�`d\"`b\qYlkxP ^�YmfqcbU�fTPa|6P�`dZiU�R�P&j�RqU_YB�qP�o8`�jbU&ernV`bZrU&R"Z[j
P ^�PaZrerP&tqerY&v���R�`d\qZ[jQop\TPafq`bY�cmkxY~PacdY�RqUa`mt?Y_ZiR6`dY�cdYLjh`bYLS]ZrR]`d\qY_jh`bnTSVs�Ua�I`b\qY_jh`bcdU&Rq|�YLjh`��<U�cbW
Ua���QRTSVYLcdjbU&R]eiUVoLPaerZi�-P�`bZrU&Rgv2w�Y~P&o8`dnTPaerers
P&SqSVcdYLjdj�`b\qY�jhZrW"fqerYLjh`x�<U�cbW�U&�0`b\TZrj}fqcdU&tTeiYLW �2`b\TY
k}P ^&Y�`bcpPaRTjbW"ZrjdjhZrU&R]`b\TcbU�nq|&\
P4jberP&t�U&�IcpPaRNSVU&W W"Y-SVZinTW�vx��`QZ[jmRqU�k k�YLeiei�®{zRqU�kmR]`b\NP�`m`b\TY
`bcpPaRNjhW"Z[jbjbZiU�R�U&��`d\qY4jhe[Pat�`bYLRTSqj~Y��zf?U&RTY�R6`bZ[Paereis�`bU*��YLcbU
P&j�`d\qY4erY�Rq|&`b\�Ua�x`b\qY
jberP&t�`dY�RTSTj
`bU�ZrRV�TRqZi`us&v £qnqcpjh`bY�Rzt?Y�cd|��Tcpjh`�`dcbY-P�`dYLS SqZrjdoBcdYB`dY]^�Y�cpjhZrU&RTj�Ua�l`b\qY�`bcpPaRNjhW"Z[jbjbZiU�R'fqcdU&tqerY�W
© ª��V­®�mPaRNS'�TRNPaereis"!�Ua`pPaRqZ}|6P ^&Y*P�fTcbUzUa��Ua��`b\qZ[j"cdYLjbnqe�`
kmZi`b\ W"ZrRqZiW4P&em\6szf?Ua`d\qYLjbYLj*© ��#q­�v
�}\qY�oBU�RqRqYLoB`bZrU&R
t?YB`ukxY�YLR4`b\TY�Y��zf?U&RTY�R6`bZ[PaeDSVYLoLP s"Ua�0`d\qYl`dcdP&RTjbW�Z[jdjhZrU&R
P&RTS"`b\TY$�lRTSVYLcdjbU&R
erUzoLPaerZi�-P�`dZiU�R4fq\qY�RTU&W"Y�RqU�R
Z[jxo�erP&cbZi�TY-S"ZiR�©«ª = ­�v F�RToBY�Pa|6PaZrR0�a`d\qYLjbY�kxU&cd{Vj�SVY-Pae?kmZ�`d\]�6nTP&eiZi�
`dPa`bZr^&Y}fqcdU&f?Y�cb`bZrYLjLv&%�nTP&R6`bZi`dP�`dZi^�Y}ZiRV�<U�cbW4Pa`bZrU&R"o�PaR�t?YmU&tV`pPaZrRqYLS�U&Rqers~�<U�c�jhU�W�YmP�jhszW"fV`bU&`bZ[o
erZiW"Zi`dj'�Ie[Pacd|&YlU&c�jbW4PaereNk}P ^&YLRznqW�t?Y�cpj���erP&cb|�YQU&cxjhW4P&eie?^�PacdZrP&RToBY-j�Ua�:`d\qY(�TnTo8`dnTP�`dZiU�RTj�Ua�:`b\TY
fTP&cdP&W�Y�`bYLcdj}U&�I`d\qY�W"Y-SVZinTW��?YB`poav)��erUa`�Ua��kxU&cd{
kxP�jQSVYL^&Ua`dYLS�`dU4`b\qY��6nTPaR6`bZi`dPa`bZr^&Y_P&RTPaei�
sVjhZ[j_U&�m`b\qY]`bcpPaRNjhW"Z[jbjbZiU�R�fqcbU�tqerY�W*�%ZiR fTPacb`bZ[oBnqe[Pac�tzs�OQs�`dU�^D���IP�`pPacpjh{zZ®��!�ers�Pa`djb{zZiRy© �DªV­��
PaRNS]tzs$�%P&fTPaRqZ[oBU�erP&U&n�PaRTS�Zi`djQo�Ua��k�U�cb{�Y�cpjQ© � �q­®v��}\TY�`bUzU&e[j}�<U&c}`d\qY_�6nTPaR6`dZ�`pP�`bZr^&Y~P&RTPaersVjhZ[j
PacdY�eiZrW"Z�`4`d\qY�U�cbYLW"j��<U�c"jh`bUVop\TP�ju`dZro]YL�6nTPa`bZrU&RTj"SVYL^&YLeiU�fNY-S tzs"!�\TP�jhW"ZrRTjb{6ZrZ�© ��*z­lP&RTS t6s
!�nTjb\qRqYLc~© �	#z­�v

�}\qYLcbY4PacdY"`b\TcbYLY4tTP&jbZro�erY�Rq|&`b\'jdo�P&eiY-j�ZiR�k}P ^&Y"fqcdU&fTP&|�P�`dZiU�R�fq\TY�RqU�W�YLRTP+�_`b\qY"`uszfqZ[o�P&e
k}P ^&Y�erY�RT|a`b\

λ
�g`d\qY4`uszfqZ[o�Pae�fqcbU�fTPa|6P�`dZiU�R�SVZ[jh`dPaRNoBY

L
�IPaRTS�`d\qY4`uszfqZ[o�P&e�jhZr��Y4U&��`d\qY
ZrRq\qU&�

W"U&|�Y�RqYLZ�`dZiY-j
lc
v*�}\TY�cdY
Zrj�Pae[jhU�P�`uszfqZ[o�P&e�U�cdSVYLc_Ua�mW4Pa|�RqZi`bnTSVY

ε
`d\TP�`�op\NPacpP&o8`dY�cdZi�LYLj�`b\TY

jh`dPaRNSqPacpS"SVY�^zZ[P�`bZrU&R"U&�?`d\qYlSVZrW"Y�RTjbZrU&RqerYLjdj&�TnToB`bnTPa`bZrU&RTj�Ua�D`b\TYQfTPacpPaW"Y�`bY�cpj�Ua�D`d\qYQW"YLSVZrnqW
�<ZrRTSVY���U&��cdYB�<cpP&o8`dZiU�R�ZrR�U&fV`dZroLj �Bv4��`_Zrj�RTUa`�Paerk}P szj�jbU]Y-P&jbs
`bU
Z[SVYLR�`dZ��<s�`b\qY
jdo�P&eiY

lc
�gtqnq`

kxY�W4P s*`b\TZiRq{�Ua�
lc

P�j�P
`uszfqZ[o�P&e�o�U&cdcbYLerPa`bZrU&R
erY�Rq|&`b\0v�wy\qY�R�`b\TY"jh`dP&RTSqP&cdS�SVY�^zZ[P�`bZrU&R�Ua�
`b\TY$�TnTo8`dnTP�`dZiU�RTjmZ[jQjbW"P&eie

ε� 1
�V`b\qYLR�`b\qY~W"U�jh`QYB¯DYLoB`bZr^&Y~ZrR6`bY�cpP&oB`bZrU&R�Ua�I`b\qY~k}P ^&Y-jxkmZ�`d\

`b\TY�cpPaRTSqU&W�W"YLSVZrnqW kmZreieDUVo�o�nqc}km\qY�R
lc ∼ λ

�z`b\NP�`mZrjL�6`b\qY�k}P ^&Y�erY�RT|a`b\�Zrj}oBU�W"fTPacpPatqerYm`dU
`b\TY_oBU&cdcdY�e[P�`bZrU&R�eiYLRq|a`d\0v,�QRTS]`d\qZrj}ZrR6`bYLcdP�o8`bZrU&R�kmZreie:t?Y~U&tTjbY�cd^�PatqerY�km\qY�R]`b\qY~fTcbU�fTPa|6P�`bZrU&R
SVZ[ju`pPaRTo�Y

L
Z[j�erP&cb|�Y �

L ∼ λε−2 �8v��}\qZ[j�Z[j_`d\qY
`uszfqZ[o�P&exo�U&RV�N|&nqcpP�`dZiU�R�ZrR'U�fV`bZ[o�P&e��Tt?Y�cpjLv
��RTSVYLYLS�W�UVSVYLcbR�`bYLop\TRqU&erU&|�s]Z[j�P&tqerY_`bU�fqcdUVSVnToBY��Tt?Y�cpjlU&��^&YLcbs*�6nTPaerZ�`us

ε � 1
v �QU�kxY�^&YLc

Y�RT|&ZrRqY�YLcdjxPaZrW P�`}nTjbZiRq|�^&YLcbs"erU&Rq|��Tt?Y�cpj.-VP&oB`bnTP&eiers�`b\qYLs�Paerk}P szj�nTjbYl�Tt?Y�cpjxkm\qU�jbYlerY�RT|a`b\Nj
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L
PacdY}fqcdYLoBZ[jbY�ers�Ua�?`b\TYQU&cpSVY�c%U&�D`b\qYQo�cbZi`bZ[o�P&eqeiYLRq|a`d\
P�`�km\qZ[op\�`b\qYlZiR��NnqY�RTo�YQUa�DcpPaRTSVU�W"RqYLjdj

t?YLoBU�W"YLj�Ua��U&cpSVYLc
1
v��}\TP�`�Zrj�km\zs�`b\qY"P&jbszW�fq`bUa`dZro_�<cdP&W"Y�kxU&cd{

ε � 1
P&RTS

L ∼ λε−2 Z[j
`b\TY~cbYLeiYL^ P&R6`}U�RqY&�qP&RTS�`b\qY~U�RqY�`b\TPa`QkmZiere0t?Y_P&SqSVcdYLjdjbYLS
ZrR�`b\qZ[jQop\TP&fV`bYLcLv

ª > ª >��
HgE 4'FgG7+.9���C��7+ 3gJ��gE	�?G2KMA71 +6E5+�
:H7-qCLK¡F?A�> E �}\qcdU&nT|&\qU�nV`_`b\TZrj"op\TP&fV`bYLc�kxY
jb\TPaereNo�U&RTjbZrSqY�c%`d\qY��Vop\Tcb�6SVZiRT|&Y�c%Y-�6nTP�`dZiU�R0v2��R�eiZrRqYLP&c�P&RTS"\qU&W"U�|&Y�RTY�U&nNj�W�Y-SVZrnqW�Z�`xcbY-P&Sqj'�
��� �

iut + uxx = 0.
�}\qZ[j}YL�6nTPa`bZrU&R*P&SVW"Zi`djmYLeiYLW�YLR6`dPacds
jbU&ernV`bZrU&RTj}U&�2`d\qY��<U&cdW��

u = a exp i
(

kx− k2t
)

,
km\qYLcbY

k ∈ R
Zrj�`d\qY
kxP ^�Y�RznqW�tNYLcLvy�}\qY*fq\TP�jhY
U&�l`d\qZrj
W�U�RqUVop\qcdU&W4P�`dZro]kxP ^�Y�oLPaR$tNY

kmcdZ�`b`bY�R�P&j
k(x− kt) �qjhU~`d\TP�`x`b\TY�fq\NP&jbYl^&YLeiUVo�Z�`us"Ua�:`d\qZ[j�k}P ^&Y�Pafqf?YLP&cdj�`bU�tNY�YL�6nTPaeN`bU

k
v

�0Y�`InNjgRqU�k'o�U&RTjbZ[SVY�c2`b\qYxZrRqZ�`dZrP&ez^ P&einTY�fqcdU&tqerY�W `d\TP�`%oBU�RTjhZ[jh`dj2Ua�q`d\qY�Y-�6nTP�`dZiU�R ��� �:`dU&|&Y�`b\qYLc
kmZi`b\�PaR�ZiRTZ�`dZrP&e�oBU&RNSVZ�`dZiU�R�Pa`

t = 0
�
u(t = 0, x) = u0(x)

�Ikm\qY�cdY
u0 ∈ L2 v ��jhU�einq`bZrU&R

fqcdUVoBYLSqnqcbY��<U�c0`d\qZrj2fqcdU&tqerY�W Zrj2tzs�£TU&nqcdZrY�c:`dcdP&RTju�<U�cbW*v,F�RTY%�Tcpju`gf?Y�cb�<U&cdW4j0P�
�ZicdYLoB`I£TU&nqcdZiYLc
�2cdP&RTju�<U�cbW ��
�£�� �x`dU4oBU&W"fqnq`bY�`b\TY_jhf?YLoB`bcpPae0oBU�R6`bY�R6`mUa�2`b\qY~ZrRqZi`bZ[Paego�U&RTSqZ�`dZiU�R��

û(0, k) =
1

2π

∫ ∞

−∞

u(0, x)e−ikxdx.

�}\qY�fTPacb`bZ[Pae:SVZi¯DY�cdY�R6`bZ[PaeDYL�6nTPa`bZrU&R ��� ��Z[jx`b\znTj�`bcpPaRTjh�<U&cdW"YLS4ZrR6`bU4P�jhY�`xU&�gnqRTo�U&nqfqerYLS]U&cpSVZi�
RTP&cbs
SVZi¯DY�cdY�R6`bZ[Pae0Y-�6nTP�`dZiU�RTj.�

ût = −ik2û =⇒ û(t, k) = û(0, k)e−ik
2t.

�}\qYQjbU&ernV`bZrU&R"P�`�P&Rzs~`bZrW"Y
t
oLPaR"tNYmU�tV`dP&ZiRTYLS�t6s�PafqfTeiszZrRq|�`b\qYm��Rz^&YLcdjbYm£qU�nqcbZrY�c%�2cdP&RTjh�<U&cdW

�<�u£�� � �

u(t, x) =

∫ ∞

−∞

û(t, k)eikxdk.

�Vop\qYLW4P�`bZ[o�P&eiers&�VkxY�\TP ^&Y �

u(0, x)
DFT−→ û(0, k)


�� ������� ↓ ↓ �������������  "!$#�%'&�#���()&�����*�%+*-,.()��&� ���()#�/
u(t, x)

IFT←− û(t, k)

ª > � >10�E�F�/,-21 -VC-K¡F?A KMA -�E -TA2GIF�4 : 9D-2=$F32 - 4'F?A2F0J��2E�F�4 -qCLK¡J?><- A +N> E �}\qZ[j}jhnqtq�
jbYLo8`dZiU�R
Zrj�SVYL^&Ua`dYLS*`dU4`b\TY�jh`bnTSqs�U&�%`b\qY�fqcdU&fTP&|�P�`dZiU�R*Ua��W"U&RqUVop\qcdU&W4Pa`bZ[o�kxP ^�YLjLvQ�}\qZrj�Z[j
`b\TY�W"U6ju`~RTPa`bnqcpPae%PafTfqcbU6P&op\�jbZrRToBY"PaRzs�k}P ^&Y�o�PaR�tNY
SqYLjdoBcdZit?YLS�P&j�`b\qY
jbnqf?Y�cdfNU6jhZi`bZrU&R�Ua�
jbnTop\�YLeiYLW"Y�R6`dP&cbs~k}P ^&Y�`bcpPaZrRTj0tzs�£TU&nqcdZiYLcI`bcpPaRTjh�<U&cdW*v7�0Y�`

û(x)
tNYx`d\qYmPaW"fqerZ�`dnTSVYQP�`

x ∈ RUa��P�W"U&RqUVop\qcdU&W4P�`dZro_kxP ^�Y
u(t, x) = exp(−ik2t)û(x)

`dcdP ^�Y�erZiRq|�ZiR�`b\qY�U&RqY���SVZrW"Y�RTjbZrU&RTP&e
W"YLSVZrnqWXSVYLjdoBcdZit?YLS]ZrR�£IZr|Tv��&v%�}\qY�W"YLSqZinqW!Zrj}\TU&W"U&|�Y�RqYLU&nTjxU&nq`djbZrSVY�`d\qY~jhe[Pat

[0, L]
P&RTS

`b\TY~kxP ^�Y
u
U�tNYLszjx`d\qY��Vop\qcd��SqZiRq|�Y�c}YL�6nTPa`bZrU&R

iut + uxx = 0
v �mo�oBU�cdSqZiRq|�eis

û
jbPa`bZ[ju�TY-j

ûxx + k2û = 0
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jbU�`d\TP�`QZi`Q\TP�jx`b\qY��<U�cbW

û(x) = eikx +Rεe−ikx
�<U&c

x ≤ 0

PaRNS

û(x) = T εeikx
�<U&c

x ≥ L.
�}\qY�o�U&W"fqerYB�z�®^�P&einqY-S cpPaRNSVU&W ^�P&cbZ[PatqerYLj

Rε
PaRTS

T ε
PacdY�`b\qY
cdY �TY-o8`dZiU�R$P&RTS `bcpPaRTjbW"Zrjh�

jbZiU�R�o�U6Y��
oBZrY�R6`djL�0cdYLjbfNY-o8`bZr^&YLeis�v��}\qYLs�SVYLfNYLRTS�U&R�`b\qY4fTP&ch`dZro�nqe[Pac�cbY-PaerZi�-P�`dZiU�R�Ua�
εV

�:`b\qY
k}P ^&Y�RznqW�tNYLc

k
P&RTS
`d\qY_jberP&t]kmZ[Sz`b\

L
v

��RTjbZrSqY�`b\TY�jberP&t
[0, L]

`b\qY�f?Ua`bYLR6`bZ[Pae�Zrj]RqU&RT��Y�cdUTv���`�Z[j
`d\qY�cdYLP&eiZr�LPa`bZrU&RyU&��P'cpPaRTSVU�W*�
jh`dP�`dZiU�RTPacds&�2Y�cd|&UVSVZ[oa��PaRTS��LY�cdUa��W"YLPaR�fqcdUVoBYLjdj

V
v��}\qY�SVZrW"Y�RTjbZiU�RqerYLjdj~fTPacpPaW"Y�`bY�c

ε > 0op\TP&cdP�o8`bYLcbZr��Y-jx`b\qY�PaW"fqerZ�`dnTSVY�Ua�%`b\TY�cpPaRTSVU�W�f?Ua`dY�R6`bZ[Pae®vl�}\qY�jboLPae[Pacm�TYLerS
û

jbPa`bZ[ju�NYLjL�q�<U&c
x ∈ [0, L]

�

���B�
ûxx + (k2 − εV (x))û = 0.

�}\qY�oBU&R6`dZiRznqZi`us*Ua�
û

P&RTS
ûx

Pa`
x = 0

PaRTS
x = L

ZiW"fqerZrYLjl`b\TPa`�`d\qY�jbU&ernV`bZrU&R
û

jdP�`dZrjh�TYLj
`b\TY�`uk�U"f?U&ZrR�`mt?U&nqRNSqPacds�oBU�RTSVZi`bZrU&RTj'�
���;�

ikû+ ûx = 2ik
Pa`
x = 0, ikû− ûx = 0

P�`
x = L.

-

0 L x

-

T εei(kx−k
2t)

�

Rεe−i(kx+k
2t)

-

ei(kx−k
2t)

iut + uxx = εV (x)u

���	��
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�}\qY��<U&ererU�kmZiRq|*jh`dP�`dY�W"Y�R6`pj�\qU&e[S�`bcdnqY"km\qY�R�`b\qY4f?Ua`dY�R6`bZ[Pae
V

Z[j~P*ju`pP�`dZiU�RTPacds
fqcdUzo�YLjdj
`b\NP�`%\TP&j2�TRTZ�`dYmW�U�W"Y�R6`djIUa�DPaereVU&cpSVY�cpjIPaRTS�ZrjIcpPafqZ[SVers~W"Z��VZrRq|TvIw�Y}W4P s~`d\qZiRT{~�<U&c�ZrRTju`pPaRTo�Y
`b\NP�`

V
Z[j�P���Pacd{&U�^D�%ju`pP�`dZiU�RTPacds&�IY�cd|&UVSVZ[o
fqcdUVoBY-jbj�U&R P�oBU&W"fTP�o8`"jhfTP�oBY�jbPa`bZ[ju�<szZrRq|
`b\TY

£qcdYLSq\qU&erW Paei`bYLcbRNP�`bZr^&Y(�¡jbY�Y�`d\qY"fqcbY��¡P&o�Y��<U�c~P]tTcbZrYB�xcbYL^6ZrY�k�Ua��`b\qY4YLcb|�UzSqZro�fqcdU&f?Y�cb`bZrYLj�Ua�
��P&cb{�U�^�fTcbUVoBY-jbjbYLj �8v

354�68796;:�<�=�<�6;>@?BA�CVv�D EGF ¤)Hb¤"¤�I8J�K8¥�K_¦4§r¤ML.Na¥ F Lεloc K&OQP
F ¥ F ¦�¥�RTSUJ ¥ FWV H�X8Yp¦0Y)J §ZJ ¥�[\X�LD¤�]

�*^.�
lim
L→∞

1

L
ln |T ε|2(k, L) = − 1

Lεloc
.

EGF J�K_§i¤)L_N&¥ F Pp¦�L`Yp¤�¤�I V ¦�LGa&¤ba]¦�K V X�S�¤MHbKcX�d ε ]

��eB� 1

Lεloc
=
α(k)

2k2
ε2 +O(ε3), α(k) :=

∫ ∞

0

duE[V (0)V (u)] cos(2ku).
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� H�X�X�dB¨ �}\TY�jh`bnTSqs�Ua�Q`d\qY*YB�VfNU�RqY�R6`dZrP&e�t?Y�\TP ^zZrU&c�Ua�Q`d\qY]`bcpPaRTjbW"Z�`b`bZr^6Zi`us |T ε|2 o�P&R't?Y
SVZr^zZrSVY-S�ZrR6`bU�`uk�U�ju`dY�fTjLv�£2Zrcpju`I`b\qY}erUVo�PaerZr�LP�`dZiU�R�erY�Rq|&`b\�Zrj�jb\qU�kmR_`dU�t?Y}YL�6nTPae6`dU�`d\qYxZiRz^&YLcdjbY
Ua�T`b\qY �0s6PafqnqRTU�^�Y��zf?U&RTY�R6`�P�jbjbUVoBZ[P�`dYLS�`bU�`b\TY�cpPaRTSqU&W U�jdoBZreie[P�`dU&c

vxx+(k2−εV (x))v = 0
v

�zY-oBU&RNS~`b\TY�Y��zfNPaRTjbZiU�R_Ua�T`b\qY �0s6PafqnTRqU�^�Y��VfNU�RqY�R6`�Ua�T`d\qYxcdP&RTSVU&W U6jbo�ZiererPa`bU�c2Z[j�oBU&W"fqnq`bYLS0v
w�Y�jh\NPaere:�Tcpju`m`dcdP&RTju�<U�cbW�`b\qY�tNU�nqRTSqP&cbs
^�P&einqY�fqcbU�tqerY�W � � �������B�xZrR6`bU�P&R*ZiRqZi`bZ[Pae2^�PaernqY

fqcdU&tqerY�W*�V`d\TP�`QZ[jmW"U&cdY�`bcpP&oB`dP&tqeiY~jbZiRNoBY�`b\TY_cbYLeiYL^�PaR6`Q��nNPaR6`bZi`bZrYLjmkmZrere0`b\TY�R*tNY�P&SqP&fV`bY-S�`dU
`b\TY~RTP�`dnqcdP&eD�Tei`bcpP�`bZrU&R*U&�2`d\qY~cdP&RTSVU�W fqcdUzo�YLjdj

V
v���RNjhZ[SVY�`b\TY~fNYLch`dnqcbt?YLS*jberP&t*k�Y�YB�VfTP&RTS

û
ZiR�`d\qY��<U&cdW

���;�
û(k, x) = A(k, x)e−ikx + B(k, x)eikx,

km\qYLcbY
A

P&RTS
B

PacdY�cbY-jhf?YLoB`bZr^&Y�ers*tTP&op{zk}PacpS �<|�U&ZrRq|�`dU�`d\qY�eiY�� ` ��PaRNS
�<U&cdk}PacpS �<|�U&ZrRq|
`dU
`b\TY~cbZr|&\6` ��W"UVSVYLjmSqYB�TRqY-S�t6s��

A =
ikû− ûx

2ik
eikx, B =

ikû+ ûx
2ik

e−ikx.

