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Summary. Sinai’s walk (S, n > 0) is a recurrent nearest-neighbour
random walk on Z in random environment, and is reputed for its ex-
otic slow movement: S,, ~ (logn)?, as n goes to infinity. The present
paper summarizes the approach via stochastic calculus in the study
of Sinai’s walk. The main tool is the Ray—Knight theorem which de-
scribes the local time process of Brownian motion stopped at some
special random times. The method is very powerful. For example, it
allows to (i) establish all the possible Lévy classes for Sinai’s walk;
(ii) determine the escape rate of favourite sites. It is interesting to
mention that the latter problem remains open for the usual random
walk. A number of unanswered questions, which concern various
asymptotic properties of Sinai’s walk, are listed at the end of the

paper.
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1 Introduction

Let w = (w;, ¢ € Z) be an i.i.d. collection of random variables taking values in (0, 1), such
that the support of the law of wy is contained in (0,1). Upon any realization of (w;, i € Z)
(which we call an environment), we can define a Markov chain (S, n > 0) by S, = 0 and

Wy ify=oz+1,
P(Sny1 =9y |S =2, {witiez) =3 1 —w, ify=z-—1,
0 otherwise.

1



The process (S,, n > 0) is a so-called random walk in random environment, or simply
RWRE, and its origin can be traced back at least to Temkin [71]. One of the interesting
features of the model of RWRE is that it exhibits some phenomena which are not shared by
the usual random walk.

Throughout the paper, we are interested in the asymptotic behaviours of RWRE under
the absolute probability P (“annealed” properties).

Solomon [59] (see also Kozlov [39] for a particular case) completely solved the tran-
sience /recurrence problem for RWRE. He proved that (S,, n > 0) is recurrent if and only
if
(1.1) E[logl_wo] =

Wo
In the transient case, i.e., when (1.1) fails, Solomon [59] determined the speed of the walk;
his law of large numbers was later developed into a central limit theorem by Kesten et al.
(35].
The very delicate recurrent case was analyzed in a celebrated paper of Sinai [58], and
is the main subject of this paper. To avoid the (trivial) non-random environment case, we
assume

1—
(1.2) o? == var [log il ] > 0.
Wo

Here is Sinai’s theorem for recurrent RWRE.

Theorem 1.1 (Sinai [58]) Under (1.1) and (1.2), we have

0.2

law
n bOOi
(ogn)® "

(1.3)

law .
where “—” denotes convergence in law.

The density function of the limit distribution in (1.3) was later determined independently
by Kesten [34] and Golosov [18]:

(1.4) P [bo € dz] = ;Z 2(;31

2,2
exp <_% m) de.

It is interesting to note that in the recurrent case, the magnitude order (logn)? of the walk
is much smaller than n'/2, the magnitude order of the usual random walk.

The present paper aims to give an overview of the recurrent walk, by the method of
stochastic calculus. Throughout the paper, we assume (1.1)—(1.2), and the recurrent walk
(Sp) is referred to as Sinai’s walk. The method of stochastic calculus does not directly
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apply to Sinai’s walk, but rather to a continuous-time model which is related to Sinai’s walk
via an invariance principle (Theorem 3.1 in Section 3).

We refer to the books of Révész [52] and Hughes [25], as well as the lecture notes of
Zeitouni [75], for background and general properties of RWRE. See also Section 6 for dis-
cussions of some related topics and further references.

The rest of the paper is organized as follows. In Section 2, we introduce the continuous-
time model in question, and explain in Section 3 why this is related to Sinai’s walk. Section
4 is the heart of the paper, where we outline the idea of using stochastic calculus to study
Sinai’s walk via a continuous-time model. Our main tool will be the Ray-Knight theorem for
Brownian local times. In Section 5, we are interested in a different continuous-time model
(which corresponds to transient RWRE), and explain how stochastic calculus can be used
for such a process. Section 6 is devoted to a brief description of some important related
topics which we do not study in the present paper, together with a few references. Finally,
in Section 7, we mention some open problems for Sinai’s walk.

2 A continuous-time model

Let V = (V(x), = € R) be a stochastic process defined on R such that V' (0) = 0. A diffusion
process Xy = (Xy (), t > 0) in random potential V| is an informal solution to the stochastic
differential equation
(2.1) { dXV(t) = dﬂ(t) - %VI(XV(t)) dt
Xv(0)=0 ’

where (5(t),t > 0) is a standard Brownian motion independent of V. We write a subscript
for Xy to insist on the dependence of Xy upon the potential V', and will later on look at
various examples of V.

