PRICING PARISIAN OPTIONS USING LAPLACE TRANSFORMS

CELINE LABART AND JEROME LELONG

ABSTRACT. In this work, we propose to price Parisian options using Laplace transforms.
Not only do we compute the Laplace transforms of all the different Parisian options, but
we also explain how to invert them numerically. We prove the accuracy of the numerical
inversion.

1. INTRODUCTION

The analysis of structured financial products often leads to the pricing of exotic options.
For instance, consider a re-callable convertible bond. The holder typically wants to recall
the bond if ever the underlying stock price is traded above or below a given level for too
long. Such a contract can be modeled with the help of Parisian options. Parisian options
are barrier options that are activated or canceled depending on the type of option if the
underlying asset stays above or below the barrier long enough in a row. Parisian options
are far less sensitive to influential agent on the market that standard barrier options. It
is quite easy for an agent to push the price of a stock momentarily but not on a longer
period so that it would affect the Parisian contract.

In this work, we study the pricing of European style Parisian options using Laplace trans-
forms. Some other methods have already been proposed. On path dependent options,
crude Monte Carlo techniques do usually not perform well. An improvement of this strat-
egy using sharp large deviation estimates was proposed by [Baldi_et_all (2000). Techniques
using a two dimensional partial differential equation have also drawn much attention,
see for instance the works of |Avellaneda_and Wu (1999), Haber et all (1999), or Wilmott
(1998). The PDE approach is quite flexible and could even be used for American style
Parisian option but the convergence is rather slow, which is badly suited for real time
evaluation. In a not so different state of mind, tree methods based on the framework of
Cox et all (1979) were investigated by ICostabild (2002). An original concept of implied
barrier was developed by |Anderluh and van der Weide (2004), the idea is to replace the
Parisian option by a standard barrier option with a suitably shifted barrier. The idea
of using Laplace transforms to price Parisian options was introduced by IChesney et al.
(1997). Their work is based on Brownian excursion theory in general and in particular on
the study of the Azéma martingale (see [Azéma_and Yor (1989)) and the Brownian mean-
der. The prices are then computed by numerically inverting the Laplace transforms, an
original way of doing so was proposed by IQuittard-Pinon et all (2004). Their idea is to
approximate the Laplace transforms by negative power functions whose analytical inverse
is well-known. Often, there is no upper bound for the error due to the inversion.

In this work, we give the formulae of the Laplace transforms of the prices of the different
Parisian options ready to be implemented. We also derive the formulae for the prices at
any time after the emission time. We prove an accuracy result for the numerical inversion
of the Laplace transforms to find the prices back.

First, we define the Parisian contract and introduce some material related to the excursion
theory. Then, we present a few parity relationships which enable to reduce the pricing of
the eight different types of Parisian options to the pricing of the down and in call — when
the barrier is smaller than the initial value — and the up and in call — when the barrier
is greater than the initial value. The Laplace transforms of the prices of the two latter
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options are computed in Sections Bl and Bl Section B is devoted to the pricing at any time
after the emission time of the option. At this stage, we are able to compute the Laplace
transforms of the prices of all the different Parisian options, we only need a method to
accurately invert them. In Section [ we study in details the numerical inversion of Laplace
transforms as introduced by |Abate and Whittl (Winter 1995) and prove an upper bound
for the error. Finally, the last section is devoted to the comparison of our method with the
enhanced Monte Carlo method of Baldi et all (2000) whose implementation in PREMIAf
has been used for the comparison. We have also implemented our method in PREMIA.

2. DEFINITIONS

2.1. Some notations. We consider a Brownian motion W = {W;,t > 0} defined on a
filtered probability space (2, F,Q), which models a financial market. We assume that Q
is the risk neutral measure and that F = (F)¢>¢ is the natural filtration of W. We denote
by T the maturity time. In this context, we assume that the dynamics of an asset price is
given by the process S

vVt € [0,T], Si= me(T_5_02/2)t+”Wt,

where r > 0 is the interest rate, § > 0 is the dividend rate, ¢ > 0 the volatil-
ity and = > 0 the initial value of the stock. The Cameron-Martin-Girsanov Theorem
(see I[Karatzas and Shreve (1991)) enables to state the following proposition for a finite
time horizon [0, 7] with 7" > 0.

Proposition 1. Let m = % (r - — "—;) and P be a new probability, which makes Z =
{Zy = Wi+ mt,0 <t <T} aP-Brownian motion. The change of probability is given by
@ — emZT—mTQT
dP |7y ’
and under P, the dynamics of S is given by
Vt€[0,T], S;=x e?t,

Remark 1. Since the drift term linking W and Z is deterministic, Fy is also the natural
filtration of Z.

Before explaining what a Parisian option is, we introduce the notion of excursion.
Definition 1 (Excursion). For any L > 0 and t > 0, we define
git =sup{u<t:S,=L} dit =inf{u>t: S, =L}

with the conventions sup () = 0 and inf () = +oo. The trajectory of S between git and dit
1s the excursion at level L, straddling time t.

Obviously, such an excursion can also be described in terms of the Brownian motion Z.
For a given barrier L for the process S, we introduce the corresponding barrier b for Z

defined by
1 L
b= —log <—> .
o x

Definition 2 (Stopping times T}, 7, and TbJr ). Letb € R and t > 0, we define the hitting
time of level b by

Ty(Z) = inf{u >0 : Z, = b}.
In order to define T, (Z) and T," (Z), we introduce g and d
g =suwp{u<t: Z,=0b}, d?=inf{u>t: Z,=>b}.

'PREMIA is a pricing software developed the MathFi team of INRIA Rocquencourt, see
http://www.premia.fr.
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Let T, (Z) denote the first time the Brownian motion Z makes an excursion longer than
some time D below the level b

T (2) = i (>0 2 (= g}) gy > D) )

For the excursion above b, we define

T(2) =t (>0 : (1~ g}) 1700y = D). )

When no confusion is possible, we write Ty, T, and TbJr instead of Ty(Z), T, (Z) and
TH(Z).
b

Remark 2. Note that g0 = git and db = df’t. Moreover, we can also write

T, (Z)=inf{t >0 : Vs € [t — D,t] Z; < b}.
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FIGURE 1. Excursion of Brownian Motion

Definition 3 (Laplace transform). The Laplace Transform of a function f defined for all
t > 0 is the following function f

fu>=1fwe*V@Mt

Parisian options can be seen as barrier options where the condition involves the time spent
in a row above or below a certain level and not only a hitting time. As for barrier options,
which can be activated or canceled (depending whether they are in or out) when the asset
S hits the barrier, Parisian options can be activated (in options) or canceled (out options)
after S has spent more than a certain time in a excursion. Parisian options are defined in
the following way

Definition 4 (Definition of 6,k and d). In the following we define
1 K b—k

0=v2\ k=-1 — d=—.

emges($) =05

Definition 5 (Parisian Options). A Parisian option is defined by three characteristics:
e Up or Down,

‘fig:excursion
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e In or Out,
o Call or Put.