�}\qY�fqcdUVoBYLjdj
(A,B)

Z[jQjbU&ernV`bZrU&R�Ua�

��� � d

dx

(

A

B

)

= P (k, x)

(

A

B

)

, P (k, x) =
iε

2k
V (x)

(

1 e2ikx

−e−2ikx −1

)

.

�}\qY�t?U&nqRTSTPacds�oBU�RTSVZi`bZrU&RTj ���B�xcdYLP&S]ZrR�`dY�cdW"jQUa�
A

P&RTS
B
�

���;�
A(k, L) = 0, B(k, 0) = 1.

w�Y
ZiR6`dcbUVSVnTo�Y"`b\qY�fqcbU�fTPa|6P�`dU&c
Y
�IZMv Y&v�`b\qY4�<nTRTSqPaW"YLR�`pPae�W"Pa`bcdZ���jhU�einq`bZrU&R�Ua�}`b\qY�eiZrRqYLP&c

jbszjh`bYLW�Ua�2SqZ�¯DY�cdY�R6`bZ[PaeDY-��nNP�`bZrU&RNj.�
Yx = PY

�
Y (0) = Id

v�£qcdU&W jbszW"W�Y�`bcdZiY-j�ZrR ���?v ��� ��Zi`
Z[jmPafqfTP&cbYLR6`x`d\TP�`QZi�

(a, b)
Z[jQP"jhU�einV`dZiU�R]U&� �	� �xkmZi`b\�`b\qY~ZrRqZi`bZ[Paego�U&RTSqZ�`dZiU�RTj.�

��
;�
a(k, 0) = 1, b(k, 0) = 0,

`b\TY�R
(b∗, a∗)

ZrjmP&RqUa`d\qY�cQjbU&ernV`dZiU�R]erZiRTYLPacders
ZiRNSVY�f?Y�RTSqY�R6`QUa�
(a, b)

v��}\znTjQk�Y~o�P&R]kmcdZi`bY

�����B�
Y (k, x) =

(

a(k, x) b∗(k, x)

b(k, x) a∗(k, x)

)

.

�}\qY�W"UVSVYLj
A

P&RTS
B

W4P s
t?Y~YB�VfqcdYLjdjbYLS
ZrR�`bYLcbW4j}Ua�I`b\TY~fqcbU�fTPa|6P�`dU&c �

��� � � (

A(k, x)

B(k, x)

)

= Y (k, x)

(

A(k, 0)

B(k, 0)

)

.

£qcdU&W `b\TY�Z[SVY�R6`bZi`us ��� � �~PafTfqeiZrYLS��<U&c
x = L

PaRTS�`d\qY�t?U&nqRNSqPacds�o�U&RTSqZ�`dZiU�RTj �
�B��kxY�o�P&R
SVY-SVnToBY�`d\TP�`
��� � �

Rε(k, L) = −(b∗/a)(k, L), T ε(k, L) = (1/a)(k, L).

�zZrRToBY�`b\qY�W4P�`bcdZi�
P

\TP�jm`dcdP�oBY_�LY�cdUT�q`d\qY�SqYB`bYLcbW"ZrRTPaR6`�Ua�%`b\TY�W4P�`dcbZi�
Y

Zrj�oBU�RTju`pPaR6`L�?Z®v Y�v
|a(k, x)|2 − |b(k, x)|2 = 1

�qjhU�`d\TP�`QkxY�|&YB`}`d\qY~Y�RqYLcb|�s�oBU�RTjbY�cd^ Pa`bZrU&R]cbYLerPa`bZrU&R��
�����B� |Rε(k, L)|2 + |T ε(k, L)|2 = 1.
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�}\qY�`bcpPaRTjbW"Z�`b`bZr^zZ�`us |T ε|2 Z[jxYL�6nTPaeN`bU
1/|a|2(k, L)

vIw�Y�ZiR6`dcbUVSVnTo�Y
v = ae−ikx + beikx

v���`
jdP�`bZ[jh�TYLjx`d\qY~YL�6nTPa`bZrU&R

vxx + (k2 − εV )v = 0,
kmZi`b\
`d\qY�ZiRqZi`bZ[PaeDoBU�RTSVZi`bZrU&R

v(0) = 1
�
vx(0) = −ik vI���gk�Y�SVY�RTUa`bY�tzs

γε(k)
`b\qY �0s6PafqnqRTU�^

YB�Vf?U&RqYLR6`:`b\TPa`g|&U�^�Y�cdRTjN`b\qY%Y��zf?U&RTY�R6`bZ[Paea|�cbU�k}`d\�U&�z`b\qY��6nTP&R�`dZ�`us
r(k, L) := |v|2+|vx|2/k2 �

γε(k) = lim
L→∞

1

L
ln r(k, L),

`b\TY�R |T ε|2 kmZreie%SVY-o�P s*P&j
exp(−γε(k)L)

jbZrRToBY
r(k, L) = 1 + 2|a|2(k, L) = 1 + 2/|T ε|2 v��R �znTtTjhY-o8`dZiU�R �Vv e�`b\TY�YB�VZ[ju`dY�RTo�Y
Ua�m`d\qY6�gs�P&fqnqRqU�^�YB�VfNU�RqY�R6`

γε(k)
Z[j�fqcdU�^&Y-S:��PaRTS�Zi`dj

YB�VfTP&RTjbZiU�R�kmZi`b\*cbY-jhf?YLoB`m`bU
ε
Z[jmSVYLcbZr^&Y-S:v

�

�QU&`bY�`d\TP�`
α(k)

ZrjlP"RqU&RqRTY�|�Pa`bZr^&Y~cdYLP&e:R6nTW�t?Y�c�jbZrRToBY~Zi`lZ[jQfqcdU&f?U&cb`bZrU&RTP&eD`bU"`d\qY_f?U�k�YLc
jbfNY-o8`bcpPaeVSVYLRTjbZ�`us_U&�q`b\TYQju`pP�`bZrU&RNPacds�cpPaRNSVU&W fqcdUVoBYLjdj

V
�<wyZrY�RqYLch� !�\qZrR�`pop\qZrRqY�`d\qY�U�cbYLW�©«¬��2�

f0v ��^ �B­ �8v��}\qY"YB�VZrjh`bYLRToBY"PaRNS�f?U�jbZ�`dZi^zZi`us
Ua��`b\qY"YB�Vf?U&RqYLR6`
1/Lεloc

oLPaR�t?Y"U&tV`pPaZrRqYLS�kmZ�`d\
W"ZiRTZiW4PaeD\zszfNU&`b\qY-jhY-j�v !�Ua`pPaRqZ2© ��#V­:Y-ju`pPatqerZrjb\qY-S"`b\TPa`QP�jbnV�
oBZrY�R6`}o�U&RTSqZ�`dZiU�R�Z[j�`d\TP�`

V
Z[j}P

jh`dP�`dZiU�RTPacds&�6Y�cd|&UVSVZ[oQfTcbUVoBY-jbj�`b\NP�`}Zrjxt?U&nqRTSqYLS]kmZ�`d\�fqcdU&tTP&tqZreiZi`us4U&RqY�PaRTS�ZrjxRqU�RTSVY�`bY�cdW"ZiRq�
Z[ju`dZro&vx�}\qY�YB�VfTPaRNjhZrU&R*Ua�I`b\TY_eiUVoLPaerZi�-P�`bZrU&R*erY�Rq|&`b\
cdYL�6nqZrcbY-jmjhU�W"Y~W�U�cbY~\zszf?Ua`b\TYLjbYLjQP&tNU�nV`
`b\TY4W�Zi�VZiRT|�fTcbU�fNYLch`dZiY-j�Ua�

V
v ��SVZrjdoBnNjbjbZiU�R�P&RTS�jhnV�
o�ZiYLR�`_\zszf?Ua`b\TYLjbYLj~PacdY�fqcbU�fNU6jhY-S�ZrR

�znqtNjhY-o8`bZrU&R �Vv eVv
354�68796;:�<�=�<�6;>@?BA ??v�D EGF ¤cK��MOT¦�Hb¤�� X�a�OV§ZO.KcX�d�¥ F ¤�¥�Hd¦�L K��WJ�KbKbJ�X�L PbX-¤�� PMJ¡¤)LT¥
|T ε(k, L/ε2)|2 S�¤p¦	�a§Z[`PbX�L�
 ¤)H�N6¤&K�¦ K
¦ PbX�LT¥ J�LQOQX�O.K V H2X�Pp¤MK2K J�L L ¥"X*¥ F ¤
��¦�H��8X�
 V H�X�Pp¤&KbK
W (L, k) S F X K�¤ J�L	��LQJ ¥�¤&K&J��4¦�§;N6¤MLD¤MHd¦�¥ X�H(J�K)]
����^;� Lk =

1

2
α(k)k−2W 2(1−W )

∂2

∂W 2
− 1

2
α(k)k−2W 2 ∂

∂W
.

� H�X�X�dB¨ �}\qY4jb�6nTP&cbY�W"UVSVnqernTj�Ua��`b\qY"`dcdP&RTjhW"Z[jbjbZrU&R�o�U6Y��
oBZrY�R6`
T ε

oLPaR�t?Y4YB�VfqcdYLjdjbYLS�ZrR
`bYLcbW4j"U&��P�cdP&RTSVU�W ^�PacdZrP&tqeiY]`b\NP�`
Z[j�`b\qY�jbU&ernV`bZrU&R$Ua��P�OmZroLP�`b`bZQY-��nNP�`bZrU&Rgv ��RTSqY�YLS0�}P�j
P�tzs6fTcbUVSVnToB`4Ua�l`d\qY*fqcdU6U&��U&����cdU&f?U�jbZ�`dZiU�R �qv ��kxY]�NRTS `b\TPa` |T ε|2 = 1 − |Γε|2 km\qY�cdY
Γε(k, L) = b/a(k, L)

P&RTS
(a, b)

P&cbY"SVY��TRqYLS�P�j�`b\qY
jbU&ernV`bZrU&RNj�Ua� ���zj�v �	� ������
B�Bv 
lZi¯DY�cb�
Y�R6`dZrPa`bZrRq|

b/a
kmZi`b\�cdYLjbfNY-o8`�`bU

L
szZiYLerSTj�`b\TPa`~`b\qY
o�UzYB�
oBZrY�R6`

Γε
jdP�`dZrjh�TY-j~P�o�eiU6jhY-Sz�®�<U&cdW

RqU�RqeiZrRqY-Pac}YL�6nTPa`bZrU&R��

��� e � dΓε

dL
= − iεV (L)

2k

(

e−2ikL + 2Γε + e2ikLΓε2
)

, Γε(k, 0) = 0.

F�RqY�`b\TY�R
oBU�RTjhZ[SVYLc}`b\qY~fqcdUVoBY-jbj
Xε := (rε, ψε) := (|Γε|2, arg(Γε))

km\qZ[op\
jbPa`bZ[ju�NYLj'�

dXε

dL
(
L

ε2
) =

1

ε
F

(

V (
L

ε2
), Xε(

L

ε2
),
L

ε2

)

,

km\qYLcbY
F

Z[jQSVY��TRqY-S]tzs��

F (V, r, ψ, l) =
V

2k

(

2 sin(ψ + 2kl)(r3/2 − r1/2)
−2− cos(ψ + 2kl)(r1/2 + r−1/2)

)
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F�RqYl`b\qYLR]PafTfqeiZrYLj�`b\TY�SVZi¯DnTjhZrU&Rq��P&fqfqcdU �zZrW4P�`dZiU�R�`d\qY�U�cbYLW �Vv � �¡jbY�Y��znqtTjbYLoB`bZrU&R �qv �;��`dU_`b\TY
fqcdUVoBYLjdj

(rε, ψε)
km\qZ[op\*|&Zr^&Y-j�`d\qY~cdYLjbnqe�`-v

���R'fTP&ch`dZro�nqe[Pac_`d\qY�Y��VfNY-o8`dPa`bZrU&R'U&�m`b\qY�jb�6nTP&cbY�W�UVSVnTeinTj�Ua�m`d\qY
`dcdP&RTjbW�Z[jdjhZrU&R'o�U6Y��
oBZrY�R6`
oBU�Rz^&Y�cd|&Y-j�`dU��

�����B�
T̄ (L, k) =

4√
π

exp

(

−α(k)L

8k2

)∫ ∞

0

dx
x2e−x

2

cosh(
√

α(k)k−2L/2x)
.

�}\qZ[jmjh\TU�kQjx`b\TPa`'�
1

L
ln T̄ (L, k)

L�1' −α(k)

8k2�QU&`bY"`d\TP�`_`d\qY
Y��zf?U&RTY�R6`bZ[Pae%t?Y�\TP ^zZrU&c~U&�x`d\qY
Y��zf?YLoB`dPa`bZrU&R�Ua�x`b\qY
`bcpPaRTjbW"Z�`b`bZr^6Zi`us�Z[j~^�Y�cds
SVZi¯?YLcbYLR6`%�<cbU�W `b\TYQjbP&W�fTeiYmt?Y�\TP ^zZrU&c%U&�N`d\qY}`bcpPaRTjbW"Z�`b`bZr^zZ�`us�v��lfqfTPacdY�R6`deis�`b\qY��hcbZr|&\6`��xerUzoLPaei�
Zr�LP�`dZiU�R]erY�RT|a`b\�Z[j}`b\qY��bjdPaW"fqerY���U�RqY���e �B�qZrR]`d\qY~jhYLRTjbY�`d\TP�`QZi`QZ[jx`b\qY~U�RqY�`b\TPa`QZrj}U�tTjhYLcb^�YLS
�<U&c�P���`uszfqZ[o�P&e���cdYLP&eiZr�LPa`bZrU&R
Ua��`b\qY�W"YLSVZrnqW*v �mo8`dnTPaerers
k�Y"jh\NPaereIjbY�Y�`b\TPa`�`d\qZ[j�\TU&e[Sqj�`bcdnqY
U&RTeis4�<U�cmfqnqcdY�ers
W"U&RqUVop\qcdU&W4Pa`bZ[olk}P ^&Y-j�v

-

0 L x

-

utr(t, x)

�

uref (t, x)

-

uinc(t, x)

iut + uxx = εV (x)u

���Z��
�	0
��.���)�������������W�"! �
+.-0/ 1b�&


ª > � >10�E�F�/,-21 -VC-K¡F?A�KMA -yE8-qAIG2F 4 : 9�-�=�F32<- /IH,9D: +?>)E w�Y]o�U&RTjbZ[SVY�c�P&R�ZiRTo�U&W"ZrRq|
k}P ^&Y��<cbU�W�`b\qY~erYB� ` �
��� � �

uinc(t, x) =
1

2π

∫ ∞

0

f(k) exp i
(

kx− k2t
)

dk, x ≤ 0,

km\qYLcbY
f ∈ L2 v��}\TY~`bU&`dPae2�TYLerS
ZrR
`d\qY�cdY�|�ZiU�R

x ≤ 0
`b\znTj�oBU�RTjhZ[jh`djQU&�%`b\qY�jhnTfNYLcbf?U�jbZ�`dZiU�R

Ua�2`b\qY~ZrRTo�U&W"ZiRT|�k}P ^&Y
uinc

PaRTS�`b\TY~cbY.�TYLoB`bYLS]k}P ^&Y��

uref (t, x) =
1

2π

∫ ∞

0

f(k)Rε(k, L) exp i
(

−kx− k2t
)

dk, x ≤ 0,

km\qYLcbY
Rε(k, L)

Z[j�`b\qY�cdY �TY-o8`dZiU�R]oBUzY��4o�ZiYLR6`Lv%�}\qY��TY�e[S�ZrR]`b\qY�cbYL|&ZrU&R
x ≥ L oBU&RNjhZ[ju`xU&Rqers

Ua�2`b\qY�`dcdP&RTjbW�Zi`h`dYLS�k}P ^&Y�`b\TPa`QZrj}cdZi|�\6`}|�U&ZrRq|��

�����B�
utr(t, x) =

1

2π

∫ ∞

0

f(k)T ε(k, L) exp i
(

kx− k2t
)

dk, x ≥ L,
km\qYLcbY

T ε(k, L)
Z[j}`d\qY�`bcpPaRTjbW"ZrjdjbZiU�R�o�U6Y��
oBZrY�R6`Lv���RNjhZ[SVY�`b\TY�jhe[Pat]`b\TY_kxP ^�Y�\NP&j}`d\qY~W"U�jh`

|&YLRqY�cpPae?�<U�cbW��

u(t, x) =
1

2π

∫ ∞

−∞

û(k, x) exp
(

−ik2t
)

dk, 0 ≤ x ≤ L.
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�}\qY�`bU&`dP&e:`bcpPaRTjbW"Z�`b`bY-S�YLRqY�cd|&s
Z[j'�

T ε(L) =
1

2π

∫ ∞

0

|f(k)T ε(k, L)|2dk.
�}\qY�`uk�U&�M�<cdYL�6nqYLRToBs�oBU�cbcdY�e[P�`dZiU�R��<nqRTo8`dZiU�R

E
[

|T ε(k1, L/ε
2)|2|T ε(k2, L/ε

2)|2
] kmZreie}t?Y

cdYL�6nqZrcbY-S'�<U�c4`b\qY��<U&cb`b\To�U&W"ZiRT|�jh`dPa`bYLW�YLR6`djLv �}\qY*�<U�eierU�kmZiRT|�eiYLW�W4P�Z[j
PaR Y��6`dY�RTjbZrU&R Ua�
��cdU&f?U�jbZ�`dZiU�R\�qv �qv
��������� ?9A
	Tv�D � ¤�¥ k1 = k − hεa/2 ¦�L a k2 = k + hεa/2 ¨� ¨�
�d a = 0 R%¥ F ¤ML�¥ F ¤(K��)OT¦�Hb¤ � X�a�OV§ZJ X�d�¥ F ¤�¥�Hb¦�L K��WJ�K2K&J�X�L PbXL¤ � PMJ¡¤)LT¥�K
(|T ε(k1, L/ε

2)|2, |T ε(k2, L/ε
2)|2) S�¤p¦	�a§Z[\PbX�L 
�¤MH�N6¤"¥ X (W (L, k − h/2),W (L, k + h/2))

S F ¤)Hb¤ W (L, k−h/2) ¦�L a W (L, k+h/2) ¦�Hb¤�¥ S�X J�L a�¤ V ¤MLGa&¤)LT¥ ��¦�H��8X�
 V H�X�Pp¤&KbK�¤&K#S F X K�¤
J�L	��LQJ ¥�¤&K&J��4¦�§;N6¤)L?¤)Hb¦�¥ X�HbK�¦�Hd¤5Hb¤MK V ¤bP�¥�J�
�¤�§Z[ Lk−h/2 ¦�L a Lk+h/2 a�¤���L?¤ba Y)[�� ����� ¨� ¨�
�d 0 < a < 2 R�¥ F ¤)L�¥ F ¤(K��)OT¦�Hb¤ � X�a�OV§ZJ�X�d~¥ F ¤�¥ Hb¦�LQK �WJ�KbK&J�X�L`PbX-¤�� PMJ¡¤)LT¥�K
(|T ε(k1, L/ε

2)|2, |T ε(k2, L/ε
2)|2) S�¤p¦	�a§Z[ P2X�L 
�¤MH N�¤*¥ X (W1(L),W2(L)) S F ¤MHd¤ W1

¦�LGa
W2

¦�Hd¤4¥ S�X\J�L a�¤ V ¤MLGa&¤)LT¥(PbX V J¡¤MK X�d"¥ F ¤
��¦�H��0X 
 V H�X�Pp¤&KbK S F X�KB¤ J�L	��LQJ ¥�¤&K&J��4¦�§ N6¤MLD¤MHd¦�¥ X�H
J�K Lk ¨� ¨�
�d a = 2 R%¥ F ¤ML�¥ F ¤(K��)OT¦�Hb¤ � X�a�OV§ZJ X�d�¥ F ¤�¥�Hb¦�L K��WJ�K2K&J�X�L PbXL¤ � PMJ¡¤)LT¥�K
(|T ε(k1, L/ε

2)|2, |T ε(k2, L/ε
2)|2) S�¤p¦	�a§Z[ PbX�L 
�¤MH�N6¤�¥"X (W1(L),W2(L)) S F ¤MHb¤

(W1(L),W2(L), θ(L)) J�K~¥ F ¤ ��¦�H��8X�
 V H�X�Pp¤&KbK(S F X�K�¤cJ�L �TL;J ¥�¤MK&J��"¦a§;N�¤)L?¤)Hb¦a¥"X�H(J�KM]

L =
α(k)

2k2
W 2

1 (1−W1)
∂2

∂W 2
1

− α(k)

2k2
W 2

1

∂

∂W1

+
α(k)

2k2
W 2

1 (1−W2)
∂2

∂W 2
2

− α(k)

2k2
W 2

2

∂

∂W2

+
α(k)

k2
cos(θ)

√

(1−W1)(1−W2)W2W1
∂2

∂W1∂W2

−2h
∂

∂θ

+
α(k)

4k2

(

(2−W1)
2

1−W1
+

(2−W2)
2

1−W2
− 2

(2−W1)(2−W2)
√

(1−W1)(1−W2)
cos(θ)

)

∂2

∂θ2

+
α(k)

4k2

√
1−W1W1(2−W2)√

1−W2

sin(θ)
∂2

∂W1∂θ

+
α(k)

4k2

√
1−W2W2(2−W1)√

1−W1

sin(θ)
∂2

∂W2∂θ

����
B�

K8¥�¦�H8¥�J�L.N dbH�X � W1(0) = 1 R W2(0) = 1 R�¦�LGa θ(0) = 0 ¨� ¨�
�d a > 2 R%¥ F ¤ML�¥ F ¤(K��)OT¦�Hb¤ � X�a�OV§ZJ X�d�¥ F ¤�¥�Hb¦�L K��WJ�K2K&J�X�L PbXL¤ � PMJ¡¤)LT¥�K
(|T ε(k1, L/ε

2)|2, |T ε(k2, L/ε
2)|2) S�¤p¦ ��§Z[ P2X�L 
�¤MH N�¤]¥ X (W (L, k),W (L, k)) S F ¤MHd¤ W J�K

¥ F ¤ ��¦�H��0X 
 V H�X�Pp¤&KbK(S F X�KB¤ J�L �TLQJ ¥�¤MKbJ��4¦�§ N�¤)L?¤)Hb¦�¥ X�H(J�K�� ����� ¨
� H�X�X�dB¨ �}\qY$W"U�jh`�ZrR�`dY�cdYLjh`bZrRq| o�P&jbY Z[j

a = 2
�"jhZrRTo�Y `d\qZrj�Z[j�`b\qY oBU�cbcdYLoB`�jdo�PaerZrRq|

km\qZ[op\ SVY-jbo�cbZrtNY-j `d\qY�oBU&cdcdY�e[P�`bZrU&R U&�'`b\qY�`bcpPaRNjhW"Z[jbjbZiU�R oBUzYB�
o�ZiYLR�`pj Pa`�`ukxU�RqY-Pacdtzs
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�<cdYL�6nqY�RNoBZrYLjLv �gYB` nTj SqY�RqU&`bY |T (kj , L/ε
2)|2 = 1 − |Γεj |2

�<U&c
j = 1, 2

��km\qYLcbY
Γεj(L) = b/a(kj , L)

v w�Y `d\qY�R ZrR�`dcbUVSVnNoBY `b\qY �<U�nqcb��SVZrW"Y�RTjbZrU&RTP&e�fTcbUVoBY-jbj
Xε :=

(rε1, ψ
ε
1, r

ε
2, ψ

ε
2) := (|Γε1|2, arg(Γε1), |Γε2|2, arg(Γε2))

km\qZrop\
jdP�`dZrjh�TYLj'�

dXε

dL
(
L

ε2
) =

1

ε
F

(

V (
L

ε2
), Xε(

L

ε2
),
L

ε2
, L

)

,

km\qYLcbY
F

Z[jQSVY��TRqY-S]tzs��

F (V, r1, ψ1, r2, ψ2, l, L) =
V

2k











2 sin(ψ1 + 2kl+ hL)(r
3/2
1 − r1/21 )

−2− cos(ψ1 + 2kl+ hL)(r
1/2
1 + r

−1/2
1 )

2 sin(ψ2 + 2kl− hL)(r
3/2
2 − r1/22 )