Strictly speaking, the process Xy should be considered as a diffusion whose conditional

L v d (v d
26 dz ¢ dz )~

It is now clear that the potential V' does not need to be differentiable.

generator given V' is

We now proceed to get an analytical and more treatable expression for Xy. Assume that
V is a cadlag process (right-continuous with limits on the left) and is locally bounded. For
each realization of the potential V', if we write

(2.2) Ay = / eVWdy, zeR
0

which is a scale function of Xy, then (Ax, ), t > 0) is a continuous local martingale; there



exists therefore a standard Brownian motion (B(t); ¢t > 0) independent of V', such that
(2:3) Axv = B(O(1)),

where O(t) := (Ax, )(t) denotes the increasing process associated with the local martingale
Ay, . Note that in case O(00) < oo, the representation (2.3) involves only (B(u); u < ©(00)).
We define the first hitting times of B:

(2.4) o(r)=1inf{t > 0: B(t) > r}, r > 0.

Then ©(o0) = 0(Aw) (Which can be finite or infinite). Writing T for the inverse of ©:
(2.5) T(r):=07 (r) = / U du,  0<r < 0(c0),
0

and we get the following representation for X (cf. Brox [9]):

(2.6) Xv(t) = Agiporyy,  t20.

Here, A=! and T~! are the inverses of A and T, respectively.

The reason why Xy is of interest to us is that we can embed Sinai’s walk into Xy when
its random potential V' has a particular form. This is done in the next section.

We close this section by presenting the following theorem of Brox [9] which is a continuous-
time analogue of Sinai’s theorem recalled in Theorem 1.1.

Theorem 2.1 (Brox [9]) If (V(z), z € R) is a Brownian motion, then

X aw
ORI
(log?)?

where the law of by, is defined in (1.4).

(2.7)

To the best of my knowledge, there has been so far no rigorous argument showing that

()12 ‘ég)z (when V' is Brownian potential) and ﬁ Sy, (for Sinai’s walk) should a priori have

the same limit distribution. See Subsection 7.1 for a few comments upon this.

3 Embedding Sinai’s walk into a diffusion

Just as the usual random walk can be pathwise constructed from a Brownian motion via
Skorokhod’s embedding, Schumacher [54] (see also Solomon [59]) made the important ob-
servation that it is possible to embed Sinai’s walk (S,,) into a diffusion process in a carefully
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chosen random potential. To define this particular random potential, we start from a Sinai’s
walk (S,,) whose environment w = (w;, ¢ € Z) satisfies (1.1)—(1.2). Let
1— W;

(3.1) V(z) := Zlog : if x € [n,n+1) for n € Z,
i=1

Wy

with the conventions Z?:l z;:==0and )" @ :==x_1 + -+ x, for negative n. In words,
{V(z); x € R} is a step function with V(0) = 0, which is flat on each interval [n,n + 1),
with jumps V(n) — V(n—) = log 1:}% (for n € Z).

Now that our potential V' is chosen, we can define a diffusion process Xy via (2.1), or more
rigorously, via (2.6). It is easy to check that lim sup,_,., Xy (t) = oo and lim inf; o, Xy (¢) =

—00, P-a.s., so that we can define the sequence (u,, n > 0) by induction: pg := 0 and
(32) Hnt1 = 1nf{t>,un : |XV(t) _XV(:u’n)| = 1}’ n:0a1a2a"'

Let A, := fom e”® dy be as in (2.2). As we have already pointed out, for any given V, A is
a scale function of the diffusion Xy, so that for each n > 0,
A=A

P X (pnin) =i+ 1| Xor(n) = i5 (@nlpez] = 5 =i,
Az’—f—l - Ai—l

which means that (Xy (u,), n > 0) is distributed as (S,, n > 0). We arrive thus at:

Theorem 3.1 (Schumacher [54]) Let (S,) be Sinai’s walk whose environment satisfies
(1.1)(1.2), and let V be as in (3.1). If Xy is a diffusion process in potential V, and if
(ttn, n > 0) is defined as in (3.2), then for each realization of (w;, i € Z), (Xv (), n > 0)
and (Sp, n > 0) have the same distribution.

Theorem 3.1 says that (Xy (i), n > 0) is Sinai’s walk. One may like to get rid of the
random clock (). This can be done via the following property.

Proposition 3.2 Assume (1.1)—(1.2). Under P, (fin+1— pin, 7 > 0) is a sequence of iid ran-
dom variables, each distributed as inf{t > 0: |B(t)| = 1}, where B is a standard Brownian
motion.

Since p; has finite exponential moments such that E[u;] = 1, the law of large numbers
says that P-almost surely u, ~ n, n — oo. For more precision, one can use the iterated
logarithm law to see that u, = n+ O(y/nloglogn ), P-almost surely. (This is the reason for
which one writes sometimes S, ~ Xy (n), even though the true meaning resides in Theorem
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Xy (n)
(logn)?
law to by, when the potential V' is defined in (3.1), then we will have proved Sinai’s theorem

stated in (1.3).
The next section is devoted to showing how to handle the process Xy, via the study of

3.1). In view of Theorem 3.1 and Proposition 3.2, if we can prove that converges in

the process of its first hitting times. It will then be clear why stochastic calculus is a good
tool.