Combining the above characteristics together enables to distinguish eight types of Parisian
options. For example, PDIC denotes a Parisian Down and In call, whereas PUOP denotes
a Parisian Up and Out put.

In the following section, we present Parisian Down options.
2.2. Parisian Down options.

2.2.1. Parisian Down and In options. The owner of a Down and In option receives the
payoff if and only if S makes an excursion below level L older than D before maturity
time T'. The price of a Down and In option at time 0 with payoff ¢(S7) is given by

T Eg (Mg gy ) = e T Be (1 gy dlwe?T) ). 3)
For the sake of clearness, we introduce the following notation
Definition 6 (the star notation). For any function f, we define
fHT) = I (T, (4)
From (B), we define the price of a Parisian Down and In call.

Definition 7 (Parisian Down and In call). Let PDIC(z,T; K, L;r,d) denote the value of
a Parisian Down and In call. Then,

—(r4im?2 o m
PDIC(£7T7K7L7T75) =e (rt3 )TE]P’(]]‘{TI;_<T}(‘T€ ar _K)+e ZT)'
Using notation (), we obtain

PDIC*(x,T; K, L;r,6) = Ep(1 (ze7?T —K)t emZT),

{T, <T}

2.2.2. Parisian Down and Out options. A Down and Out Parisian option becomes worth-
less if .S reaches L and remains constantly below level L for a time interval longer than D
before maturity time 7. The price of a Down and Out option at time 0 with payoff ¢(St)
is given by

m> o m
T Eg ($(ST)1 (g ) = € T E Ep (14 oyl eTAT) €T ). (5)
From (B), we define the price of a Parisian Down and Out call.

Definition 8 (Parisian Down and Out call). Let PDOC(z,T; K, L;r,d) denote the value
of a Parisian Down and Out call. Then,

C(ralm2 o
PDOC(SL'aT»KaLa T 5) =¢ (r+3m)T E]P’(I]‘{Tb_>T}($e “r _K)+ emZT)'
Using notation (f), we obtain
PDOC*(z,T; K,L;r,§) = Ep(]l{Tb_>T}(aj 74T _ )t emZr),

3. RELATIONSHIP BETWEEN PRICES

Parisian option prices cannot be computed directly. We are only able to give closed
formulae for their Laplace transforms w.r.t. the maturity time 7. As we have seen it in the
above definitions, Parisian option prices depend on many parameters. The computation
of the Laplace transform of one option price (say PDOC) requires to distinguish several
cases, depending on the relative positions of z, L and K. The sign of b (= %log(%))
is really important and even if computing the Laplace transform of PDOC™ (denoted

Pm* in the following) in the case b < 0 is quite easy, the computation becomes more
— %
complex in the case b > 0. In Section we explain that computing the value of PDOC
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when b > 0 can be reduced to computing the value of PDOC” with b= 0. As we will see
in Section Bl there also exists an in and out parity relationship between the prices, this
means that we can deduce the value of PDOC™* from the value of PDIC*. The following
scheme explains how to deduce the Laplace transforms of the different kinds of Parisian
call options one from the others. Moreover, in Section B3, we state a call put parity
relationship, which enables to deduce the Parisian put prices from the corresponding call

price through the Black Scholes formula.

PDIC with b< 0

in and out parity

PUIC with b >0

PDOC” with b < 0

PUOC”™ with b > 0

reduction to the case b =0

PDOC” with b > 0

PUOC”™ with b < 0

in and out parity

PDIC” with b> 0

PUIC with b < 0

\We Laplace W

|the prices of the calls at time 0 |

|

some parity relationships
|

|the prices of the puts at time 0 |

|

| the prices at any time ¢ |

FIGURE 2. Deduction scheme of Parisian option prices

3.1. In and Out parity. This part is devoted to make precise the way we compute the
pabegn Pl
value of PDOC from the value of PDIC' . The technique developed below remains valid

for Parisian Up call options. We recall Definitions [ and B,

PDIC*(x,T; K, Ly1,0) = Ep(Liy— gy (2 4T

_K)Jl‘ emZT).

PDOC*(z,T;K,L;r,d) = EP(IL{TI;>T}($ 74T _K)T emar)),

By adding the L.h.s. we get

PDIC*(x,T; K, L;7,0) + PDOC*(z,T; K, L;r,0) = Ep((xe??T —K)* em?7).

Definition 9. Let us define

BSC*(z,T; K;7,0) = Ep((xe”?T —K)T em?T),

BSC is the price of a Black Scholes call option.

(6) ‘ eq:in-out-parity
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From (@), we get
PDOC’ (2, X K, L;7,0) = BSC' (2, \; K3 7,0) — PDIC (3, \; K, L; ,6).

Then, if we get closed formulae for both PDIC” and @*, we can easily deduce a closed

formula for PT)?C*. Since the pricing of a Parisian option can only be achieved through
the numerical inversion of its Laplace transform, it makes sense to compute the Laplace
transform of BSC' even though it can also be accessed through the Black Scholes formula
(Black_and Scholes (1973))).

The following proposition gives the value of B/S\C*(a:, A\ K7, 0)
Proposition 2. For K > «x,

— % K 1 1
BSC (z,\; K;r,0) = ?e(m‘e)k <m—9_m+a—0>‘

For K <z,

2K _ 2x n
m?2—02 (m+o0)2— 62

Ke(m-i—@)k 1 1 (7)
0 m+60 m+o+0)

B/S\C*(a:,)\; K;r)d) =

Proof. From Definition

+oo 2
BSC*(x,T; K;r,0) = / e (ze’” —K)" 5 e” 2T dz.
oo -
Then,
+oo 00 =Xt

2
e 2t dt dz. (8)

B/S\C*(m,)\;K;r,&) :/ e (x e’ —K)+/
0 27t
The computation of the second integral on the right hand side is given in Appendix

Combining (BIl) and (), we find

— 00

— % +OO
BSC (z,\;K;r,0) = / e (x e’ —K) 7
k
e In the case K > z, k > 0 and the result easily follows.
e In the case K < x, we split the integral in () into two parts

dz. 9)

s 0 ezG 0 e—zG
BSC (z,\; K;r,0) = / e (zxe’? —K)sz +/ e (ze’” —K) 7 dz,
k 0

and an easy computation yields the result.
|

3.2. Reduction to the case b = 0. Assume that we know the value of PDOC” with
b < 0. This section aims at proving that computing PDOC with b > 0 boils down to

computing the value of PDOC”™ with b = 0, as suggested in Scheme B First, we state a
Proposition which links PDOC™* with b > 0 to PDOC* with b = 0.