−2− cos(ψ2 + 2kl− hL)(r
1/2
2 + r

−1/2
2 )











�QfTfqeiszZrRq|�`b\qY~SVZi¯?nNjhZrU&RV��PafTfqcbU �VZrW4P�`bZrU&R"`d\qY�U�cbYLW �Vv �~`dU�`d\qY�fqcbUVo�YLjdj
Xε YLjh`dPatTeiZ[jh\TYLj�`b\TPa`

Xε oBU�R6^�Y�cd|&Y-jQ`dU�P]RTU&RV��\qU&W"U�|&Y�RTY�U&nNj���Pacd{&U�^
fqcdUVoBYLjdj
X = (r1, ψ1, r2, ψ2)

km\qU�jbY"ZiRq�
�TRqZi`bY-jhZrW4Paeq|�Y�RqYLcdPa`bU�c �<`b\TPa`�SVY�f?Y�RTSTj%U&R

L
��oLPaR�tNYQo�U&W"fqnV`dYLS�YB�VfqerZro�Z�`deis�v2��`%`d\qY�R4P&fqfNY-Pacpj

`b\NP�`L��t6s�ZrR6`bcdUVSVnToBZrRq|
θ := ψ1 − ψ2 − 2hL

��`d\qY]fTcbUVoBY-jbj
(r1, r2, θ)

Z[j�P�\qU�W�U�|&YLRqY�U�nTj
��P&cb{�U�^�fTcbUVoBY-jbjxkm\qU6jhY�ZrRV�TRqZi`bY-jhZrW4Pae0|�Y�RqYLcdPa`bU�cxZ[j}|&Zr^&YLR]tzs ��� 
;�8v

�

�}\qZ[jQerY�W"W4P
jb\qU�kQj}`b\NP�`Q`d\qY~`bcpPaRNjhW"Z[jbjbZiU�R
oBUzYB�
oBZrY�R6`pjloBU�cbcdYLjbf?U&RTSVZrRq|�`bU
`uk�U4RqY-Pacdtzs
�<cdYL�6nqY�RNoBZrYLj

k1
PaRNS

k2
P&cbY~nqRNoBU&cdcdY�e[P�`bY-S]P�jQjbU6U�R
P&j |k1 − k2| � ε2

v F�RNoBY�`b\TZrjlcbY-jhnqei`QZ[j
{zRqU�kmR0�-Z�`IZrjgYLP�jhs�`bUlSqY�cdZi^�Y%`b\qYxP&jbszW�fq`bUa`dZro�t?Y�\NP ^6ZrU&c2Ua�z`b\TY�`bcpPaRNjhW"Zi`h`bZr^zZ�`us�oBU�cbcdYLjbf?U&RTSVZrRq|
`bU�`d\qY_jboLP�`b`bY�cdZrRq|"Ua�IP�fqnTerjbY&v

354�68796;:�<�=�<�6;>@?BA��gv�D EGF ¤�¥�Hd¦�L K��WJ ¥M¥ J�
�J ¥�[ T ε(L/ε2) PbX�L�
 ¤)H�N6¤&K(J�L V H�X0Yp¦8YMJ §ZJ ¥ [�¥ X T (L) ]

T (L) =
1

2π

∫ ∞

0

|f(k)|2T̄ (k, L)dk,

S F ¤)Hb¤ T̄ (k, L) J�K"¥ F ¤�¦ K&[�� V ¥ X�¥ J�P

�¦�§ZOT¤ � ��� � X�d�¥ F ¤]¤�I V ¤bPB¥�¦�¥ J�X�L X�d"¥ F ¤WK��MOT¦�Hb¤
� X�a�OV§ZO.K
X�d�¥ F ¤�¥ Hb¦�LQK �WJ�KbK&J�X�L PbX-¤�� P)J¡¤MLN¥ T ε(k, L/ε2) ¨
� H�X�X�dB¨ �}\qY�`bZr|&\6`bRqY-jbj<�<Z®v Y�vm`b\TY�cdY�e[P�`bZr^&Y_o�U&W"fTP�o8`bRTYLjdj �}Z[jQY-P&jbs�`dU
YLjh`dP&tqerZrjb\�jhZrRTo�Y

T ε
Z[j

t?U&nqRTSqYLS:v)��cdU&f?U�jbZi`bZrU&R �qv ��|&Zr^&Y-j�`d\qY�eiZrW"Z�`Q^�P&einqY�U&�0`b\qY�Y��zf?YLoB`dPa`bZrU&R�Ua� |T ε(k, L/ε2)| �<U�cU&RTY��<cdYL�6nqYLRToBs
k
�TjbU�`d\TP�` �

E

[

T ε( L
ε2

)

]

ε→0−→ 1

2π

∫ ∞

0

|f(k)|2|T̄ (k, L)|2dk.
�}\qYLR�U�RqY~oBU�RTjhZ[SVYLcdj�`b\TY_jhY-oBU&RNS�W"U&W"YLR�` �

E

[

T ε( L
ε2

)2
]

=
1

4π2

∫ ∞

0

∫ ∞

0

|f(k)|2|f(k′)|2E

[

|T ε(k, L
ε2

)|2|T ε(k′, L
ε2

)|2
]

dkdk′.

�}\qY o�U&W"fqnV`pP�`bZrU&R�U&��`d\qZ[j W"U&W"Y�R6` cdYL�6nqZrcbY-j$`bU�jh`bnNSVs `d\qY�`ukxUa�®�<cbY-��nTY�RTo�s fqcdUzo�YLjdj
(|T ε(k, L/ε2)|, |T ε(k′, L/ε2)|) �<U&c

k 6= k′
v �QfTfqeiszZrRq| �gY�W"W4P �Vv ��U&RTY �TRTSqj `b\TPa`
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|T ε(k, L/ε2)| P&RTS |T ε(k′, L/ε2)| P&cbY�P&jbszW�fq`bUa`dZroLPaereis�nqRToBU�cbcdY�e[P�`dYLS:�VjbU�`b\TPa`

E

[

T ε( L
ε2

)2
]

ε→0−→
(

1

2π

∫ ∞

0

|f(k)2|T̄ (k, L)|2dk
)2

,

km\qZ[op\]fTcbU�^�YLj�`b\qY_o�U&Rz^&YLcb|�Y�RTo�YlU&� T ε(L/ε2) ZiR
L2 v

�

�0Y�`]nTj�P&jdjbnqW"Y
`b\TPa`]`d\qY�ZrRTo�U&W"ZiRT| k}P ^&Y
Z[j�RTP&cbcdU�kmtTP&RTS:�}`b\NP�`]Z[j�`bU jdP s `b\TPa`�`b\TY
jbfNY-o8`bcpPaeDoBU�R6`bY�R6`

f
Zrj}oBU�RToBYLR6`bcpP�`bY-S4PacdU&nqRNS"`b\qY�o�P&cbcdZrY�c�k}P ^&YLRznqW�t?Y�c

k0
PaRTS�\TP&j�RTPacdcdU�k

tTP&RTSVkmZ[Sz`b\(�¡jbW4PaereiYLc2`d\TPaR
1
�atTnV`%erP&cb|�Y�c2`b\TP&R

ε2
�BvI�}\qYLR T (L)

SVY-o�P sVjIYB�VfNU�RqY�R6`dZrP&eiers�kmZ�`d\
`b\TY~kmZrSz`d\*Ua�I`b\qY~jberP&t*P�j.�

1

L
ln T (L)

L�1' −α(k0)

8k2
0�QU&`bY"`d\TP�`_`d\qZ[j_Z[j�`b\qY
`us6fTZroLPae�t?Y�\TP ^zZrU&c~U&�x`d\qY ¤2I V ¤bP�¥�¤ba ^�PaernqY4Ua�}`d\qY4`bcpPaRNjhW"Zi`h`bZr^zZ�`us�Ua�

P�W�U�RqUVop\qcdU&W4P�`dZro�kxP ^�Y�kmZi`b\ kxP ^�Y�RznqW�tNYLc
k0

v ��R `d\qY�`bZrW�Y�SqU&W4PaZrR'`d\qY*eiUVo�P&eiZr�LPa`bZrU&R
fqcdUVoBYLjdjxZrjmjbY�ei� ��P ^&Y�cpPa|�ZiRT| � �}\qZrjmjbY�ei� ��P ^&Y�cpPa|�ZiRT|_Zrj}ZrW"fqerZiY-S�tzs4`d\qY_P&jbszW�fq`bUa`dZro�SVY-oBU&cdcdY�e[P��
`bZrU&R�Ua��`b\qY"W"UVSVnqerZ%Ua��`d\qY�`bcpPaRTjbW"ZrjdjhZrU&R�oBUzYB�
o�ZiYLR�`pj�P�`~SVZ�¯DY�cdY�R6`��<cdYL�6nqY�RNoBZrYLjLv �mo8`dnTPaereis
T ε(k, L/ε2)

PaRTS
T ε(k′, L/ε2)

PacdY�o�U&cdcbYLerPa`bY-S
U&RTeis
Zi� |k − k′| ≤ ε2 v

� � ���Q4�� ?BA����	� �7+ ��

��F �,+6E C�������A,:�C +�� C �,+zFTE���� v D �}\TZrjg`b\qYLU&cds~SVYLjdoBcdZit?YLj0`b\qY}SVY��
�<U&cdW4P�`dZiU�R
Ua��P4fqnqe[jbY_`bcpP ^&YLeiZrRq|4ZrR�P
jberP&t
Ua��cpPaRTSqU&W�W"Y-SVZinTW�v���`�Z[jQkxY�ere���{zRqU�kmR*ZiR�|&Y�U&�
fq\zsVjhZ[o�j�eiZi`bYLcdPa`bnqcdY�© ¬��V­®v���`�fqcdYLSqZroB`dj�`b\TPa`�ZrR'fqcdU&f?Y�c�o�U&RTSqZ�`dZiU�RTj~`d\qY
`dcdP&RTjhW"Zi`h`dYLS�fqnTerjbY
o�P&R t?Y
SVZi^zZ[SVYLS ZrR�`dU�`uk�U�fTPacb`djLv �}\qY��<cdU&R6`"fTPacb`�\NP&j4P�SVYB`dY�cdW�ZrRqZ[ju`dZro*jb\TPaf?Y�km\qZrop\$Z[j
`b\TY�cdYLjbnqei`~Ua�xP�SVY�`bY�cdW"ZiRTZrjh`bZ[o"oBU&Rz^�U&ernV`bZrU&R�U&��`d\qY4ZiRTZ�`dZrP&e%fqnqe[jhY�v��xY�\TZiRTS�`b\TZrj��<cdU&R6`�fTPacb`
Y�W"YLcb|�YLjI`b\TY �ho�UVSqP �}km\qZrop\"Z[j%ZrRToBU�\qY�cdY�R6`L��tqnV`�W4P s�o�U&R6`dP&ZiRNj%W"U�jh`�Ua�?`b\qYm`dcdP&RTjbW�Zi`h`dYLS�Y�Rq�
Y�cd|&s�v ��cdPa`b\qYLcmoBU&Rz^zZrRToBZrRq|"\qY�nTcbZ[ju`dZro�Y��zfTerP&RTP�`dZiU�R�oLPaR*tNY��<U�nqRTS�ZrR�© = �0�N�VYLo8`dZiU�R � ­�v��}\qY
`b\TY�U&cds*Zrj�PaRNPaers6�LYLS
ZrR�SqYB`dP&ZieIZrR © = �q­2�<U�c�P�jbfNY-oBZ[Pae�o�P&jbY�U&��ju`dY�fzkmZ[jhY�W�Y-SVZ[Pq�0PaRNS*�<nqcb`b\qYLc
cdYLjbnqe�`pj%o�P&R�t?Yx�<U&nqRTS�ZrR*© = ¬	! �z­�v,�gYB`�nTj%P�jbjbnqW"Yx`b\TPa`�`b\qY}�<cdYL�6nqYLRToBs�o�U&R6`bYLR6`�U&�T`d\qYmZiRTZ�`dZrP&e
fqnqe[jbY�Z[jloBU�RToBYLR6`bcpP�`bY-S
PacdU&nqRNS�`b\qY�o�PacdcdZiYLcQkxP ^�Y�RznqW�tNYLc

k0
vl����U�RqY�PaRNPaers6�LYLjQ`b\qY�Y�RqYLcb|�s

oBU�R6`bY�R6`�Ua��`d\qY��<cbU�R�`�fTP&ch`�Ua��`d\qY�kxP ^�Y�ZrR�`b\TY��<cpPaW"YLk�U�cb{�ZiR6`dcbUVSVnTo�YLS�\qY�cdY�P&tNU�^�Y&�N`b\qYLR
U&RTY_�TRTSTjl`d\TP�`�Zi`�SVY-o�P sVjQY��VfNU�RqY�R6`bZ[Paerers�kmZi`b\�`b\qY"jbZi�LY�U&�%`b\qY"jhe[Pat�kmZ�`d\�P]op\TPacpP&oB`bY�cdZ[ju`dZro
erY�Rq|&`b\'km\qZ[op\'Z[j_`d\qY K�¦ � V §i¤ eiUVo�P&eiZr�LPa`bZrU&R�erY�Rq|&`b\

2k2
0/α(k0)

v �QU�kxY�^&YLcL��P&j�jh\TU�kmR�\qY�cdY
Pat?U�^&Y��&`d\qY�`bUa`pPae?`bcpPaRNjhW"Zi`h`bY-S
YLRqY�cd|&s"SVYLoLP sVj�Y��zf?U&RTY�R6`bZ[Paereis"kmZi`b\*P�op\TP&cdP�o8`dY�cdZrjh`bZ[omerY�Rq|&`b\
km\qZ[op\]Z[j}`d\qY �"¤p¦�L erUVo�P&eiZr�LPa`bZrU&R�eiYLRq|a`d\

8k2
0/α(k0)

v

ª > ¬ > � �,+
E8-qAIG2F 4 �,-VE84'F?A2KMJ]F :-J&KD9�9D-VC-FTEz> E �}\qY~cdP&RTSVU�W�\TPacdW"U&RqZ[o�U�jdoBZreie[P�`dU&c �
��� �B�

ytt + (1 + εη(t))y = 0

kmZi`b\
η(t)

PlcdP&RTSVU�W fTcbUVoBY-jbjIPacdZ[jhY-jgZrR�W4PaRzs~fq\zsVjbZroLPaezoBU&R6`dYB�z`dj�jbnTop\�P&j�jbU&erZrS�ju`pP�`dY�fq\zsVjbZroLj
© ¬ = !
ª�� !�¬��6­���^zZrtqcpP�`bZrU&RNj
ZrR�W"YLop\TP&RqZ[o�Pae�PaRNS Y�erYLoB`bcdZroLPae�oBZrcdo�nqZi`dj�© ��* !��Dªz­���P&RTS k}P ^&Y
fqcdU&fTP&|�Pa`bZrU&R4ZrR]U�RqYB��SVZrW�YLRTjbZiU�RTPaeNcdP&RTSVU&W�W"Y-SVZrP]© �Dª�!&�V­®v%�}\qY~SVZrW"Y�RTjbZiU�RqerYLjdj�fTP&cdP&W"YB`bYLc
ε > 0

op\TPacpP&oB`bY�cdZr��YLj2`d\qYlPaW"fqerZi`bnTSVY-j�U&�N`d\qYQcpPaRTSVU�W �TnNo8`bnNP�`bZrU&RNj�v��}\qYQjdPaW"fqerY��0s6PafqnqRTU�^
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YB�Vf?U&RqYLR6`}|�U�^&YLcbRTj�`b\TY~YB�VfNU�RqY�R6`dZrP&e:|&cdU�k}`b\�Ua�g`d\qY~W"UVSVnqe[P�`bZrU&R��

����� �
G := lim

t→∞

1

t
ln r(t), r(t) =

√

|y(t)|2 + |yt(t)|2.
�QU&`bY}`d\TP�`

G
oBU�nqe[S�t?YQcpPaRTSqU&W�jbZiRNoBY

η
Z[j%cpPaRTSqU&W*vI�zU~Zi`�jb\qU&nTerS�t?YQcbYLeiYL^�PaR6`�`bU_jh`bnTSVs�`b\qY

W"YLP&R*P&RTS �TnToB`bnTPa`bZrU&RTjQUa��`b\qY<�0s�P&fqnqRqU�^�YB�VfNU�RqY�R6`-vx£TU&cm`d\qZrjlfqnqcdfNU6jhY~kxY�jb\TPaeregP&RTPaersz��Y
`b\TYlRqU�cbW4PaerZr��YLS �0s�P&fqnqRqU�^�YB�Vf?U&RqYLR�`xkm\qZ[op\
|&U�^�Y�cdRTj�`b\TY�Y��zf?U&RTY�R6`bZ[PaeN|&cdU�k}`b\4Ua�:`d\qY

p
�®`b\

W"U&W"Y�R6`mUa�I`b\TY~W�UVSVnTerPa`bZrU&R��

���8� �
Gp := lim

t→∞

1

pt
ln E [r(t)p] ,

km\qYLcbY
E

ju`pPaRTSTj_�<U�c_`b\TY]Y��zf?YLoB`dPa`bZrU&R'kmZi`b\ cbY-jhf?YLoB`�`bU�`b\TY]SVZ[ju`dcbZrtqnV`dZiU�R U&�m`b\qY�fqcdUzo�YLjdj
η
v"����`d\qY"fqcbUVo�YLjdj�kxY�cdY4SVYB`dY�cdW"ZiRqZ[jh`bZ[oa�:`d\qY�R�kxY�kxU&nTerS�\TP ^&Y

Gp = G
�<U�c~Y�^&YLcbs

p
v4��nq`

SVnqY�`bU'cpPaRNSVU&W"RqY-jbj"`d\qZ[j�W4P s$RqUa`�\TU&e[S `bcdnqY�jbZiRNoBY�kxY�oLPaRyRqU&`�ZiRz^�Y�cb`
`b\qY�RqU&RTeiZrRqYLP&c
f?U�k�YLcQ�<nqRToB`bZrU&R � |.|p ��PaRNS*`b\qY�erZiRqY-Pac�ju`pP�`bZ[jh`bZ[o�Pae�P ^&YLcdP&|&ZrRq| �

E [.]
�8v��}\qY�cpPaRTSqU&WXW"Pa`bcdZ��

fqcdUVSVnTo8`pj�`b\qYLU&cds'PafqfqerZrYLj�`bU�`b\qY*fqcdU&tTeiYLWC��� �;�8v £TU&c"ZrRTju`pPaRTo�Y]erYB`4nTj"P�jbjbnqW"Y�`d\TP�`�`b\TY
cpPaRTSVU�W fqcdUVoBYLjdj

η
Zrj
fqZiY-oBYLkmZrjbY�oBU�RTju`pPaR6`
U�^&YLc4ZiR6`dY�cd^ P&erj

[n, n + 1)
PaRTS `pPa{&Y
cpPaRNSVU&W

^�PaernqYLj}U�R
`d\qY_jhnNo�oBY-jbjbZr^&Y�ZiR6`bYLcb^�P&erjLv,&lRTSVYLcQPafqfqcdU&fTcbZ[P�`dY�P�jbjbnqW"fV`bZrU&RNj�U�R�`d\qY�erP kQjxU&�g`b\TY
^�PaernqYLj�`pPa{&YLR�tzs

m
�:Z�`~Z[j�fTcbU�^�YLS
ZrR�OmY��uv%© #g�0�}\qYLU&cdY�W ^a­�`d\TP�`�`b\qYLcbY"Y��zZ[jh`dj�PaR�PaRTP&eis6`bZ[o

�<nqRToB`bZrU&R
g(p)

jbnTop\]`b\TPa`'�

lim
t→∞

1

t
ln E [|r(t)|p] = g(p),

�����;�

lim
t→∞

1

t
ln r(t) = g′(0)

P&eiW"U�jh`QjhnTcbYLeis
,

����^;�

ln r(t)− tg′(0)√
t

dist.−→ N (0, g′′(0)).
���8e �

�
U�cbYLU�^&Y�c2`b\TYQoBU&Rz^�Y�cd|&Y�RNoBY�Z[j%nqRTZ��<U�cbW��<U&c
r(t = 0)

kmZ�`d\�nTRqZ�`�W"UVSVnqernTjL��P&RTS�`b\qY}�<nqRNo8`bZrU&R
p 7→ g(p)/p

ZrjQW�U�RqUa`dU&RqY�ZiRTo�cbY-P&jbZiRT|Tv��}\TZrjlfqcbU�^�YLj}ZrR
fTPacb`bZ[oBnTerP&cm`b\TPa`
G = g′(0)

ZrjQRqU&RV�
cpPaRTSVU�W*v%��R*oLP&jbY�Ua��RqU&RV��fqZrYLo�Y�kmZ[jhY~oBU�RTjh`dPaR6`mfqcdUVoBYLjdjbYLj

η
�q^�PacdZiU�nTj}^&YLcdjbZrU&RTjxUa�I`b\TY_Pat?U�^&Y

`b\TY�U&cdY�W YB�VZ[ju`�km\TZrop\�szZrY�e[S�`b\qY�jbP&W�Y
o�U&RTo�einNjhZrU&R © ª�� !�� = ! = ª�!�¬z­®v &lRV�<U&cb`bnTRTP�`dY�ers�`b\TY
YB�VfqcdYLjdjbZiU�R�U&�

g(p)
Z[j�^&Y�cds�ZrR6`bcdZroLP�`dY&�?Y�^&YLR*�<U&c�^&YLcbs�jhZrW"fqeiY�cdP&RTSVU�W!fqcdUVoBY-jbjbYLj

η
vl��R�`b\qY

�<U&ererU�kmZiRq|�jbnqtTjbnqtTjbYLo8`dZiU�RTj"kxY*jb\TP&eieQSVYLcbZr^&Y
o�eiU6jhY-S'�<U�cbW Y��VfqcbY-jbjbZrU&RTj��<U&c"`d\qY �0s6PafqnTRqU�^
YB�Vf?U&RqYLR6`dj

G
PaRTS

Gp
ZrR�`d\qY��<cpPaW"Y�kxU&cd{4km\qY�cdY�`b\qY~RTU&Z[jhY�erY�^&YLe:Zrj}erU�k~v

w�Y�P�jbjbnqW"Y��<cbU�W�RqU�k U&R]`b\NP�`}`b\qY�fqcdUVoBY-jbj
η(t) = f(m(t))

km\qYLcbY
f
ZrjmP"jbW"U6U&`b\�PaRTS

t?U&nqRTSqYLS"�<nqRNo8`bZrU&R�PaRTS
m

Z[j�P&R
Y�cd|&UVSVZ[oQ��P&cb{�U�^�fqcdUVoBY-jbj�kmZ�`d\�ZrRV�TRqZi`bY-jhZrW4Pae?|&Y�RTY�cpP�`bU�c
QU&R�P�W"P&RqZi�<U&e[S

M
kmZi`b\�ZrR6^�P&cbZ[PaR6`�fTcbU�tTPatqZrerZ�`us

π(dm)
v�w�Y4Pae[jbU�P�jbjbnqW"Y�`d\TP�`

f(m)
\TP&j

��YLcbU&�®W"Y-PaR�kmZi`b\*cdYLjbfNY-o8`}`bU�`d\qY~ZiRz^�PacdZ[PaR6`mfqcbU�tTPatTZierZ�`us��
∫

M

f(m)π(dm) = 0.
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� ¨ � ¨ � ¨��UI V ¦�LQKbJ�X�L X�d}¥ F ¤ K�¦�� V §i¤ � [&¦ V O�L X 
�¤2I V X�L?¤)LT¥ v9D ��R6`bcdUVSVnTo�ZiRq|�fNU�erP&cIo�UzU&cpSVZiRNP�`bY-j
(r(t), ψ(t))

P&j
y(t) = r(t) cos(ψ(t))

PaRTS
yt(t) = r(t) sin(ψ(t))

`b\TY�jbszjh`bYLW ��� �;��Z[j�YL�6nqZr^6�
PaerY�R6`}`bU �

r(t) = r0 exp

(∫ t

0

q(ψ(s),m(s))ds

)

,
��� �B�

ψt(t) = h(ψ(t),m(t)),
� � � �
kmZi`b\

q(ψ,m) = q0(ψ) + εq1(ψ,m)
PaRNS

h(ψ,m) = h0(ψ) + εh1(ψ,m)
�

q0(ψ) = 0, q1(ψ,m) = −f(m) sin(ψ) cos(ψ),

h0(ψ) = −1, h1(ψ,m) = −f(m) cos2(ψ).
£qcdU&W ���?v	��� � �

(ψ,m)
ZrjxP���P&cb{�U�^�fqcdUVoBY-jbj�U&R4`d\qY�jbfTP&o�Y

S1×M km\qYLcbY
S1 SVY�RqU&`bY-j%`b\TY

oBZrcpoBnqW��<Y�cdY�RNoBYlU&�:`b\qY�nqRqZi`moBZrcdo�eiY�kmZ�`d\]ZrRV�TRqZi`bY-jhZrW4Pae?|&YLRqY�cpP�`dU&c � L = Q+h(ψ,m) ∂
∂ψ

P&RTS
kmZi`b\�ZrRz^�PacdZrP&R�`�W�Y-P&jbnqcdY

p̄(ψ,m)dψπ(dm)
km\qYLcbY

p̄
oLPaR�t?Y�U&tV`pPaZrRqYLS�P�jQ`d\qY"jhU�einV`dZiU�R�Ua�

L∗p̄ = 0
v&�moLoBU�cdSVZrRq|�`bU"`d\qY�`b\qYLU&cdY�W U&����cpPanqYLe�©«ª *V­:`d\qY~erU&Rq|&�M`dZiW"Y�tNYL\TP ^zZiU�c}Ua�

r(t)
o�PaR

t?Y~YB�VfqcdYLjdjhY-S
ZrR]`dY�cdW4j}Ua�I`b\qY �gs�PafTnqRqU�^4YB�Vf?U&RqYLR6`
G

km\qZ[op\]Z[jm|�Zi^�Y�R�t6s��

��� �B�
G =

∫

S1×M

q(ψ,m)p̄(ψ,m)dψπ(dm).