4 Stochastic calculus for Sinai’s walk

Let V' be cadlag and locally bounded, and let Xy be a diffusion process in potential V' as
defined in (2.6). We introduce the process of first hitting times of Xy :

(4.1) H(r):=inf{t: Xy(t) >r}, r > 0.
Observe that H(r) is related to Xy via the following trivial relationship:
(4.2) H(r) <t < sup Xy(s)>r.

0<s<t

We now proceed to get a convenient formulation for H(r). By (2.6), we have H(r) =
T(o(S(r))), where o(r) = inf{t > 0: B(t) > r} as in (2.4). According to the definition of
T in (2.5), this leads to:

o(Ar) _
H(r) = / e~V (45w) qy.
0

Given V, H(r) is an additive functional of the Brownian motion B, and it is natural to
introduce (L(t,z), t > 0, z € R), the local time of B. That is, for all Borel function f > 0,

/0 " H(B(s))ds = /R F(@)L(t, 7) dz.

It is known (Trotter [72]) that L admits a jointly continuous version which is again denoted
by L. Going back to H(r), we see that

(4.3) H(r) = / :e—WW)L(a(AT),x)dx
_ / OO e VO L(5(A,), A,) du

(4.4) = Hy(r)+ H_(r),

where

(45) H() = [ eV OL0(), A)du

(4.6) H (r) = / ioev(“)L(o(Ar),Au)du.



At this stage, we can apply the Ray-Knight theorem (Ray [50], Knight [37]), recalled as
follows.

Fact 4.1 (Ray—Knight theorem) Fiz a > 0. The process (L(o(a),a — x); x > 0) is
continuous inhomogeneous Markovian, starting from 0. It is a 2-dimensional squared Bessel
process for x € [0,al, and becomes a squared Bessel process of dimension 0 for x € [a,00).

Now define
(4.7 Zus) = HOEREZA) ooy,
L Ara_Ar
(4.8) Z.(t) = (0(2 S

E[f(Z:(s), s €[0,1], Z_(t), t € Ry) g(V(2), 2 € R) ]
= E[g(V(z), z e R)E{f(Z:(s), s €[0,1], Z_(t), t e Ry)[V}]
E[g(V(z), 2 e j)E{f(L(0(1),1 =), s €[0,1], L(o(1), =), L € Ry)}]
= E[g(V(z), z e R)] E{f(L(o(1),1 = s), s € [0,1], L(o(1),~t), t € Ry)}.

Therefore, (Z,,7Z ) is independent of V; moreover, according to Fact 4.1, Z, is a 2-
dimensional squared Bessel process on [0,1] with Z,(0) = 0, and Z_ is a 0-dimensional
squared Bessel process with Z_(0) = Z,(1).

By definition, we have

r A, — A,
H,(r) = / eVWA 7, <T> du,
0 T

— ° —V(u) ‘AU|
H (r) = e A Z_ i du.

We have to study the asymptotic behaviours of H, (r) and H (r), as r — oo. Unfortu-
nately, quite a lot of technical difficulties are involved, so we only present some heuristic

ideas. From now on, we assume that the random potential V' is defined in (3.1). In this
case, V is a partial sum process of iid mean-zero bounded random variables, and can thus
be approximated by a Brownian motion: indeed, according to a well known theorem of
Komlés—Major—Tusnady [38], there exists a coupling for V' and a standard Brownian motion
(W(z), z € R) such that as t — oo,

(4.9) sup |V (z) — oW (x)| = O(logt), a.s.,

|z|<t



where o2 := var(log = —22) € R} as is defined in (1.2).
We start with estimating H(r). Loosely speaking, Z,(t) behaves somewhat like ¢ for
t € [0,1], so that

H, (r)~ / e VW (4, — A,) du = / du/ dy VWV
0 0 u

In the spirit of Laplace’s method, if we work in the logarithmic scale, then we would have

(4.10) logH (r)~ sup (V(v)—V(u)).

0<u<v<r

Heuristics for H_(r) now. To make all the processes indexed by R, we write V (t) :=
V(—t) and A; :=|A_;| for t > 0. Note that ¢ — V (¢) and t — A; have similar properties as,
and are independent of, ¢ — V'(t) and ¢ — A, t > 0. We can now write

H_(r) = A, /0 e Vi z_ (ﬁt) dt

¢r) A
- A Vi 7 ¢
T/O e (Ar dt,
¢(r) :=inf{t20: Z_ (%) =O}.