Proposition 3. The price of a Parisian Down and Out call in the case b > 0 is given by

D
PDOC* (2, T K, Li,6) = Lem / PDOC(T — u; K/Li7, )y (du)  (10)
0

where pp(du) is the law of Ty and
PDOC*(T; K;r,5) = Ep (11 i1y (77T — K emZT) .
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Proof. First, we recall the value of PDOC™

PDOC*(z,T;K,L;r,d) = EP(IL{TI;>T}($ 74T _K)T emar)),
Since Z starts from 0 and b is positive, T, < D on the set {T,” > T'}. In fact, if T}, were
strictly greater than D, it would mean that Z has not crossed b before D and then T~

would be equal to D, which is impossible since we are on the set {T,” > T'}, and T' > D.
Therefore, we can write

PDOC*(x,T; K, Ly, 6) = Ep(Liy- 5y Lim, <D} (@ 74T _K)t emZr)),
Introducing Z7,, we can also write
PDOC*(x,T; K, L;r,6) =

Ee (1{T6SD}EP Lz —g>romy (@ 7Ty th Oyt em(Zr = 40) | 7'-Tb]) '

To compute the inner expectation in the previous formula, we rely on the strong Markov
property. Let B = {B; = Zr1,++ — Z1,,t > 0}. B is independent of Fr, and one can easily
prove that T, (Z) — T;,(Z) = Ty (B) a.s. on the set {T,” > T} .

Hence, we find

PDOC*(x, T K, L;7,0) = E[L7,< ) E[L 7 5 (& e (Br—1Fb) _ )T em(Br—ttb)) 1.
We get

D
PDOC*(.ZL',T;K,L;T’, 5) — / EP (1{TO_>T_“}($ eU(BTfu'H?) _K)+ em(BT—u‘H))) /Lb(du)a
0 >
where fi,(du) is the law of Tj,. As b= 11n (%), we get

D
PDOC*(z,T; K, L: 7, 8) = L™ /0 o (11 (157 (7T —K /L) emBT—u) 1y (du),

and the result follows. [ ]

Using this proposition leads to the following formula for the Laplace transform of
PDOC*(z,T; K, L;r,0).

Proposition 4. The Laplace transform of PDOC* when b > 0 is given by
— % D — *,0
PDOC (z,\; K, L;r,0) = Le™ / e ™ uy(du) PDOC™ (X, K/L; 1, 6),
0

where

/ODe-M o (du) = = N <\/59 _ \/—bﬁ> Y (—\/59 - \%) .

Proof. From Proposition B, we know the Laplace transform of PDOC*(z,T; K, L;r,0)
with respect to T’

S 400 D
PDOC (z,\;K,L;r,0) = / e M Lemb/ PDOC*°(t —u; K/L;, )y (du )y~ pydt,
0 0
D 400
= Lemb/ ,ub(du)/ e M PDOC*O(t — u; K/L; r,0) dt,
0 D

we change variables (v,u) = (t — u,u)

D +o0
= Le™ / i (du) e / e PDOC*®(v; K/L;7,6) dv,
0 0

D —— x,0
= Lemb/ pp(du) e PDOC (A K/L;T,6).
0



111 _put_parity ‘

>:pdic_b_leq_0O ‘

o L 10Loivy £ Wi oovWwiv VpPLoUilivo Wwouity L/WpPLwlLe UiWivojul iivo

We refer the reader to Appendix [Al for the computation of fOD wp(du) e A, |

3.3. call put parity. In this part, we explain how to deduce the put prices from the call
prices using a parity relationship.We state the following proposition

Proposition 5. The following relationships hold

1 1
PDOP(z,T;K,L,D,r,0) =K PUOC'( ’E’E’D 5,7“) ,
1
L

1

PUOP(z,T;K,L,D,r,6) = 2K PDOC ( ,?,

1

PUIP(z,T;K,L,D,r,5) = zK PDIC ( :
1’

b1
KL

PDIP(z,T;K,L,D,r,6) =xK PUIC —,T;i,l,DJ,r .
x K' L

Proof. Let us consider a Parisian Down and out put.
—(r—i—mTz)T
(T, >1}) €

One notices that the first time the Brownian motion Z makes below b an excursion longer
than D is equal to the first time the Brownian motion —Z makes above —b an excursion
longer than D. Therefore, introducing the new Brownian motion W = —Z we can rewrite

—<r+m72>T

{be>T}> € )

+
= KR (e (m+oWr le”WT 1 1 e_<7“+m72)T
x K {Tt,>T} .

Let us introduce m’ = —(m+0), 0’ =r, v’ = § and b’ = —b. With these relations, we can
easily check that m/ ( -0 - ﬁ) and that r’ + mT/Q =r+ mTQ Moreover, we notice

PDOP(z,T;K,L,D,r,§) =E (esz (K —ze?ryt 1

PDOP(z,T;K,L,D,r,§) = E (e—mWT (K —ze oWyt g

that the barrier L’ corresponding to b’ = —b is 1.
- + (pym?
Therefore, E <e_(m+")WT (* — %) ]l{ij>T}> e (TJr 2 )T is in fact the price of an Up

and Out call PUOC (%, ; K, E,D d, r) Finally, we come up with the following relation

KL

The three other assertions in Proposition B can be proved in the same way. |

PDOP(z,T;K,L,D,r,8) = K PUOC ( L1 r>

4. VALUATION OF PARISIAN CALLS

Looking at Scheme P, we notice that we only need to compute IﬁjI\C* with b < 0 and

]f]I\C* with b > 0. With these values we can deduce the values of all the others Parisian
calls.

4.1. The valuation of a Parisian Down and In call with b < 0. Before computing
the Laplace transform of PDIC™ in Section L2 we state some preliminary results in
Section LTIl We give a new expression for PDIC™ in Proposition [l and we state a useful

lemma for the computation of PDIC” (Lemma ).
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4.1.1. Preliminary results.

prop:pdic_h_b‘ Proposition 6.

PDIC*(z,T; K, L;r,d) :/ e (ze™ — K)hy (T, y)dy,
k

where
b
b— (z=b)?
hy (t,y) =/ = e At 2 — y)dz,
e D
and
— «?
e 20-T,)
v—(t,z) = Ep 1{Tb‘<t}— . (11) |eq:gamma_t_x
2n(t =1T,)

Proof. Remember that the value of PDIC™ is given by
PDIC*(x,T; K, L;1,8) = Ep(lyp- py(z 74T )T emZT)),
By conditioning with respect to ]:Tb_, we can write

a(ZT—ZTb_ +2,- ) m(ZT—ZTb_ +Z,-)

b |F Tb—])‘
First, we deal with on the conditional expectation. Let By = Z, T T ZT{ for t > 0.