�}\qZ[j}cbY-jhnTe�`QPaRNS
`d\qY��<U&ereiU�kmZrRq|�U&RqY-j}\qU&e[S�`bcdnqY�ZiR�fTPacb`bZ[oBnTerP&cxnTRTSVY�cQo�U&RTSqZ�`dZiU�R�� � ©«¬ #z­gU�c
� � © �z­ �
� �

M
ZrjlP��NRqZ�`dY_jhY�`lPaRTS

Q
Z[jQP��TRqZi`bY���SqZiW"Y�RNjhZrU&RTP&e:W4P�`bcdZi��km\qZ[op\

|�Y�RqYLcdPa`bY-jxP"o�U&R6`bZrRznqU&nTj}fNPacpPaW"YB`dY�c}ZicdcdYLSVnTo�ZitTeiY��z`bZrW�Y��®cdY�^�Y�cpjhZrtqerY
��Pacd{&U�^4op\TPaZrR0v

� �
M

ZrjlP�o�U&W"fTP�o8`mW4PaRqZi�<U&e[S:v
Q

Z[jQP"jbY�ei� ��P�S ¢uU&ZrR6`}YLeierZrfV`bZ[o~SVZi¯?nTjbZrU&R
U�fNYLcdPa`bU�cxU�R

M
kmZ�`d\*��Y�cdU4PaR�ZrjbU&e[P�`dYLS:�qjbZrW�fTeiY~YLZi|�Y�Rz^�PaernqY&v

�QU&`bY�`d\TP�`m`d\qY~cbY-jhnTe�`Qo�P&R*tNY~|�cbY-P�`bers4|&YLRqY�cpPaerZr��YLS0v�£TU&cmZrRTjh`dPaRNoBY~U&RTY�oLPaR*Pae[jhU"kxU&cd{4kmZ�`d\
`b\TYQoBe[P&jdj�Ua�?`b\qY

φ
��W�Zi�VZiRT|~fqcbUVo�YLjdjhY-j2kmZi`b\

φ ∈ L1/2 �MjhYLY~© �	#:��fqf0v �_� � �0��­ �8vI�}\qY �0s6PafqnTRqU�^
YB�Vf?U&RqYLR6`

G
o�P&R�t?Y4YLjh`bZrW4P�`dYLS�ZiR�o�P�jhY"U&�xjbW"P&eie%RTU&Z[jhY"nTjbZiRT|]`d\qY"`bY-op\qRqZ[�6nqY"ZiR6`bcdUVSVnToBY-S

tzs$��ZrRTjb{6s�©«¬ #z­2nqRTSVYLc�� � PaRNS �lcbRTU&e[S�Y�`lPae®vx© �q­gnqRTSVYLc�� � v
w�Y_jh\TP&eie0P�jbjbnqW"Y��<cbU�W�RqU�k U&R�`b\NP�`

ε� 1
P&RTS�k�Y�erUzU&{
�<U�cQPaR�YB�VfTP&RTjhZrU&R�Ua�

G
kmZi`b\

cdYLjbfNY-o8`x`bU
ε� 1

v%�}\qY�jh`bcpP�`bYL|&s��<U&ererU�kQjxo�eiU6jhYLeis�`d\qY�U&RqY�SVY�^�Y�erU&f?YLS�ZiR�OmYB�uvm© �V­�v�w�Y��Tcpjh`
SVZr^zZrSVY�`d\qY~|&YLRqY�cpP�`dU&c L ZiR6`dU�`d\qY_jbnqW L = L0 + εL1

kmZi`b\��

L0 = Q+ h0(ψ)
∂

∂ψ
, L1 = h1(ψ,m)

∂

∂ψ
.

�ljxjb\qU�kmR4ZiR�© �V­N`d\qY�fqcbU�tTPatTZierZ�`us"SVYLRTjhZi`us
p̄
o�P&R
tNY�YB�VfTP&RTSVY-S4P&j

p̄ = p̄0 + εp̄1 + ε2p̄2 + ...km\qYLcbY
p̄0

�
p̄1

�TP&RTS
p2

jdP�`dZrjh�<s L∗0p̄0 = 0
PaRTS L∗0p̄1 + L∗1p̄0 = 0

� L∗0p̄2 + L∗1p̄1 = 0
�rvrvivx£qU&c

U&RNoBY_`d\qY�Y��VfTPaRTjbZrU&R�U&�
p̄
Zrj�{zRqU�kmR0�DZi`�o�P&R�t?Y�nTjbYLS�ZiR%��� �;�}`dU�|&Zr^&Y_`b\qY�YB�VfTP&RTjhZrU&R
U&�

GP�`mU�cdSVYLc
2
kmZ�`d\�cdYLjbf?YLo8`}`dU

ε
�

��� 
B�
G =

∫

S1×M

(

q0p̄0 + ε(q1p̄0 + q0p̄1) + ε2(q1p̄1 + q0p̄2)
)

(ψ,m)dψπ(dm) +O(ε3).



�.� �������	��
	��
��

�zZrRToBY
h0

Zrj�oBU�RTju`pPaR6`
= −1

�
p̄0

Z[jm`b\TY�SVYLRTjhZi`us*Ua��`b\TY�nqRqZi�<U&cdW�SVZ[ju`dcbZrtqnV`dZiU�R�U&R
S1 ×M �

p̄0 ≡ (2π)−1 v £Tnqch`d\qY�c
p̄1

jdP�`dZrjh�TY-j L∗0p̄1 = −L∗1p̄0 = ∂ψ(h1p̄0)
PaRTS Z[j�o�U&RTjbYL�6nqYLR6`bers

|&Zr^&YLR]tzs��

p̄1(ψ,m) = − 1

2π

∫ ∞

0

dsE [sin(2ψ + 2s)f(m(s))/m(0) = m] .

�znqtNju`dZ�`dnV`bZrRq|�ZiR6`bU���� 
;�}kxY�U&tq`dPaZrR*`b\NP�`
G = ε2α1/4 + O(ε3)

�Dkm\qY�cdY
α1

Z[jQRTU&RqRqYL|�Pa`bZr^&Y
PaRNS�fqcdU&f?U&cb`bZrU&RNPaeI`bU�`b\TY4fNU�kxY�c~jbfNY-o8`bcpPae�SqY�RTjbZ�`us�Ua�x`b\qY"fqcdUVoBYLjdj

f(m)
Y�^�PaernTP�`dYLS�P�`

2
�

�<cdYL�6nqY�RNoBs��

��� �B�
α1 =

∫ ∞

0

ds cos(2s)E[f(m(0))f(m(s))].

� ¨ � ¨ � ¨ � §ZOQP�¥�OT¦a¥�J�X�L K5X�d�¥ F ¤%K�¦ � V §i¤�¤2I V X�L?¤)LT¥ v�D �}\TY�jdPaW"fqerY �0s�P&fqnqRqU�^"Y��zf?U&RTY�R6`
G

Zrj
`b\TY~eiZrW"Z�`QU&�

G = lim
t→∞

1

t

∫ t

0

q(ψ(s),m(s))ds

kmZi`b\�fqcbU�tTPatTZierZ�`us4U�RqY&v���`mZ[j�ZrR6`bYLcbY-ju`dZiRq|�`bU"U�tV`dP&ZiR�P�o�Y�R6`bcpPaeDerZiW"Zi`x`d\qY�U�cbYLW��<U&cx`d\qY~oBU&cdcdYB�
jbfNU�RTSVZrRq| �TnTo8`dnTP�`dZiU�RTj'�

F (t) :=
1√
t

∫ t

0

q(ψ(s),m(s)) −Gds.
�0Y�`�nNj�SqY�RqU&`bY

q̄(ψ,m) := q(ψ,m) − G
v��xs SVY��TRqZi`bZrU&R Ua�

G
`d\qY�cdP&RTSVU�W ^�P&cbZ[PatqerY

q̄(ψ,m(0))
\NP&j���YLcbU�W�Y-PaR$kmZ�`d\ cdYLjbfNY-o8`"`bU�`b\TY�ZrRz^�PacdZrP&R�`�W"YLP&jbnqcdY

p̄π(dm)dψ
v �}\6nNj

`b\TY Y-��nNP�`bZrU&R Lv = q̄
\TP�j�P jhU�einq`bZrU&R

v
km\qZ[op\�Z[j�t?U&nqRNSVYLS�PaRTS�nTRqZr�6nqY nqf `dU P&R

P&STSVZ�`dZi^�Y oBU�RTjh`dPaR6`-v ��R�`b\TY'�<U&ererU�kmZiRq|ykxY SqY�RqU&`bY'tzs
v

`d\qY jbU&ernV`dZiU�R�km\qZrop\�jbPa`bZ[ju�TY-j
∫

vp̄(ψ,m)π(dm)dψ = 0
v��}\qY~fqcdUVoBYLjdj

Mv
SqYB�TRqY-S�tzs��

Mv(t) := v(ψ(t),m(t)) − v(ψ,m(0)) −
∫ t

0

Lv(ψ(s),m(s))ds

Z[jmP"W"P&ch`dZiRT|�PaerY�km\qU�jbY�ZiRTo�cbY-P&jbZiRT|�fqcdUVoBY-jbjxZ[j�© �	#0�?�zYLoB`bZrU&R �&v e ­

〈Mv,Mv〉t =

∫ t

0

(

Lv2 − 2vLv
)

(ψ(s),m(s))ds.

�QU&`bY�`b\NP�`m`b\TY~fqcbUVo�YLjdj
r
cdYLP&STj�ZrR�`bYLcbW4jmU&�g`b\TY~W"P&ch`dZiRT|�PaerY

Mv
P�j.�

��� � �
r(t) = r0 exp (Gt−Mv(t) + v(ψ(t),m(t)) − v(ψ,m(0))) .

�QfTfqeiszZrRq|
�}\qYLU&cdY�W �Vv �"© =?= ­2k�Y�|&Y�`m`b\TPa` 〈Mv,Mv〉
jbPa`bZ[ju�TY-j.�

���_� � 〈Mv,Mv〉t
t

t→∞−→ Vε := −2

∫

S1×M

q̄vp̄(ψ,m)dψπ(dm),

PaRNS*`b\qY�RqU&cdW4PaerZi�LYLS*fqcdUVoBY-jbj
t−1/2Mv(t)

oBU&Rz^�Y�cd|&YLjQZiR�SqZrjh`bcdZitTnV`bZrU&R
`dU]P���PanTjdjhZ[PaR
cpPaRq�
SVU�W ^�PacdZrP&tqeiY�kmZ�`d\

0
W"YLP&R�P&RTS�^�P&cbZ[PaRTo�Y

Vε
v��}\qZrj�fTcbU�^�YLjl`b\qY4SVY-jhZrcbY-S�cdYLjbnqei`�`d\TP�`�`b\TY

RqU�cbW4PaerZr��YLS �TnNo8`bnNP�`bZrU&RNj
F (t)

Ua�:`b\TYljbP&W"fqeiY��0s�P&fqnqRqU�^�YB�Vf?U&RqYLR�`�U&t?Y�sVj�P���P&nTjdjhZ[PaR4SVZ[ju�
`bcdZrtqnV`bZrU&R kmZ�`d\ �LY�cdUa��W�Y-PaR�PaRNS'^�PacdZrP&RToBY

Vε
v���R `b\qY]cbYLW"P&ZiRNSVY�c�Ua�m`d\qZrj"jbnqtTjbYLoB`bZrU&R'kxY

jb\TPaere0oBU�W�fTnV`bY�`d\qY~YB�VfTP&RTjhZrU&R]Ua�
Vε

P�`QU�cdSqY�c
2
kmZ�`d\�cdYLjbf?YLo8`}`dU"`b\qY~RqU�ZrjbY�eiYL^&YLe

ε
v
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�zZrRToBY
q̄
YB�VfTP&RTSqj�P&j

εq̄1 + ε2q̄2 + ...
kmZ�`d\

q̄1 = q1
��k�Y*o�P&R'YB�VfTP&RTS

v
ZrR'`d\qY��<U�cbW

εv1 + ε2v2 + ...
�zkm\qYLcbY

v1
Zrj}jbU&ernV`bZrU&R�Ua� L0v1 = q1

v%�VU&er^6ZrRq|�`b\qZ[j}YL�6nTPa`bZrU&R
kxYQ�TRNS
`d\TP�` �

v1(ψ,m) =

∫ ∞

0

dsE [sin(2ψ − 2s)f(m(s))/m(0) = m] .

��U&ererYLo8`dZiRT|�`d\qY�`bYLcbW4j}U&�IU�cdSVYLc
ε2

ZrR ���8�B��YLjh`dPatTeiZ[jh\TYLjx`b\NP�`

Vε = ε2V2 +O(ε3)

kmZi`b\

V2 = −2

∫

S1×M

q1v1p̄0dπ(m)dψ.

�znqtNju`dZ�`dnV`bZrRq|4ZrR�`dU ���_� ��szZiYLerSqjx`d\TP�`
Vε = α1ε

2/2 +O(ε3)
v

� ¨ � ¨ � ¨ EGF ¤ �"¤p¦�L�¤2I V X�L?¤)LT¥�K v9D F�RToBY�`b\qYxjbP&W"fqeiY�YB�VfNU�RqY�R6`I|&cdU�k}`b\~PaRTS_Z�`pj��TnNo8`bnNP�`bZrU&RNj
PacdYx{6RTU�kmR�Zi`�cdY�W4P&ZiRTjIU�Rqeis�PQ�<YLk'`bY-op\qRqZ[o�P&eVfNU�ZiR6`djI`dU�\TPaRTSqeiYxtNY��<U&cdY}YLjh`dPatTeiZ[jh\TZiRq|�P�oBerU�jbYLS
�<U&cdW)Y��VfqcbY-jbjbZrU&R �<U&c"`b\TY�W"YLPaR Y��zf?U&RTY�R6`
|&cdU�k}`b\0v £2Zrcpju`
RqU&`bY*`d\TP�`
`d\qY�Z[SVY�R6`dZ�`us ����� �
ZrR6^�U&er^&Y-jx`b\TPa`l`b\TY�W"YLP&R �0s�P&fqnqRqU�^]YB�Vf?U&RqYLR�`

Gp
cdYLP�SqjQZrR*`bYLcbW4jQU&�%`b\qY�W4Pacb`bZrRq|�P&eiY

MvP&j'�

Gp = G+ lim
t→∞

1

pt
ln E [exp(−pMv(t))] .

�zY-oBU&RNS
Vε

Z[j�RqUa`d\qZrRq|*Y�e[jhY�`b\TP&R�`d\qY4YB�Vf?YLoB`dP�`dZiU�R�U&�
f := Lv2 − 2vLv kmZ�`d\�cdYLjbfNY-o8`�`bU

`b\TY]ZrRz^ P&cbZ[PaR6`�W"Y-P&jbnqcbY
p̄π(dm)dψ

v 
lYLRqUa`dZiRq|
f̄(ψ,m) := f(ψ,m) − Vε

��`b\qY�cdP&RTSVU�W
^�PacdZrP&tqerY

f̄(ψ,m(0))
\NP&j��LY�cdU~W"YLPaR
jbU~`d\TP�`�`d\qYlY-�6nTP�`dZiU�R Lw = f̄

\TP&j�P_nqRqZ[��nTYljhU�einq`bZrU&R
km\qZ[op\�jdP�`dZrjh�TY-j ∫

wp̄(ψ,m)π(dm)dψ = 0
v,�moLoBU&cpSVZrRq|&ers"`b\TY~fqcbUVo�YLjdj

Mw
�

Mw := w(ψ(t),m(t)) − w(ψ,m(0)) −
∫ t

0

Lw(ψ(s),m(s))ds

Z[jmP"W"P&ch`dZiRT|�PaerY�km\qU�jbY�ZiRTo�cbY-P&jbZiRT|�fqcdUVoBY-jbjxZ[j

〈Mw,Mw〉t =

∫ t

0

(

Lw2 − 2wLw
)

(ψ(s),m(s))ds.

�QU&`bY�`b\TPa`
v
Z[j�U&�gU&cpSVYLc

ε
�zjbU

f
PaRTS

w
PacdYQUa�2U&cpSVY�c

ε2
P&RTS 〈Mw,Mw〉t ≤ Kε4t

v��xYLjbZrSVY-j
`b\TY~ZiRTo�cbY-P&jbZiRT|�fqcdUVoBY-jbjxUa�I`b\TY~W"P&ch`dZiRT|�PaerY

Mv
cdYLP�Sqj}P&j'�

〈Mv,Mv〉t = Vεt−Mw(t) + w(ψ(t),m(t)) − w(ψ,m(0)).

�}\znTjL�z�<U&cQPaRzs
p > 0

�V`d\qY~ZiRNoBcdYLP&jbZrRq|�fTcbUVoBY-jbjxU&�2`d\qY~W4Pacb`bZrRq|�P&eiY
Mv + pMw/2

Z[j'�

〈

Mv +
p

2
Mw,Mv +

p

2
Mw

〉

t
= 〈Mv,Mv〉t +

p2

4
〈Mw,Mw〉t + p 〈Mv,Mw〉t

= Vεt−Mw(t) + ξε(t)



� � �������	��
	��
��

km\qYLcbY |ξε(t)| ≤ K(1 + pε3t+ p2ε4t)
v�w�Y~jhnqtNju`dZ�`dnV`bY~`d\qZ[j}ZrSVYLR6`bZi`us�ZrR�`dU�`b\qY~Y��zf?YLoB`dPa`bZrU&R

Ua�2`b\qY~Y��VfNU�RqY�R6`bZ[Pae:W4P&ch`dZiRq|6PaerY~P&jdjhUVoBZ[P�`dYLS�kmZ�`d\
Mv + pMw/2

jhU�`d\TP�`QkxY�|&YB` �

1 = E

[

exp

(

−p(Mv(t) +
p

2
Mw)− p2

2

〈

Mv +
p

2
Mw,Mv +

p

2
Mw

〉

t

)]

= E

[

exp

(

−pMv(t)−
p2

2
Vεt−

p2

2
ξε(t)

)]

.

�QfTfqeiszZrRq|�`b\qY4U�fNYLcdPa`bZrU&R
(pt)−1 ln{.} PaRNS�`pPa{zZiRT|]`d\qY4erZiW"Zi`

t → ∞ �gkxY��TRTP&eiers�|&Y�`�`b\qY
YB�VfTP&RTjbZiU�R]P�`QU�cdSqY�c

2
kmZ�`d\�cdYLjbf?YLo8`m`dU

ε
Ua�
Gp
�

���8�B�
Gp = G+

p

2
Vε +O(p2ε3) =

1 + p

4
α1ε

2 +O(p2ε3).

ª > � > ��K � H,:-K¡F?A � -�/7/IE�F��0KD4 -qCLK¡F?A�>0E ��R `d\qZrj jhnqtNjhY-o8`bZrU&R kxY jh`dPa`bYyPaRNS�fTcbU�^�Y'`b\TY
SVZi¯?nNjhZrU&RV��PafTfqcbU �VZrW4P�`bZrU&R
`b\qYLU&cdY�W�`d\TP�`QZ[jQPafTfqeiZrYLS�`b\TcbU�nq|&\qU�nV`}`b\qZ[jQop\TP&fV`bYLcLv

��� � 6;4 � � ?9A��zv�D � ¤�¥�O.K5PbX�L K&J�a�¤MH_¥ F ¤5K&[ K8¥�¤�� ]
dXε

dt
(t) =

1

ε
F

(

Xε(t), q(
t

ε2
),
t

ε2

)

, Xε(0) = x0 ∈ R
d.

S F ¤)Hb¤ F (x, q, φ) J�K V ¤)H&J�X�a�J�P SUJ ¥ F Hb¤MK V ¤bP�¥�¥ X φ ¨	� KbK&O �"¤
¥ F ¦�¥ q J�K
¦ ��¦�H��8X�
�R%Kp¥�¦�¥ J�X�L�

¦�H&[ Rm¤MH N8X�a�J�P V H�X�Pd¤MKbK X�L�¦ PbX � V ¦0P�¥
K V ¦8Pd¤ S SUJ ¥ F N6¤MLD¤MHb¦a¥"X�H Q RTK�¦�¥ J�K*db[�J�L_N*¥ F ¤ � Hb¤ba F X�§ �
¦�§�¥�¤)H&L?¦a¥�J�
�¤L¨ F J�K V ¤MH&J�X�a�J�P SUJ ¥ F Hb¤&K V ¤bPB¥x¥"X φ SUJ ¥ F V ¤)H&J�X�a φ0

¦�L a K�¦�¥ J�K��x¤&K_¥ F ¤ Pp¤)LT¥�¤MH&J�L.N
PbX�LGa�J ¥ J�X�L ] 〈E[F (x, q(0), φ)]〉φ = 0 S F ¤)Hb¤ E[.] a�¤MLGX�¥�¤&K"¥ F ¤]¤2I V ¤bP�¥�¦a¥�J�X�L SUJ ¥ F Hb¤MK V ¤bP�¥l¥ X
¥ F ¤ J�L�
 ¦�H&J¡¦�LT¥ V H�X8Yd¦8YMJ §	J ¥�[ �4¤p¦ K&O�Hb¤

P
X�d q ¦�LGa 〈.〉φ K8¥�¦�L a K
dMX�H4¦�L ¦ 
 ¤)Hb¦)N0J�L_N X�
�¤MH
¦ V ¤�


H&J�X�a J�L φ ¨ 
ML K8¥�¤p¦8a X�d"¥�¤bP F LQJ�Pp¦�§�K F ¦�H V PbX�LGa�J ¥ J�X�L KbR~¦ KbK&O �"¤�¦�§ K)X�¥ F ¦�¥ F J�KWK�� X�Xa¥ F ¦�LGa
F ¦�K Y2X�O�L a�¤2a V ¦�H8¥�J¡¦a§ a�¤MH&J�
�¦�¥ J�
 ¤MK J�L x ¨ EGF ¤)L�¥ F ¤ PbX�LN¥�J�L;OQX�O.K V H�X�Pp¤&KbK�¤&K (Xε(t))t≥0

S�¤p¦	�a§Z[
PbX�L�
 ¤)H�N6¤_¥ X X SUJ ¥ F N6¤MLD¤MHd¦�¥ X�H)]

Lf(x) =

∫ ∞

0

du 〈E [F (x, q(0), .).∇ (F (x, q(u), .+ u).∇f(x))]〉φ .
� H�X�X�dB¨ £qU�c�P&R�Y��6`dY�RTSqYLS_^�Y�cpjhZrU&R�Ua�q`d\qY�fTcbUzUa�?PaRTS�jh\TP&cbf�oBU&RNSVZ�`dZiU�RTjIk�Y�cbY��<Y�cI`bU�© � # !?ª�#q­�v
�0Y�`�nTj�ZrR6`bcdUzSqnToBY

φ(t) := tmodφ0
v��}\qY]fqcbUVo�YLjdj

X̄ε(.) := (Xε(.), q(./ε2), φ(./ε2))
Z[j

��P&cb{�U�^�kmZi`b\*|�Y�RqYLcdPa`bU&c

Lε =
1

ε2

(

Q+
∂

∂φ

)

+
1

ε
F (x, q, φ).∇.