Fort € (0,{(r)), Z (%) behaves loosely speaking like a constant (when ¢ is in the neighbour-

where

hood of {(r), Z_( A:) should be close to 0, but this essentially does not affect the asymptotic
behaviour of H () in the logarithmic scale), so that

¢r)y -
log H_(r) =~ log (Ar/ e V¥ dt) .
0

By Laplace’s method, this would yield

logH (r) =~ log (AT sup e_f/(t)>

0<t<((r)
~ log (exp ( sup V(s)) sup ev(t))
0<s<r 0<t<C(r)
4.11 = sup V(s)— inf V(2.
( ) OSSIS)'I' ( ) 0<t<¢(r) ( )



To see how ((r) behaves, we note that by Laplace’s method, log 4, ~ log SUDye[0,] V(s) and
log A, = logsup,ep,) V (s) (for large t and ), whereas the life time of Z_ is of constant order
of magnitude. Accordingly,

¢(r) =~ inf {t >0: sup V(s)> sup V(s)} .

s€[0,t] s€[0,7]

Plugging this into (4.11) — and in the spirit of Laplace’s method again — yields that

(4.12) log H_(r) = 7 ( sup V(s)) ,

0<s<r

where (t) :=t —info ciuern: Vw)>t) V(s). Assembling (4.4), (4.10) and (4.12) gives

(4.13) log H(r) ~ max{ sup (V(v) — V(w), v ( sup V(s)> } .

0<u<v<r 0<s<r

Note that the process v is independent of supyc,<,<,(V(v) — V(u)) and supy<,, V(s). Ac-
cording to (4.9), (V(t), ¢ > 0) and (V(¢), t > 0) behave asymptotically like (constant multi-
ples of) independent Brownian motions; hence it is not very hard to analyze the asymptotic
properties of the process on the right hand side of (4.13), and to get via (4.2) the cor-
responding properties of supy<,<; Xy (s). Since supyc,<; Xv(s) and Xy (t) have the same
upper functions (in the sense of P. Lévy), we arrive at the following integral test. It is for-
mulated only for Sinai’s walk, but it has an obvious analogue for any diffusion process whose
random potential is asymptotically like a Brownian motion (in the sense of (4.9)). All the

technical details, which have been omitted here for the sake of clarity, can be found in [22].

Theorem 4.2 ([22]) Let (S,, n > 0) be Sinai’s walk satisfying (1.1) and (1.2). For any
sequence of positive non-decreasing numbers (a,)n>1, we have

2 2
(4.14) P [S, > (logn)’a, i.0.] = {0 = Z n Xp (—W g an) {< e
n>2

1 nlogne 8 =00

“i.0.” stands for “infinitely often”, and o > 0 is the constant in (1.2). In particular,

S, 8
4.15 li - =
(4.15) lfﬁgp (logn)? logloglogn w202’

where

P-a.s.

We can replace Sy, by either maxXo<k<n |Sk| or maxo<p<n Sk in (4.14)-(4.15).

Theorem 4.2 provides a rather accurate image of the “how large” asymptotic behaviours
of Sinai’s walk. The corresponding “how small” questions can also be addressed, except that
the answers are different depending on whether the maximum is “one-sided” or “two-sided”.



Theorem 4.3 ([22]) Assume (1.1) and (1.2). If (an)n>1 s positive non-decreasing, then

(logn)? . 1 _yo0 < 00
F 0Shon 1Skl < a 1'0} _{1 = anogn ( 02>{:oo

n

As a consequence,

loglogl 1
lim inf 22 8™ 1oy S| = . Pas.
n—oo  (logm)? 0<k<n

Theorem 4.4 ([22]) Assume (1.1) and (1.2). If (an)n>1 @S positive non-decreasing, then

P | max S; <
0<k<n an

(log ) i.o.} = {(1) = Z n\/@ logn

{ < oo
Therefore, with P-probability one,
lim inf 1981087)° 0 fa<?2,

%=1
nsoo  (logn)? 0<k<n oo otherwise.

Theorems 4.2, 4.3 and 4.4 together characterize all the possible Lévy classes of Sinai’s
walk. It is however possible to apply a refined version of the argument to obtain other
asymptotic properties of (S,). We cite two examples here. The first property is an almost
sure central limit theorem.

Theorem 4.5 (Hu [21]) Assume (1.1)-(1.2). Fiz c € (0,7%02/8). P-almost surely for any
function f: R — R which is almost everywhere continuous such that sup,cg(|f(z)le™") <

Sk boo
—E|f(2=
n—>oo loglognz klogk ( logk)Q) [f (0’2>:| ’

where the law of by is defined in (1.4).

oo, we have

The second application of the method is for the favourite sites of Sinai’s walk. Let
(4.16) En,z) =#{0<k<n: S =z}, x € L.

In words, &£(n, x) records the number of visits of the walk at position z in the first n steps.
Define

) = {2 0+ €(n.2) = maxe(n) |
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Following Erdés and Révész [14], any element of the set F(n) is called a favourite site (in Z )
of the walk at time n, since it is a site where the walk has spent the most time. For the usual
recurrent random walk (in non-random environment), it was an open problem of Erdés and
Révész [14] to know whether 0 € F(n) for infinitely many n. Somewhat surprisingly, Bass
and Griffin [3] obtained a negative answer. They proved that P{0 € F(n) i.o.} = 0.