Relying on the strong Markov property, B is independent of F. - So, we obtain

PDIC*(z,T; K, L;r,6) = Ep(]l{Tb_<T}Ep[a:e ~-K)Te

m(Zy— 2yt 2

o(Lr—Z . +7_
EP[W(T W) gyte 1% }
Ep [(m eU(BT—T+Z) _K)-i- em(BT_T—i-z) 7
‘Z:ZT;,T:Tb_

and

B B 1 o0 _ (“—Z)2
Ep [(az e?(Br—r+2) —K)+em( T—T+Z)} e — / ™ (ze —K) e 277 du | .

2n(T — 1) o

Hence, we get
PDIC* (2, T; K, Li,6) = Ep(Lyge oy Pr_gy- (fo)(Z1)),
with

fo(2) = €™ (ze”* —K)T, (12) ‘ eq:call-payoff ‘

and

Pi(fa)(2 Vot / fa(u exp( w— o 2 >du. (13) ‘eq:transition—P‘

As explained by IChesney et all (1997), the random variables Z and T, are independent.
Denoting the law of Zbe by v~ (dz) leads to

PDIC*(z,T; K, L;r,8) = /OO Ep (Ui oy Pr_g- (fo)(2))v ™ (d2),

= / f:c Ty)dy,
where
(z—y)?
] * exp( e >) ]
hy (ty) = Ep 1 v~ (dz).
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Using the expression of v~ (dz) given in Appendix [, we know that

_ G-y)?
b 2(t—T,
_ b—z _(-p? e 27T,
hy (t,y) = / N e 20 [Ep l{Tb_<t}—_ dz,
—o0 2m(t —1T,)
and the result follows. [ |
Definition 10. Let ) : R — R denote
A +o0 12 z2
P(z) = / re” Ty = 1+ 2V 2me T N (2). (14) |psi
0

Remark 3. For the numerical inversion of Laplace transforms, it is important to motice
1 s analytic on the complex plane.

We can easily prove the following Lemma.

ation_K_lambda‘ Lemma 1. Let Ky p : R — R be defined as

+oo »2
Ky.pla) :/ ve 251970 gy, (15) [eq:K_lambda_D
0

Then,
e Diy(—60+/D) ifa <0,
Kp(a) = { ¢ *D(0v/D) — Doy2rDeP {N(e\/_ — L )efoy
N(=0vD — \/;‘B)eea} otherwise.
4.1.2. The Laplace transform of PDIC*(x,T; K, L;r,0).

thm:pdic| Theorem 1. The value of PDIC is given by the following formula

_— % e@b 0o
PDIC (:U,)\,K,L,r,d)—W/k e (ze™ — K)Kyp(b—y).  (16)
For any A > m and for K > L, we get
- ‘ Y(—0v/D) e (m—0)k 1 1
PDIC (.T,)\,K,L,T’,é) WKG <m_9—m+0__0>, (17)
and for K < L
S e(m+6')b 2K
PDIC (z,\;K,L) = H6VD) <m2 — [1[)(m\/5) — mV2rDe 5" (m\/_+d)]
—ﬁ [¢((m+a)\/5)—(m+a) 91D o2 (m+o)’ N((m+a>¢5+d)}>
K (m+0)k 1 1
+ 9;(9\/_) <m+9 - m+a+9> [1[)(0\/5) —9\/2wDe*DN(ex/B—d)}

)\D /9 - 1 1
(49\/_) K%g( VN (_d_9@)<m+a—9_m—9>' (18)

Proof. () and ([[X]) easily follow from ([IHl):
o if K> L, b—y<0Vy € [k,o0]. Then, using Lemma [[l and (@) yields

W—@—\/W Ooe(m—e)y ze”
606V D) /k ( —K)dy,

PDIC  (x, )\ K, L7, 6) =

and the result easily follows.
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o if K < L, b—y is positive on [k,b] and negative on [b,c0]. We have to split the
integral

A [T

I:/ e (ze’ — K)Ky p(b—y)dy. (19)
k

appearing in ([IQ)).

b +00
I:/ e"(ze’ — K)K) p(b— y)dy+/ "™ (ze’ — K)K) p(b—y)dy —Il + 1. (20)
k b

oo K L
= Dip(—0 D"b/ Y (ze?Y — K)e % = Dyy(—0vV/D)e™ - .
V(-0VD)” [ e ae — K)e? = Du(-oVD)e (B
The integral Is can be split into three terms
In = (9\/_)/ Y(we™ — K)eW N dy,
b
_ b—y
I, = —-D6 27rDe>‘D/ e™ (ze” — K)e?WIN(0VD — —2)dy,
22 f ( ) ( \/5 )
b bh— y
Ly = —DOV2rDe'P / e (zeV — K)e?C YN (—0vVD — —=)dy.
[ )N )
An easy computation leads to
L K 1 1
Ioi = D D)e— 0  o(m+0)d _ K e(m+0)k _ ‘
2= Dy(0vD)e {e mtot0 mto| T 0C m+0 m+to+0

I>5 and I3 are computed in the following way: we change variables (we intro-
duce v = §v/D — (for the valuation of Is2)) and we use the following equal-

2
ity fal N(v)ePdv = 5[./\/’(&2)6@1) — N(ay)en? — eb?(/\/'(ag —b) — N(a; —b))], for
ai,a2,b € R, b#0 and a1 < as.
(m+o0)*

We refer to Proposition [}, for proving A should be greater than “—5=-. Let us prove
([[@). Using Proposition B, we get

m*(:E,)\;K,L;’I", J) :/ e (xe? —K)/ e M hy (t,y)dtdy. (21)
k 0
We would like to compute h foo e M hy (t,y)dt. Using the definition of h, (t,y)
in Proposition [ yields
— b _ )2 00
hy (N y) = / b Dz T / e MA_(t,z —y)dt dz. (22)
—00 0

So, we need to compute the Laplace transform of v_(¢,x).

/ (t a; dt E]}D /
0 T, t —_

The change of variables u =t —T," gives

00 _ 00 e 5
/ e MA_(t,z)dt = Ep(e o )/ e M du.
0 0
Using results from Appendices [Al and [B, we get

/ e MA_(t,z)dt =
0

o—(lz|-b)0
0:(0VD)
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Thanks to (22), we can rewrite

— obf b (o—b)? it
h, (A, :7/ b—z)e 2 " IFTYY (.
By changing variables v = b — z, we obtain
— eb@ o v2
hy (A y ::___——————b/‘ ve 20 Ibmvulf gy 23) |eq:hhatl
b ( ) D@T/J(@\/l_)) 0 ( )
and (@) follows. [

5. THE PARISIAN UP CALLS

This section is devoted to the computation of the Laplace transforms of the Parisian Up
call prices. We will go exactly through the same points as in the previous section but
dealing with an Up and In call with b > 0 instead of a Down and In call with b < 0.