�}\qZ[j4ZrW�fTeiZrYLj"`d\TP�`-�x�<U&c
PaRzs jbW"UzUa`b\$�<nqRNo8`bZrU&R
f
�x`b\TY
fqcbUVo�YLjdj

f(X̄ε(t)) − f(X̄ε(s)) −
∫ t

s Lεf(X̄ε(u))du
Zrj�P�W4Pacb`bZrRq|�P&eiY�v��}\qY�fTcbUzUa�mZ[j_tTP�jhY-S�nqf?U&R�`d\qY�o�U&Rz^&YLcb|�Y�RTo�Y"Ua�}`b\qY

oBU�cbcdYLjbf?U&RTSVZrRq|�W"P&ch`dZiRT|�PaerY�fqcdU&tqerY�W4jLv

 ¥�¤ V � ¨ � ¤MH8¥ O�H)Yp¤ba dbO�L P�¥ J�X�L �4¤�¥ F X�a�¨ ∀f ∈ C∞b R ∀K PbX�� V ¦8PB¥ K&OQYMKB¤�¥ X�d

R
d R�¥ F ¤)Hb¤�¤�I8J�K8¥�K

¦ dB¦ � J §	[ fε K&OQP F ¥ F ¦�¥ ]
���0^;�

sup
x∈K,q,φ

|fε(x, q, φ) − f(x)| ε→0−→ 0, sup
x∈K,q,φ

|Lεfε(x, q, φ) −Lf(x)| ε→0−→ 0.
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�YB�TRqY
fε(x, q) = f(x) + εf1(x, q) + ε2f2(x, q)

v �QfqfTeiszZrRq| Lε `bU
fε

�qU�RqY�|&Y�`dj'�

Lεfε =
1

ε

((

Q+
∂

∂φ

)

f1 + F (x, q, φ).∇f(x)

)

+

((

Q+
∂

∂φ

)

f2 + F.∇f1(x, q, φ)

)

+O(ε).

F�RqY�`b\TY�R
SVYB�NRqYLj}`d\qY_oBU�cbcdYLoB`bZrU&RTj
fj

P&jx�<U&ererU�kQj.�
� ¨ f1(x, q) = −

(

Q+
∂

∂φ

)−1

(F (x, q).∇f(x))
v��}\qZ[jx�<nqRToB`bZrU&R�Zrj}kxY�erei��SVY��TRqY-S]P&e�`d\qU&nq|�\

(

Q+ ∂
∂φ

) SVUzYLj�RqUa`�f?U�jdjbYLjdj
PaR ZrR6^�Y�cpjhY�v ��RNSVY�Y-S
(q, φ)

Zrj
P&RyY�cd|&UVSVZ[o*fqcdUzo�YLjdj4km\qZ[op\
jdP�`bZ[jh�TYLjl`b\qY"£qcdYLSq\qU&erW�Paei`bY�cdRTPa`bZr^&Y&v���`dj�ZrRz^ P&cbZ[PaR6`�fqcbU�tTPatTZierZ�`us�W"YLP�jhnqcdY�U�^�Y�c

S ⊗ [0, φ0]Z[j
P(dq)× 1

φ0

1[0,φ0]dφ
v,�ljxP�o�U&RTjbYL�6nqYLRToBY (

Q+ ∂
∂φ

) \TP&jxPaR�ZiRz^&YLcdjbYQU�R4`b\qY�jhnTtTjhfNP&oBY�Ua�
�<nqRToB`bZrU&RTj�km\qZ[op\�\TP ^�Y~��Y�cdUa��W"YLP&R�kmZi`b\�cbY-jhf?YLoB`l`bU�`b\qY�ZiRz^�PacdZ[PaR6`QW"YLP&jbnqcdY&vl�}\TZrjlZiRz^&YLcdjbY
P&SqW�Zi`djx`d\qY~cdY�fqcdYLjbY�R6`dPa`bZrU&R��

f1(x, q, φ) =

∫ ∞

0

duE[F (x, q(u), φ + u).∇f(x)/q(0) = q].

� ¨ f2(x, q) = −
(

Q+
∂

∂φ

)−1
(

F.∇f1(x, q) − 〈E[F.∇f1(x, q, φ)]〉φ
) Zrj kxY�ere SVY��

�TRqY-S jhZrRToBYX`d\qY Pacd|&nqW"YLR�`�Ua� (
Q+ ∂

∂φ

)−1 \NP&j ��YLcbU&�®W"YLP&R0v ��`�`b\znTj�cdY�W4PaZrRTj'�

Lεfε = 〈E[F (x, q, φ).∇f1(x, q, φ)]〉φ +O(ε)
km\qZ[op\*fqcbU�^�YLj"���0^;�8v


 ¥�¤ V � ¨ � X�L 
�¤)H�N�¤)L Pp¤ X�d
�"¦�H8¥�J�L.N�¦a§i¤ V H2X0Y�§i¤ � K�¨ F�RqY
�Tcdjh`�Y-ju`pPatqerZrjb\qY-j�`b\qY
`bZr|&\6`bRqY-jbj�Ua�
`b\TY
fqcbUVo�YLjdj

Xε ZrR$`b\qY�jbfTP&o�Y*Ua�l`d\qY�o���Sz��e��&|��<nqRNo8`bZrU&RNj4YL�6nqZrfqf?YLS$kmZ�`d\ `b\qY��V{&U&cdU&\TUzS
`bU�fNU�eiU�|&s�tzs�op\TYLop{zZiRT|�Pljh`dP&RTSqP&cdS_o�cbZi`bYLcbZrU&R$�MjhYLY�© �	#:�&�zY-o8`bZrU&RW�qv ��­ �8v��zYLo�U&RTS~U�RqY�o�U&RTjbZ[SVY�cpj
P�jbnqtTjbYL�6nqYLRToBY

εp → 0
jbnTop\�`b\TPa`

Xεp → X
v�F�RqY4`pPa{&Y-j

t1 < ... < tn < s < t
P&RTS

h1, ..., hn ∈ C∞b
�

E

[(

fε(Xε(t), q(
t

ε2
), φ(

t

ε2
)) − fε(Xε(s), q(

s

ε2
), φ(

s

ε2
))−

−
∫ t

s

Lεfε(Xε(u), q(
u

ε2
), φ(

u

ε2
))du

)

h1(X
ε(t1))...hn(Xε(tn))

]

= 0

�IPa{zZiRT|�`d\qY~erZiW"Zi`
εp → 0

�

E

[(

f(X(t))− f(X(s))−
∫ t

s

Lf(X(u))du

)

h1(X(t1))...hn(X(tn))

]

= 0

km\qZ[op\yjh\qU�kQj4`b\TPa`
X

Z[j
jbU&ernV`bZrU&R U&��`d\qY�W4Pacb`bZrRq|6PaerY�fTcbU�tqeiYLW P�jbjbUVoBZ[P�`bY-S'`dU L v �}\qZ[j
fqcdU&tqerY�W�Zrj}kxY�ere���f?U�jbYLS:�Vkm\qZ[op\*fqcdU�^&YLj�`b\TY~cbY-jhnqei`Lv

�w�Y~cbY��<Y�c}`bU*© ª�#q­:�<U&cmW�nqei`bZi��jdo�P&eiY-S�^�Y�cpjhZrU&RTjxU&�2`d\qZrjx`d\qY�U�cbYLW*v

� >��
F?A79MK¡A,+.-VE�/2E�F�/,-�1�-VC-K¡F?A
� >¡=?>�3gF�9MK<C -VE�� ><- A +;:<-qAIG'C +.9�+6J�F�454�HIA2KMJ -VC-K¡F?A�>,E ��jbU&erZ�`pPacds�k}P ^&YmZ[j�P�kxP ^�Y}`b\TPa`
fqcdU&fTP&|�Pa`bYLj�kmZi`b\qU�nV`
op\TPaRq|�Y]U&�l�<U�cbW U�c4SVZiW"ZrRznV`bZrU&R$Ua��jhf?Y�Y-S:vy�}\qY
ju`dnTSVs'U&��jbU&erZ�`pPacds
k}P ^&YLj�t?Y�|6PaR�ZrR ���0� �]kmZi`b\�`d\qY
U�tTjhYLcb^�Pa`bZrU&R�t6s��TvI�VoBU&`h`�OmnNjbjbY�e�U&�QjhnTop\�P*k}P�`dY�c_k}P ^&Y
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km\qZreiY}cdZrSqZiRq|�U�R�\qU�cdjbY�tNP&op{~PaerU&Rq|�P�op\TPaRTRqY�e®v,�lU�k�YL^&YLc2RqU�W4P�`d\qY�W4Pa`bZ[o�Paez`d\qY�U�cbs_P ^�P&Zie[PatqerY
P�`�`b\qYm`dZiW"YQfTcbY-SVZroB`bY-S4P_jhU�eiZi`dP&cbs�kxP ^�Y&v2�}\TYQfqcdU&tqerY�W�kxP�j%cbY-jhU�ei^�YLS�ZiR � � 
_e�t6s !lU�ch`dY�kxY�|
PaRNS�SVY��%cbZrYLj�km\qU SVYLcbZr^&Y-S PaR YL�6nTP�`dZiU�R �<RTU�k {zRqU�kmR�P&j]`d\qY�!~S�� Y-��nNP�`bZrU&R �
km\qZ[op\
|&U�^�Y�cdRTjmjbW"P&eie2jh\TP&eierU�k}��kxPa`bY�cmk}P ^&Y-j�© � �6­�vQ�xU&nTjdjbZiRqY-jb��ZiR ��� ���_Pae[jhU
SVYLcbZr^&Y-S*P4RqU&RTeiZrRqYLP&c
k}P ^&Y
Y-��nNP�`bZrU&R |&U�^&YLcbRTZiRq|�jbnTop\'erU&RT|�k}P ^&YLj�© = �z­�v 
lY-jhfTZ�`dY�`d\qZrj�Y-Pacdeis�kxU&cd{�RqU��<nqcb`b\qYLc
PafTfqeiZ[o�Pa`bZrU&R�k}P&j~SVZ[jbo�U�^&YLcbY-S�nqR6`bZre�`d\qY ��
 � �T� jLv
��R � 
 � ����PacpSVRqYLcL� ��cbYLY�R0��!�cbnNjh{�Pae®�2P&RTS
�
ZrnqcpP_�Tcpjh`}SVZ[jdoBU�^&YLcbY-S4PaR�U&cdZi|�ZiRNPae?W�Y�`b\qUVS�Ua�IjbU&ernV`dZiU�R�Ua��!~S�� t6s
P&fqfqerszZiRq|"PaR]ZiW"fqerZ[oBZi`
erZiRqY-PacdZi�-P�`dZiU�R Ua��`b\qY
Y-�6nTP�`dZiU�R���`b\qY�jbUa��o�P&eierYLS ZiRz^&YLcdjbY*jboLP�`h`dY�cdZiRT|�`dcdP&RTju�<U�cbW © ª��z­�v �gPa�
����
 � �B�_o�U&RTjbZ[SVY�cpPatqers�|&YLRqY�cpPaerZi�LYLS�`d\qYLjbY�ZrSVY-P&j�© ¬�*q­®�xPaRTS��DPa{z\TP&cbU�^�PaRNS �z\TP&tTP�` ����
 �0� �
jb\qU�k�Y-S�`b\TPa`�`d\qY�W"Y�`b\qUVS�kxU&cd{&Y-S��<U&c�`b\qY�RqU&RTeiZrRqYLP&c��qop\qcb�6SVZrRq|&YLc@�D���2�2�lYL�6nTPa`bZrU&R'© ���V­�v
�x`m`b\TZrjQ`bZrW�Y~Zi`lk}P&j}{zRqU�kmR]`b\TPa`Q`b\TY ���2�]Y-��nNP�`bZrU&R
SVY-jbo�cbZrt?YLjx`b\TY_fqcdU&fTP&|�P�`dZiU�R�U&��jb\qU&cb`
fqnqe[jbYLj
ZrR W"U&RTUa��W�UVSVY
U�fV`bZ[o�P&eQ�Tt?Y�cpj�© ¬?¬z­�v �lP�jhYL|�P k}P%��� 
 ���B��`d\qY�R oBe[PaZrW�Y-S$`b\TPa`
`b\TY
�bjhU�eiZi`bU�R ��k}P&j�`b\qY~Z[SVY-Pae0o�P&RTSVZ[SqP�`dYl`dU4tNY�`d\qY~ZiRq�<U&cdW"Pa`bZrU&R]tqZ�`m�<U�c}`b\qY~RTYB�z`m|&Y�RTY�cpP�`bZrU&R]Ua�
U&fq`bZ[o�PaeD�NtNYLcdj�© ���T­�v

��RTSVYLYLS
o�U&W"W�nTRqZroLP�`dZiU�R4ZiR
U�fV`bZ[o�P&eq�Tt?Y�cpj�© �D¬z­:oBU�RTjbZrjh`dj�ZiR�jbY�RNSVZiRT|�tqZrRTPacds�W�Y-jbjdPa|�YLj�Pa`
^&YLcbs�\qZr|&\�cpP�`bY�v �!jhY-�6nqY�RTo�Y4Ua��� � �
PaRTS � ���
o�P&R�tNY�o�UVSVYLS�P�j_P*`bcpPaZrR�Ua�Qjb\qU&cb`_fqnqe[jbYLjL�
km\qYLcbY�P � ���*Zrj4cdY�fTcbY-jhYLR�`dYLS tzs$P�fqnTerjbY�PaRTS P � � �*t6s `b\TY�PatTjbY�RTo�Y
Ua�~P�fqnqe[jhY�ZiR$`b\TY
oBU�cbcdYLjbf?U&RTSVZrRq|�PacdcbZr^�Pae}`dZiW"Y�jbeiU&`
Ua��`b\qY
`dcdP&ZiRgv��}\qY�jbnTo�o�YLjdj"Ua��`b\qZ[j
W"YB`d\qUVS$Zrj4tNP&jbYLS
U&R�`d\qY"�¡P&oB`~`b\TPa`�W"UzSqY�cdR�`dYLop\qRqU�eiU�|&s�\NP&j_jbnTo�o�Y�Y-SVYLS�ZiR�fTcbUVSVnTo�ZiRT|�fTnqcbZi�TY-S�|�erP�jbj��NtNYLc
kmZi`b\ P�^�Y�cds�eiU�k�eiYL^&Y�emU&��Pa`h`bYLRznTP�`dZiU�R0v &lRV�<U&cb`bnqRNP�`bYLeis PaRqU&`b\qYLc�fT\qY�RqU�W"Y�RqU�R$P&fqfNY-Pacpj
`bU]tNY4P�eiZrW"Z�`pP�`bZrU&R�`bU�`b\qY�cdP�oBY�`bU�k}PacpSqjQ\qZr|&\TY�c�PaRTS
\TZi|�\qY�c�`bcpPaRTjbW"ZrjdjbZiU�R
cdPa`bYLjLv���RTSVYLYLS
SVZ[jhf?Y�cpjbZiU�R�W4Pa{�YLj�fqnqe[jbYLj_jbfqcdYLP&S�U&nV`-v$�QU�kxY�^�Y�c�RqU&RTeiZrRqYLP&c�YB¯DYLo8`pj_jbnTop\�P�j~jhYLe�� �®�<UVoBnTjbZrRq|
oBU�W"fNY�`bY"kmZ�`d\�SVZrjbf?Y�cpjhZrU&R0v"�}\qY"RqU�RqeiZrRqY-Pac_�Vop\qcd��SVZrRq|�Y�c�YL�6nTP�`dZiU�R0�0km\qZ[op\�SVYLjdoBcdZit?YLj�`d\qZ[j
oBU�W"fNY�`bZi`bZrU&R4`dU�P_|�U6UVS4P&fqfqcdU �zZrW4P�`dZiU�R0�a\TP�j�P_jbfNY-oBZ[PaeDjhU�einq`bZrU&R0�&`b\qY�jhU&��oLPaereiY-S"jhU�eiZi`bU�R0�a�<U�c
km\qZ[op\
`b\TY�RqU�RqeiZrRqY-PaclY�¯?Y-o8`pjlY��VP�o8`deis*oBU�nqR6`bY�cdtTP&erP&RToBY_SVZ[jbfNYLcdjbZiU�R0vm��`�ZrjQ`b\qYLcbY��<U&cdY�P
|�U6UVS
o�P&RTSVZ[SqP�`dY~`bU�tNY~`d\qY�ZrRV�<U�cbW4P�`dZiU�R*tqZ�`��<U&cm`d\qY�RTYB�z`l|&YLRqY�cpP�`dZiU�R*Ua�%U&fV`dZroLPaeg�TtNYLcdj_© � �V­�vm��R
U&cpSVYLcl`dU*o�U&RV�NcbW�`d\qZ[j�\qU&f?Y&�0Zi`~Zrj�cdY�erY�^�P&R�`�`bU
jh`bnTSqs
`b\qY"t?Y�\TP ^zZrU&c�Ua�}P]jbU&erZi`bU&R�km\qY�R�Zi`
fqcdU&fTP&|�Pa`bYLj�`b\TcbU�nq|&\�k�Y-Pa{zers4fNYLch`dnqcbt?YLS�W"YLSqZrP"U�^�Y�cx^&Y�cds
e[Pacd|&Y�SVZ[ju`pPaRTo�YLjLv

� > ª > ��KD: / +6E8:LKMFNA K¡A ><- A + /IE�F�/0-21 -VCLKMFNA / �,+6AIF 4 +zA7-:>)E ��erZiRqY-PaclSqZrjbfNYLcdjbZr^&Y~jhsVjh�
`bYLW�Z[jmPaRzs�jbsVju`dY�W km\qZ[op\
P&SVW"Zi`dj}YLeiYLW�YLR6`dPacds�jbU&ernV`bZrU&RNj}Ua�g`d\qY��<U&cdW��
���_e �

u = a exp i (kx− ωt)
km\qYLcbY4`d\qY4�<cdYL�6nqYLRToBs

ω
Zrj�P�SVYB�NRqZ�`dY�cdYLP&e%�<nqRToB`bZrU&R'U&�x`d\qY�k}P ^&YLRznqW�t?Y�c

k
PaRNS�`b\qY�jhU&�

o�P&eierYLS�SVZ[jhf?Y�cpjhZrU&R�cbYLerPa`bZrU&R
ω(k)

Z[j�SVYB`dY�cdW�ZrRqY-S�tzs*`b\qY"fTP&ch`dZro�nqe[Pac�jbsVju`dY�W*v �QRzs
|�Y�RqYLcdP&e
jbU&ernV`bZrU&R�Zrj�U&tq`dPaZrRqY-S�tzs�jhnTfNYLcbf?U�jbZ�`dZiU�R�U&��Y�erY�W"Y�R6`pPacds�k}P ^&Y�`bcpPaZrRTj@���8eB�m`dU��<U�cbW £TU&nqcdZiYLc
ZrR�`dY�|�cdP&erj'�

u =

∫

F (k) exp i (kx− ω(k)t) dk
km\qYLcbY

f
Z[j�op\qU�jbY�R�`dU��q`�`b\qY]tNU�nqRTSqP&cbs�U&c�ZiRTZ�`dZrP&e}o�U&RTSqZ�`dZiU�RTj_kmZi`b\ nTjhY�Ua�m`b\TY�£TU&nqcdZiYLc

ZrR6^�Y�cpjhZrU&R
`b\qYLU&cdY�W*v%�}\qY�kxP ^�YB`bcpPaZrRTj�`bcpP ^&YLeNkmZi`b\�`b\TY�ZrcmU�kmR�fq\TP�jhY�^�Y�erUzo�Z�`us
ω(k)/k

v 
�Z[ju�
f?Y�cpjhZrU&R]Zrj}ZrRz^&U&er^&Y-S4tzs4`b\TY��¡P�o8`m`d\TP�`}`b\TY�SqZrjbfNYLcdjbZrU&R�cdY�e[P�`dZiU�R�Z[j}nTjbnTPaereis4RTUa`meiZrRqY-Pac-v&��jmP
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oBU�RTjbYL�6nqY�RNoBY�`b\TY�fq\TP�jhY�^&Y�erUVoBZi`us�SqY�f?Y�RTSqj�U&R*`d\qY�k}P ^&YLRznqW�t?Y�c
k
v(�ljm`dZiW"Y�YL^&U�ei^�YLjL�V`b\qY

SVZi¯?YLcbYLR6`�oBU�W�f?U&RTY�R6`QW"UzSqYLjlSqZrjbfNYLcdjbY_PaRNS�`b\qY_fTnqerjbY�jbfqcdYLP&STjmU&nV`-v ��W"U&cdY_��nNPaR6`bZi`dPa`bZr^&Y
PaRNPaerszjbZ[jxoLPaR�tNY_oLPacdcbZrYLS�U&nV`QZrR
P��<Y�k ju`dY�fTjx�<U�c}`b\qY~erZiRTYLPacl�qop\qcb�6SVZrRq|&YLcxY-�6nTP�`dZiU�R��

iut + uxx = 0
km\qU6jhY4SVZ[jhf?Y�cpjbZiU�R�cdY�e[P�`dZiU�R�Z[j

ω(k) = k2 v�����`d\qY4ZiRTZ�`dZrP&e�oBU�RTSVZi`bZrU&R
u(t = 0, x) = u0(x)t?Y�erU&Rq|6jx`bU

L2 �V`b\qYLR�`b\qY_jbfNY-o8`dcdP&e0oBU&R6`dY�R6`mUa�g`d\qY��TYLerS�Z[j.�

f(k) =

∫ ∞

−∞

u0(x) exp(−ikx)dx
PaRNS
`d\qY_jhU�einq`bZrU&R]�<U&cQPaRzs4`dZiW"Y

t
o�P&R]t?Y~kmcbZi`h`dY�R
P&j'�

u(t, x) =
1

2π

∫ ∞

−∞

dkf(k) exp i
(

kx− k2t
)

���
f(k)

Z[j�jbW"UzUa`b\�Y�RqU�nq|&\�jhU�`b\TPa`�`d\qY�jh`dPa`bZrU&RTP&cbs�fq\TP�jhY�W"YB`b\TUzS�o�P&R�t?Y�P&fqfqerZiY-S:�?`b\qYLR
�<U&c

t� 1
�

u(t, x) '
√

π

t
f
( x

2t

)

exp i

(

x2

4t
− π

4

)

km\qZ[op\�jb\qU�kQj:`d\TP�`I`b\TY}P&W"fqeiZi`bnNSVY�U&�q`b\TY�k}P ^&Y�SqYLo�P sVjIP&j
1/
√
t
km\TZierY�Zi`dj�jbnqfqf?U&cb`2ZrRToBcdYLP�jhY-j

P&j
t
v

� > � > � -VC -2:�CLE�F�/ �2KMJ�J�F�9�9D-�/0: +�K¡A A2F?A79MK¡A,+.-VE64 +zGIKD-:> E �}\qY�jhZrW"fqerYLjh`lYL�6nTPa`bZrU&R�SVY��
jdoBcdZitqZrRq|"RqU�RqeiZrRqY-Pac}fqcdU&fTP&|�P�`dZiU�R
YB¯DYLoB`djmZ[j}`d\qY_�xnqcb|�Y�cpj�Y-�6nTP�`dZiU�R��
��� �B�

ut + uux = 0.
�}\qZ[j�YL�6nTP�`dZiU�R�oLPaR�t?Y"jhU�ei^�YLS�P&RTPaers6`bZ[o�Paerers�tzs*`d\qY4ju`pPaRTSqP&cdS�W�Y�`b\qUVS�Ua��op\NPacpP&o8`dY�cdZrjh`bZ[o�jLv
�ljdjbnqW"Y�`b\TPa`m`b\qY_ZrRqZi`bZ[Paego�U&RTSqZ�`dZiU�R

u(t = 0, x) = u0(x)
Z[jQjhW"UzUa`d\0v���`lZ[j}�<U�nqRTS]`b\TPa`m`b\qY

jbU&ernV`bZrU&R�cbYLW4PaZrRTjmjhW"UzUa`d\]nTR�`dZie0`bZrW�Y
tc
�

ux(t, x) =
u0x(x)

1 + u0x(x)tkm\qYLcbY
tc

Z[j�SVY��TRqY-S4tzs
t−1
c := maxx {−u0x(x)}

v �x`�`dZiW"Y
tc

`d\qY�jbU&ernV`dZiU�R4tqcbY-Pa{Vj%nqfgv&�lR
YB�z`dY�RTjbZi^�Y~ju`dnTSVs
U&�2`d\qZrjQYL�6nTP�`dZiU�R�oLPaR�tNY��<U�nqRTS]�<U&cmZrRTjh`dP&RToBY�ZrR�© ���V­�v

� > � > �]A K¡ADCLE�F0G2HIJaC-K¡F?A'C-F�C �,+�K¡A	A�+6E8: +6:-J -VCLC +6E�K¡A,1�CLE8-qA7:�2�FTE84y> E �}\TY�jdo�P�`b`bYLcbZrRq|
`bcpPaRNju�<U�cbW PaZrW4j�Pa`�jh`bnTSVszZrRq|�`b\qY*jhU�einq`bZrU&RTj�Ua�lRqU�RqerZiRqY-Pac�fTPacb`bZ[Pae}SVZi¯?YLcbYLR�`dZrP&e�Y-�6nTP�`dZiU�RTj
Ua�l`b\qY�`uszfNY

ut = F (u)
kmZi`b\$cdP&fqZrSqeis'SVY-o�P szZrRq|�ZrRqZi`bZ[PaemoBU�RTSVZi`bZrU&RTjLv'��`
o�P&R t?Y*P&fqfqerZiY-S

ZrR�`b\TY�oLP&jbY�km\qYLcbY�`b\qY�Y�^�U&ernV`bZrU&R
Y-��nNP�`bZrU&R�Zrj�YL�6nqZr^�PaerY�R6`l`dU�P&R�YL�6nTP&eiZi`us*tNY�`uk�YLY�R�eiZrRqYLP&c
U&f?Y�cpP�`dU&cpj.�

��� � � ∂L(u)

∂t
+ [L,A] = 0.