Let F(n) denote any element of F(n). Bass and Griffin [3] proved that for the usual
recurrent random walk, almost surely,

lim inf
n—00 nl/2

(logn)® Fln) = 0 ifa<l,
| oo ifa > 11 (eleven).

The exact rate of escape of F(n), however, remains unknown.

We ask the same question for Sinai’s walk. A refined version of the method of stochastic
calculus shows that for Sinai’s walk, the process of favourite sites is again transient with
P-probability one, and moreover, one can characterize its rate of escape via an integral test.

Theorem 4.6 ([23]) Assume (1.1) and (1.2). For any non-decreasing sequence a, > 1, we
have

(logn)? . 0 log ay, =00
P| F(n) > 0. = <=
(n) 2 ap, o { 1 Z ny/a, logn {

In particular, with P-probability one,

lim inf

log log n)@ ;
(log og?’;) F(n):{o if a<2,
n—00 (log n)

oo otherwise.

The problem of favourite sites is the only problem I am aware of so far, which is solved
for RWRE, but which still remains open for the usual random walk.

5 Stochastic calculus for drifted Brownian potential

The main concern of the paper is Sinai’s walk on Z. We saw in the previous sections how
to obtain precise asymptotic properties of Sinai’s walk via stochastic calculus, by means of
the Ray-Knight theorem. A basic attitude was that we first apply stochastic calculus to a
diffusion process whose random potential is partial sum of iid mean-zero random variables.

This section is devoted to the study of a closely related model, namely, diffusion process
whose random potential is a drifted Brownian motion. More precisely, let V := (V(z), = €
R) be such that

(5.1) V(z) :=W(z) — -z, z € R,



where xk > 0 is a fixed constant, and W is a standard Brownian motion on R. We consider
(Xv(t), t > 0), a diffusion process in random potential V', as defined in Section 2. The
process Xy is a kind of continuous-time analogue of transient RWRE studied in Kesten et
al. [35]. We outline the method of stochastic calculus for studying such a process. Since
k > 0, we have lim;_,o, Xy (t) = 0o, P-a.s., and it turns out that Xy (¢) and supy<,«, Xv(s)
have similar asymptotic behaviours (see for example [31] for a rigorous justification). We
therefore only have to study supg<,<; Xv(s). Define

(5.2) H(r):=inf{t>0: Xy(t) >r}, r > 0.

Again, H(r) and supy<,<; Xv(s) are related to each other via (4.2). In the rest of the section,
we briefly describe how to obtain asymptotics of H (r) when r — co.

There are at least two different approaches, using either so-called “Kotani’s lemma”
(Fact 5.1 below), or Lamperti’s representation theorem for exponential functionals of Lévy
processes. For the sake of clarity, the two approaches are presented in distinct subsections.

Just as for Sinai’s and Brox’s theorems (Theorems 1.1 and 2.1, respectively) in the
recurrent case, it is not clear how to rigorously relate the results described in this section to
those obtained by Kesten et al. [35] for transient RWRE.

5.1 Stochastic calculus via Kotani’s lemma

A good tool, referred to as “Kotani’s lemma” in Kawazu and Tanaka [31], reduces the study
of H(r) to that of a linear diffusion process.

Fact 5.1 (“Kotani’s lemma”; see Kawazu and Tanaka [31]) Let V = (V(z), z € R)
be the potential defined in (5.1), and let H be as in (5.2). For all A >0 and r > 0,

(5.3) E{e 70 |V} = exp (— /0 Uy (s) ds), as.,

where Uy is the unique stationary positive solution of the stochastic differential equation

1—-—k&
2

dUA(t) = Ux(t) dB(t) + (2)\ ¥ Up(t) — U§(t)> dt.

By taking expectations on both sides of (5.3), we see that in order to get the distributional
asymptotic behaviour of H(r), we only need to study the Laplace transform of a,(r) :=
Js Ux(s)ds. This is done by techniques for linear diffusions. Indeed, consider Yj(t) :=

12



f(Ux(a ' (1)), t > 0, where ' is the inverse of r — a,(r), and fy is the deterministic
function defined by

T

(@) = (20) * / y* Lexp <2y N %) 4. zeR

2

If P* denotes the probability under which the diffusion process U, starts from x, then

(5.4) 18 [exp (— /O ' Ux(s) ds)] =E [e»] = E[e™ O |Y,(0) = fi(z)],

where Hy (0) :=inf{t > 0: Y,(¢) = 0}. Since Y), is a linear diffusion process in natural scale
and with speed measure my(dz) = 2(f;'(z)) "2 exp{—8Afy () — 4/f5 (z)}dz (here,
N ! stands for the inverse function of fy), one-dimensional diffusion theory gives the value
of E[e=v®]Y,(0) = fr(z)] in terms of the solution of a Sturm-Liouville equation. In view
of (5.4), this will yield the Laplace transform of for Ui(s)ds, and will allow to establish
asymptotics of H(r) stated as follows. We refer to Kawazu and Tanaka [31] for full details
of the argument.