5.1. The valuation of a Parisian Up and In call with b > 0. The owner of an Up
and In option receives the payoff if S makes an excursion above the level L longer than
D before the maturity time 7', which is exactly the same as saying Brownian motion Z
makes an excursion above b longer than D. Using the previous notations, the price of a
Parisian Up and In call is given by

PUIC*(2,T; K, Ly1,6) = Ep(Lips gy (2 74T _K)t emZr)), (24)

where T;" is defined by (). The valuation of PUIC in the case b > 0 is similar to the

valuation of IﬁjI\C* in the case b < 0 (see previous Section). Before computing the Laplace
transform of PUIC* in Theorem B, we give a new expression for PUIC™ in Proposition [

Proposition 7.

PUIC*(x,T; K, L;r,0) = / e (ze” — K)hyf (T,y)dy,
k

where
X z—b _(=-n?
h{f(t,y)z/ L e (b2 — y)dz,
b D
and
132
e_zu—qj)
Tt 2) =B L oy ——— | - (25)
2m(t —T,")

The proof of Proposition [ is the same as the proof of Proposition @ We only need to
replace T,~ by TbJr .

Theorem 2. The value of ]ﬂ]I\C* is given by the following formula

e—@b

PUIC (¢, \; K, Li 7, § 27/00 " (xe” - K)K —b). 26
(@ XK Lird) = o [ e — K) Koy =0, (26) (2]
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(m+0)

For any A > , we get for K > L

(m—ﬁ)b V 27TD |: K

— m2
PUIC (x, )\ K, Li7,6) = 2e e e 2 mN(mvVD + d)

Y(0VD)
_meW(mqta)N((meg)@w)
+ﬂKe(m+0)ke)‘D\/27r—DN(d_9\/5)< : = >
(0V/D) oasor®,

e(m=

m—0)k
+9w(6@)K<m1_9_m+2_6> (4(0VD) —0v2rD e N(d +0vD)) . (27)

and for K < L

% ' . 2e(m—0)b K \/_ I \/_
PUIC (z,\;K,L;r,6) = (OVD) [ 2_9271)(771 D) — m¢((m+0) D)]
e—2b0 1/)( 9\/_) (m+9 1 1 .
04 (6/D) <m_|_9 - m+0+a>' (28) [eq:PUIC_KL_xL

Proof. [24) and (28 easily follow from (E0):
o if K> L, y—b>0Vy¢€ [k,o0[. Then, using Lemma [[l and @) yields

—0 [eS)
et )/ e"Y(ze?? — K)K) p(y — b)dy,

PUICT (2, M K, Lir6) = ——
( )= DeuevD) i

where
Kyxply—b) = e~W=Y Dy(0v/D) — DOV27D { (0vD — \/5 ) —0(y—b)
_ovD - Y2000
N(-60vVD 75 ) } ,

As for the valuation of I, page [[Il, we compute the three terms

L = D@ZJ(Q\/E)/ e (zeV — K)e 0w gy,
k

& —b
I, = —D6v 27TD€)‘D/ e (ze? — K)e WON (VD — y—)dy,
K vD
b
—-b
Is = —D6vV ZwDeAD/ €™ (ze’ — K)e "WIN(—6VD — y—)dy.
k VD
I, and I3 are computed in the following way: we change variables (we intro-
duce v = 6v/D — (for the valuation of I3)) and we use the following equality

b2
[* N(v)etdv = E[N(a)e“b — e?(/\/'(a —b))], for a,b € R, b > 0.
o if K < L, y— b is negative on [k, b] and positive on [b,co[. We have to split the
integral

A

“+oo

1:/ ™ (26 — KV p(y — b)dy. (29)
k

appearing in (20)).

b +o0
I:/ €™ (ze™ — KK p(y —b)dy+/ €™ (2™ — K)Kp(y — b)dy 2 I + L.
k b
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An easy computation gives us

b
I} =Dip(—6vD)e™ % / ™ (ze?Y — K)e®dy = Di(—6v/D)
k

om0k (1 1 4 b L K '
m+60 m+o+0 m+o+60 m+86

The integral I> can be split into three terms

In = DLZJ(H\/B)CM)/ e (ze”Y — K)e %dy,
b

1% B h— y
I, = —D6 27rDe)‘De‘%/ e (ze”Y — K)e "N (VD + —=)dy,
22 . ( ) ( \/E) Yy

_ ° b—y
Iy = —DO0V2rDe*Pe Gb/ ™ (ze®Y — K)ePY N (—0VD + —=)dy.
23 . ( ) ( \/5) Yy

An easy computation leads to

Iglsz(H\/B)emb< K L >

m—H_m—i-a—H

Is5 and I»3 are computed in the following way: we change variables (we introduce
v=60vD+ % (for the valuation of Is9)) and we use the equality f;f N(@)edv =

2
7N (az)e®? — N (ay)e®? — ez (N(ag —b) =N (a1 —1))], for ai,az,b € R, b# 0 and
a1 < ag, as we did for the valuation of the PDIC, when K < L.
Let us prove (28). Using Proposition [ yields

Jf]I\C*(a:,)\;K,L;r, 0) = / e (re? — K)/ e M Ry (t,y)dtdy. (30)
k 0
Following the proof of Theorem [ we get
- T 2z—b w2 [,
hy (A y) = A 5¢ ; e Vyy(t,z —y)dt dz. (31)
Using results from Appendices [ and [Bl, we find
/OO Y (t )dt e—(|(E|+b)9 (32)
e My (t,x)dt = ————.
0 i 0y(6v/D)
Thanks to (BIl), we can rewrite
/:_ e—b0 [ee] 12 |b+ |0
hy (A y) = —————= / xe 20 VTV gy (33)
b DOy (6vD) Jo
and (Z0)) follows. [

6. PRICES AT ANY TIME t

So far, we have explained how to compute the prices at time O of the different Parisian
options by numerically inverting their Laplace transforms w.r.t the maturity time. From
a practical point of view, the real prize is to be able to hedge these options. This requires
to compute the option prices at any given time ¢ between 0 and the maturity time 7. In
this part, we explain how to deduce the prices at any time ¢ > 0 from the prices at time 0.
In the following, we have chosen to focus on the Down and In call but the formula we
obtain can easily be extended to the other options by means of parity relationships. We
assume in the following computations that the relevant excursion has not occurred yet,
otherwise the Parisian option has been turned into the corresponding vanilla option and
its price at time ¢ is of common knowledge.

eq:puicl

eq:hhatpuic

eq:8P_30

eq:hhat+
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6.1. Down and In call. We introduce the r.v. D; to count the time already spent in the
excursion below b straddling time ¢

_ab <
Dt _ t ¢ lf St > b7 (34)
0 if S; > b.