��`�Z[jQtNP&jbYLS*U&R*`d\qY_�¡P�o8`�`b\TPa`
u(t, .)

o�P&R
tNY�op\TPacpP&oB`bYLcbZr��Y-S�tzs*jhU�W�Y�jhf?YLoB`bcpPae2STP�`dP
Ua��`b\qY
U&f?Y�cpP�`dU&c

L(u(t, .))
v��}\TY�\TU&W"U&|�Y�RqYLU&nTjxRqU�RqeiZrRqY-Pacl�Vop\qcd��SqZiRq|�Y�cxYL�6nTPa`bZrU&R �D���I�2� �

��� �B�
iut + uxx + 2|u|2u = 0
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o�P&R]t?Y~YB�VfqcdYLjdjbYLS
ZrR�`b\qY��<U�cbW ��� � �xZ���kxY�jbYB`

L(u) = iP
∂

∂x
+Q(u),

kmZ�`d\
P =

(

1 0

0 −1

) P&RTS
Q(u) =

(

0 u∗

−u 0

)

.

�}\qY�U&f?Y�cpP�`dU&c
A

Z[jxUa�0`d\qYl`uszf?Y −2iP ∂2

∂x2 +C(u)
�VkmZi`b\

C(u)→ 0
km\TY�R

u→ 0
�
ux → 0

v
�}\qY~SVU�W"P&ZiR*U&�

L(u)
Z[j}`b\qY_jbfTP�oBY

H
1(R)

�

H
1(R) =

{

ψ
jbnTop\]`b\TPa`

ψ ∈ L
2(R), ψx ∈ L

2(R)
}

,
km\qZ[op\]Z[jQP"SVYLRTjhY~jbnqtTjbYB`QU&�g`b\TY �QZreit?Y�cb`�jbfTP&o�Y

L
2(R)

�

L
2(R) =

{

ψ = ψ1e1 + ψ2e2, ψj ∈ L2(R)
}

, e1 =

(

1

0

)

, e2 =

(

0

1

)

YL�6nqZrfqf?YLS�kmZi`b\�`b\qY_jdo�P&erP&c}fqcbUVSVnNo8`'�

〈ψ, φ〉 =
∫ +∞

−∞

dxψ∗1φ1(x) + ψ∗2φ2(x).

� ¨ � ¨ � ¨ � ¨�� V ¤)Hb¦�¥ X�H L(0) ¨�� L(0)
Z[jmjbY�ei� ��P�S ¢uU&ZrR6`Lv��}\qY~cdYLP&e0P��VZ[jQoBU�RTju`dZ�`dnV`bY-jmZi`djmY-jbjbY�R6`bZ[Pae

jbfNY-o8`bcdnqW*v��}\qY�Y�Zr|&YLRTjbfTP&o�Y�P&jdjbUzo�ZrPa`bY-S
kmZi`b\�`b\qY�YLZi|�Y�Rz^�PaernqY
λ ∈ R

\TP&jmSVZrW"Y�RTjbZrU&R
2
P&RTS

P&SqW�Zi`djx`d\qY_oBU�nqfqerY (
e1e

−iλx, e2e
iλx
) P&jmP�tTP�jhY�v���Y-jhZ[SVY-jx`b\qY~f?U&ZrR6`mjbf?YLo8`dcbnTW�Ua�

L(0)
Zrj

Y�W"fV`us��qt?YLo�P&nTjbY�`d\qY~RqU�RV�M`dcbZr^zZrP&e:jhU�einV`dZiU�RTj}Ua�
vx = iλv

PacdY�RqUa`mZrR
L2(R)

v
� ¨ � ¨ � ¨ � ¨ �,KbK�¤MLN¥�J¡¦a§ K V ¤bP�¥�H&O � X�d*¥ F ¤ X V ¤MHb¦a¥"X�H L(u(t = t0, .))

¨�� �0Y�`�nTj
o�U&RTjbZrSqY�c"`b\TY
jbfNY-o8`bcpPae:fTcbU�tqeiYLW�P&jdjbUzo�ZrPa`bY-S
kmZi`b\�`b\qY~U�fNYLcdPa`bU�c

L(u) = L(0) +Q(u)
�

��� 
B�
L(u(t, x))ψ(t, x) = λ(t)ψ(t, x), ψ = ψ1e1 + ψ2e2.

���
u(t = t0, .) ∈ L1(R)

�I`b\qYLR
Q(u)

Zrj
L(0)

��oBU�W�fNP&o8`-v���j�P�o�U&RTjbYL�6nqYLRToBY4U&��`d\qY�w�Y�sze
`b\TY�U&cdY�W*�?`b\TY�Y-jbjbY�R6`dZrP&eIjbfNY-o8`dcbnqW�U&�

L(u)
Zrj�Y-��nNPaeI`bU]`b\qY�cdYLPae�P��VZ[j�v ���Nv6��� 
;�lP�o8`dnTPaereis

P&SqW�Zi`djx`ukxU�eiZrRqYLP&cbers4ZrRTSVY�f?Y�RNSVY�R6`QjhU�einq`bZrU&RTjxkm\qYLR
λ
Z[j}cdYLPae®vIw�Y~ZrR6`bcdUzSqnToBY�`b\qY~jbUa��o�P&eierYLS

��U�jh`��<nqRToB`bZrU&RTj
f
P&RTS

g
�VSVYB�TRTYLS�P&j�`b\qY�Y�Zr|&YLRV�<nqRToB`bZrU&RTj�Ua�

L(u)
P�jbjbUVoBZ[P�`dYLS4kmZi`b\�`b\qY�cdYLPae

Y�Zr|&YLRz^ P&einTY
λ

km\qZrop\*jdP�`bZ[jh�<s4`b\qY��<U�eierU�kmZrRq|"tNU�nqRTSqP&cbs
o�U&RTSVZi`bZrU&RNj.�

f(x, λ)
x→+∞−→ e2e

iλx, g(x, λ)
x→−∞−→ e1e

−iλx.
����kxY�SqY�RqU&`bY"tzs

ψ̄
`d\qY"^&YLoB`bU�c

(ψ∗2 ,−ψ∗1)
P&jdjhUVoBZ[P�`dYLS
kmZi`b\�P]^&YLoB`bU�c

ψ
jhU�einq`bZrU&R�U&����� 
B�B�

`b\TY�R
ψ̄

Z[j4P�jbU&ernV`dZiU�R'Ua�
Lψ̄ = λ∗ψ̄

v'��R `b\qY
oLP&jbY�Ua��P�cdYLP&e�YLZi|�Y�Rz^�PaernqY&�
ψ

P&RTS
ψ̄

PacdY
erZiRqY-Pacdeis�ZiRNSVY�f?Y�RTSqY�R6`�PaRNS��<U&cdW�P~tTP�jhYmU&�D`b\qYljbfTP�oBYmUa�D`d\qYljbU&ernV`bZrU&RTj�Ua� ��� 
B�8vI��`�oLPaR�`b\qYLR
t?Y~fqcbU�^�YLS
`b\TPa`m`b\qY ��U�jh`��<nTRTo8`dZiU�RTjQPacdY�cbYLerPa`bY-S�tzs��

g(x, λ) = a(λ)f̄(x, λ) + b(λ)f(x, λ),
��^ �;�

f(x, λ) = −a(λ)ḡ(x, λ) + b∗(λ)g(x, λ).
�*^ � �
�znqtNju`dZ�`dnV`bZrRq|"`b\TY_jhY-oBU&RNS�Y-��nNPaerZ�`us4ZrR6`bU�`b\qY��Ncdjh`mU&RqY��Vk�Y~Pae[jbU�Y��V\qZitTZ�`m`d\qY��<U&ereiU�kmZrRq|4oBU�RV�
jbY�cd^ Pa`bZrU&R]cbYLerPa`bZrU&R��
�*^.� � |a(λ)|2 + |b(λ)|2 = 1.
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&ljbZrRq| ��� 
B��kxY
|&Y�`~`uk�U
W"U&cdY4oBU�RTjhYLcb^�Pa`bZrU&R�cbYLerPa`bZrU&RTj�km\qZ[op\'oBU�RToBYLcbR�`b\TY
RqU&cdW4j~Ua�x`b\TY
��U�jh`x�<nTRTo8`dZiU�RTj

f
P&RTS

g
�

|f1(x, λ)|2 + |f2(x, λ)|2 = 1, |g1(x, λ)|2 + |g2(x, λ)|2 = 1.

�
nqei`bZrfqerszZiRq|?���?v��*^ �B��tzs4`b\qY�^&Y-o8`dU&c
f̄∗

�VkxY�|�YB`mPaR]YB�VfqerZro�Z�`mcdY�fqcdYLjbY�R6`dPa`bZrU&R4U&�g`b\TY�o�U6Y��"�
oBZrY�R6`

a
P�jx`b\qY~w�cdU&RTjb{6Z[PaR]Ua�

f
P&RTS

g
�

�*^_�B�
a(λ) = g1(x, λ)f2(x, λ) − g2(x, λ)f1(x, λ).

w�Y�PacdY_PatTeiY~`dU�fqcdU�^zZrSqY_P4W"U&cdY_YB�VfqerZro�Z�`�cbYLfqcbY-jhYLR6`dP�`dZiU�R*Ua��`b\qY �&U6ju`l�<nqRTo8`dZiU�RTj
f

P&RTS
g
v


�Y�RqU&`bZrRq|
f̃1(x, λ) = eiλxf1(x, λ)

PaRTS
f̃2(x, λ) = e−iλxf2(x, λ)

�Dk�Y�oLPaR*�TRNS*�<cbU�W ��� 
;�
`b\NP�`

f̃
jdP�`dZrjh�TYLj�P_jbszjh`bYLW�Ua�:ZiR6`dY�|&cpPaeNYL�6nTPa`bZrU&RTjLv2�xYLjbZ[SVYLj

f̃1
oLPaR4t?YlY�erZrW�ZrRTPa`bYLS4�<cbU�W�`d\qZ[j

jbszjh`bYLW tzs�jbnqtTjh`bZi`bnV`dZiU�R0�NjbU�`d\TP�`QkxY�|&Y�`lP�o�eiU6jhY-S�Y-�6nTP�`dZiU�R��<U�c
f̃2

�Vkm\qU6jhY~jbU&ernV`bZrU&R�Z[j.�

f̃2(x, λ) = 1 +

∫ ∞

x

dyM(y, x, λ)

(

1 +

∫ ∞

y

dzM(z, x, λ) (...)

)

,

km\qYLcbY
M(y, x, λ) = −u∗(y)

∫ y

x dzu(z)e
2iλ(y−z) v �}\qZrj�YB�VfqcdYLjdjhZrU&R \qU�erSTj
`bcdnqY'km\TY�R

u ∈ L1 �:tNY-o�PanNjhY�`b\qY"P&jdjhUVo�ZrPa`bYLS�jhY-��nTY�RTo�Y�PatNjhU�einV`dY�ers
oBU&Rz^�Y�cd|&YLjLvl�}\qY��<nqRToB`bZrU&R
f̃1

P&erjbU
P&SqW�Zi`dj�P�jhZrW"Zie[Pac4cdY�fqcdYLjbY�R6`pP�`bZrU&Rgv �0Y�`
nTj4YB�qP&W�ZrRqY�oLPacdYB�<nqereis `b\qY
fTcbU�fNYLch`dZiY-j4Ua�

f̃
v����

y 7→ |y|n|u(y)| ∈ L1 �I`b\qYLR f̃1
P&RTS

f̃2
P&cbY4U&�QoBe[P&jdj Cn U�^&Y�c�`d\qY�cdYLP&e�P��VZ[j�v
�xYLjbZ[SVYLjL�2Zi�

u ∈ L1 �&`d\qY�R f̃1 PaRNS
f̃2

oLPaR4t?Y�P&RTPaers6`bZ[o�P&eiers�o�U&R6`bZrRznqYLS4ZrR4`d\qYlnqfTfNYLcxo�U&W"fqerYB�"\TPaei� �®fTerP&RqY
Im(λ) ≥ 0

km\qY�cdY�`b\qYLs4\TP ^&Y�RqU"jhZrRq|&nTerP&cbZi`us&vI��RTSVYLYLS:�VZrR�^zZrY�k�U&�0`b\TY�SqYB�TRqZi`bZrU&R�Ua�
M

U&RqY
o�P&R�jbY�Y�`b\TPa`�`d\qY"YB�VfNU�RqY�R6`dZrP&eg`dY�cdW�\TP&j�P�RTU&cdWXY-�6nTPaeI`bU

e−2Imλ(y−z) �<cdY�W"YLW�t?Y�c�`b\TPa`
kxY
ZiR6`dY�|&cpP�`dY4U�^&YLc�`b\qY�SVU&W4PaZrR

y − z > 0
��km\qZ[op\'SVYLoLP szj~�¡P&jh`bY�c�`b\TP&R'PaRzs�fNU�eiszRqU�W�Z[Pae

`bYLcbW�tqcbU�nq|&\6`mtzs4`b\TY
λ
��SVY�cdZr^ Pa`bZr^&Y-j�v

� ¨ � ¨ � ¨ � ¨ � X�J�LN¥ K V ¤bPB¥ H&O � X�dm¥ F ¤%X V ¤)Hb¦�¥ X�H L(u(t = t0, .))
¨�� £qcdU&W ��^8�B�IkxYQo�P&R4SVYB�TRTYQPaR

PaRNPaers�`dZromo�U&R6`bZrRznTP�`dZiU�R"Ua�
a(λ)

U�^&YLc�`b\qYQnTfqfNYLc�o�U&W"fqerYB�"\TPaei� �®fTerP&RqY&v&�yRqU&`bZ[oBYLP&tqerY}�<YLP�`dnqcdY
`b\TY�R�Pafqf?YLP&cdjLv����

λr
Z[j�P��LY�cdU�Ua�

a(λ)
�:`b\TY�R

f
PaRTS

g
P&cbY�eiZrRqYLP&cbers�SVYLfNYLRTSVY�R6`-�gjhU�`b\qYLcbY

YB�VZ[ju`pjlP
o�UzYB�
oBZrY�R6`
ρr

jbnTop\*`b\NP�`
g(x, λr) = ρrf(x, λr)

vl�}\qY�oBU�cbcdYLjbfNU�RTSVZrRq|"Y�Zr|&YLRV�<nqRToB�
`bZrU&R�Zrj�t?U&nTRTSVYLS�PaRTS�SVY-o�P sVjlY��VfNU�RqY�R6`bZ[Paerers�P&j

x → +∞ �¡tNY-o�PanNjhY |f | ∼ e−Imλrx
��P&RTS

P&j
x→ −∞ �¡tNY-o�PanNjhY |g| ∼ e+Imλrx

�8v��}\znTj
λr

Z[j}PaR�Y�erY�W"Y�R6`mUa�2`b\qY�f?U&ZrR6`mjbf?YLo8`dcbnTW Ua�
L(u)

v���U&cdY�U�^&YLc�kxY~o�P&R*o�U&W"fqnV`dY��<cbU�W ��� 
B�}PaRNS���^8�B��`d\qY
λ
��SVYLcbZr^�P�`bZr^&Y�U&�

a
Pa`
λ = λr

�

�*^8^;�
a′(λr) = −2iρr

∫ +∞

−∞

dxf1f2(x, λr).

��`4o�PaR `b\qYLR t?Y*fqcbU�^�YLS�`d\TP�`"`b\TY�jbYB`
(a(λ), b(λ), λr , ρr, a

′(λr))
op\TP&cdP�o8`bYLcbZr��Y-j�`b\TY ��U�jh`

�<nqRToB`bZrU&RTj
f

PaRTS
g

P�j
kxY�ere�P�j4`b\TY�jhU�einq`bZrU&R
u
v �}\qY�ZrR6^�Y�cpjhY*`dcdP&RTjh�<U&cdW)Z[j
YLjdjbY�R6`bZ[Paereis

tTP�jhY-S
U&R
`d\qY�cbY-jhU�einV`dZiU�R
Ua��`d\qY�eiZrRqYLP&c�ZrR6`bYL|&cdUa��SVZ�¯DY�cdY�R6`dZrP&e ��Y�ei�¡PaRTSV� �gY�^zZ�`pPaRV����P&cdop\qYLRq{&U
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YL�6nTPa`bZrU&R0�Vkm\TU�jbY�YLR6`bcdZiY-jmPacdY�o�U&RTjh`bZi`bnV`dYLS�tzs4`b\TY_jhY�`
(a, b, λr, ρr, a

′(λr))
�

�*^.e �
K1(x, y) = Φ∗(x+ y)−

∫ ∞

x

K1(x, y
′′)

∫ ∞

x

Φ∗(y + y′)Φ(y′ + y′′)dy′dy′′,

K2(x, y) = −
∫ ∞

x

K∗
1 (x, y′)Φ∗(y + y′)dy′,

km\qYLcbY
Φ(y) = −

∑

r

iρr
a′(λr)

eiλry +
1

2π

∫ +∞

−∞

b(λ)

a(λ)
eiλydλ.

w�Y_o�PaR�|&Y�`}`b\qY~YLZi|�Y�Rz^&Y-o8`bU�c
f
�<cdU&W�`d\qY~{&YLcbRqYLe

K
jbU&ernV`dZiU�R]U&� �*^.e � �

�*^ �B�
f(x, λ) = e2e

iλx +

∫ ∞

x

K(x, y)eiλydy.

w�Y*`b\qYLRyU&tV`pPaZrR
u

tzs `b\qY
�<U�cbW�nqe[P
u(x) = −2iK∗

1 (x, x)
v �}\qY�jh`bnTSVs Ua��`b\qY
ZrRz^&YLcdjbY

fqcdU&tqerY�W!P&jdjhUVoBZ[P�`dYLS�kmZ�`d\]`d\qY~U&f?Y�cpP�`dU&c
L(u)

\TP�j}RqUa`Qs�YB`mtNYLY�R
oBU�W"fqeiY�`bYLeis�P�op\qZrY�^&Y-S:v���R
fTP&ch`dZro�nqerP&c�`d\qY�fqcbY-oBZ[jhY�op\TP&cdP�o8`bYLcbZr�LPa`bZrU&R4U&�0`b\qY�jbfNY-o8`bcpPae:SqPa`dP�km\qZ[op\�erYLP&S
`bU�k�YLeiei��SVYB�TRTYLS
f?Ua`bYLR6`bZ[Pae[j

u
\TP&j�RqUa`�s&YB`]tNYLY�R�o�U&W"fqerYB`bY-S:v �lU�k�YL^&YLcL�xZiR `b\qY�o�P&jbY�km\qYLcbY�`b\qY�ZiRTZ�`dZrP&e

oBU�RTSVZi`bZrU&R
u0

Z[j�cpPafTZrSVers�SVY-o�P szZiRT|�jbU�`d\TP�`~Zi`_jbPa`bZ[ju�TY-j
x 7→ |x|n|u0|(x) ∈ L1 �<U�c�P&Rzs

n
�

`b\TY~ZiRz^&YLcdjbY�jboLP�`h`dY�cdZiRT|�oLPaR�tNY~cdZi|�U&cdU&nTjbers"P�op\qZrY�^&Y-S�© ªV­®v
�}\qYx|&cdYLPa`�P�SV^�PaR6`dP&|&Y�U&�T`d\qY}W�Y�`b\qUVS�Z[jI`b\TPa`I`d\qY}Y�^�U&ernV`bZrU&R�YL�6nTP�`dZiU�RTjIUa�N`b\qYmjdo�P�`b`bYLcbZrRq|

SqPa`dP"PacdY�nqRToBU�nqfqerYLS �

a(t, λ) = a(t0, λ), b(t, λ) = b(t0, λ)e
−4iλ2(t−t0), ρr(t) = ρr(t0)e

−4iλ2

r
(t−t0).

�2U"jbnqW!nqf0�V`d\qY_jboLP�`b`bY�cdZrRq|�`dcdP&RTjh�<U&cdW�ZiRz^&U�ei^�YLj�`b\TY��<U&ereiU�kmZrRq|"U&f?Y�cpP�`dZiU�RTj.�

u(t0, x)
%�� � *��- "/ ��!   ��−→ (a, b, λr, ρr, a

′(λr)) (t0)
���� ↓ ↓ &�#���()&�����*�% *�,.()��&  ��()#+*�� &	!  ���()#�/
u(t, x)

��#.,.* � /�* /���!  � ��←− (a, b, λr, ρr, a
′(λr)) (t)

wy\TPa`2Z[jgjh`bcdZi{zZrRq|QZ[j:`b\TY�cdY�W4Pacd{�PatqerY�PaRTP&eiU�|&sl`bUl£TU&nqcdZiYLc2P&RTPaersVjhZ[j:Ua�z`d\qY�erZiRTYLPac��Vop\qcd��SVZrRq|�Y�c
YL�6nTPa`bZrU&R �¡jbY�Y_�znqtNjhY-o8`bZrU&R �qv �B�8v

� > ¬ > � F?A7: +6E A +zG 
:H,-qADCLK¡CLKD+.:�> E �}\qY�cdY�Y��VZrjh`djIPaR�ZiRV�NRqZ�`dY�RznqW�tNYLc2U&�N�6nTPaR6`dZ�`dZiY-jgkm\qZ[op\
PacdY4fqcdYLjbY�cd^&Y-S�tzs�`d\qY
\qU�W"U&|&YLRqY�U�nTj�RqU�RqeiZrRqY-Pac��Vop\Tcb�6SVZiRT|&Y�c~Y-�6nTP�`dZiU�R ��� �;�"©«¬��z­�v
�}\qY�s
o�P&R�t?Y�cdY�fTcbY-jhYLR�`dYLS
P�j��<nTRTo8`dZiU�RTPae[jxUa�0`d\qY~jhU�einV`dZiU�R

u
U&c}ZrR
`bYLcbW4jxUa�g`b\qY�jboLP�`b`bY�cdZrRq|�SqPa`dPTv

w�Y_jh\TP&eie:fTcbY-jhYLR�`m\qYLcbY�U�Rqeis
`uk�U"Ua�2`b\qYLW�km\qZ[op\
PacdY�Ua�2fT\6sVjbZroLPae:ZrR6`bY�cdYLjh`Lv
• �}\qY_W4P�jbjmU&��`b\qY_k}P ^&Y

N =
∫

|u|2dx v 
lYLRqUa`dZiRT|
n(λ) = −π−1 ln |a(λ)|2 �q`d\qY_W4P&jdjmZ[j

Pae[jbU�|�Zi^�Y�R�t6s

�*^ � �
N =

∑

r

2i(λ∗r − λr) +

∫

n(λ)dλ.