Theorem 5.2 (Kawazu and Tanaka [31]) Let V and H be as in Fact 5.1.

(i) If 0 < k < 1, then H(r)/r'/* converges weakly (when r — o0) to a completely
asymmetric stable distribution of index k.

(ii) If k =1, then H(r)/(rlogr) converges in probability to 4.

(iii) If k > 1, then H(r)/r converges P-almost surely to 4/(k — 1).

It is possible (see Kawazu and Tanaka [32]) to refine the method to obtain the rates of
convergence in Parts (ii) and (iii) of Theorem 5.2, thus providing a complete analogue of
what Kesten et al. [35] did for transient RWRE. We observe that although the theorem
is formulated for H(r), the first hitting times of Xy, a simple argument allows to obtain
the corresponding results for X itself, just as in the case of transient RWRE. This method
works also for the case Kk = 0: it yields weak convergence for exg((y;) (or equivalently, for

SUPs¢[o0,¢] Xv(s)
(log)®
(see Theorem 2.1) for ()12 ‘g’g%
It is worth pointing out that the approach via Kotani’s lemma can be exploited to prove
various asymptotic results. For example, Taleb [67] established large deviation results for
Xy when V is defined in (5.1) including the case x = 0 (the Brox case), in both quenched

and annealed settings (and thanks to the power of stochastic calculus, the results obtained

), but unlike the transient case, this does not allow to recover Brox’s theorem

in [67] contain slightly more explicit constants than the corresponding known results for
RWRE).
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Recently, Kawazu et al. [28] obtained weak convergence results when the random po-
tential is a one-sided Brownian motion, i.e., V(z) = W(z) 1g, (z), z € R, where W is a
Brownian motion (on R} ).

5.2 Stochastic calculus via Lamperti’s representation

Recall that we are interested in a diffusion process Xy whose random potential V is a
drifted Brownian motion, defined by (5.1). While Kotani’s lemma provides information for
Xy (via its first hitting times) under the conditional probability given the potential V', the
second approach we present here, which is based on Lamperti’s representation theorem for
exponential functionals of Lévy processes, applies under the abosolute probability P.

The starting point is the same as in the study of Sinai’s walk. By (4.3),

H(r) = ( /_ io+ /0 AT) VU L(5(A,), 7) de,

where as before, A, = [e"®dy, z € R, L(-, -) is the local time of a Brownian motion B
independent of V', and o(r) := inf{¢t > 0: B(¢) > r}. We do not have to worry about the first
term fi)oo -+ - dz on the right hand side: it is bounded by ffoo eV du x sup,.o L(0(As), T)
which is P-almost surely finite (noting that ffoo eV dy < 0o and Ay, < 00, a.s.). All we
have to care for now is the second term, namely,

(5.5) Ho(r) = /0 " VA Lo(A,), 7) da.

It is time to apply Lamperti’s general theorem for exponential functionals of Lévy processes.
The theorem bears a particularly simple form in our setting.

Fact 5.3 (Lamperti [41]) Let V(z) := W(z) — 52 be as in (5.1). There erists a Bessel
process o = (o(t), t > 0) of dimension (2 — 2k), starting from o(0) = 2, such that

1
(5.6) V= Zo(4), 120,

where Ay := fot e’ dy as before.

Let o be the Bessel process of dimension (2 — 2x) and starting from 2 as in Fact 5.3 (for
an account of general properties of Bessel processes, see Chapter XI of Revuz and Yor [53]).
According to Williams [74]’s time reversal theorem for Bessel processes, if we write

R(t) :== 0(Ax — 1), 0<t< Ay,



then R is a transient Bessel process of dimension (2 + 2k), starting from 0. Moreover, Ay,
is the last exit time of R from 2, that is, Ay, = sup{t > 0: R(t) = 2}. Therefore, (5.6) can
be rewritten as

VT2 _ %R(Aoo ~1),  0<z<A,.

Plugging this into (5.5) yields that

Ho(r) = 16/ rmL(o(AT),x)dx

— 164, _
6 / R —A +sA)L( o(4,), A, — sA,)ds,

the second identity following from a change of variables z = (1 — s)A,. Let

0<s<1,

which according to the Ray-Knight theorem (Fact 4.1) is a two-dimensional squared Bessel
process, starting from 0, and which is independent of V' (thus of A and R). This gives us

! Z.(s)
_ 2 +
H (r)= 16Ar/0 Ri(Au— A, T 54 ds.

Without loss of generality, we can assume our probability space to be so rich that Z, is
defined on R, (instead of on [0, 1] only). Let

t
Z(t) = A, Z, (A—) . >0,

which by scaling is also a two-dimensional squared Bessel process starting from 0, indepen-
dent of the processes A and R. By writing D, := A, — A,, we arrive at:

H(r) = 16/ T%dt

:16(/ /A _DT>R4 )—i-t)d

= 161(D,) + a bounded term,

where for all 6 > 0,

1/6
0= [ mars =0 [ i
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We know the asymptotic behaviour of D, when r — oo: by the iterated logarithm law,
log D, = —5r+ O(y/rloglogr ), P-almost surely. So all we need to study is the asymptotics
of I(§) when 6 — 0.