Note that D; is Fi-measurable.
Let PDIC(t,S:, Dy, T; K, L, D,r,0) be the price of a Down and In call at time . We know
that

PDIC(ta St, D, T; K, L, D, , 5) = e_T(T_t) EQ <($ eU(WT+mT) _K)+ ]]'{Tb_ ST}|ft) ’ (35)

Proposition 8. On the set {T}, > t},
PDIC(S,,t, Dy, T: K, L, D, r,4)
’I7L2 ! ’ /
_ o )T {]l{St>L}E <esz, (ze”?r —K)t1

/
T, <1’ )
mr<m)

+ 15, <iyLip-p,<E (" (e —K) Uiy sp )
(si<eyl{p-D,<17} ( )" Yry,>p-a) |z=S,d=D;

+ ﬂ-{StSL}E <emZT/ (33‘ echT/ _K)+ 1{T’,<D—d}]l{T,<T’}> } . (36)
b= v = |x=S;,d=D;
where Z' is a P— Brownian motion independent of F; and
1 L
T=T—-t, V= ;ln <§t> , Tl;/_ =T,(Z2"), T, =Ty(Z). (37)

Proof. We can change the probability measure as we did at the beginning to make Z =
{W; + mt;t > 0} a P—Brownian motion (P is defined in Proposition [l). E denotes Ep.
Then, by changing the probability in Equation (BH) we can write

PDIC(t,S:, Dy, T; K,L,D,r,0)
m _ln’l2 ag
Ty (e T (wetr —K)* ]l{Tb‘ST}'ft)

mZt—%mZt

= e s

e
ity (emZt em(Zr=20=5m*T (3 027 _ () Lop- ST}U:t>

mZt—%mQt

= e N

e
m2
— o (TR (em(ZT—Zt)( Sy o Fr=20) _ gy 1oy ]:’t) ,

We introduce Z., = Z, s — Z; for all s > 0. Z' is is a P—Brownian motion independent of

Fi.
m2 / ’ !
PDIC(ta St7Dt7T; Kv L,D,T, 5) = e_(T+T)T B (emZT/(St GUZT/ _K)+ ]]'{Tb_ST}LE) '

The indicator can be split up in several parts describing the different possible evolutions
of Z' (see Figure ). It is quite obvious that on the set {7, > t}, the indicator 1 (1 <1}

can be rewritten as follows

]l{Tb‘gT} - 1{Zt>b}]l{Tl:,—ST'}—HI{ZtSb} <1{TéIZD_Dt}1{D—DtST,} + 1{Tg/<D—Dt}1{Tg,—§T/}> :

To find Equation (BG), it is sufficient to notice that both T} and T, are independent of
7', whereas S; and D; are F;—measurable. |

eq:def_D_t

‘eq:pdic_price_t

‘eq:pdic_price_t_g
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FIGURE 3. Possible evolutions of an asset price
In the sequel, we use the following notation based on Proposition

PDIC(S;,t, Dy, T;K,L,D,r,6) 2 e~ ()7 {115,510, E1(S:, T")
+15,<} B2 (St, Dy, T') + Lyg, <11 E3(Se, Dy, T') } . (38)
From Equation (B8l), we notice that F; is the star price of a Parisian Down and In call,
Ey(x,T") = PDIC*(2,T'; K, L; 1, 6). (39)
Proposition 9. On the set {T,” > t}, the price of a Down and In call at time t is given
by
PDIC*(t,S;, Dy, T; K, L, D,7,6) = 14,3 PDIC*(S;,T —t,K, L, D,7,6)
+ 14 z,<0y(Lp—p,<7—1y BSC* (S, T — t, K, 7,0) + g(S¢, Dy, T — 1)) (40)
where the function g is characterized by its Laplace transform

, D—Dq K
G(S;, Dy, \) = e™ /
0

—— *x,0
iy € du (L PDIC™ (X, 7i79)

— BSC™(L,\ K, 5)) .

Proof. Let us go back to Equation (BY]). First, we deal with Fy and after with Fj3 since
the value of Ej is already known (see (B9)) and gives the first term on the r.h.s of (E0).
Step 1 : Laplace transform of FEj.

Ey(z,d,t) = E (emZt (ze”? —K)* ]l{Tg,zD_d}]l{D_dgt})

= Ip_qey BSC* (2, t; K,7,6) — 1 p_q<}E (emzt (ze”? —K)* ]l{Tl;,gD—d})

é EQl(ﬂj‘,d, t) — EQQ(ZB,d, t).

The term FE9; corresponds to the first half of the second term on the r.h.s of (E0). By
conditioning w.r.t ng/ and introducing X, = w T, b', which is a Brownian motion

fig:asset_t

‘eq:pdic_price_t_s

‘eq:pdic_price_t_f

‘eq:pdic_price_t_j
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independent of fTé/’ we get
Boa(w,0,1) = Lp-anE (L <p-aB (X (wet? X —K) ) |y )
D-d )
— Vpuazy [ VB e S )y ()
0

where pyy is the density function of the hitting time T7,.
Taking the Laplace transform in the previous equality leads to

e D—d
Ey(x,d,\) = / dr e_M/ due™ E(em X (z e e Xr—u —K) )y ().
D—d 0

The change of variables (u, ) = (u, 7 —u) enables to separate the two dimensional integral

o0 D—d
Es(x,d,\) = emY / e N E(e™Xe (x e 7 X¢ —K)+)d§/ e M pp (w)du. (41) ‘ eq:E22_2_integral
0 0
The first integral in (@IJ) is in fact the Laplace transform of the price of a Black Scholes
call and it has already been computed (see Bl). The value of the second integral is given
in Appendix [Al
D-D;

Ba(S,DiN) = o BSCLAKnD) [ e Muwde. (12)

0
Step 2: Laplace transform of Fs5. From Equation (B8),

ES(xv d, t) =E (emZ£ (‘T eUZ£ _K)+ ]]'{TI:ISD_d}]l{TZ:,<t}>

, —bU'. X is a Brownian

To compute E3, we condition w.r.t ng, and introduce X, = ZZ’HT
bl

motion independent of fTé/ so we get
Es(z,d,t) = E (E (emzt (ze” —K)* ]l{Tg,SD—d}]l{T;TSt}|~7:Té,>> :
b mX _T/l b oX —T’,
= VE (Lyep-gB (" @e T —K) 1 1P )
Moreover on the set {T}, < D —d}, T, (Z') = T},(Z') + T; (X) a.s.. Hence, we find

/ mX_ / / G'X_ /
By(v,d,t) = ¢"'E (]I{Tg/SD—d}E (e Th(@ee T —K)T ]l{TJSt—Tg,}VTé/))

= ™E <]]-{T<D—d}E (emxt_T(*’” S O ]l{To*St_T}) =T} )
b/

D-d
- /o B (ethfT(x o7 7N ) 1{To‘§t—7}) pr (T)d.