• �}\qY �lP&W"Ziei`bU�RqZrP&R]U�cmY�RqYLcb|�s
H =

∫

|ux|2 − |u|4dx
�qkm\qZ[op\
o�PaR*Pae[jbU�t?Y~YB�VfqcdYLjdjhY-S]P�j

�*^ �B�
H =

∑

r

8i

3
(λ∗r

3 − λr3) + 4

∫

λ2n(λ)dλ.
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� > � >�3gF�9MK<C-FNA�>)E �}\TY�cdY�Y��zZ[jh`dj*P jbf?YLoBZ[Pae~jbU&ernV`bZrU&R�kmZ�`d\��TRTZ�`dY�W4P�jbj*PaRNS Y�RTY�cd|&s Ua�
���?v ��� �B��`d\TP�`QZ[jmo�P&eierYLS*jbU&erZ�`dU&R��

�*^ 
B�
u0(t, x) = 2ν0

exp i
(

2µ0(x− 4µ0t) + 4(ν2
0 + µ2

0)t
)

cosh (2ν0(x− 4µ0t))
.

�}\qY~W4P&jdjQP&RTS]`b\qY_^�Y�erUVoBZi`us�Ua�I`b\TY�jhU�eiZi`bU�R
PacdY�cdYLjbf?YLo8`dZi^�Y�ers
N0 = 4ν0

P&RTS
V0 = 4µ0

v
�}\qY"kmZ[Sz`b\�Ua��`b\qY4YLR6^�Y�erU&f�U&��`d\qY
jhU�eiZi`bU�R�Z[j~oBU�R6^�Y�cpjhYLeis*fqcdU&f?U&cb`bZrU&RNPae2`bU�Z�`pj~W4P&jdj�v��}\qY
jbU&erZ�`dU&R �*^ 
;��ZrjmP�jbjbUVoBZ[P�`bY-S�kmZi`b\�`d\qY��<U&ereiU�kmZrRq|"jboLP�`b`bY�cdZrRq|4SqP�`pP+�

��e �B�
a0(λ) =

λ− (µ0 + iν0)

λ− (µ0 − iν0)
, b0(λ) = 0.

a0
P�SVW"Z�`pj�P�nqRqZ[��nTY��LY�cdU
ZiR�`b\qY�nqfqf?Y�c�oBU�W�fTeiY��*\NPaei� �®fqe[PaRTY�SVY�RTUa`bY-S�tzs

λ0 = µ0 + iν0
v

�}\qY�oBUzYB�
oBZrY�R6`�P&jdjhUVoBZ[P�`dYLS�kmZi`b\�`d\qY��LY�cdU
λ0

Z[j
ρ0 = i exp

(

−4i(µ0 + iν0)
2t
) v�£IZi|�nqcdYc�

fqerUa`pj�`uk�U_SqZ�¯DY�cdY�R6`�jbU&erZ�`dU&RTj%Pa`�`bZrW"Y
t = 0

v���U&`b\"\TP ^�Y}`b\qYQjdPaW"YmW4P&jdj��6PaRTS"o�U&RTjbYL�6nqYLR�`deis
`b\TY�jdPaW"Y_Y�Rz^�Y�erU&f0�NtqnV`l`d\qY�s*\TP ^�Y_SVZi¯?YLcbYLR�`�^&YLeiUVoBZi`bZrYLjLv �QU&`bY~`d\TP�`-�DZiR
`d\qY�oLP&jbY

ν0 � µ0�<cdYLjbf0v
ν0 � µ0

�8�q`b\qY_jbU&erZ�`dU&R�U�jdoBZreie[P�`dYLj}jbeiU�kmers �<cdYLjbf0v%�6nqZ[op{6ers2��kmZ�`d\qZiR
Zi`dj}YLRz^&Y�erU&fgv

� - �
x
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Coefficients of the soliton: N0=2, V0=0.4
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x
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Coefficients of the soliton: N0=2, V0=12.8

���	��
 � 
5����/ �������_1 ��������$5�
t = 0


��;'_��� ��1"'_��� / ��� ��1 � ��+.����12���_�,� '_�c�������2/Z��+.1%�"!#� '_�
1���/ �������81	��
G'���/	�
� '_� 1���/ ���c/ ������1 � ��+.����12���_�T� '_� ��� ��/B�)�
�(��$(�&��� �����	� +0������1b
�� �*�2��-���� ���
N0 = 2

�
V0 = 0.4


�� ���2��-0� �����
N0 = 2

�
V0 = 12.8




� > � >�3gF�9MK<C-FNA,:�KMA E8-qA2GIF 4C4 +zG2K�-:>)E
� ¨�� ¨ � ¨ � X�H��WOV§i¦�¥ J�X�L v�D w�Y�oBU�RTjhZ[SVYLc_P
fNYLch`dnqcdtNY-S'�Vop\qcd��SVZrRq|&YLc~YL�6nTPa`bZrU&R�kmZ�`d\'P*RqU&Rq�
��YLcbU�cdZi|�\�`b�®\NPaRTS�jhZ[SVY �
��e�� �

iut + uxx + 2|u|2u = εR(u)(t, x).
�}\qY_jbW4Paere0fTPacpPaW"Y�`bY�c

ε ∈ (0, 1)
op\TPacpP&oB`bY�cdZr��YLj�`d\qY_PaW"fqerZ�`dnTSVY_U&�2`d\qY~f?Y�cb`bnqcdtTP�`dZiU�R0v��}\qY

W"UVSVY�e0U&�g`d\qY~fNYLch`dnqcdtTP�`dZiU�R]Z[jx`dP&{&Y�R]`bU4t?Y��

R(u)(t, x) = m1(x)u(t, x) +m2(x)|u|2u(t, x) + (m3(x)ux)x .
km\qYLcbY

m1
�
m2

�TP&RTS
m3

PacdY�cdP&RTSVU&W*�Vjh`dP�`dZiU�RTPacds&�zYLcb|�UzSqZro&�6�LY�cdUa��W"YLPaRg�zP&RTS]ZiRTSqY�f?Y�RTSVYLR6`
fqcdUVoBYLjdjbYLjLv$w�Y�jb\TPaereQoBU�RTjhZ[SVYLc"`b\TPa`4`b\qY
fqcdUVoBY-jbjbYLj

Vj
P&cbY*RqU&`
U&Rqers'Y�cd|&UVSVZ[oa�xtqnV`�P&erjbU
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φ
�®W"Zi�VZiRq|N�VZMv Y&v�`d\TP�`m`d\qY�cdY~YB�VZ[ju`pjmP��<nqRTo8`dZiU�R

t 7→ φ(t)
^ P&RqZ[jh\qZrRq|4P&j

t→ +∞ jhnNop\�`d\TP�`

sup
s>0

{

P(B/A)− P(B), A ∈ Fs0 , B ∈ F∞s+t
}

≤ φ(t)

km\qY�cdY F ts = σ(Vj(x), s ≤ x ≤ t, j = 1, 2).
£qU�c�`bYLop\TRqZroLPae�cdYLP&jbU&RNjlkxY�jb\TP&eie�P�jbjbnqW"Y_`d\TP�`�`b\TY��<nTRTo8`dZiU�R

t 7→ φ(t)
SVYLoLP sVj�Pa`�erYLP�ju`_P�j

t−4 v��}\qZ[j�W�Zi�VZiRT|�oBU�RTSVZi`bZrU&R�Z[j�jbnV�
oBZrY�R6`Q`dU�fqcdU�^&Y_P&eie2`b\TY�oBU�Rz^&Y�cd|&YLRToBY�cdYLjbnqei`djl`b\TPa`�PacdY
RqY-oBYLjdjdPacds&v �lU�k�YL^&YLcmk�Y_t?Y�erZrY�^&Y_`b\TPa`lZ�`�o�PaR
t?Y_kxYLP&{&Y�RTYLS*PaRTS*kxY~YB�Vf?YLoB`l`b\TY�oBU�RTSVZi`bZrU&R
φ ∈ L1/2(R+)

`bU"t?Y_jhnV�
o�ZiYLR�`-v

-

0 L/ε2 x

-

�

-

�
iut + uxx + 2|u|2u = εR(u)

���	��
 � 
�������������������� � ! �(1���/ ��������

� ¨�� ¨ � ¨ ��¦�J�L Hd¤&K&OV§ ¥�K v9D �0Y�`

L > 0
v�w�Y�SVY�RqU&`bY�t6s

ΩεL
`d\qY�W"Y-P&jbnqcdP&tqerY�jhY�`�U&��cbY-PaerZi�-P��

`bZrU&RNj}Ua�I`b\qY~fqcdUVoBY-jbj
V

jbnTop\�`d\TP�`m`d\qY_jdo�P�`b`bYLcbY-S�k}P ^&Y�oBU�RTjhZ[jh`dj}Ua�IU&RqY_jbU&erZi`bU&R�fqernTjmjbU&W"Y
cpP&SVZ[P�`dZiU�R0v2��R�`dY�cdW"jQUa�g`d\qY_jbfNY-o8`bcpPae0STP�`dP�Zi`QW"YLPaRNjx`b\TPa`m`b\qY ��U�jh`QoBUzYB�
oBZrY�R6`

a
P�SVW"Z�`pjmP

nqRqZ[�6nqY��LY�cdU
ZrR
`b\qY�nqfqf?Y�c�oBU�W�fTeiY���\TP&e���fTerP&RqY&v�w�Y�SVY�RqU&`bY�t6s
νε

P&RTS
µε

`d\qY�cdYB��jboLPaerYLS
fqcdUVoBYLjdjbYLj%SVY��TRqYLS"U�R

ΩεL
tzs

νε(x) = ν(x/ε2)
P&RTS

µε(x) = µ(x/ε2)
�<Z®v Y&vI`b\qY�oBUzYB�
oBZrY�R6`pj

Ua�g`b\qY�`bcpPaRTjbW"Z�`b`bY-S�jbU&erZ�`dU&R�ZrR�f?U�jbZi`bZrU&R
x/ε2

�B�qPaRTS�U&R
ΩεL

c tzs
νε(x) = 0

P&RTS
µε(x) = 0

v
w�Y_o�PaR�RqU�k ju`pP�`bY�U�nqcmW4PaZrR*o�U&Rz^&YLcb|�Y�RTo�YlcdYLjbnqei`Lv
354�68796;:�<�=�<�6;> 	 A�CVv�D EGF ¤ dMX�§ § X�SUJ�L_N
¦�K2K�¤)H8¥�J�X�L K F Xa§ a�¥�H&OT¤�dMX�H�¦�LQ[ L > 0 ¨� ¨ lim inf

ε→0
P (ΩεL) = 1 ¨

� ¨ EGF ¤
R

2 
 
�¦�§ZOT¤ba V H�X�Pp¤MKbK (νε(x), µε(x))x∈[0,L]
PbX�L�
 ¤)H�N6¤&K J�L V H�X0Yp¦8YMJ §ZJ ¥ [ J�L C0 ¥ X�¥ F ¤

R
2 
 
�¦�§	OT¤2a a�¤B¥�¤)H�� J�L;J�Kp¥ J�PTdbO�LGPB¥ J�X�L (νl(x), µl(x))x∈[0,L]

S F J�P F K�¦a¥�J�K ��¤MK�¥ F ¤%Kb[ K8¥�¤ � X�d(X�H 

a�J�LD¦�H&[ a�J �l¤)Hb¤MLN¥�J¡¦a§I¤ �)OT¦�¥ J�X�L K)]

��e8� �










dνl
dx

= F (νl, µl), νl(0) = ν0
dµl
dx

= G(νl, µl), µl(0) = µ0,

S F ¤)Hb¤ F ¦�LGa G ¦�Hd¤ C1 dbO�L P�¥�J�X�L K(S F ¤)Hb¤ X�LN§Z[4¥ F ¤ � X�O�H&J¡¤MH~¥ Hb¦�LQK*dMX�H�� K5X�d~¥ F ¤�¦�OV¥ X�PbX�H&Hd¤�

§i¦a¥�J�X�L dbO�L P�¥ J�X�L K�¦ V0V ¤d¦�H)]

F (ν, µ) = − 1

2π

3
∑

j=1

∫ ∞

−∞

|cj |2(ν, µ, λ)αj(k(ν, µ, λ))dλ
� e��;�

G(ν, µ) = − 1

4π

3
∑

j=1

∫ ∞

−∞

(

λ2

µν
+
ν

µ
− µ

ν

)

|cj |2(ν, µ, λ)αj(k(ν, µ, λ))dλ.
� e�^.�
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EGF ¤ PbXL¤ � PMJ¡¤)LT¥�K αj ¦�L a k ¦�Hb¤Wa&¤ �TL?¤ba YM[0]

��e8e �
αj(k) =

∫ ∞

0

E[mj(0)mj(x)] cos(kx)dx, k(ν, µ, λ) =
(λ− µ)2 + ν2

µ
.

EGF ¤#dbO�L P�¥�J�X�L K cj ¦�Hb¤ SUH&J ¥®¥�¤)L ¤�I V §ZJ�PMJ ¥®§Z[ J�L ©«ª�# ! = ­ ¨ � X�H PbX�L K&J�K8¥�¤)L P)[ S�¤ SUH&J ¥�¤
¥ F ¤ dbOV§ §
¤2I V Hb¤MK2K&J�X�L X�d c1 ]

��e �B�
c1(ν, µ, λ) =

π

24µ3

(λ− µ+ iν)
2

cosh (π(µ2 − ν2 − λ2)/(4µν))
.

�}\qY4�Ncdjh`�f?U&ZrR6`�W"YLP&RTj~`d\TP�`�`b\qY]Y�^�Y�R6` �u`b\qY�jboLP�`h`dY�cdYLS�k}P ^&Y
o�U&RTjbZrjh`dj�Ua�QU�RqY]jbU&erZ�`dU&R
fqernTj�jhU�W�Y�cdP�SVZrPa`bZrU&R ��UVo�oBnTcdjlkmZ�`d\�^&YLcbs�\qZr|&\
fqcdU&tTP&tqZreiZi`us��<U�c�jbW4Paere

ε
�Nkm\TZierY_`d\qY�jbYLo�U&RTS

`bYLcbW!|&Zr^&Y-jx`b\qY_Y�¯?Y-o8`dZi^�Y�SVszRTPaW"Z[o�j}U&�I`d\qY�o�U6Y��
oBZrY�R6`dj}U&�I`d\qY~`dcdP&RTjhW"Zi`h`dYLS*jhU�eiZi`bU�R*ZiR�`b\TY
P&jbszW"fV`bU&`bZ[o
�<cpPaW"Y�kxU&cd{

ε → 0
v �}\qY
PaRNPaerszjbZ[j�U&�l`b\TY�Y�¯?Y-o8`dZi^�Y�jbsVju`dY�W � e0� ��fqnV`pj"ZiR6`dU

Y�^zZ[SVY�RNoBY�`b\TPa`m`b\qYLcbY�Y��zZ[jh`m`uk�U"W4PaZrR]cdY�|�ZiW"Y-j}nqf�`dU"`bcpPaRTjbZi`bU&cds4cdY�|&ZrW"YLjLv
= � ���Q`b\TY�W4P&jdj_U&�m`b\qY]ZiRTo�U&W"ZrRq|�jbU&erZ�`dU&R�Z[j�jbW4Paere�Y�RTU&nq|�\0�I`b\qYLR'`b\TY�^&YLeiUVo�Z�`us�Ua�}`b\TY

jbU&erZ�`dU&R�ZrjmP&eiW"U�jh`QoBU�RTju`pPaR6`L�Vkm\TZierY~Z�`pj}W4P&jdjmSVYLo�cbY-P&jbYLj�`bU
0
�

��P&j
exp(−L/Lloc)

�<f?Y�cb`bnqcdtTP�`dZiU�R]U&�2`d\qY~erZiRqY-Pacmf?Ua`dY�R6`bZ[Pae �8�
��P&j

L−1/4 �<f?Y�cb`bnqcdtTP�`dZiU�R]U&�g`d\qY~RqU&RTeiZrRqYLP&cQoBUzYB�
o�ZiYLR�` �8�
��P&j

L−1/2 �V`d\qY�R
P&j
exp(−L/L′loc)

�¡SVZ[jhf?Y�cpjbZi^�Y�f?Y�cb`bnTcbtTPa`bZrU&R��Bv
ª � ���0`d\qYlW4P&jdj�Ua�:`b\TY�jbU&erZ�`dU&R
Z[j�erP&cb|�YQY�RqU�nq|&\g�&`d\qY�R�`b\qY�W4P&jdj�Ua�g`b\qY�jhU�eiZi`bU�R4Zrj}P&eiW"U�jh`

oBU�RTjh`dPaR6`-�Lkm\qZrerY�Z�`pjg^�Y�erUVoBZi`uslUa�z`d\qY�jbU&erZ�`dU&R~jbeiU�kmers�SVY-oBcdYLP�jhY-jD`bU
0
v2�}\qY�SVYLoLP slcpP�`bY�SqY�f?Y�RTSqj

U&R*`d\qY~`pPaZregUa��`d\qY�jbfNY-o8`dcbnqWXUa��`d\qY_f?Y�cb`bnqcdtTP�`dZiU�R0�TtTnV`�kxY�o�P&R
ju`pP�`bY�ZiR�|�cbY-P�`m|&YLRqY�cpPaerZi`us
`b\NP�`QZi`QZrjmPa`QW�U6ju`merU&|6PacdZ�`d\qW"Zro&v

��`�oLPaR't?Y�RqUa`dYLS�`d\TP�`-�%ZiR `b\qY�eiZrW"Z�`4o�P�jhY
ν0/µ0 → 0

��`d\qY�ZrRToBU�W"ZiRq|�jhU�eiZi`bU�R o�P&R�tNY
PafTfqcbU �VZrW4P�`bY-S
tzs�P�erZiRqY-PacmfqnTerjbY��

u0(t, x) '
∫ +∞

−∞

dkf(k)eikx−ik
2t,

kmZi`b\
f(k) =

1

2
cosh−1

(

π

4

(

k − 2µ0

ν0

))

,

km\qU6jhY
jbfNY-o8`dcdP&e�oBU&R6`dY�R6`
f

Z[j_jb\TPacdfqers�f?YLP&{&YLS�Pat?U&nq`_`b\qY4k}P ^&YLRznqW�t?Y�c
k0 = 2µ0

v]£Tnqcb�
`b\TY�cdW�U�cbY}`d\qYljbfNY-o8`dcbnqW�U&�?`d\qYQcpP&SVZ[P�`dZiU�R"Zrj�fNY-Pa{&Y-S4Pat?U&nV`�`b\qYQk}P ^&YLRznqW�t?Y�c −2µ0

� `d\qY�cdY
YB�VZ[ju`pj�Pae[jhU�P]jbYLo�U&RTSqP&cbs�f?YLPa{�P&tNU�nV`

+2µ0
km\qZrop\�Zrj�W�nTop\�kxYLP&{&Y�c �8v~�}\qY-jhY"jh`dP�`dY�W"Y�R6`pj

PacdY�ZrR�P&|&cdY�YLW�YLR6`lkmZ�`d\�`d\qY�eiZrRqYLP&c�P&fqfqcdU �VZiW4P�`dZiU�R0v��}\qY�erUVo�P&eiZr�LPa`bZrU&R
erY�Rq|&`b\
Lloc

oBU&cdcdYB�
jbfNU�RTSVZrRq|
`bU�P
fNYLch`dnqcdtTP�`dZiU�R�Ua�}`b\qY]eiZrRqY-Pac_f?Ua`dY�R6`bZ[Paexo�PaR�kmcdZi`h`bYLR'ZrR�`bY�cdW4j_U&�x`d\qY]oLPacb�
cdZiYLc
kxP ^�Y�RznqW�tNYLc"P�j

Lloc = 8k2
0/α1(2k0)

v ��`�Z[j4YL�6nTP&eQ`dU�`b\qY�erUVo�P&eiZr�LPa`bZrU&R eiYLRq|a`d\yUa�
P�W"U&RqUVop\qcdU&W4P�`dZro�k}P ^&Y�kmZ�`d\ kxP ^�Y�RznqW�t?Y�c

k0
jdo�P�`b`bYLcbY-S tzs P�jberP&t Ua��eiZrRqYLP&c4cdP&RTSVU�W

W"YLSVZrnqW �¡jbY�Y ��cdU&f?U�jbZ�`dZiU�R �qv � �8v
� ¨�� ¨ � ¨ EGF ¤ �"¦�J�L K8¥�¤ V K X�dx¥ F ¤ V H�X�X�d v D w�YxRTU�k�eiZ[ju`I`b\TY�W4PaZrR�jh`bYLfTjIUa�V`d\qY}fqcbUzU&�0©«ª�#�! = ­�v

¦&¨ � V H&J�X�H&J�¤MK8¥�J��4¦�¥�¤MKB¨
�}\qYX�<U&ererU�kmZiRq| �6nTPaR6`dZ�`dZiY-j �<W4P&jdj�PaRTS Y�RqYLcb|�s2��P&cbYXfqcdYLjbY�cd^&YLS t6s `b\qY�f?Y�cb`bnqcdt?YLS
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�Vop\qcd��SqZiRq|�Y�c}YL�6nTPa`bZrU&R ��e�� � �

Ntot =

∫

|u|2dx,��e � �

Etot =

∫

H0(x)dx + ε

∫

H1(x)dx,
��e �B�

H1(x) = m1(x)|u|2 +
1

2
m2(x)|u|4 −m3(x)|ux|2

��e 
B�
�ljdjbnqW"Y]`d\TP�`4`d\qY

mj
PacdY�tNU�nqRTSVY-S fqcdUVoBY-jbjbYLjLv �VU&t?U&erY�^�ZrRqYL�6nTP&eiZi`bZrYLj�`d\qY�R fqcdU�^&Y]`b\TPa`

`b\TY
H1 ��RqU&cdW*�N`d\qY

L4 �®RqU�cbW P&RTS
`d\qY
L∞

��RqU&cdW Ua�
u(t, .)