By scaling, for each fixed § > 0, I(9) is dlstrlbuted as [, 1/8 R42(1 ~oy dv. When § — 0, this
1/6 Z(v

0 R4( L du. Tt is now time to apply a theorem of

random variable behaves essentially like
Warren and Yor [73] which states that

Y Ze) PO v(s)
/o Ri(v) dv= /0 (1-Y(s))2 ds, 120,

where A(t) = fo st and Y is a Jacobi process (starting from 0) of dimension
(2,2 + 2&) in the sense that it is a [0, 1]-valued diffusion process with generator (Gf)(z) =
2(x — ) f"(z) + (2 — (44 2k)z) f'(x). (For more details about the Jacobi process, we refer
to Chap. 15 of Karlin and Taylor [27].)

By the additivity of (squared) Bessel processes, s — Z(s) + R?(s) is a squared Bessel
process of dimension (4 + 2k), so an application of the ergodic theorem on path space
immediately gives that when ¢ — oo,

A(?) 1
—) ?
logt 242k

There is a general recipe for studying the asymptotics of [;' f(Y(s)) ds when u is large: (i)
transferring Y into a diffusion in its natural scale, (ii) writing it as a Brownian time change,
(iii) applying usual techniques for additive functionals of Brownian motion (via occupation
time formula and local time). In our case (i.e., f(z) = ﬁ), we also use an important
result of Biane and Yor [4] which relates Brownian local times to stable distributions, and
this is how we recover the stable limits in Theorem 5.2 (as well as in the rates of convergence
in Parts (ii) and (iii) of Theorem 5.2). For technical details, see Hu et al. [24].

An interesting feature of this method is that it also yields explicit values of all the
underlying constants in Theorem 5.2 and in its rates of convergence. On the other hand, the
method fails in the case k = 0.

The method deals with convergence of H(r) (and Xy (t)). It is possible to refine the
argument to establish some very delicate probability estimates for deviations of H(r), see
Taleb [68].

6 Related topics

This paper focuses on the study of Sinai’s walk (by means of stochastic calculus). Let us
briefly mention some related topics and a few references for these topics.
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The references of Kozlov [40] and Molchanov [49] contain detailed analysis of results,
prior to 1985 and to 1992 respectively, concerning various models of RWRE.

Among the known results of nearest-neighbour RWRE on Z, the aspect of large deviations
has probably received the most recent attention (and has possibly been the best understood),
initiated by Greven and den Hollander [19]. For updated developments, we refer to Comets
et al. [10] and the survey paper by Gantert and Zeitouni [16].

A natural extension of Sinai’s walk is the model of RWRE which does not necessarily
execute nearest-neighbour jumps. Key [36] established some recurrence/transience criteria
for such RWRE. See Andjel [1], Létchikov [43] [44] [45], Derriennic [12] and Brémont [7] for
various asymptotic results of such random walks.

Another interesting extension is to study RWRE on a strip. The walk has some higher-
dimensional flavour, though it is more convenient to see it as a one-dimensional non-nearest-
neighbour walk. For recurrence/transience criteria for such a walk, see Bolthausen and
Goldsheid [5], Keane and Rolles [33].

It is very hard to study RWRE in higher dimensions. Here are a few references: Kalikow
[26], Lawler [42], Astrauskas [2], Bricmont and Kupiainen [8]. Some remarkable recent
progresses on multi-dimensional RWRE can be found in Zerner [76] [77], Sznitman [60]
[61] [62] [63], Sznitman and Zerner [66], Zerner and Merkl [78], Shen [56], Bolthausen and
Sznitman [6]. We refer to Sznitman [64] [65] for surveys on this exciting topic. Let us also
mention a beautiful multi-dimensional extension of Sinai’s theorem by Durrett [13] in the
recurrent case.

In order to get a better understanding of RWRE in higher dimensions, it is interesting to
study random walk on a Galton—Watson tree. Loosely speaking, an infinite Galton-Watson
tree is an infinite dimensional lattice network, so that results for random walk on a Galton—
Watson tree can be thought of as for Z*-valued RWRE. See Dembo et al. [11] for the latest
developments and Gantert [15] for a survey on this.

A few words about the continuous-time model of diffusion process in a random potential.
We saw in Section 3 the reason why it can be considered as a companion of RWRE. There
are a number of refined versions of Brox’s result (Theorem 2.1), called localization results,
which have been obtained by Kawazu et al. [30], Hu [20] (for a survey of results prior
to 1995, see Tanaka [70]), motivated by the article of Golosov [17] which dealt with the
case of RWRE. Let us also mention some multi-dimensional extensions of the continuous-
time model, accomplished by Tanaka [69], Mathieu [47] [48]. Unfortunately, the methods of
stochastic calculus described in this paper fail to work in the multi-dimensional setting.