We can now compute the Laplace transform of E5 w.r.t t.

oo D—d
Es(xz,d,\) = emb//o due_A“/O dTE (emX“‘T (ze? 7 Xur k)t ]l{T(;gu—r}) iy (7).

Once again, the change of variables (7,¢) = (7,u — 7) enables to separate the two dimen-
sional integral

0 D—d
R i TG T P
0 0 0=

/

e D—d
= ¢m /0 e N d{/o ez e PDIC (& K e Jayr, 8) py (1)

;) ———,0 / D—d
= 2™V PDICT (MK e [z, 5)/ e puy (7).
0
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Finally, we get

—_ ) ——— %0 D-Dy
F3(S;,Dy,\) = Le™ PDIC (N, K/L,r,0) / e (7). (43)
0
Noticing that F3(Sy, Dy, A\) — E92(S¢, Dy, A) = g(St, Dy, A) ends the proof. |

6.2. Other Parisian option. The price at time ¢ of an Up and In call can be computed
closely following what has been done for the Down and In call and it is sufficient to replace
PDIC by PUIC in the above formula. All the other Parisian option prices can be deduced
using either an In and Out parity or a call put parity relationships.

7. THE INVERSION OF LAPLACE TRANSFORMS

This section is devoted to the numerical inversion of the Laplace transforms computed pre-
viously. We recall that the Laplace transforms are computed with respect to the maturity
time. We explain how to recover a function from its Laplace transform using a contour
integral. The real problem is how to numerically evaluate this complex integral. This is
done in two separate steps involving two different errors. First, as explained in Section
we replace the integral by a series. The first step creates a discretisation error, which is
handled by Proposition [[1l Secondly, one has to compute a non-finite series. This can be
achieved by simply truncating the series but it leads to a tremendously slow convergence.
Here, we prefer to use the Euler acceleration as presented in Section Proposition
states an upper-bound for the error due to the accelerated computation of the non finite
series. Theorem [Il gives a bound for the global error.

7.1. Analytical prolongations. Because the Laplace inversion is performed in the com-
plex plane, we have to extend the expressions obtained the Laplace transforms computed
so far to the complex plane. To do so, we have to introduce the analytic prolongation of the
cumulative normal distribution function on the complex plane. From Proposition [0 it is
quite easy to show that the expressions obtained for a real value of the Laplace parameter
are still valid for a complex one with the function N defined by Lemma B

Proposition 10 (abscissa of convergence). The abscissa of convergence of the Laplace
2
transforms of the star prices of Parisian options is smaller than @ All these Laplace

transform are analytic on the complex half plane {z € C : Re(z) > M}

Proof. 1t is sufficient to notice that the star price of a Parisian option is bounded by
E(e™?r (eoWr +K)).

m2 m 0'2
E(e™T (e +K)) < Ke'z © tze™s ST _ O(e )

Hence, [Widded (1941, Theorem 2.1) yields that the abscissa of convergence of the Laplace
(m+0)?
2

(m+0)?
oS

transforms of the star prices is smaller that . The second part of the proposition
ensues from Widder (1941, Theorem 5.a). [ |

Lemma 2 (Analytical prolongation of N'). The unique analytical prolongation of the cu-
mulative normal distribution function on the complex plane is defined by

N(w%—iy):%/:;e

Proof. 1t is sufficient to notice that the function defined above is holomorphic on the
complex plane (and hence analytical) and that it coincides with the cumulative normal
distribution function on the real axis. |

_ (v+iy)?
2

dv. (44)

With the definition of N given by Equation (), it is clear that all the expressions obtained

so far for the Laplace transforms are also valid for complex values of A satisfying Re (\) >

M since their are analytic on the complex half plane {z € C : Re(z) > M}

eq:E3_final

‘eq:cdfnor_anal
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7.2. The Fourier series representation. Thanks to [Widded (1941, Theorem 9.2), we
know how to recover a function from its Laplace transform.

Theorem 3. Let f be a continuous function defined on R* and o a positive number. If the
function f(t)e~ is integrable. Then, given the Laplace transform f, f can be recovered
from the contour integral
1 a+100 R
Ft) = = / o f(s)ds, t>0. (45)
2mi a—100

The variable a has to be chosen greater than the abscissa of convergence of f . In our case,
a must be chosen strictly greater than (m + o)?/2.

For any real valued function satisfying the hypotheses of Theorem B, we introduce a
trapezoidal discretisation of Equation (EH) of step 7 /t.

Fap(t) = e—mf(a)+67mi(—1)kne <f<a+z'k7”>>. (46)

2t
k=1

Proposition 11. If f is a continuous bounded function satisfying f(t) =0 fort <0, we

have
—2at

A e
lexn(®)| = |F &) = frape(@®)] < 1 llso 1o et (47)
A proof of Proposition [l can be found in [Labart_and Lelong (2006).

Remark 4. For the upper bound in Proposition [ to be smaller than 1078 || f| ., one has
to choose 2at = 18.4. In fact, this bound holds for any choice of the discretisation step h
satisfying h < 27 /t.

Simply truncating the summation in the definition of f/, to compute the trapezoidal
integral is far too rough to provide a fast and accurate numerical inversion. One way to
improve the convergence of the series is to use the Euler summation.

7.3. The Euler summation. To improve the convergence of a series S, we use the Euler
summation technique as described by |Abate et all (1999), which consists in computing
the binomial average of ¢ terms from the p-th term of the series S. The binomial average
obviously converges to S as p goes to infinity. The following proposition describes the
convergence rate of the binomial average to the infinite series f/(t) when p goes to co.

Proposition 12. Let f be a function of class C4T* such that there exists € > 0 s.t. Vk <
q+4, fF(s) = O 9%), where a is the abscissa of convergence of f. We define s,(t)
as the approzimation of fr(t) when truncating the non-finite series in ([{8) to p terms

sp(t) = 62—??((1) + %atf:(—n’fne <f<a+z“7k>>, (48)

k=1
and E(q,p,t) = > 1 _, 052_qsp+k(t). Then,

te? [f'(0) —af(0)]  (p+1)!q! (’)< 1 >

| fre(t) = E(q,p,1)] < 2 20-2 (p + q + 2)! pat3

when p goes to infinity.

Using Propositions [l and [[2, we get the following result concerning the global error on
the numerical computation of the price of a Parisian call option.

eqn:inverse

‘eq:discret_error

eq:5
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Corollary 1. Let f be the price of a Parisian call option. Using the notations of Propo-
sition [[4, we have

_l’_

2ot | £(0) — af (0 1)! ¢! 1
0~ Blaopt)] < S0 g+ SHLO O LN o (L) (ag

where « is defined in Theorem [3.