P&cbY�nqRqZi�<U&cdW�ers
t?U&nqRTSqYLS�kmZ�`d\
cdYLjbfNY-o8`�`bU

t ∈ R
PaRNS

ε ∈ (0, 1)
v�£qnTch`d\qY�cdW"U&cdY ∫

H1(x)dx
oLPaR�tNY"t?U&nqRNSVYLS�nqRqZi�<U&cdW"eis

kmZi`b\*cbY-jhf?YLoB`}`bU
t ∈ R

t6s]P�o�U&RTjh`dP&R6`x`d\TP�`lSqY�f?Y�RTSqjQU&Rqers
U&R
Ntot

PaRTS
Etot

v

Y-¨ � H2X�
�¤�¥ F ¤5K8¥�¦8YMJ §	J ¥�[ X�d�¥ F ¤��-¤)H�X X�d~¥ F ¤���X�Kp¥ PbXL¤ � PMJ¡¤)LT¥ a ¨�}\qY��LY�cdU$o�U&cdcbY-jhf?U&RTSTj�`dU$`b\qY'jbU&erZ�`dU&R0v��}\qZ[j
fTP&ch`�jh`bcdU&Rq|�eisycdY�erZrYLj*U&R `b\TY'PaRTP&eis6`bZ[o�P&e
fqcdU&f?Y�cb`bZrYLj�U&�

a
ZiR�`b\TYQnqfqf?Y�c�o�U&W"fqerYB��\TPaei�?fTerP&RqY&v��}P&jbZroLPaereis_kxYQPafTfqeis�OmU&nNop\��&� jI`b\qYLU&cdY�W

jbU�P�j�`dU�fTcbU�^�YQ`b\NP�`}`b\qY�RznqW�tNYLcxU&�g��YLcbU6j�Z[jmoBU�RTjh`dPaR6`-v��}\TZrjxW"YB`d\qUVS�Z[j}YB�
oBZrY�R6`x`bU"fqcdU�^&Y
`b\NP�`m`b\TY��LY�cdU"Zrj}fqcdYLjbY�cd^&Y-S:�ztqnV`QZi`lSVUzYLj}RqU&`QtqcdZiRq|"oBU�R6`bcdU&eDU&R*Zi`dj}fqcdYLo�ZrjbY�eiUVo�Pa`bZrU&R�ZiR]`b\TY
nqfqf?Y�c�\TP&e��%fqe[PaRqY�vl�}\qZ[jljh`bYLf�ZrjlRqUa`�jhnq�4o�ZiYLR6`Q`bU�oBU&W"fqnq`bY~`d\qY�^�PacdZ[P�`bZrU&RNjmUa�%`d\qY�jbU&erZ�`dU&R
fTP&cdP&W�Y�`bYLcdjLv

P-¨ � X�� V OV¥�¤�¥ F ¤5Hb¦8a�J¡¦a¥�J�X�L?¨
�}\qY ��U�jh`mo�UzYB�
oBZrY�R6`dj

a
PaRTS

b
jbPa`bZ[ju�<s�o�U&nqfTeiY-S�Y-��nNP�`bZrU&RNj�© ��#z­ �











∂a(λ, t)

∂t
= 0 +ε (a(λ, t)γ̄(λ, t) + b(λ, t)γ(λ, t)) ,

∂b(λ, t)

∂t
= −4iλ2b(λ, t) −ε (a(λ, t)γ∗(λ, t) + b(λ, t)γ̄(λ, t)) ,

km\qYLcbY
γ(λ, t) = −

∫

dxR(u)f2
2 +R(u)∗f2

1

P&RTS
γ̄(λ, t) = −

∫

dxR(u)∗f∗1 f2−R(u)f1f
∗
2

v
£qcdU&W `d\qYLjbY�Y-��nNP�`bZrU&RNjgkxY�oLPaR_Y-ju`dZiW4P�`dY�`d\qYxP&W"U&nqR6`gU&�TcdP�SVZ[P�`bZrU&R~km\TZrop\_Z[j2Y�W"Z�`b`bY-S�SVnqcdZrRq|
jbU&W"Ym`bZrW"Y�ZrR6`bYLcb^�PaeNZiR�`bYLcbW4j�Ua�0W4P&jdj�P&RTS4Y�RTY�cd|&s�`b\TP&Rq{Vj%`bU �*^ � ��P&RTS ��^ �B�Bv�w�Y�PacdYm`b\qYLR
PatTeiY~`dU]SVY-SVnTo�Y_`b\TY�Y�^�U&ernV`bZrU&R
Y-�6nTP�`dZiU�RTjQU&�%`b\qY"oBUzYB�
o�ZiYLR�`pjQU&�%`b\qY�jhU�eiZi`bU�R
t6s*nTjbZrRq|4`b\TY
oBU�RTjbY�cd^ Pa`bZrU&RTjQUa��`d\qY_`dUa`dP&e2W4P�jbj�PaRTS�Y�RqYLcb|�s&v�£TU&c�`bZrW"YLj�Ua��U�cdSVYLc

O(1)
�0jbZiRNoBY

Ntot
P&RTS

Etot
P&cbY~oBU�RTjbY�cd^&YLS0�z`b\qY~^�PacdZ[P�`bZrU&RNj

∆(..)
Ua�I`b\TY~cbYLeiYL^ P&R6`m�6nTP&R6`bZi`bZrYLjQP&cbY�erZiRq{�YLS]`bU�|&Y�`b\qYLc

tzs4`b\TY~cbYLerPa`bZrU&RTj'�

0 = 4∆ν +

∫

∆n(λ)dλ,

0 = 16∆
(

νµ2 − ν3/3
)

+ 4

∫

λ2∆n(λ)dλ + ε∆

(∫

R

H1(x)dx

)

.

∆n(λ)
Z[j%Ua�:U&cpSVYLc

ε2
�6tqnV`�`d\qYQe[P&jh`%`bY�cdW ZiR"`d\qYQYB�VfqcdYLjdjbZiU�R�U&�N`d\qYm`bU&`dP&eTY�RTY�cd|&s_Z[j�U&�?U�cdSVYLc

ε
v%�}\6nNj�U�nqcxjh`bcpP�`dY�|�s�Z[jxRqUa`xYB�
oBZrY�R6`x�<U&cxYLjh`bZrW"Pa`bZrRq|_`d\qY�^ P&cbZ[P�`dZiU�RTj�U&�0`b\TY�o�U6Y��
oBZrY�R6`dj�Ua�

`b\TYQjhU�eiZi`bU�R��<U�c�`bZrW�Y-j%Ua�?U&cpSVY�c
O(1)

v)�gYB`�nTj�RqU�k$oBU�RTjhZ[SVYLc�`bZrW�Y-j%Ua�?U&cpSVY�c
O(ε−2)

v
∆n(λ)
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Z[j%RqU�k$Ua�DU&cpSVY�c
1
�&km\qZreiY}`d\qYQe[P&jh`%`bYLcbW�ZiR"`d\qYQYB�VfqcdYLjdjbZiU�R�Ua�D`d\qY}`bU&`dPaeTY�RqYLcb|�s�Z[j%Ua�DU&cpSVY�c

εtzs
`d\qY_P"fqcdZiU�cbZ:Y-ju`dZiW4P�`dYLjLv��}\znTjmkxY_o�PaR�YB�
o�ZiYLR�`deis�oBU�W�fTnV`bY�`d\qY_erU&Rq|&�M`dZiW"Y�tNYL\TP ^zZiU�cmUa�
`b\TY�o�U6Y��
oBZrY�R6`djxUa�g`b\qY�jhU�eiZi`bU�R
ZrR
`b\TY�P�jhszW"fV`dUa`bZ[om�<cpPaW"YLk�U�cb{

ε→ 0
�6km\TY�R
`d\qY�erP�ju`x`bYLcbW

ZrR�`d\qY4YB�VfqcdYLjdjhZrU&R�Ua��`d\qY"`bU&`dP&e%Y�RqYLcb|�s
Zrj�nqRTZ��<U�cbW"ers�RqY�|�eiZr|&ZrtqerY&v �QfqfTeiszZrRq|*fqcbU�tTPatTZierZrjh`bZ[o
erZiW"Zi`
`b\qYLU&cdY�W4j �MPafqfqcdU �VZiW4Pa`bZrU&RV��SVZi¯?nTjbZrU&R��B��kxY*`b\qYLR �TRTS$`b\NP�`4`b\TY�oBUzYB�
o�ZiYLR�`pj4Ua��`b\TY
jbU&erZ�`dU&R�o�U&Rz^&YLcb|�Y�ZrR�fqcdU&tTP&tqZreiZi`us�`bU�RqU&Rq�®cpPaRTSqU&W �<nqRTo8`dZiU�RTj�km\qZ[op\�jdP�`dZrjh�<s�`b\qYmjbsVju`dY�W ��e8� �Bv

a&¨ � X�� V OV¥�¤�¥ F ¤�dMX�H�� X�d~¥ F ¤%K)Pp¦�¥®¥�¤)Hb¤ba S�¦ 
 ¤-¨
�QYL|&erYLoB`bZrRq|�`d\qY�`bYLcbW4jxUa�I\qZr|&\qYLcxU�cdSqY�c-��`d\qY�`bU&`dPaeDk}P ^&Y�Zrjx|�Zi^�Y�R�tzs4`d\qY~jhnTW

u(t/ε2, x) =

uS(t/ε2, x)+uL(t/ε2, x)
�6km\qYLcbY

uS
Zrj�P�jbU&erZ�`dU&R�Ua�DW4P&jdj

4ν(t/ε2)
P&RTS�^�Y�erUVoBZi`us

4µ(t/ε2)
�

��� �B�
uS(

t

ε2
, x) = −2iν

exp i (2µ(x− xs) + φs)

cosh (2ν(x− xs))
,

xs
PaRNS

φs
PacdY�cbY-jhf?YLoB`bZr^&Y�ers4`d\qY~fNU6jhZi`bZrU&R*PaRNS
`d\qY~fq\TP�jhY�Ua�I`b\TY_jhU�eiZi`bU�R�Pa`x`dZiW"Y

t/ε2
�

��� � �
xs =

1

2ν
ln

(

1

2ν

∣

∣

∣

∣

ρr(t/ε
2)

a′(t/ε2, λs)

∣

∣

∣

∣

)

, φs = arg

(

−i ρr(t/ε
2)

a′(t/ε2, λs)

)

+ 2µxs,

λs = µ(t/ε2) + iν(t/ε2)
PaRTS

uL
P&SVW"Zi`djx`d\qY��<U&ereiU�kmZrRq|"YB�VfqcdYLjdjbZiU�R��

uL(
t

ε2
, x) =

1

iπ

∫ ∞

−∞

b

a
(λ)

(λ− µ+ iν tanh (2ν(x− xs)))2
(λ− µ+ iν)2

e2iλxdλ
���_� �

+
ν2

iπ

exp 2i (2µ(x− xs) + φs)

cosh2 (2ν(x− xs))

∫ ∞

−∞

b∗

a∗
(λ)

1

(λ − µ− iν)2 e
−2iλxdλ.

uS
Z[j~`b\TY�jhU�eiZi`bU�R�fTPacb`�Ua�}`d\qY4`bU&`dP&e�k}P ^&Y&v*�}\qY4�Ncdjh`�oBU�W"fNU�RqY�R6`�U&�

uL
cbYLfqcbY-jhYLR6`dj�`b\TY

cpP&SVZ[P�`dZiU�R0��kmZ�`d\ P�o�U&cdcbY-o8`bZrU&R�ZrR�`b\TY]RqYLZi|�\ztNU�cb\qUzUVS�Ua�m`d\qY]jbU&erZi`bU&R
x ∼ xs(t/ε

2)
v��}\qY

jbYLoBU�RTS�o�U&W"f?U&RqYLR�`�Ua�
uL

cdY�fTcbY-jhYLR�`pjQ`d\qY"ZiR6`dY�cpP&o8`dZiU�R�U&��`b\qY4jbU&erZ�`dU&R�PaRTS�`b\qY"cpP&SVZ[P�`dZiU�R0�
km\qZ[op\�Zrj~U�Rqers�RqUa`dZro�YLP&tqeiY"ZrR�`b\qY4RTY�Zr|&\ztNU�cb\TU6UVS�Ua�x`b\qY
jbU&erZi`bU&Rgv
�}\qZrj_cbY-jhnqei`_Z[j~RqUa`�jbnqcb�
fqcdZrjbZrRq|Tv�OmU&nT|&\qers�jbfNY-Pa{zZrRq|T�&`b\qYljbnqfqf?U&cb`�U&�?`d\qYQcpP&SVZ[P�`dZiU�R"eiZrYLj�ZiR
P&R4ZiR6`bYLcb^�P&eqkmZ�`d\
erY�Rq|&`b\
Ua�xU&cpSVY�c

ε−2 v��zZrRToBY"`d\qY
L2 �®RqU�cbW�Z[j~t?U&nqRNSVYLS�tzs
`b\TY
oBU&RNjhYLcb^�P�`dZiU�R�U&��`b\TY"`bUa`pPae�W4P�jbjL�

kxY_o�PaR
Y��VfNY-o8`Q`d\TP�`Q`d\qY�P&W"fqeiZi`bnNSVY_Ua��`d\qY_cpP&SVZ[P�`dZiU�R�Z[jQU&�IU�cdSqY�c
ε
vm�
U&cdY~YB�qP�o8`bers�Zi`�oLPaR

t?Y4cbZr|&U�cbU�nTjhers*fqcdU�^&YLS�`b\TPa`~`b\qY]PaW"fqerZ�`dnTSVY4Ua��`b\qY�cdP�SVZrPa`bZrU&R�o�PaR�t?Y
tNU�nqRTSVY-S�Pat?U�^&Y�t6s
Kε| ln ε| v
� ¨�� ¨ � ¨ � O �"¤)H&J�Pp¦�§TK&J��WOV§i¦�¥ J�X�LQK v D �}\qY
cdYLjbnqei`dj�ZiR�`d\qY�fTcbYL^6ZrU&nNj_jhnTtTjhY-o8`dZiU�RTj�P&cbY"`d\qY�U&�
cdYB`bZ[o�P&eiers�^�P&eiZ[S
ZrR*`b\qY�eiZrW"Z�`�o�P&jbY

ε → 0
�Nkm\TY�cdY~`b\qY�PaW"fqerZ�`dnTSVYLj�Ua��`d\qY_f?Y�cb`bnqcdtTP�`dZiU�RTjQ|�U

`bU4�LY�cdU�P&RTS]`b\qY~erY�RT|a`b\*U&�2`d\qY~cdP&RTSVU�W�jhe[Pat�|&UzY-jx`bU"ZiRq�TRqZi`us&v���R�`b\TZrjQjbnqtTjbYLoB`bZrU&R*kxY�P&ZiW
P�`}jh\TU�kmZiRq|_`b\TPa`�`b\TY�P�jhszW"fV`bU&`bZ[oQt?Y�\TP ^zZrU&cpj%Ua�:`d\qY�jhU�eiZi`bU�R
o�PaR�tNY�U&tTjbY�cd^&Y-S�ZiR]R6nTW�YLcbZ[o�P&e
jbZiW�nqerPa`bZrU&RTj}ZrR�`b\qY_oLP&jbY�km\qY�cdY

ε
Z[jQjhW4P&eie®�qW"U&cdY�fqcbY-oBZ[jhYLeis]jhW4PaererY�c}`b\NPaR
PaRzs
U&`b\qYLcQop\TPacb�

P&oB`bYLcbZ[ju`dZro�jboLPaerY_Ua�%`d\qY�fqcdU&tTeiYLW�v�w�Y�nTjbY�P"�<U�nqch`d\V��U&cpSVY�cljbfqerZ�`b��jh`bYLf�W"YB`d\qUVS*`bU�jhZrW�nqe[P�`dY
`b\TY�f?Y�cb`bnqcdtNY-S�RqU�RqeiZrRqY-Pac��Vop\Tcb�6SVZiRT|&Y�c�YL�6nTP�`dZiU�R ��e�� �8v��}\qZrj�RznqW"Y�cdZroLPaexPaer|&U&cdZi`b\qW fqcbU&�
^zZrSqYLjlP�o�o�nqcdPa`bY�P&RTS
jh`dPatTeiY�jhU�einV`dZiU�RTj_© �	�z­�v�£qU�cQ`d\qY�jdPa{�Y_Ua��jbZiW"fqerZro�Z�`us*kxY�U�Rqeis*oBU�RTjbZrSVYLc
f?Y�cb`bnqcdtTP�`dZiU�RTj}Ua�2`b\qY~erZrRqYLP&cmfNU&`bY�R6`dZrP&e

m1
P&RTS
`pPa{�Y

m2 = m3 = 0
v
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ε = 0.05

�)�
�
lc = 0.4
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� '��*���(1���/ ���%/ ��� ��1�����+.� ��12���_�U� '_�
� '_� ��������������/B���M��� �2�����8��1 �"! � '_�
��� ���81�$ ���������\1���/ ��������
����`� '���� � ��1"'_��� ���
� � ��������� / ��� ��1 ��� �#+�/Z���������\� '_� 1���$ -0/Z�������
$(��1�12��1c��� �����2/Z�&�2��������1c� !5� '_� ���"���_1�$#��������� 12��/ �������_1�!2���

7
�)� � ��� ���_� � ����/ �
	&�����*���81c�"!

� '_� �"���
����$ +0�������_���*��/	


w�Y�P�jbjbnqW"Y�ZiR]`b\qZ[jmjbnqtTjbYLo8`dZiU�R
`d\TP�`}`b\TY�f?Ua`dY�R6`bZ[Pae:Z[jmoBU�RTjh`dPaR6`}U�^&YLc�YLeiYLW�YLR6`dPacds4ZrR�`dY�cb�
^�Pae[jlU&��eiYLRq|a`d\

lc
PaRNS*`dP&{&Y_ZrRTSVYLfNYLRTSVY�R6`~cpPaRTSVU�W!^�P&einqY-jlU�^�Y�c�YLP&op\
ZrR6`bYLcb^�PaeIkm\qZ[op\�U&t?Y�s

nqRqZi�<U&cdW�SVZ[ju`dcbZrtqnV`dZiU�RTj�U�^&Y�c
[−1, 1]

vlw�Y�fTcbY-jhYLR�`�jhZrW�nTerPa`bZrU&RTj�km\qY�cdY_`d\qY�ZrRqZi`bZ[Pae�k}P ^&Y�Pa`
`bZrW"Y

t = 0
Z[j_P
jbU&erZ�`dU&R�kmZ�`d\�W4P&jdj

N0 = 2
P&RTS�^&Y�erUVoBZi`us

V0 = 1.6
oBYLR�`dY�cdYLS�P�`

x = 0�¡jbY�Y�£IZi|Nv�e&PB�BvI�}\qY�jbZiW�nqerPa`bY-S4Y�^�U&ernV`bZrU&RTj�Ua�0`d\qY�oBUzYB�
oBZrY�R6`pj�U&�:`b\qY�jhU�eiZi`bU�R�PacdYlfTcbY-jhYLR�`dYLS
ZrR�£IZr|Tv �]�<U&c_jbY�^�Y�R�SVZi¯?YLcbYLR�`~cdYLP&eiZr�LPa`bZrU&RTj�Ua��`b\qY4cpPaRNSVU&W f?Ua`dY�R6`bZ[Pae%kmZi`b\

ε = 0.05
PaRNS

lc = 0.4
v��}\qY�s�PacdYQoBU&W"fTP&cbY-S�kmZi`b\"`d\qYm`d\qY�U�cbY�`bZ[o�PaeTY�^&U�einq`bZrU&RTj�|�Zi^�Y�R"tzs � e0� �IZrR"`b\TYljboLPaerY

x/ε2
vI��`�`b\znTj�P&fqf?YLPacpjI`b\NP�`%`b\TYQRznqW"Y�cdZroLPaeqjbZiW�nqerPa`bZrU&RTj%P&cbY}ZrR"^&Y�cds_|�U6UVS"Pa|�cbYLY�W"Y�R6`�kmZ�`d\

`b\TY_`b\TY�U&cdYB`dZroLPaeIcbY-jhnTe�`pj�v�£2Zr|TvBe�t�fqeiU&`djl`b\qY�Y�Rz^&YLeiU�fTjQU&�%`b\qY"jbU&ernV`bZrU&R�Pa`�SVZi¯?YLcbYLR6`�SVYLfV`b\Nj
oBU�cbcdYLjbf?U&RTSVZrRq|"`dU]U�RqY�U&��`b\qY"jbZiW�nqerPa`bZrU&RTjL�?km\qZrop\�jh\TU�kQjm`b\NP�`�`b\qY�kxP ^�Y_{&YLY�fTjQ`b\qY�tTP�jhZ[o
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�<U&cdW�Ua��P"jhU�eiZi`bU�R]Paei`b\TU&nq|�\�Zi`QeiUzU�jbYLj}jbU&W"Y�W"P�jbjLv �QereD`b\qY-jhY�cdYLjbnqei`djmoBU�RV�TcdW�`b\TPa`QjhsVjh`bY�W
��e8� �xSVY-jbo�cbZrtNY-jxkmZ�`d\*P�o�o�nqcdP�oBs�`b\TY�`bcpPaRTjbW"ZrjdjhZrU&R]Ua��P�jbU&erZi`bU&R�`b\qcdU&nT|&\*P�cpPaRTSqU&W�jberP&t
�<U�c
jbW"P&eie:f?Y�cb`bnTcbtTPa`bZrU&RTjmP&RTS]eiU�Rq|4jhe[Pat�eiYLRq|a`d\0v

� > # > � F?A2JB9¡H,:LKMFNA�>)E w�Y"\TP ^&Y�ju`dnTSVZrYLS�`b\qY"fqcdU&fTP&|�Pa`bZrU&R�U&��P*jhU�eiZi`bU�R�ZrR�P]RqU&RTeiZrRqYLP&c
SVZ[jhf?Y�cpjbZi^�YQW"YLSVZrnqW kmZi`b\�jhfTPa`bZ[Paereis�cpPaRTSVU�W�fNYLch`dnqcbtNP�`bZrU&RNj�tzs4PafqfTeiszZrRq|_`d\qY�ZrRz^&YLcdjbYljdo�P�`b�
`bYLcbZrRq|�`bcpPaRNju�<U�cbW�`dU
P�cpPaRNSVU&W ���2�]YL�6nTPa`bZrU&R0v%���I`b\TY~ZiRTo�U&W"ZrRq|4jhU�eiZi`bU�R]\TP�jmjhW4P&eie0W4P�jbjL�
`b\TY�R�`d\qY�W4P&jdj~U&�m`b\qY�jhU�eiZi`bU�R�SqYLo�P sVj_`bU��LY�cdU
YB�VfNU�RqY�R6`dZrP&eiers�U�c�P&ei|�Y�tqcpPaZ[o�P&eiers�kmZi`b\�`b\TY
erY�Rq|&`b\"Ua�?`b\qY�jhsVjh`bY�W*vI��R
o�P�jhY}Ua�De[Pacd|&Y}W4P&jdj���`d\qYQW4P&jdj�Ua�D`d\qYQjhU�eiZi`bU�R"Zrj�P&eiW"U6ju`�o�U&RTjh`dP&R�`-v
£qnTch`d\qY�cdW"U&cdY"`b\qY]^&Y�erUVoBZi`us�Z[j~�<U�nqRTS�`dU�SVY-oBcdYLP&jbY
P�`"P�jbeiU�k cdPa`bY �MP�`�W�U6ju`�eiU�|�PacdZi`b\qW"Z[o �
km\qZ[op\�SqY�f?Y�RTSqjQU&R]`b\qY~\qZr|&\q�M�<cdYL�6nqYLRToBs4t?Y�\TP ^zZrU&c}Ua�2`b\qY~f?U�kxY�cmjhf?YLoB`bcdnqW�U&�g`d\qY~cdP&RTSVU�W
f?Y�cb`bnqcdtTP�`dZiU�R0v

w�Y~�<Y�YLeg`d\TP�`lZi`�Z[jQU&�%|&cdYLP�`QZrR6`bYLcbY-ju`Q`dU�oBU�RTjbZrSVYLcljbU&W"Y~Ua`d\qY�c�ZiR6`bYL|&cpPatqerY_jbszjh`bYLW4jmkmZ�`d\
P*SVZi¯?YLcbYLR�`~`uszf?Y4Ua�mSVZ[jhf?Y�cpjhZrU&Rgv"£TU&c_ZrRTjh`dP&RToBY�`b\TY !lU�ch`dY�kxY�|a��SVY �%cbZrYLj~Y-�6nTP�`dZiU�R0�0kmZi`b\�P
`b\TZicpS�U�cdSVYLc�SqZrjbfNYLcdjbZrU&R0�DZ[j�kxU&cb`b\�ju`dnTSVszZiRT|Tv<F�cdZi|�ZiRTP&e2cdYLjbnqei`dj�PacdY�SVYLcbZr^&Y-S
`d\TP�`~PacdY�^�Y�cds
SVZi¯?YLcbYLR6`�oBU�W"fTPacdYLS�`dU
`b\TY�cpPaRTSVU�W"eis�fNYLch`dnqcdtNY-S �QU�RqeiZrRqY-Pac~�Vop\qcd��SVZrRq|&YLcQYL�6nTPa`bZrU&R�© � *q­�v
��RTSVYLYLS�`b\TY
jboLP�`h`dY�cdZiRT|�U&��`d\qY
jbU&erZ�`dU&R�|&Y�RTY�cpP�`bY-j�RqUa`_U�Rqers�cdP�SVZ[P�`bZrU&R�SVnqcdZrRq|*Z�`pj~W"Ua`bZrU&Rg�
tqnV`�P&erjbU*P�jbU&erZi`bU&R�|�P�j��D`d\TP�`_Z[j�`bU�jdP s�P*oBU�eierYLoB`bZrU&R�Ua�xP�^�Y�cds
erP&cb|�Y�RznqW�tNYLc~Ua�mjhU�eiZi`bU�RTj
kmZi`b\'^�Y�cds�jbW"P&eie�W4P&jdjhY-j��Ikm\qU�jbY4`dUa`dP&e�W4P&jdj_Z[j_U&�QU&cpSVY�c�U&RqY�v
��`�jb\qU&nqe[S�t?Y�ZrR�`dY�cdYLjh`bZrRq|
`bU"|�YB`QP"oBe[P&jdjhZi�No�Pa`bZrU&R
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