The Saint Flour lecture notes by Zeitouni [75] provide an authoritative overview of
RWRE, and cover some other interesting aspects (for example, the aging property) of Sinai’s
walk which are not discussed in the present paper.
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7 Open questions for Sinai’s walk

This final section consists of some questions about Sinai’s walk. All these questions remain
unanswered so far, to the best of my knowledge. As before, we write (S,, n > 0) to denote
Sinai’s walk on Z, and assume that conditions (1.1)—(1.2) are fulfilled.

7.1 Invariance principle?

Theorem 3.1 confirms that Sinai’s walk enjoys the same asymptotic properties as a diffusion
process in a particular random potential (defined in (3.1)). This particular potential is the
partial sum of certain iid mean-zero bounded random variables, and thus can be approx-
imated via (4.9) by (a constant multiple of) Brownian motion, with satisfying precision.
However, two diffusion processes whose respective random potentials are close to each other
do not necessarily possess similar asymptotic properties. The question is open about whether
(in some probability space) there are a Sinai’s walk (S,) and a diffusion process (Xy (¢)) in
a Brownian potential such that S, is reasonably close to Xy (n). More precisely, we ask:

Question 7.1 Does there exist a coupling for Sinai’s walk (S,) and diffusion process (Xv(t))

in a Brownian potential, such that when n goes to infinity,

%S, — Xy(n)
(logn)?

(7.1) converges to 0 in probability ?

It is proved by Seignourel [55] that the answer to (7.1) is in the affirmative if one is
allowed to change the random environment at each step of the walk.

7.2 How recurrent is Sinai’s walk?

Sinai’s walk is recurrent. A quantity to measure “how recurrent a process is” is the local
time £(n,z) == #{0 < k < n: Sy =z}, already introduced in (4.16). Let

(7:2) (1) = max§(n. )

which denotes the maximal number of visits the walk can pay to any site in the first n steps.
Quite remarkably, Révész [51] [52] proved the following:

(7.3) lim sup &)

n—00 n

> 0, P-a.s.

Loosely speaking, with P-probability one, Sinai’s walk spends a positive proportion of time
in a special site. This is in complete contrast with the case of usual random walk.
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Property (7.3) was proved by Révész [51] [52] when the random environment takes only
two values. The latter condition, however, can be removed, see [57].
Concerning other aspects of the asymptotic behaviours of £*(n), we have two conjectures.

Conjecture 7.2 When n goes to infinity, £*(n)/n converges weakly.

Conjecture 7.3 (Révész [52]) We have,

(7.4) liminf —2 W _ o Pas
nsoo  n/loglogn
(7.5) lim inf __&m) = 00, P-a.s.

n—soo  n/(loglogn)?

Conjecture 7.3 is borrowed from Chapter 29 of Révész [52]. We make the trivial obser-
£*(n)

w7log logn)® — OO P-a.s.

vation that (7.5) is equivalent to: lim,_,

7.3 Intersection local time

Let £(n,z) be as in (4.16). The intersection local time associated to (S,) is

I(n) := 252(71,3:) = ZZ 1{s;=s;}-

T€Z i=0 j=0

In words, it records the frequency with which Sinai’s walk intersects with its own trajectories.
Clearly, I(n) is closely related to £*(n) (see (7.2)). Let us mention that I(n) also appears
naturally in the model, studied by Lyons and Schramm [46], of random walk (say (Y;)) in
random environment with a Gaussian random scenery: indeed, for each n, Y,, is distributed
as y/I(n) N, where N denotes a standard Gaussian random variable independent of I(n).
Conjecture 7.2 has a companion for intersection local time, stated as follows.

Conjecture 7.4 When n goes to infinity, I(n)/n? converges weakly.

7.4 Towards higher dimensions: a naive attempt

As we said in Section 6, it is very delicate to study higher-dimensional RWRE. Little is known
so far about recurrent RWRE in higher dimensions. For example, Kalikow [26] considered
an innocent-looking example of two-dimensional RWRE, and asked whether this RWRE is
recurrent (Problem 4 in [26]). The problem remains unsolved after twenty years.

Loosely speaking, the first component of the Z2valued RWRE considered by Kalikow
[26] somewhat looks like (but is much more complicated than) Sinai’s walk, whereas the
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second basically behaves like a usual simple symmetric random walk. If one were able to
estimate the quenched probability that Kalikow’s random walk hits 0 at time n, then there
might be some hope to prove the (conjectured) recurrence of the walk. As a possible first
step to do this, we ask the following question:

Question 7.5 For Sinai’s walk (S,), find an asymptotic estimate of P¥(S,, = 0), where P¥
denotes the (quenched) probability given environment.
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