We refer the reader to [Labart and Lelong (2006) for a proof of Theorem [ and Proposi-
tion

For 2at = 184 and ¢ = p = 15, the global error is bounded by Syl0~8 +
t]f'(0) — af(0)] 10711, As one can see, the method we use to invert Laplace transforms
provides a very good accuracy with few computations.

Remark 5. Considering the case of call options in Theorem [ is sufficient since put prices
are computed using parity relations and their accuracy is hung up to the one of call prices.

8. A FEW GRAPHS

In this section, we do a few numerical experiments with the method we have studied so
far and compare it with the enhanced Monte Carlo method of Baldi et all (2000).

First, we consider an example of delta hedging of a Parisian up and out call with the
characteristics defined in Table [ We simulate an asset path and try to hedge along this
trajectory. For this purpose, we use the formulae to derive the price of Parisian options at
any time strictly positive. The delta simply ensues from a finite difference scheme. The
discrete delta hedging proves quite efficient as we can see it on Figure Bl In our example,
the hedging portfolio can be rebalanced three times a day. One ca see that there are huge
variations in the hedging portfolio when the option is about to be activated or canceled.
This phenomena introduces some hedging error because the hedging is discontinuous.

Sp =100 K=100 T=1 L =110
D=20day 0=02 7r=0.025 6=0
TABLE 1. example of PUOC for hedging

So=100 K=100 T=1 L=90
c=02 r=002 6=0
TABLE 2. example of PDIC

Now, we would like to compare the prices obtained with our method with the prices given
the Monte Carlo method of [Baldi et all (2000). The Monte Carlo computation uses 10000
samples and 250 discretisation steps between 0 and T'. Figure Bl shows the evolution of the
prices of down and in call as defined in Table Pl computed either with the invert Laplace
transform method or the enhanced Monte Carlo method. The evolution of the prices
provided by our method is much smoother than the ones given by Monte Carlo. As one
can see, the accuracy of the Monte Carlo method has nothing to do with the accuracy of
our method. Let us recall that our prices are accurate up to 1076 (when Sy = 100) as
stated in Theorem [M Concerning the computational costs of the two methods, the invert
Laplace transform method runs a thousand times faster than the corrected Monte Carlo.

9. CONCLUSION

In this work, we provide all the Laplace transforms of the different Parisian option prices,
be it explicit formulae or parity relationships. We also explain how to invert these formulae
to compute the prices and the detailed study of the inversion algorithm enables to prove

‘eq:price—inv—errc
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FIGURE 4. Example of delta hedging
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Fi1GURE 5. Comparison with improved Monte Carlo method

the accuracy and then the efficiency of the method. The efficiency is confirmed by the
comparison with the enhanced Monte Carlo, which in fact is already very efficient as
Parisian options are known to be very difficult to price.
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APPENDIX A. THE LAPLACE TRANSFORM OF i IN THE CASE b > 0

sec:mub

2
__w(5) ion 8 — V2
We already know that py(u) o . We use the notation 6 2.

b Au ( ) b 02 u b b2
e Mup(du) = / e 2 e2u du
/0 0 V2mud
The change of variable t = \/g ﬁ leads to

b +oo [opg —0b
—\u 2
du = - t dt
/0 e M up(u)du N . exp< 5 ( + >) ,

V6D

too [ —0b (1 2

= i@ exp (ﬁ <— — t> )e‘ebdt,
b s 2 t
V0D

a new change of variable v = % —t gives

GD__ eb v
B [ e,
v2 44

wesetu—\/_v

0D
= —e_ b/ e_“2/2 <1 — #> du.
Vom oo vu?Z 4 460b
A last change of variable v = v/u2 + 40b ends the computation

fis(\) = e N <9\/_ @) + N (—9\/5 - %) .

If we let D go to infinity, we can deduce the Laplace transform of T}, for any real b

EHG_ATH ::e_VEXwL (50) ‘eqzlaplace—Tb

2
APPENDIX B. THE VALUATION OF f+°° —Au 'f/;T“du

sec:integrale

Once again we introduce § = V2.
2
The change of variable u = % straightly gives the new expression

+oo -5 +oo
Cau €2 /2|w <9|w|< 2>)
du = +t dt,
/0 ¢ V2T " /
_ QW 9|x|/+°° 0]z ?
= exp 5 ; t dt.

Once again, we can use the Change of variable s = u — %, which maps [0, +oo[ into
| — 00,400 and we have du = £ (1 + \/T) The second term is odd, so its integral
over R cancels and we get
\/\7 —01a| / el
Finally, we obtain
j[+aae_Au e du = le_ﬂ‘zh (51) ‘eq:parisian—int—i
0 V2mu
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- APPENDIX C. SOME RESULTS AROUND BROWNIAN MEANDERS
sec:excursion |

In this part, we recall some useful results about Brownian motion and excursion. We
are interested in the law of (7}, Z,-) and (T,F >ZT,f)' Such results can be found in
Azéma.and Yor (1989); Revuz and Yor (1999); IChung (1976).

In the following, we consider a standard Brownian motion Z.

C.1. Case b= 0.

2

x 22
P(Zp- € dx) = —% e 20 lycqpdr  and  P(Zpr € dx) = %e_ﬁ Tsoydr. (52) ‘eq:law—Z—t—minus‘
1y2p— 1 1y2pt 1
E(e 2T )= ——— and E(e2VT") = ——. 53) |eq:law-t-minus
) = ovm SR AT (59) [ea:tervrmime]

This kind of formula goes back to the work of Wendel (1964).

C.2. Case b < 0. This case can be reduced to the previous one with the help of the
stopping time T}. By introducing a new Brownian motion W = {W; = Z, .+ — b;t > 0}
independent of Fr,, we can write T,” = Ty, + T~ (W). T} and T, (W) are independent,
hence we find - . -
E(e 2% ) = E(e 2 Th)E(e 2 o (W),
As E(exp(—3A?T})) = exp(—[b|A), we get
1y2— eb)\
E (e_i)‘ T ) = — (54) ‘eq:law—tb—minus

»(AVD)’

Concerning the law of ZTb_, we have
B(Zy € do) =B(Wr (z)_1(z) € dw = b) = B(Wy- € do — )

Finally, we obtain

A G
e 20 1 pda. (55) ‘eq:law—Z—tb—minus

v (dr) = B(Zy € do) ="

C.3. Case b > 0. Following closely the above reasoning, we find
E (e—%AQTﬁ) e (56) [eq:law-tb-plus|
= eq:law-tb-plus

»(AD)

b (ep?
vt(de) = P(ZT;- edr) = JJD e_( o Lipspyde. (57) ‘eq:law—Z—tb—plus‘
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